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Preface 


hile the paper-setting pattern and assessment methodology have been revised many times over and newer criteria devised 

to help develop more aspirant-friendly engineering entrance tests, the need to standardize the selection processes and 

their outcomes at the national level has always been felt. A combined national-level engineering entrance examination 
has finally been proposed by the Ministry of Human Resource Development, Government of India. The Joint Entrance Examination 
(JEE) to India’s prestigious engineering institutions (IITs, IITs, NITs, ISM, IISERs, and other engineering colleges) aims to serve 
as a common national-level engineering entrance test, thereby eliminating the need for aspiring engineers to sit through multiple 
entrance tests. 

While the methodology and scope of an engineering entrance test are prone to change, there are two basic objectives that any 
test needs to serve: : 

J. The objective to test an aspirant’s caliber, aptitude, and attitude for the engineering field and profession. 
2. The need to test an aspirant”s grasp and understanding of the concepts of the subjects of study and their applicability at the 
grassroots level. , 

Students appearing for various engineering entrance examinations cannot bank solely on conventional shortcut measures to 
crack the entrance examination. Conventional techniques alone are not enough as most of the questions asked in the examination 
are based on concepts rather than on just formulae. Hence, it is necessary for students appearing for joint entrance examination to 
not only gain a thorough knowledge and understanding of the concepts but also develop problem-solving skills to be able to relate 
their understanding of the subject to real-life applications based on these concepts. 

This series of books is designed to help students to get an all-round grasp of the subject so as to be able to make its useful appli- 
cation in all its contexts. It uses a right mix of fundamental principles and concepts, illustrations which highlight the application of 

. these concepts, and exercises for practice. The objective of each book in this series is to help students develop their problem-solving 
skills/accuracy, the ability to reach the crux of the matter, and the speed to get answers in limited time. These books feature all types 
of problems asked in the examination—be it MCQs (one or more than one correct), assertion-reason type, matching column type, 
comprehension type, or integer type questions. These problems have skillfully been set to help students develop'a sound problem- 
solving methodology. 

Not discounting the need for skilled and guided practice, the material in the books has-been enriched with a number of fully 
solved concept application exercises so that every step in learning is ensured for the understanding and application of the subject. 
This whole series of books adopts a multi-faceted approach to mastering concepts by including a variety of exercises asked in the 
examination. A mix of questions helps stimulate and strengthen multi-dimensional problem-solving skills in an aspirant. 

It is imperative to note that this book would be as profound and useful as you want it to be. Therefore, in order to get maximum 
benefit from this book, we recommend the following study plan for each chapter. 

Step 1: Go through the entire opening discussion about the fundamentals and concepts. 

Step 2: After learning the theory/concept, follow the illustrative examples to get an understanding of the theory/concept. 

Overall the whole content of the book is an amalgamation of the theme of mathematics with ahead-of-time problems, which 
equips the students with the knowledge of the field and paves a confident path for them to accomplish success in the JEE. 

With best wishes! 


GHANSHYAM TEWANI 
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1.2 Algebra 


CONSTANT AND VARIABLES 


In r7tathematics, a variable is a value that may change within 
the scope of a given problem or set of operations. 

In contrast, a constant is a value that remains unchanged, 
though often unknown or undetermined. 


Dependent and Independent Variables 


Variables are further distinguished as being either a dependent | 


variable or an independent variable. Independent variables 
are regarded as inputs to a system and may take on different 
values freely. 

Dependent variables are those values that change as a conse- 
quence to changes in other values in the system. 

When one value is completely determined by another, or of 
several others, then it is called a function of the other value 
or values. In this case the value of the function is a dependent 
variable and the other values are independent variables. The 
notation f(x) is used for the value of the function f with x repre- 
senting the independent variable. 

For example, y = f(x) = 3x’, here we can take x as any real 
value, hence x is independent variable. But value of y depends 
on value of x, hence y is dependent variable. 


WHAT IS FUNCTION 


To provide the classical understanding of functions, think of 
a function as a kind of machine. You feed the machine raw 
materials, and the machine changes the raw materials into a 
finished product based on a specific set of instructions. The 
kinds of functions we consider here, for the most part, take in a 
real number, change it in a formulaic way, and give out a real 
number (possibly the same as the one it took in). Think of this 
as an input-output machine, you give the function an input, and 
it gives you an output. 


INPUT x 
Ve 
FUNCTION f: 


it 


OUTPUT f(x) 


Fig. 1.1 


For example, the squaring function takes the input 4 and 
gives the output value 16. The same squaring function takes the 
input | and gives the output value 1. 

A function is always defined as “of a variable” which tells us 
what to replace in the formula for the function. 

For example, f(x) = 3x +2 tells us: 


e The function fis a function of x. 


e To evaluate the function at a certain number, replace 
the x with that number. 


¢ Replacing x with that number in the right side of the func- 
tion will produce the function’s output for that certain 
input. 

e Jn English, the above definition of fis interpreted, “Given 
a number, f will return two more than the triple of that 
number.” 

Thus, if we want to know the value (or output) of the func- 
tion at 3: 


J) = 3x +2 
JB) =36)4+2=11 


Thus, the value of fat 34s 11. 

_ Note that (3) means the value of the dependent variable 
when “x” takes on the value of 3. So we see that the number 11 
is the output of the function when we give the number 3 as the 
input. We refer to the input as the argument of the function (or 
the independent variable), and to the output as the value of the 
function at the given argument (or the dependent variable). A 
good way to think of it is the dependent variable f(x) depends 
on the value of the independent variable x. 

The formal definition of a function states that a function is 
actually a rule that associates elements of one set called the 
domain of the function with the elements of another set called 
the range of the function. For each value, we select from the 
domain of the function, there exists exactly one correspond- 
ing element in the range of the function. The definition of the 
function tells us which element in the range corresponds to the 
element we picked from the domain. Classically, the element 
picked from the domain is pictured as something that is fed 
into the function and the corresponding element in the range 
is pictured as the output. Since we “pick” the element in the 
domain whose corresponding element in the range we want to 
find, we have control over what elément we pick and hence this 
element is also known as the “independent vartable”. The ele- 
ment mapped in the range is beyond our control and is “mapped 
to” by the function. This element is hence also known as the 
“dependent variable”, for it depends on which independent 
variable we pick. Since the elementary idea of functions is 
better understood from the classical viewpoint, we shall use it 
hereafter. However, it is stil] important to remember the correct 
definition of functions at all times. 

To make it simple, for the function f(x), all of the possible x 
values constitute the domain, and all of the values f(x) (y on the 
x-y plane) constitute the range. 


me A function is defined as f(x) = x? - 3x. 
e value of f(2). 
(ii) Find the value of x for which f(x) = 4. 


Sol. 
(i) f(2) = (2) - 3(2) =-2 
(ii) fix) =4 


4=0 
>S(x-4xa+1)=0 2axr=4or-1 
This means f(4) = 4 and f(-1) =4. 


>Sxr-3x=4 >r-3x 
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§ If fis linear function and f(2) = 4, f-1) 


= 3, then find f(x). . 

Sol. Let linear function is f(x) = ax +b ; 
Given /f2)=4 >2a+b=4 (1) 
Also f(-l)=3 >-a+b=3 (2) 
Solving (1) and (2) we get a= ; and b= 


Hence, f(x) eel’ 


. rar x+l. 
‘meme: A function is defined as f(x) = Sern 


Can f(x) take a value 1 for any real x? 
Also find the value/values of x for which f(x) takes the 
value 2. , 
Sol. Here f(x) = are 
3x-2 
=> xv+1=3x-2 


=] 


=> x-3x4+3=0. 
Now this equation has no real roots as D < 0. 
Hence, value of f(x) cannot be | for any real x. 


2 
For f(x) = 2 we have ; 5 =2 


or x°+1=6x-—4o0rx-6r+5=0 
or (-1)@-5)=0 
or x=1,5 


Mec aeme Find the values of x for which the fol- 
lowing functions are defined. Also find all possible values 


which functions take. 


Qije= ss: TGiAS = Gis 
x+il x-3 x-1 
Sol. 
5 1 
() fo) = 


i is defined for all real values of x except when 
x+ 


x+1=0 


Hence, f(x) is defined for x € R—- {-1}. 


Let y= 
OE l 1 
Here we cannot find any real x for which y = Sari =0 
x+ 
For y other than ‘0’, there exists a real number x. 
] 
Hence, € R- {0}. 
os x-2., 
(ii) fC) = 5 is defined for all real values of x except when 
x- 
x-3=0. 


Hence, f(x) is defined for x € R—- {3} 


AS 


Let y= 
: x—3 
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Here we cannot find any real x for which y = 5 =] 
ros 


x-— 


Note: When 


: = 1, we have x —-2 =x~3 or—-2-= -3 
x- 4 ; 
which is absurd. , 


For y other than ‘1’ there exists a real number x. 


Hence, e€ R-{l}. 
x+1 
es ee 
(iii) f) = i is defined for all real values of x except when 
ae 
x-1=0° 


Hence, f(x) is defined for xe R~— {1} 


2x 
Let y= ala 
x-l 


; 2 
Here we cannot find any real x for which y = er =2 


Note: When an =.2, we have 2x = 2x —2 or 0 = —2 which 


is absurd. 


For y other than ‘2’ there exists a real number x. 


ne ean ae 
x-l 


x, x<0 
3x-2, 0< x <2, then find 


| If f(x) = 
x+1,x>2 
the value of:f(-1) + f(1)-+ f(3). 
-Also find the value/values of x for which f(x) = 2. 
Sol. Here function is differently defined for three different 


intervals mentioned. 
For x =—-1, consider f(x) = 3 


> f-D=-l 

For x = 1, consider f(x) = 3x — 2 
=> fi=l 

For x = 3, consider f(x) = x7 + 1 
=> f3)=10 


=> f-l)+fl)+f3)=-1+14+10=10 

Also when f(x) = 2, 

for x? = 2, x = 2'°, which is not possible as x < 0. 

for 3x — 2 = 2, x = 4/3, which is possible as 0 < x < 2. 
For x7 + | = 2, x =+1, which is not possible as x > 2. 
Hence, for f(x) = 2, we have x = 4/3. 


INTERVALS 


The set of numbers between any two real numbers is called 
interval. The following are the types of interval. 
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Closed Interval 


xe fa, bl)={x:asx<b} 
<< 
a b 


Fig. 1.2 - 


Open Interval 


xe (a, b)or[a, b] ={x:a<x<b} 
<7? 
a b 


Fig. 1.3 


Semi-Open or Semi Closed Interval 


xe [a, b] or [a, Db] = {x:a<x<b} 
= $9 —_§_ > 
a b 
Fig. 1.4 
xe ja, b] or(a bj={x:a<x<b} 


a b 
Fig. 1.5 
Note: - 
¢ A set of all real numbers can be expressed as (©, 0) 
ex € (-~, a) U(b, ©) > x € R—[a, b] 
ex € (-~, a] U[b, ) x © R—(a, b) 


INEQUALITIES 


Some Important Facts about Inequalities 


The following are some very useful points to remember: 

(i) asbeithera<bora=b 

(ii) a<bandb<c=> a <c (transition property) 

(iii) a<b=>-a>-b, ie., inequality sign reverses if both 
sides are multiplied by a negative number 
(iv) a<bandc<d>at+c<b+danda—d<b-c, 

(v) If both sides of inequality are multiplied (or divided) by 
a positive number, inequality does not change. When 
both of its sides are multiplied (or divided) by a negative 
number, inequality gets reversed. 


ie,a<boaka<kbifk>Oandka>kbifk<0 


(vi) O<a<bo>a'<b'ifr>Oanda’>b'ifr<0 
(vii) a+— 22 for a> 0 and equality holds for a = ] 


(viii) a Pa <-2 for a <0 and equality holds for a =-1 


g 


(ix) Squaring an inequality: 
If a <b, then a? < b? does not follows always: 
Consider the following illustrations: 


2<3>54<9, but4<3>16>9 
Also ifx>2 > > 4, but forx< 25x20 
If2<x<454<¥7r< 16 


If-2<x<450<x< 16 


If S<x<4350<5<25 


In fact a < b => a? < b* follows only when absolute value 
of a is less than the absolute value of b or distance of a 
from zero is less than the distance of b from zero on real 
number line. 


(x) Law of reciprocal: 
If both sides of inequality have same sign, while taking 
its reciprocal the sign of inequality gets reversed. i.e., a 


>b>0> Nee anda<b<0> ra 
a b a b 


But if both sides of inequality have opposite sign, then 
while taking reciprocal sign of inequality does not 
change, i.e. 


a<0<b> ee 
a b 


€ E 4 if a and b have same sign 
ba 


Ifxe [a b]> 


moe fe 


1 1 
—€ [-=, | U E |, if a and b have opposite signs 
a 


BS cue Find the values of x’ for the given values 
of x. 
(i)x <2 (ii) x > -1 (iii) x 22 (iv) x <-1 
Sol. , 


(i) When x < 2 we have x € (— », 0) U [0, 2) 
for x € [0, 2), x7 © [0, 4) 
for x € (-~, 0), x7 € (0, ~) 
=> forx<2,x ¢ [0, HU (0, 9) 
=> xe [0,%) 

(ii) When x >—-1 we have x € (- 1, 0) U [0, ©) 
forx€ (—1, 0), x € (0, 1) 
for x € [0, °°), x? € [0, 0) : 
= forx> —1,x*e (0, 1)U [0, ~) 
=> xe [0,) 

(iii) Here x € [2, 00) 
=> xe [4,) 

(iv) Here x € (=09, —1) 
=> xe (1,0) 


, Find the values of 1/x for the given 


values of x. 


(i) x >3 (ii) x < -2 (iii) x € (-1, 3) — {0} 
Sol. 
(i) We have 3 <x<oo 
1 1 
> z >—> (— cc means tends to infinity) 
3 x oe 
=> 0< ui < ul 


x 3 


(ii) We have -0o <x<-2 
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i i. | => (x-17%4+2>2VxER. 
el eae al ap or 2S (x-1%4+2<00 
=> : > as > ae . => J 2 Jae >0 
co x 2 2 (x-1)°+2 
I 1 
= Osos— 1 1 
=> —~—eé]/0,-— 
* 2 , x? -2x+3 [ ;| 
(ii) x (-1, 3)- {0} 1 1 
=> xe (-1,0)U(0, 3) (iii) <a s : 
x -x-] 1 5 
For x € (-1, 0) [+-3] a 
a ee a : se 
—— o> x 1 
-l x ~0 [x-3) 20,VxeER 
(here — 0° means value of x approaches to 0 from its left 2 
hand side or negative side) 1Y 5 5 
1 => [x >-—.VxER 
=> —-l>—>-. - 4 
x 
= ogelibe (1) For I ; , we must have 
‘ gle 
For x € (0, 3) 2 4 
1 1 1 i See 5 
>> ~—| -—e]-— oo 
— 0 x 3 x =e| #.0}u0, ) 
(here-— 0* means value of x approaches to 0 from its 1 4 
right hand side or positive side) = Fase Sere ea] (0, ©) 
Be iggutcl (-3) 4 
x 3 
Il ee ) CJ YCRE Me. Find all possible values of the following 
3 x expressions: 
From (1) and (2), es € (-00,-]) U G) (i) Vx? -4 (ii) V9 — x’? (iii) x? —2x +10 
x 
i Sol. 
Note: For x € R- {0}, —e R—{0} (i) ¥x2-4 
x 
Least value of square root is 0 when x? = 4 or x = +2. Also 
Mm2culee-me Find all possible values of the following xr-420 
expressions: Hence, yx? 4 € [0, ). 
: 1 ihe 1 re 1 
(i) = dpa es ifiyer see [> 
x7 +2 x” -2x+3 x?-x-1 (ii) V9—x 
Sol Least value of square root is 0 when 9 - x* = 0 or x = +3. 
ol. aoe = : 
(i) We tow thatze 20 KER. Also, the greatest value of 9 — x? is 9 when x = 0. 
=> +222, VxeE R. Hence, we have 0 <9-x° <9 > V9-x’ €& [0, 3]. 
or 25 (74+2)<c 
eee 2 a 42 
, L, : > | Gli) Vx? -2x4+10 = Ja—1? +9 
“+ 
" ; . Here, the least value of ./(x—1)? +9 is 3 when x—1=0. 
0< st 
= x°+2 2 Also (x- 1° +929 => /(x-1)? +9 >3 


(ii) : Hence, yx* —2x+10 € [3, ~). 


x-2x43 (x-1) 42 
Now we know that (x- 1" 2>OVxe R. 
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GEINERALIZED METHOD OF TERNAL FOR 
SOLVING INEQUALITIES 


Let F(x) = (x-a, yi (x-a, ye Fe 6 teeta yen (x-a, yin 


where k,, k,, aby k, e€ Zanda,,4,, ...,@, are fixed real numbers 
satisfying the condition 


a<a,<a,<...<a ,<a 
] 2 3 n 


n-| 
For solving F(x) > 0 or F(x) < 0, consider the following algo- 
rithm: 

e We mark the numbers a,, a,,...,@, on the number axis and 
put the plus sign in the interval on the right of the largest 
of these numbers, i.e., on the right of a,. 

e Then we put the plus sign in the interval on the left of a, 
if k, is an even number and the minus sign if k, is an odd 
number. In the next interval, we put a sign according to the 
following rule: 

¢ When passing through the point a, the polynomial 

F(x) changes sign if k,, is an odd number. Then we 
consider the next interval and put a sign in it using the 
same rule. 

e Thus we consider all the intervals. The solution of the 
inequality F(x) > 0 is the union of all intervals in which 
we have put the plus sign and the solution of the inequality 
F(x) < 0 is the union of all intervals in which we have put 
the minus sign. 


Frequently used Inequalities 


(i) (x-a)x—b)<0>x€e (ab), wherea<b - 
Gi) @-aa—-b)>0 > xe (-0, a) U(b, &), wherea<b 
(Gil) es a> xe [-a, a] 
(iv) P 2a => xe (--, -a] U [a, ») 
(v) Ifaxr+bx+c<0,(a>0)> xe (a, B), where a, B(a< B) are 
roots of the equation ax + bx +c =0 
(vi) If ax? + bx +c>0, (a>0) > x € (2, a) U (B, ©), where 
a, B (a < B) are roots of the equation ax? + bx+c=0 


E Solvex?-x-2>0. 


Sol. »°-x-2>0 


=> (x-2)(4+1)>0 

Now x -x~-2=0>5x=-1, 2. 

Now on number line ( x-axis) mark x =—-1 and x = 2. 
Now when x > 2,x+1>Qandx-2>0 

=> («+1)la-2)>0 


when —1<x<2,x+1>0Obutx-2<0 
=> (x+1)(«-2)<0 
whenx<—1,x+1<Oand x-2<0 
=> (*+)u-2)>0 


Hence, sign scheme of x? — x — 2 is 
+ - + 


Fig. 1.6 


From the figure, 2 -x-2>0,xe (--,-1)U(@, =). 


Solve x?7-x-1<0. 


Sol. Let’s first factorize x7 — x — I. 


For that let x?-x-1=0 


_itvi+4 125 


=> = 
2 2 


1+v¥5 
Now on number line (x-axis) mark x = ee 
+ 

: 1-5 14-45 


2 2 


Fig. 1.7 


From the sign scheme of x? —x— 1 which shown in the given 
figure, 


x-x-1<05 re( 


15 Le 


2. * 9 


Solve (x — 1)@ — 2)(1 - 2x) > 0. 


Example 1.12_| 


Sol. We have (x — 1)(x—2)(1 —2x) > 0 


or -(x- I) - 2)(2x- 1) >0 
or (x— 1) — 2)(2x - 1) <0 


On number line mark x = 1/2, I, 2 
- - + - + 
1/2 1 ; 2° 
Fig. 1.8 


When x > 2, all factors (x — 1). (2« — 1) and (x — 2) are posi- 
tive. 

Hence, (x — 1)(x - 2)(2x — 1) > 0 for x > 2. 

Now put positive and negative sign alternatively as shown 
in figure. 

Hence, solution set of (x — 1)(x — 2)(1 — 2x) > 0 or (x = 1) 
(x —2)(2x - 1) < O is (-e, 1/2) U C1, 2). , 


R2cludcememe Solve (2x +1) @-3)@+7)<0. 
Sol. (2x +1) (w-3) (v¥+7) <0 
Sign scheme of (2x + 1) (« — 3) (x + 7) is as follows: 


- + - + 
—7 -1/2 a) 
Fig. 1.9 


Hence, solution is (—°, -7) U (1/2, 3). 


Solve Bees: 
x 


(We cannot crossmultiply with x as x 
can be negative or positive) 
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2=3 
> 20 
x 
-2 
=> ae >0 
x 
—2/3 
=> (x= 2/3) >0 
x 
-2 
Sign scheme of ene) is as follows: 
. x 
+ 7 + 
i a [ead 
0 2/3 
Fig. 1.10 


> x € (-99, 0) U (2/3, 0) 


Sol. >3 
3x-5 
Sy 4 SES Asi 
3x-—5 
2x-3- 
ay x-3-9x+15 >0 
3x-5 
3 ~ixtl2., 9: 
3x—-5 
Js 7x-12 <0 
3x-5 
7-12 
Sign scheme of a is as follows: 
+ - + 
5/3 12/7 
Fig. 1.11 


=> x € (5/3, 12/7} 
x = 5/3 is not included in the solutions as at x = 5/3 denomi- 
nator becomes zero. 


_ Example 1.16 Solvex > /(1-—x). 


Sol. Given inequality can be solved by squaring both sides. 
But sometimes squaring gives extraneous solutions which 
do not satisfy the original inequality. Before squaring we 
must restrict x for which terms in the given inequality are well 
defined. 
x > 4/(l1—x) . Here x must be positive. 
Here ¥1—.x is defined only when 1 —x2>0 orx<1 (1) 
Squaring given inequality but sides x7 > 1 -x 


>xr+x-1>05> [>] “48, 


2 
1-5 Afesls 
——_ or x > — 
2 2 


(2) 


zaxX< 
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V5-1 


2 


From (1) and (2)xe | 


. 1 (as x is +ve) 


_ 1 _2x-1. 
xt1 x°4+1 
Py ere Ee 
x -xtl x4+l x +1 
2 
= 2(x+1)-(x = eso 
(x+ DX -x+) 
 _Wosd 5, 
(x4+1)(x° -—x4+) 
—(x-2)(x+1) 
> 2 
(x+ DQ? -x4+)) 
=> AEEM B56 eel een 
xv -x4l 


> 2-x20,x#-1, (asx*—x+1>0 for V xe R) 
> x<S2,x#-1 


Solve x(x + 2)?(x — 1)°(2x - 3)(x - 3)4 > 0. 


Sol. Let E = x(x + 2)°(x — 1)(2x — 3)(x — 3)*. 

Here for x, (x — 1), (2x — 3) exponents are odd, hence sign 
of E changes while crossing x = 0, 1, 3/2. Also for (x + 2), 
(x -— 3) exponents are even, hence sign of E does not change 
while crossing x =—2 and x = 3. 

Further for x > 3, all factors are positive, hence sign of the 
expression starts with positive sign from the right hand side. 

The sign scheme of the expression is as shown in the fol- 
lowing figure. 


_Example 1.18 | 


af. ok he 
-2 0 1 3/2 2 
Fig. 1.12 


Hence, for E = 0, we have x € [0, 1] U [3/2, ©) 


Solve x(2* — 1)(3* - 9)(x - 3) < 0. 


sa Poss 


Sol. Let E = x(2" — 1)(3*- 9) - 3) 
Here 2*- | =0 >x=0 and when 3°-9=0>5x=2 
Now mark x = 0, 2 and 3 on real number line. 
Sign of E starts with positive sign from right hand side. 
Also at x = 0, two factors are 0, x and 2*— 1, hence sign of E 
does not change while crossing x = 0. 
Sign scheme of E is as shown in the following figure. 
+ + - + 


—<—<$$<A = ore 


0 2 3 


Fig. 1.13 
From the figure, we have E <0 for x € (2, 3). 
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x +l 


2 


_Exarnple 1.20 | Find all possible values of 


xo + 
Sol. Let y= 
Xx 


2y+1 
Now 7 20> are >0 
y= 


> ys<-1/2 or y>l 


Solving Irrational Inequalities 


EX 1] Solve Vx-2 2-1. 


Sol. We must have x — 2 20 for ¥x—2 to get defined, thus x 


2 2, 
Now Jx—2 2-1, as square roots are always non-negative. 
Hence, x = 2. 


Note: Some students solve it by squaring it both sides for which 
x—2 21 orx 23 which cause loss of interval [2, 3). 


Solve Vx-1>V3-~x. 


Sol. /x—1 > V3—x is meaningful if x— 1 >0 and3-—x>0 

or lsx<3 (1) 
Also Re ee ees 

Squaring, we have x-1>3-x 


=> x>2 ; (2) 
From (1) and (2), we have 2 <x <3. 


Example 1.22. | 


_Exa we Solve xt Vx >VJx-3. 

Sol. x+ Vx > Vx —-3 is meaningful only when x > 0 (1) 
Now x+Vx 2Vx-3 

=> x2-3 (2) 


From (1) and (2), we have x 2 0. 
ESEUTELM Solve (x° — 4)vx°-1<0. 


Sol. (x° -4Vx?-1<0 


We must have x7- 120 
or (x-l@wt+120 
or x<-lorx21 (1) 


Also (x? -4)v.x7 -1 <0 


=> 7-4<0 


=> -2<x<2 (2) 
From (1) and (2), we have x © (-2, - 1] U [1, 2) 


ABSOLUTE VALUE OF x 


Absolute value of any real number x is denoted by |x| (read as 
modulus of x). 

The absolute value is closely related to the notions of magni- 
tude, distance, and norm in various mathematical and physical 
contexts. 

From an analytic geometry point of view, the absolute value 
of a real number is that number’s distance from zero along the 
real number line, and more generally the absolute value of the 
difference of two real numbers is the distance between them. 

Let’s look at the number line: 


0 x 
<p tt tt htt tt tt 
Fig. 1.14 


The absolute value of x, denoted “|x|” (and which is read as 
“the absolute value of x”), is the distance of x from zero. This is 
why absolute value is never negative; absolute value only asks 
“how far?”, not “in which direction?’. This means not only that 
|3| = 3, because 3 is three units to the right of zero, but also that 
|-3| = 3, because —3 is three units to the left of zero. 

When the number inside the absolute value (the “argument” 
of the absolute value) was positive anyway, we did not change 
the sign when we took the absolute value. But when the argu- 
ment was negative, we did change the sign. 

If x > O (that is, if x is positive), then the value would not 
change when you take the absolute value. For instance, if x =2, 
then you have’ |x| = |2| = 2 = x. In fact, for any positive value of 
x (or if x equals zero), the sign would be unchanged, so: 

For x > 0, [xj =x 

On the other hand, if x < O (that is, if x is negative), then 
it will change its sign when you take the absolute value. For 
instance, if x = —4, then |x] = |-4| = + 4 = -(-4) =-x. In fact, 
for any negative value of x, the sign would have to be changed, 
so: 

For x < 0, |x| =-« 


x, «20 


—x, x<0 


Thus |x| = | 


Also de el x20 


[-x, x<0 
regen eae 2y =|( ay] ==) ccbuipiae ie Sie 


= (27 =1-21=2 


Thus square root exists only for non-negative numbers and its 
value is also non-negative. 


Some students consider V4 =+2., which is wrong. 


In fact (4)? =1-41=4 
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=> x- |x| <Oforallx 


| ° 1 
(1—v2) =W1-V21= 2-1 ae: = —— does not take real values for any x € R 

Also some students write x? =+.x which is wrong, infact, 1 

: == 1s not defined f R. 

- x, x20 eats is not defined for any x € 

Vx =1xl= 
—x, x<0 Gi) 
= j > 
Also <b? => la? <b? => |a| <|d| eh X+x 2x, if x>0 
x-x=0,ifx<0 


. Graph of function f(x) = y = |x| 
1 


x 0 +1 +2 Perse is defined only when x > 0 


What is the geometric meaning of |x — y|? 
|x — y| is the distance between x and y on the real number 
line. 


_Example 
(i) |x - 2) = 
Sol. 


(i) |x- 2] = 1, i.e., those points on real number line which are 
distance | units from 2. 


| Solve the following: 
(ii) 2[x +1)— |x +1] =3 


0 1 2 3 
Fig. 1.16 
As shown in the figure x = 1 and x = 3 are at distance 1 


Fig. 1.15 units from 2, 
We can see that graph of y = |x| is in 1“ and 2™ quadrant only Hence, x = 1 orx=3. 
where y = 0, hence |x| 2 0. Thus |x — 2/ = | 
=> x-2=+1 
S2cluJuceeem Solve the following: a a 
(i) x]|=5 (ii) x - |x| -2 =0 (ii) 


2x + 1P—|jx+ lJ =3 

2x + 1P?—|x+ 1]-3=0 

2|x + 1[?—3]x + 1] + 2[x + 1/-3 =0. 
(Qlx + 1|—3)(x+ 1] +1) =0 


Sol. 


(i) |x| = 5, i.e., those points on real number line which are at 
distance 5 units from “0”, which are —5 and 5. 


VUUYYUY 


Thus, |x] =5>x=+5 2x + 1]-3=0 
a Ix + 1) = 3/2 
(ti) x+ 1 =+3/2 
ae x= 1/2 orx=-—5/2 
=> |xf—[-2=0 
=> (b]-2)(x) + 1) =0 X-a,x2a 
=> |xf=2(- |x| +140) lx-al= , where a>0Q 
say - eae a-x, x<a 


| earl eee 
cha ceesse Find the value of x for which following o ees TFG —f(x), f(x)<0’ 


expressions are defined: 


: i ee l 

@ Vx-l xl a) fxtixl 

Sol. (i) e-2|=(@—2) 
x-x=0,ifx2>0 Gi) fe +3[/=-x-3 


ae ee ifx<0 ili) J? — x] =x? —x 


where y = f(x) is any 


real-valued function. 


B2CUuidicmertme §©Solve the following: 
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(iv) px? -x-2)=24+x-x? paleo (set sae Daw FS 8. 


=> 
Sol. = vVx-l1-220andV¥x-1-3<0 
(i) |x -2|=(e-2), ifx-2>00rx>2 
(ii) |x +3) =-x-3, ifx+3<0o0rxs-3 = 2Svx-1s3 
(iii) |? ~ x] =P - x, if x? -x 20 = 4<x-1<9 
=> x-1)20 => $<x<10 
=> xe (-~, 0] U[I, ~) 
(iv) [2 -x-2)=24¢x-2 _Example 1.33 _ ao 
=> x-x-2<0 -2, x<-I 
=> (@-2+1)s0 Vx? +2x4+1—-Vx?-2x41 = 42x, -1S x81 
=> -lsx<2 2, .x>1 


Solve 1-x =x? -2x+1. Sol. Vo? 42x41—V x? -2x41 
Sol l-x= Vx? -2x41 = f(x+1? —V(x-1)? 


_Exa mple 1.29 | 


= l-x=(x-1) =|x+ll-lx-1| 
= I-xsx-ll —x—-l1-(-x), x<-l 
=> 1-720 = 4x+l-(l-x), -lsxsl 
=> xs<il x+l-(x-l), x>1 
— Solve |3x — 2| =x. 2) el 
Sol. [3x -2| =x = 42x,-l<xsl 
Case (i) 2. 1 


When 3x — 2 20 or x 2 2/3 

For which we have 3x - 2 =xorx=1. 
Case (ii) 

When 3x —2 <Oorx < 2/3 

For which we have 2 — 3x = x or x = 1/2. 

Hence, solution set is {1/2, 1}. (ii) For -3 <x <-—1, find the values of |x]. 
(iii) For - 3 <x < 1, find the values of |x|. 


(iv) For —5 <x <7, find the values of |x — 2]. 


_Example 1.34 | 


(i) For 2 <x <4, find the values of |x|. 


ESCETCRENM Solve pj=2°-1. 


Sol. x? — 1 =|x| 
Ree rah ee ts (v) For 1 <x <5, find the values of |2x - 7]. 
ans nee : 
or x-1l= Poe Sol. 
1+ 
Boxe 04= 2 (asx20) (i) 2<x<4 ; 
Here values on real number line whose distance lies 


7 ~j=4/5 between 2 and 4. 
xet+x-1=0>x= (as x < 0) a 
2 Here values of x are positive => |x| € (2, 4) 
(Gii) —3<x<-1 
Here values on real number line whose distance lies 


| Solve 


e43=4/x—1 + tS 264-121 between 1 and 3 or at distance 1 or 3. 


=>1<|x|/<3 


Sol. Jx+3-4Jx-1 +¥x+8-6Vx-1 =1 (iil) -3sx<1 


For —3 <x <0, |x| € (0, 3] 


=> Jx—1—4Vx—-144 + x-1-6Vx-149 =1 For 0<x<1, |x] [0, 1) 
So for-3 <x <1, |xJe [0, 1) U (, 3] or x € [0, 3] 


dlafy—-1—-22 taftafx-1—3P = , 
=> |y¥x-—1-2)F +yilV¥x-1-31F =1 Gi Ss ey 
= !V¥x-1-21+lvx-1-3l=1 =-7<x-2<5 


>0<|x-2|<7 
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(v) l<x 5 
=>2 <2x<10 
> -—5<2x-7853 
= |2x-7|€ [0, 5] 
For x € R, find all possible values of 


(ii) 4 — [2x + 3] 


@ |e-3|-2 
Sol. 
(i) We know that |x-3|2>0VxeER 
= |x-3|/-22>-2 
=> |x-3)-2e [-2,) 
(ii) We know that |2x+3|>0VxeER 
=> —|2x+3/<0 
=> 4-|2x+3/<4 
or 4 -|2x+ 3] € (-c9, 4] 


f Find all possible values of 


@ Vixl—2 ~~ (ii) (iii) 4 —/x? 


3~-Ix-1l 


(i) vix 1-2 


We know that square roots are defined for non-negative 
values only. 
It implies that we must have |x| — 2 2 0. 


=>vVixl-2 20 

(ii) ¥3—1x-11 is defined when 3 —|x- 1|20 
But the maximum value of 3 — |x - I| is 3 when |x — }| is 0. 
Hence, for ¥3—|.+—1! to get defined, 0 <3 -|x- 1] <3. 
= V31r-te [0. v3] 


Alternatively, |v — 1] 20 
=> -|x-1/<s0 
= 3-|r-1/<3 


But for /3—|x—1] to get defined, we must have 


0<3=-4/ <3 06 V3-le-1ley3 
Git) J4-Ve = J4-1x1 


Ix} = O 

=> —- |x| <0 

=> 4-\|<4 

But for V4—-lx1 to get defined 0 <4—-|xj <4 


=> Os v4 [x1 <2 


Solve |x — 3] + |x -—2|=1. 


Example 1.3 


ed 


Sol. [x-3|+|x-2|=1 
|x — 3) + x- 2] = (3 —x) + (x~2) 
x—-3sO0andx-220 
x<3andx >2 

2x83 


YUU SY 
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Inequalities Involving Absolute Value 
(i) |x| < a (where a > 0) 


It implies those values of x on real number line which are 
at distance a or less than a. 


aS en ps a a 


—a 0 a 


Fig. 1.17 
>-asxSa 
e.g. |x] $2 >-2<x<2 
kx]}<3>5-3<x<3 
In general, |f(x)| $ a (where a > 0) > -a< f(x) Sa. 
(ii) [x| =a (where a > 0) 


It implies those values of x on real number line which are 
at distance a or more than a 


-a 0 a 
Fig. 1.18 
=>xS-aorx2a 
e.g. |x] >3 > xS-3o0rx23. 
x] >2 = x<-2orx>2 
In general, |f(x)| = a > f(x) <-a or f(x) 2a. 
(ili) a < |x| < b (where a, b > 0) 


It implies those value of x on real number line which are at 
distance equal a or b or between a and b. 


—b -a - 0 a b 
Fig. 1.19 


=> [-b,-a]U [a, 5] 
e.g. 2S |< 4 >+% €[-4, -2] [2, 4] 


(iv) [x + y| < |x| + |y| if x and y have opposite signs. 
|x — y| < |x| + |y| if x and y have same sign. 
lx + yl = |x| + || if x and y have same sign or at least one of 
x and y is zero. 
|x—y| = |x| + |y| if x and y have opposite signs or at least one 
of x and y is zero. 


Example 1.38 j Solve x?— 4|x| +3 < 0. 


Sol. 2° 4x] +3 < 0 

(|x| — 1)(|x| - 3) < 0 
L<[al<3 
—~3<x<-lorl<x<3 
xe (-3,-1)Ud, 3) 


Yuu 


Example 1.39 SUMS eo 


Sol. We know that |x} 2>0,VxeR 
But given |x| >0 > x#0 
Now 0 < [x| <2 

=> xe (-2,2),x40 
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1.12 Algebra 
=> xe (-2,2)-{0} 
Example 1.40 OMB 
Sol. [3x -2| < 4 
=> -4<3x-2< 4 
=> -—2<3x<6 
= -2/13<x<2 


Sol. 
= 
=> 
ane 


Example 1.43 
| |x-1|-2)<5 


aed, Solve 1<|x-2|<3. 


1<jx-2/s3 


—3<x-2<-lorl<x-2<3 
—~Il<xslor3<x <5 
xe [-1,1] U3, 5] 


eae, «Solve 0 <|x—3)/ <5. 
0<|x-3) <5 
—~5<x-3<0o0r0<x-355 


—-2<x<30r3<x<8 
xe [-2, 3) U (3, 8] 


“Solve | |x -1|— 2] <5. 
er Pare ees 


-3<|x-l|<7 
Ix-1| <7 


=> -7<x-1<7 
=> -6<x<8 


Sol. 
= 
=> 


Sol. 
=> 
=> 
=> 


Example 1.44 


Example 1.45 _. 


Example 1.46 | 


Solve | x -3| 2 2. 


|x —3] 22 


x-3<-2o0rx-322 
xsSlorx25 


Solve | |x| — 3| > 1. 


| x|- 3] > 1 


\x| -3 <-—lor[x|-3>1 
\x| <2 or |x| >4 
—~2<x<2orx<—4torx>4 


Solve |x — 1] + |x -— 2| 24. 


Sol. Let f(x) = |x - 1] + [x - 2} 


A. B. fix) | C. fle) >4 

x<l l-x+2-x/3-2x24>5x<-2/3 
=3-2x 

1sx<2/x-1+2-x] 124, not possible 
=1 

x>2 x-l+x-2)2x-3245x%27/2 
=2x-3 


Hence, solutions is x € (—00,—1/2] U [7/2, ©). 


Example 1.47 BStOCAU Se oie 
Sol. Let f(x) =|x + 1| + (2x - 3} 
Bs 
A. C. f(x) 24 
x<-—l —~l-x+3-]2-3x=4 No such x exists 
2x > x=-2/3 
-l<x<3/2|)x+14+3-2x|)4-x=4 x=0 
>x=0 
reo 
x > 3/2 3x-—2=4 x=2 
>x=2 


Hence, solutions set is {0, 2} 


Sol. We have |x| + |x — 2| = 2 
=> |x| t+le-2|=x-(x-2) 
=> xx-2)<0 


Solve |x| + |x -— 2] =2. 


Sol. 


=> (2x-—3)\(x-1)<0 
=> 1<x<3/2 


B2cudcmeum, Solve |x? +x —4| = |x?- 4] + |x). 


Sol. |x? +x —4| = |x? -4| + |x| 
=> xxe-4)20 
=> x(x-2)(x+2)20 
=> xef[-2, OJU[2, ~) 


amp | If|sinx + cosx|=|sinx| + |cosx| (sinx, cos.x 
# 0), then in which quadrant does x lie? 


Sol. Here we have |sin x + cos x| = [sin x| + |cos x]. 


‘It implies that sin x and cos x must have the same sign. 


Therefore, x lies in the first or third quadrant. 


a2 cullen, Is |tanx + cot x|<|tan x| + |cot x| true for 
any x ? If it is true, then find the values of x. 


Sol. Since tan x and cot x have always the same sign, 
|tan x + cot x| < {tan x} + |cot x} does not hold true for any value 
of x. 


Sol. Bahay 
+] 
Sy, coe a 
x+1 
of SET eh OS 4 
x+l1 XK 
—2 
=> <0 and OS 


x+1 x+l 
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=> x >-Jland{x<-lorx>1} 
> x2l 


Example 1.54 | 


Sol. We have |x? — 2x| + |4—2x| > |x? - 2x +4 —x 
=> (x?—2x)(4—-x)<0 
=> x (x-2)(1-4)>0 
=> 7, €(0,2)U(4,%) 


Solve |x? — 2x| + |x - 4| > |x? - 3x +4]. 


Concept Application Exercise 1.1. 


x+3, x<1 
1. If f(x) = +x, 1< x <3, then which of the following is greatest ? 
2~-3x,x>3 
0), A3), M4), K2) 


2. If f(x) is quadratic function such that (0) =— 4, (1) =— 5 and 
f(- 1) =-I, then find the value of f(3). 


3. Find the value of x? for the following values of x: 


i) [-5,-1] (ii) (3, 6) 

(iii) (-2, 3] (iv) (-3, 0) (v) (-e, 4) 
4. Find the values of 1/x for the following values of x: 

(i) (2,5) (ii) [—5, -1) 

(iii) G, ©) (iv) (2, - 2] 

(v) [-3, 4] 


5. Which of the following is always true? 
(a) Ifa<b, then a’< b? 


by een hens 
a b 


(c) If a<b, then Jal < |d| 


6. Find the values of x which satisfy the inequalities simultane- 
ously: 


2x+3 


(i) —3<2x-1<19 (ii) -1< <3 


. Find all the possible values which the following expressions 
take. ; 


2-5x 
3x-4 


i) 


(ii) 


x? 7x +6 


a haes Saat 
Git o6 
x-3 


Spine 
(2x—5) 


30. 
4 eateNaees) 4) eg 
(x~27x° 
(x —3)(x+5)(x-7) <0. 
lx-41(x+6) 


9. Solv 


10. Solve 


1= a 
11. Find all possible values of f(x) = ———. 
x +3 
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2x 1 


Ral mel Bt . 
2x°+5x4+2 x41 


— <0 (i) Jx—-283 


x- 


12. Solve 


13. Solve (i) 


14, Which of the following equations has maximum number of 
real roots? 
(i)? - |x] -2=0 
(ii) x? — 2|x] +3 =0 
(iii) x? — 3jx] +2 = 0 
* (iv) x? + 3ix,4+2=0 
15. Find the number of solutions of the system of equation x + 2y 
=6and|x-3/=y. 


16. Find the values of x for which f(x) = a is 
defined, Vix-21-(r—2) 


. Find all values of x for which fix) =x+ Vx? . 


If |x? — 7| < 9, then find the values of x. 


20. Find the values of x for which 5—|2x—31 is defined. 
21. Solve ||x -2| — 3} <5. 
22. Which of the following is/are true? 
(a) If |x + y| = [| + |p], then points (x, y) lie in 1* or 3" quadrant 
or any of the x-axis or y-axis. 
(b) If |x + y| < |x| + |y|, then points (x, y) lie in 2" or 4" quad- 
rant. 
(ce) If ix — y| = |x| + |p|, then points (x, y) lie in 2 or 4h quad- 
rant. 
23. Solve |x? — x — 2| + jx + 6] = |? — 2x - 8]. 
24. Solve |x| = 2x -1. 
25. Solve |2°— 1) + |2°+ l}=2. 
26. Solve |x?-4x+ 3) =x4 1. 
27. Solve |x? — 1| + |x? — 4| > 3. 
28. Solve |x — 1| — |2x — 5} = 2x. 


SOME DEFINITIONS 


Real Polynomial 

Let Gy, 4,, a,, ..., a, be real numbers and x is a real variable. 
Then, fx) = a, + a,x +a, + --- +ax" is called a real polyno- 
mial of real variable x with real coefficients. 


Complex Polynomial 
If d,, 4), @,, ...,@, are complex numbers and x is a varying com- 
plex number, then f(x) = At axt ae +--+ a, x" is called a 
complex polynomial or a polynomial of complex coefficients. 
Rational Expression or Rational Function 


An expression of the form 

P(x) 

Q(x) 
where P(x) and Q(x) are polynomials in x is called a rational 
expression. 
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1.14 Algebra 


In the particular case when Q(x) is a non-zero constant, 
P(x) 
O(x) 
reduces to a polynomial. Thus every polynomial is a rational 
expression but the converse is not true. Some of the examples 
are as follows: 


an 

rae ole eis (2) x2- 5x44 
x-2 
1 


x-2 


x +) 


(3) 


(Ay pe Ses 
x 


Degree of a Polynomial 
A polynomial f(x) = a, + a,x +a, +--+ +a,x", real or complex, 
is a polynomial of degree n, if a, #0. 

The polynomials 2x3 — 7x? + x + 5 and (3 — 2i)x’ — ix + 5 are 
polynomials of degree 3 and 2, respectively 

A polynomial of second degree is generally called a quadratic 
polynomial, and polynomials of degree 3 and 4 are known as 
cubic and bi-quadratic polynomials, respectively. 


Polynomial Equation 


If f(x) is a polynomial, then f(x) = 0 is called a polynomial equa- 


tion. 

If f(x) is a quadratic polynomial, then f(x) = 0 is called a qua- 
dratic equation. The general form of a quadratic equation is ax? 
+ bx +c =0,a#0. Here, x is the variable and a, b and c are 
called coefficients, real or imaginary. 


Roots of an Equation 
The values of the variable satisfying a given equation are called 
its roots. 

Thus, x = a is a root of the equation f(x) = 0, if f(a) = 0. 

For example, x = | is a root of the equation x*— 6x° + Ilx-6= 
0, because 17-6 x 17+ 11x 1-6=0. 

Similarly, x = @ and x = @? are roots of the equation 
x2 +x+1=0 as they satisfy it (where @ is the complex cube 
root of unity). 

Solution Set 
The set of all roots of an equation, in a given domain, is called 
the solution set of the equation. 

For example, the set {1, 2, 3} is the solution set of the equa- 
tion x7 — 6° + llx-6=0. 

Solving an equation means finding its solution set. In other 
words, solving an equation is the process of obtaining all its 
roots. 


_Example 1.55 If x = 1 and x = 2 are solutions of the 
equation x° + ax? + bx +c = 0 anda + b = I, then find the 
value of D. 


Sol. Since x = 1 is a root of the given equation it satisfies the 
equation. 
Hence, putting x = | in the given equation, we get 
atb+e=-1 (1) 
but given that 
a+b=1 (2) 


=> c=-2 
Now put x = 2 in the given equation, we have 
8+4a+2b-2=0 


=> 6+2a+2(a+b)=0 

> 6+2a+2=0 

> a=—-4 

=> b=5 

Example 1.56 (RQ a (63% ax? + bx +c, where a,b,cER 


and a # 0. It is known that (5) = — 3,f(2) and that 3 is a root 


’ of f(x) = 0, then find the other root of f(x) = 0. 


Sol. f(x) =ar+bxt+e 
Given that f(5) = -3 f(2) 
25a+5b+c=-3(4a+2b4+ 0c) 


or 37a+ 1lb+4c=0 ; (1) 
Also x = 3 satisfies f(x) = 0 

o 9a+3b+c=0 (2) 
or 36a + 12b+4c=0. (3) 


: {Multiplying Eq. (2) by 4] 
Subtracting (3) from (1), we have 
a-b=0 
=> az=b >In(2) putb=a, 
=> 12a+c=0orc=- 12a 
Hence, equation f(x) = 0 becomes 
ax? +ax~-12a=0 
or x+x-12=0 


or (x —3)(x +4) =0 or x=-4,3 


Bec eezae A polynomial in x of degree three van- 
ishes when x = 1 and x = —2, and has the values 4 and 28 
when x = -1 and x = 2, respectively. Then find the value of 
polynomial when x = 0. 


Sol. From the given data f(x) = (x — 1) (x + 2) (ax +b) 
Now f(-1) = 4 and f(2) = 28 
=> (-1-1)(-1+2)(¢at+b)=4 
and = = (2-—1)(2 + 2)(2a + b) = 28 
=> a-b=2and2a+b=7 
Solving, a=3 and b=1 
> fw=(-1) 42) Bx+1) 
= f0)=-2 


Be cuncmem (If (1 —p) is a root of quadratic equation 


x? + px +(1 —p) = 0, then find its roots. 
Sol. Since (1 — p) is the root of quadratic equation 
x? +px+(1-—p)=0 (1) 
So (1 — p) satisfies the above equation 
(l-pPr+pU-p)+U-p)=0 
(1-p) [1-p +p +1] =0 


(1 —p) (2)=90 
=> p=l 
On putting this value of p in Eq. (1), we get 
r+x=0 


=> xxt+1)=0 
=> x=0,-l 
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Example 1.59 | 
following properties: -landx=2. 
px) can be positive or zero for all real numbers Following is the graph of y = f(x). 
p(1) = 0 and p(2) = 2. 
Then find the quadratic polynomial. 


Sol. p(x) is positive or zero for all real numbers 
also pi)=o0 ; 
then we have p(x) = k(x — 1), where k > 0 
Now p(2)=2 
=> k=2 
PO) = 2Ax- 1 ! 


eae ee poe Rae 


GEOMETRICAL MEANING OF ROOTS (ZEROS) 2 ae 
OF AN EQUATION 


We know that that a real number & is a zero of the polyno- 
mial f(x) if f(k) = 0. But why are the zeroes of a polynomial 
so important? To answer this, first we will see the geometrical 
representations of polynomials and the geometrical meaning of — ----|---------+------ 
their zeroes. 

We know that graph of the linear function y = f(x) = ax + b 
is a straight line. 

Consider the function f(x) = x + 3. Fig. 1.21 


4 


Sais ae a eee ED 


graph of y = f(x) cuts x-axis at three values of x, x = 1, 2, 3. 


Following is the graph of y = f(x). 


f 
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The quadratic polynomial p(x) has the graph of f(x) = x? — x — 2 cuts the x-axis at two values of x, x = 


Consider the function f(x) = x° — 6x? + 11x - 6, now for 
FS) = 0 we have (x — D( - 2) («#- 3)= 0 or x = 1, 2, 3. Then 


1 9 2 
ion eowree ere nae cere 
Fig. 1.20 | | | | | 
Now we can see that this graph cuts the x-axis at x = — 3, Fig, 1.22 
where value of y = 0 or we can say x + 3 = 0 (or y = 0) when _ 
value of x =—3. Thus, x = -3 which is a root (zero) of equation Consider the function f(x) = (x? — 3x + 2)Q° — x + 1), now for 
x +3 = is actually the value of x where graph of y=f(x)=x+ f(x) =0 we have x= 1 or x = 2, as x°-x + 1 = 0 is not possible 
3 intersects the x-axis. for any real value of x. Hence, f(x) = 0 has only two real roots 


Consider the function f(x) = x? — x — 2, now for f(x)=Oorx? —_ and cuts x-axis for only two values of x, x = 1 and x = 2. 
—x-—2=0, we have (x-—2)(x+ 1) =Oorx=— 1 or x=2. Then 
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Following is the graph of y = f(). 


- Fig. 1.23 


Thus, roots of equation f(x) = 0 are actually those values of x 
where graph y = f(x) meets x-axis. 


Roots (Zeros) of the Equation f(x) = g(x) 


Now we know that zeros of the equation f(x) = 0 are the 
x-coordinates of the points where graph of y = f(x) intersect 
the x-axis, where y = 0 or zeros are x-coordinate of the point of 
intersection of y = f(x) and y = 0 (x-axis) 
Consider the equation x + 5 = 2. 
' Let’s draw the graph of y = x + 5 and y = 2, which are as 
shown in the following figure. 


Graph of y = 2 is a line parallel to x-axis at height 2 unit 
above x-axis. Now in the figure, we can see that graphs of y = x 
+5 and y = 2 intersect at point (—3, 2) where value of x = —3. 

Also from x + 5 = 2, we have x = 2 —5 or x = — 3, which is 
a root of the equation x + 2 = 5. Thus root of the equation x + 5 
= 2 occurs at point of intersection of graphs y =x + 5 and y =2. 

Consider the another example x? — 2x = 2 — x. Let’s draw 
the graph of y = x? - 2x and y = 2— x as shown in the following 
figure. 


Sates Sle Hi See a oe 


Fig. 1.25 


Now in the figure, we can see that graphs of y = x? — 2x and 
y = 2 —x intersect at points (-1, 3) and (2, 0) or where values 
of x are x =— 1 and x = 2, which are in fact zeros or roots of the 
equation x?— 2x =2-—xorx?-x-2=0. 

The given equation simplifies to x* — x — 2 = 0. So one can 
also locate the roots of the same equation by plotting the graph 
of y=x*?—x — 2, then the roots of equation are x-coordinates of . 
points where graph of y = x? — x — 2 intersects with the x-axis 
(where y = 0), as shown in the following figure. 


i ' 

' 1 

' 1 
1 

! 

i 1 


Fig. 1.26 
From the above discussion we understand that roots of the 
equation f(x) = g(x) are the x-coordinate of the points of inter- 
section of graphs y = f(x) and y = g(%). 


Example 1.60 4 
+ 5x — 3 intersect x-axis? 
Sol. Number of point in which y = x3 — 3x? + 5x — 3 intersect the 
X-axis is same as number of real roots of the equation x? — 3x? 
+ 5x-3=0. 


In how many points graph of y = x° — 3x’ 
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Now we can see that x = 1 satisfies the equation, hence one 
root of thre equation is x = 1. 

Now dividing x? — 3x? +5x - 3 by x — 1, we have quotient 
x -2x+ 3. ; 

Hence equation reduces to (x — 1)(x? —- 2x + 3) =0. 

Now x? — 2x +3 =0 or (x— 1)? +2 =0 is not true for any real 
value of x. : 

Hence, the only root of the equation is x = 1. 

Therefore, the graph of y = x? — 3x? + 5x — 3 cuts the x-axis 
in one point only. 


Answer the following questions: 
(a) what are the roots of the f(x) = 0? 
(b) what are the roots of the f(x) = 4? 
(c) what are the roots of the f(x) = 10? 
Sol. 
(a) The root of the equation f(x) = 0 occurs for the values of x 


where the graphs of y = f(x) and y = 0 intersect. 


From the diagram, for these point of intersection x = —1 
and x = 2. Hence, roots of the equation f(x) = 0 are x =-1 
and x = 2. 


(b) The root of the equation f(x) = 4 occurs for the values of x 
where the graphs of y = f(x) and y = 4 intersect. 
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From the diagram, for these point of intersection x = —2 
and x = 3. Hence, roots of the equation f(x) = 0 are x = —2 
and x = 3. 


(c) Also roots of the equation f(x) = 10 are -3 and 4. 


SU a 
intersect? : 
(i) y=x?-xandy=1 


Which of the following pair of graphs 


(ii) y =x? - 2x +3 andy =sinx 
(iii) y=x?~x+1landy=x-4 


Sol. y = x° - x and y= 1 intersect if x?-x=1—>x2-x-1=0, 
which has real roots. é 

y =x’ - 2x +3 and y= sin x intersect if x? — 2x + 3 = sin x or 
(x — 1)? + 2 = sin x, which is not possible as L.H.S. has the least 
value 2, while R.H.S. has the maximum value 1. 

y=x-—x+landy=x-—4 intersect ifx2-x+1l=x-4or 
x? — 2x +5 =0, which has non-real roots. Hence, graphs do not 
intersect. 


Prove that graphs y = 2x — 3 and y = x? 


_Example 1.63 _| 
— x never intersect. 
Sol. y = 2x — 3 and y = x* — x intersect only when x* — x = 2x.-3 
or x?-3x+3=0 
Now discriminant D = (—3)? - 4(3) =-3 <0 

_ Hence, roots of the equation are not real, or we can say that 
there is no real number for which 2x — 3 and x? — x are equal (or 
y =2x-—3 and y = x? — x intersect). 
Hence, proved. 


KEY POINTS IN SOLVING AN EQUATION 
Domain of Equation 


It is a set of the values of independent variables x for which each 
function used in the equation is defined, i.e., it takes up finite 
real values. In other words, the final solution obtained while 
solving any equation must satisfy the domain of the expression 
of the parent equation. 


2 
Example 1.64 fiz Be eg: 
2 
Sol. Equation * —2*=3 _ 9 js solvable over R — {-1} 
x+ 
Now x 72x73 -0 


x+] 
= -2x-3=0or(x-3)x4+ 1) =0 
=> x=3(asxe R-{-]}) 


Solve (x* —4x)Vx? -1=0. 


Example 1 65 | 


Sol. Given equation is solvable for x? - 1 >0 
or xe (ee, -1] [1, oo) 


(x? —4x)Vx° -1=0 


=> x(x-2)(x+2)\Wx’ -1=0 
=> x=0,-2,2,-1,1 
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But x € (-0,-1] U[], &) . Test 1: Leading Co-efficient 


=o etl 22 If n is odd and the leading coefficient a, is positive, then the 


graph falls to the left and rises to the right: 


¥ 


So ei Sons al i i seek 


=> 
x] x-l 

=> 3x-4=6x-7-6,x#1 

= 7-3x4+2=0,x41 

a Da Say intetataiatatanets Seeatataraer al WRTalanaeaiaty Claenananata IaanaiaieaT 


Extraneous Roots 


While simplifying the equation, the domain of the equation 

may expand and give the extraneous roots. 

For example, consider the equation Vx =x-2. If n is odd and the leading coefficient a, is negative, the 

For solving, we first square it graph rises to the left and falls to the right. 

Se) Sx =x-2 ‘ 
=> x=(x-2P fon squaring both sides] 8 8 ———s =H Jan nna= 
= x-5x+4=0 
=> (x«-la-d4+)= 
=> x=1,4 

We observe that x = 4 satisfies the given equation but x = 1 does 

not satisfy it. 

Hence, x = 4 is the only solution of the given equation. 

The domain of actual equation is [2, °). 

While squaring the equation, domain expands to R, which gives 

extra root x= |. 


Fig. 1.28 


Woeetensdesecenesaka 


Loss of Root 


wee ee eben es 


Cancellation of common factors from both sides of equation 
leads to loss of root. Fig. 1.29 
For example, consider an equation x° — 2x = x —2 

=> xx-2)=x-2 

=> x=l 
Here we have cancelled factor x — 2 which causes the loss of 
root, x = 2 
The correct way of solving is 

, —2x=x-2 

=> x-3x4+2=0 

=> (-1l)\(x-2)= 

=> x=landx=2. 


If n is even and the leading coefficient a, is positive, the 
graph rises to the left and to the pat 


GRAPHS OF POLYNOMIAL FUNCTIONS 


When the pono function is written in standard form, f(x) 
=ax'+a,_,2° '4----+ax+d,, (a,# 0), the leading term is 
a x. In other words, the leading term is the term that the vari- 
able has its highest exponent. The degree of a term of a polyno- 
mial function is the exponent on the variable. The degree of the 
polynomial is the largest degree of all of its terms. 

For drawing the graph of the polynomial function, we con- 
sider the following tests. 
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If n is even and the leading coefficient a, is negative, the 
graph falls to the left and to the right 


Ser Sessa thteo Ss 'N 


wowed a ere es es Pee Ween 


Fig. 1.31 


Test 2: Roots (Zeros) of Polynomial 


In other words, when a polynomial function is set equal to zero 
and has been completely factored and each different factor is 
written with the highest appropriate exponent, depending on the 
number of times that factor occurs in the product, the exponent 


on the factor that the zero is.a solution for it gives the multiplic- ’ 


ity of that zero. 
The exponent indicates how many times that factor would be 
written out in the product, this gives us a multiplicity. 


Multiplicity of Zeros and the x-Intercept 


If r is a zero of even multiplicity: 
This means the graph touches the x-axis at r and turns around. 
This happens because the sign of f(x) does not change from 
one side to the other side of r. 
See the graph of f(x) = @-— 2) @- D@+t 1). 


we ee pee ee pe 


i 
i 
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If r is a zero of odd multiplicity: 


This means the graph crosses (also touches if exponent is more 


than 1) the x-axis at r. This happens because the sign of f(x) 
changes from one side to the other side or r. 
See the graph of f(x) = (« — 1)3x-—2)(x- 3) . 


i 
5 
i 
t 
' 
I 
I 
u 
U 
i 


te en ce on ioe to be 


Fig. 1.33 


Thus, in general, polynomial function graphs consist of a 
smooth line with a series of hills and valleys. The hills and val- 
leys are called turning points. The maximum possible number 
of turning points is one less than the. degree of the polynomial. 
The point where graph has turning point, derivative of func- 
tion f(x) becomes zero, which provides point of local minima 
or local maxima. Knowledge of derivative provides great help 
in drawing the graph of the function, hence finding its point of 
intersection with x-axis or roots of the equation f(x) = 0. Also 
we know that geometrically the derivative of function at any 
point of the graph of the function is equal to the slope of tangent 
at that point to the curve. 

Consider the following graph of the function y = f(x) as 
shown in the following figure. 
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In the figure, we can see that tangent to the curve at point 
for which x <—1 and x > 1 makes acute angle with the positive 
direction of x-axis, hence derivative is positive for these points. 
For —1 <x< 1, tangent to the curve makes obtuse angle with the 
positi ve direction of x-axis, hence derivative is negative at these 
points. At x =—1 and x = 1, tangent is parallel to x-axis, where 
derivative is zero. 

Here x = —1 is called point of maxima, where derivative 
changes sign from positive to negative (from left to right), and 
x =1 is called point of minima, where derivative changes sign 
from negative to positive (from left to right). . 

At point of maxima and minima, derivative of the function 
is zero. 


fe CUulcmed~e Using differentiation method check how 
many roots of the equation x? — x? + x -2 = 0 are real? 


Sol. Let y =fix)=x?—-x+x-2 


> cd = 3x°-2x4+ 1 
dx 


Let 3x? — 2x + 1 = 0, now this equation has non-real roots, 
i.e., derivative never becomes zero or graph of y = f(x) has no 
turning point. 

Also when x > ©, f(x) > e and when x >- ©, f(x) -— 0 

Further 3x2-2x+1>0V xeER 

Thus graph of the function is as shown in the following 
figure. 


Fig, 1.35 


Also f(0) = —2, hence graph cuts the x-axis for some positive 
value of x. 

Hence, the only root of the equation is positive. 

Thus we can see that differentiation and then graph of the 
function is much important in analyzing the equation. 


SC cwmeme Analyze the roots of the following equa- 
tions: aD os 


\ : 


(i) 2x3 — 9x? + 12x - (9/2) = 0. 
(ii) 2x3 - 9x? + 12x -3=0 


Sol. 


(i) Let f(x) = 2x3 — 9x? + 12x — (9/2) 
Then f(x) = 6x? — 18x + 12 = 6(x? — 3x + 2) = 6% - 1)(~- 2) 
Now fi) 0 Seat and peo: 
Hence, graph has turn atx = 1 and atx=2. 
Also f(1) = 2-9 + 12 - (9/2) >0 
and f(2) = 16 — 36 + 24 ~ (9/2) <0 


Hence, gtaph of the function y = f(x) is as shown in the 
following figure. 


ee oe 


et oes) 


Fig. 1.36(a) 
As shown in the figure, graph cuts x-axis at three distinct 
point. ; 
Hence, equation f(x) = 0 has three distinct roots. 
(ii) For 2x7 — 9x? + 12x -—3 =0, fx) = 2x7 — 9x? + 12x -—3 
f@=0>x=1andx=2 
Also f(1) =2-9 + 12-3 =2 and f(2) = 16-36+24-3=1 


Hence, graph of y = f(x) is as shown in the following 
figure. 
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Rie oie le Ss 


No 
cad 


wired os). 


i and a ae Si eh 


Fig. 1.36(b) 


Thus from the graph, we can see that f(x) = 0 has only one 


real root, though y = f(x) has two turning points. 


Example 1.69 
+ 2x? -— 8x +3 =O are real. 

Sol. Let f(x) = x44 2x?- 8x43 
=> f(x) =40 + 44-8 =4x- 1)? +x+4+ 2) 
Now f(x) =0>x=1 


Hence graph of y = f(x) has only one turn (maxima/minima). 


Now f(1) =14+2-84+3<0 
Also when x > + ©, f(x) 00 


Then graph of the function is as shown in the following figure. 


Fig. 1.37 


Hence, equation f(x) = 0 has only two real roots. 


EQUATIONS REDUCIBLE TO QUADRATIC 


Example 1 70 . 
Sol. Let 5x? — 6x = y. Then, 
Wx? 6248 25x? —6x—7 <1 


Find how many roots of the equation x* 


Solve ./5x’? —6x+8 —./5x’ —6x-7 =1. 
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=> Jy+8-Jy-7=1 
=> (Jy+8—-Jy-7)/ =1 
> y= y +y—56 
> ypHey+y-56 
=> y=56 
=> 5x*?-6x=56 [-- y= 5x* — 6x] 
=> 5x-6x-56=0 
=> (5x+14)@-4=0 
=> puget 
5 


Clearly, both the values satisfy the given equation. Hence, the 
roots of the given equation are 4 and -14/5. 


| Solve x? - 5x + 7)? —- (x -— 2) (x -3)=1. 


(7? —5x+7) -(x-2) «-3)=1 
=> (?-5x4+7P-(?-5x4+7)=0 
=> y-—y=0, where -y=x?-5x+7 
=> yo-)=0 
=> y=0,1 
Now, 
y=0 
=> x-5x+7=0 
pw St N25-28 _ StV-3 _ Stiv3 
= 2 ae 2 
where i= J-1 
and 
y=] 
=> x-5x+6=0 
=> (x-3)(x-2)=0 
= 233.2 
Hence, the roots of the equation are 2, 3G HiN I? and 
(S=13)72: 


R2Cucmeeae Solve the equation 4 —5 x 2°+4=0. 


Sol. We have, _ 
4°—-5x2'+4=0 


=> (2"Y-52)4+4=0 

=> y—5y+4=0, where y = 2* 
=> (y-4)0-1=0 

=> y=1,4 

=> =1,2=4 

= 28S 20 2h 2? 

=> x=0,2 


Hence, the roots of the given equation are 0 and 2. 


S2cluldcmeeme Solve the equation 12x* - 56x? + 89x’ 


— 56x +12 =0. 


Sol. The given equation is 
12x4 — 56x? + 89x? - 56x + 12=0 
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Dividing by x, we get (y + 2)* + (y -2)4 = 82 
56 45 => (y+4y+ 4+ 62-474 4)?= 82 
12x? -56x+89-—+-> =0 => {(+4) +4y}? + (07+ 4) -4y}P= 82 
a Mee => (y+ 4)? + l6y?} = 82 
sec 1 [. (a+ by + (a— by = 2(a + b°)] 
=> 1a +)-s6f x42} 489-0 => y+ 8y4+16+ l6y?=41 
=> yi+24y°-25=0 
2 
: : 1 1 = => (°+25)6°-1)=0 
=> a(t] -2)-so{x+1}o99-0 =5 y+25=0,y?-1=0 
‘ , => y=st5i,y=+l (where i= -1) 
=> 1o( ++ -56{ x+1}+65~0 = x-3=45i,x-3=41 
x x => x~=3+5i,x=4,2 [ y=x-3] 


F ] Hence, the roots of the given equation are 3+5i, 2 and 4. 
12y —56y+65 =0, where y= x+— 
x 


=> 
5 _ Ex Solve the equation (x + 2) (x + 3) (x + 8) 
=> 12y -26y-30y+65=0 «(+ 12) = 4x2, 
=> (6y-13)(2y-5)=0 
B 5 Sol. (v + 2) x43) (+ 8) 4 12) =40° 
=> y=—ory=— => {(x+2) («+ 12)} {+ 3) (x + 8)} = 40? 
6 2 = (24 140424) 024 lle t 24) = 42 
If y = 13/6, then Dividing throughout by x’, we get 
1 43 (s+14+ 2 Vavrs 4 
X+-= — x x 
x 6 24 
=> 6x°-13x+6=0 => (y+14) (+11) =4, where a rae 
= (3x-2)(2x-3)=0 => y+25y+154=4 
aio aes => y+25y+150=0 
32 => (y+ 15) (y+ 10)=0 
If y = 5/2, then => y=-I5,-10 
i 1 5 If y=-15, then 
xt—= = 
oie ree 
= 2x°-~5x+2=0 x 
= (x-2)(2x-1)=0 => x4 15x+24=0 
1 
=2,— Sis as 
=> x 5 BO feds 15 129 
Hence, the roots of the given equation are 2, 1/2, 2/3, 3/2. 2 
; If y= -10, then 
# Solve the equation 37-7 + GP -* = 25, xt 24 19 
x 
Sol. We neve: : => x+10x+24=0 
Bert $e At = 25 => (x+4)(x+6)=0 
a en ee => x=-4,-6 
ag, He Hence, the roots of the given equation are -4, —6, 
2k eh oats (15-=3/109972- 
=> (x-2)(x+1)=0 
fig ne : ) _Example 1.77 Evaluate 6+ \o+ fore. 


Hence, the roots of the given equation are —1 and 2. Sal heres | 6 for fore. Then, 


EMRE Solve the equation (x - 1)‘ + (x - 5)‘ = 82. 


x= /6+x 
Sol. Let => xv=64+x 
_ (x-I+(x-5) © => x-x-6=0 
a 2 =a? => (x-3)(x+2)=0 
=> x=y+3 => x=30rx=-2 


But, the given expression is positive. So, x = 3. Hence, the 


tting x = y + 3 in the given equation, we obtain : Sa Be 
PUNE SY & q value of the given expression is 3. 
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Solve xt+5 + Jx+21 = 6x +40, 


Sol ./x+5 + Jx+21=f6x+40 


Cfxt5 +./x +21) =6x 440 
Cx +5) + (04+ 21) 42 a4+5)@ +21) = 6x + 40 


(x+5)(x+21) =2x+7 


(x +5) (+21) = (2x +7) 

3x? +2x-56=0 

(3x+14)@-4=0 

x =4orx=-14/3 

Clearly, x =—14/3 does not satisfy the given equation. Hence, 
x =4 is the only root of the given equation. ; 


ce ae | | ee | 


Concept Application Exercise 1.2 


1. Prove that graph of y = x? + 2 and y = 3x — 4 never intersect. 

2. In how many points the line y + 14 =0 cuts the curve whose 
equation isxQ@?+x+l)+y=0? 

3. Consider the following graphs: 


Fig. 1.38 


Answer the following questions: 
(i) sum of roots of the equation f(x) = 0 
_ Gi) product of roots of the equation f(x) = 4 
(iii) the absolute value of the difference of the roots of 
equation f(x) =x +2 
x? 43x42 
= 0 
x°-6x-7 


5. Solve /x-2+V/4-x =2. 


6. Solve Vx—2(x? —4x-5)=0. 
7. Solve the equation x(x + 2) 2-1) =~ 1. 


4. Solve 
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. Find the value of 2 + ! 


. Solve 4* + 6 = 9". 


. Solve 3 “tT 9g 
. Find the number of real roots of the equation (x ~ 1)? + (@- 27 
+(x-3¥ =0. 


Solve [3x — 7x -30 +.2x" -7x-5=x45. 
. If x=7+4,3, prove that x+ Ux =4 


. Solve Vox? -6x+8 - 5x? -6x-7=1. 


. Solve fx? +4x—21 + fx? —x-6 = fx? — 5x -39. 

. How many roots of the equation 3x4 + 634+. + 6x+3=0 
are real ? 

. Find the value of & if x* - 3x + a= 0 has three real distinct 
roots. 

. Analyze the roots of the equation (x — 1)3 + (x - 2)7 + (x- 3) 
+ (x-4)3 + (x -— 5)? =0 by differentiation method. 

. In how many points the graph of f(x) = x* + 2x7 + 3x + 4 meets 
x-axis. 


REMAINDER AND FACTOR THEOREMS 
Remainder Theorem 


The remainder theorem states that if a polynomial f(x) is divided 
by a linear function x — k, then the remainder is f(x). 


Proof: 
In any division, 


Dividend = Divisor x Quotient + Remainder 
Let Q(x) be the quotient and R be the remainder. Then, 
fay =@—k) OG) +R 
=> fH=(k-HQ~)+R=04+R=R 


’ Note: [fa n-degree polynomial is divided by a m-degree poly- 
nomial, then the maximum degree of the remainder polyno- 
mial is m—1. 


a 


B2cuieeee Find the remainder when x3 + 4x? — Tx + 
6 is divided by x - 1. 

Sol. Let fx) = x + 4° — 7x + 6. The remainder when f(x) is 
divided by x — 1 is 

fO)= 1 +4x0y-7+6=4 


value of a and b. 


Sol. Let fx) = ax’ + bx - x2 + 2x 4+ 3. 
Now, x°+.x-2= (x + 2)x (x- 1). 
Given, f(-2) = a(-2)* + b(-29 — (-2)? + 2(-2) + 3 
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= 4-2) +3 
= l6a-8b-4-44+3=-5 
= 2a-b=0 (1) 
Also, 
Hate ae = 4(1) +3 
=> atb=3 (2) 


From (1) and (2), a= 1, b=2. 


Factor Theorem 


Factor Theorem Is a Special Case of Remainder 
‘Theorem 


Let, 
f(x) = (&—k) Ox) + R 
=> fix) =(-*) OG) +f) 
When f(k) = 0, fx) = (x — k) Q(x). Therefore, f(x) is exactly 


divisible by x— k. 


E add ime Given that x? + x - 6 is a factor of 2x' 
+23 — ax’ +bx +at+b- 1, find the values of a and b. 


Sol. We have, 
VP +x-6= (x4 3)(x-2) 
Let, 
fx) =2xt+ 0 -aetbx+atb—-1 
Now, 
J(-3) = 2(-3)4 + (3) - a(-3 -3b+a+b-1=0 
=> 134-8a-2b=0 
=> 4a+b=67 (1) 
=> f(2)=2(2)?+ 23-a(2/+2b+a+b-1=0 
=> 39-3a+3b=0 
=> a-b=13 (2) 


From (1) and (2), a= 16, b = 3. 


Cll eva Use the factor theorem to find the value 
of k for which (a + 2b), where a, b £0 is a factor of a* + 32b4 
+a°b(k + 3). 
Sol. Let f(a) = a* + 32b* + @b(k + 3). Now, 
(-2b) = (-2b)* + 32b* + (-2b)b(k + 3) = 0 

=> 48b'- 8b*(k+ 3) =0 

=> 8b'[6-(k+3)]=0 

=> 8b'(3-h=0 
Since b#0,so,3 -k=Oork=3. 


Example 1.83 


cluiscmeeme If c, d are the roots of the equation 
(x ~— a) (x —- b)-k = 0, prove that a, b are the roots of the 
equation (x —c) (x-d)+k=0. 
Sol. Since c and dare the roots of the equation (x— a) (x—b)-k 
= 0, therefore, 

(x-a) (x-b)-—k=(x 
a) (x-b)=(« 


c) @- d) 


=> c)(x-d)+k 


=> @-c)(*-d+k=(x-a) -b) 
Clearly, a and b are roots of the equation (x — a) (x — b) = 


Hence, a, b are roots of (x —c) «-—d)+k=0. 


Concept Application Exercise 1.3 


. Given that the expression 2x'+ 3px? — 4x + p has a remainder 
of 5 when divided by x + 2, find the value of p. 

. Determine the value of & for which x + 2 is a factor of (x + 1)’ 
+ (2x + ky. 

. Find the value of p for which x + 1 is a factor of 
4+ (p-3) 8 - Bp—5) x2 + (2p-9) x +6. 
Find the remaining factors for this value of p. 

. If x + ax + 1 is a factor of ax? + bx +:c, then find the condi- 
tions. 

. If f(x) = 2° - 3x? + 2x + @ is divisible by x ~ 1, then find the 
remainder when f(x) is divided by x — 2. 


. Tf f(x) = - x + ax + bis divisible by <2 —.x, then find the value 
of f(2). 


Identity 


A relation which is true for every value of the variable is called 
an identity. 


to If (@’-1)x?+(a@-Dx+a?- 


ne =, weil da + 3 = 0 be 
an identi yin nx, then find the value of a. 


Sol. The given relation is satisfied for all real values of x, so all 
the coefficients must be zero. Then, 
a —-1=0>a=+!1 
a-1=0>a=1 common value of a is 1 
a —4a+3=0> a=1,3 


(e+ b)(x te) 
(b-a)(c-a) 


(xtc) (x +a) 


Show that =D) GS) 


Example 1.85 | 


(x +a) (xt) 
(a—c)(b—c) 


+ =1 is an identity. 
Sol. Given relation is 


(x + b)(x +c) (x+a)(x+b) 


,to@ta 


(1) 


(b-a)(e-a) (e-b)(a-b) (a-c)(b-c) . 
When x = -a 
es a){c -a) 
= —————— = 1=R.HS. 
DISS (b-a)(e-a) 
Similarly, when x = —b, 
bis) ee Re 
“(ec —b)(a- b) 
When x =—c 
Lig: OOS ey aie ays 
(a-c)(b-c) 
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Thus, the highest power of x occurring in relation (1) is 2 and 
this relation is satisfied by three distinct values a, b and c of x; 
therefore, it is an equation but an identity. 


_Examp! A certain polynomial P(x), x ¢ R when 
divided by x —a, x —b and x —c leaves remainders a, b and c, 
respectively. Then find the remainder when P(x) is divided 
by (x —a) (x -b) (x —c) where a, b, c are distinct. 
a, P(b) = band P(c)=c. 

Let the required remainder be R(x). Then, 

P(x) = (x— a) (x-b) (X-c) OX) + RO) 

where R(x) is a polynomial of degree at most 2. We get R(a) 
= a, R(b) = b and R(c) = c. So, the equation R(x) — x = 0 has 
three roots a, b and c. But its degree is at most 2. So, R(x) — x 
must be zero polynomial (or identity). Hence R(x) = x. 


Sol. By remainder theorem, P(a) = 


QUADRATIC EQUATION 


Quadratic Equation with Real Coefficients 


Consider the quadratic equation 
ax? + bx+c=0 (1) 

where a, b,c € Randa#0. 
Roots of the equation are given by 
—b~ Jb’ -4ac 

2a 

Now, we observe that the nature of the roots depend upon the 
value of the quantity b? — 4ac. This quantity is generally denoted 
by D and is known as the discriminant of the quadratic equation 
[Eq.(1)]. 

We also observe the following results: 


D=0 D#0 
Roots are equal: a =f =- ba Roots are unequal 


x= 


ab,ceé Rand D>0O abce Rand D<O 
Roots are real and distinct Roots are imaginary: « = p + ig. Bf = p—ig 


| where i = V1 


! 


a,b,c € Qand a.b.cé Qand 
D is a perfect square D is not a perfect square 
=> Roots are rational = Roots are irrational, 


| ie,a=ptq,B=p-Vq 


a=1,b,ce ZandDisa 
perfect square 
=> Roots are integral 


Fig. 1.39 
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Note: 

¢ Ifa, b,c € Q and b’ —4ac is positive but not a perfect 
square, then roots are irrational and they always occur 
in conjugate pair like 2 +. V3 and 2 — V3. However, if 
a, b, c are irrational numbers and b? — 4ac is positive 
but not a perfect square, then the roots may not occur in 
cominare pairs. For example, the roots of the equation 
w= (S+ V2)x+ 5\2 = Oare 5 and V2; eS aa ere 
‘a conjugate pair. 


If b? — 4ac < 0, then roots of equations are ees If a, 
b and c are real then complex roots occur in conjugate 
pair such as of the form p + ig and p — ig. If all the coef- 
jicients are not real then complex roots may not conju- 
gate. ' 


B2culdcenvae Ifa,b,c ¢ R* and 2b =a +c, then check 
the nature of roots of equation ax? + 2bx +c =0. 


Sol. Given equation is ax? + 2bx + c = 0. Hence, 
D = 4b? — 4ac 
=(at+c)—4ac 
=(a-—cy’>0 
Thus, the roots are real and distinct. 


B2culdimesm (if the roots of the equation a(b - c)x? 
+ b(c - a)x + c(a — b) = 0 are equal; show that 2/b = Wa 


+ 1c. 
Sol. Since the roots of the given equations are equal, therefore 
its discriminant is zero, 1.e., 

Bb? (c-ay —4a(b-—c) cla—b)= 


=> b(ce+a-2ac)—-4ac (ba-ca-b? + be) = 
> tb+boe+4e ct 2b ac -4a7 be -4ahbe? =0 
= (ab +be-2ac)=0 
=> ab+bc-—2ac=0 
=> ab+bc=2ac 
is) eee 7 [Dividing both sides by abc] 
Cc a 
Zoi 1 
| sas ee 


Example 1.89 


le : Prove that the roots of the equation 
(a? - + + b')x? + dabcdx + (c+ + d*) = 0 cannot be different, if real. 


Sol. The discriminant of the given equation is 


= l6a@*b’e'd? — Aa + b*\(c8 + dy 
=-4[(ae +b) (c+ a@)- 4 CLE) 
=-Afdictd d+ b+ bb ACP] 
=A[(atet + bid — 2¢- bc?) + (ad 

+ bict§ 2h d)) 
=-4(0C-hkY +(e - bey] (1) 


Since roots of the given equation are real, therefore 
D=>=0 


SS 4[(@c _ bay + (cd = PCy] > 1) 
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=> @e-ba#Y+(e€-Pey <0 
=> @°-PPY+(CP-PeY=0- (2) 
(since sum of two positive quantities cannot be negative) 


From (1) and (2), we get D = 0. Hence, the roots of the given 
quadratic equation are not different, if real. 


BSc lace, (if the roots of the equation x? — 8x +a 


6a = 0 are real distinct, then find all possible values of a. 


Sol. Since the roots of the given equation are real and distinct, 
we must have 
D>0 

=> 64-4(a-6a)>0 

=> 4[16-a’+6a]>0 

=> —A(a?-6a-16)>0 

=> @-6a-16<0 

=> (a-8)(a+2)<0 

=> 2<a<8 


Hence, the roots of the given equation are real if a lies between 
—2 and 8. 


Sol. If the coefficients are rational, then irrational roots occur 
in conjugate pair. Given that if one root is a = 1/(2 + 5) = V5 — 
2, then the other root is 8 = 1/(2 — V5) = -(2 + V5). 

Sum of roots a + 6 = 4 and product of roots af = —1. Thus, 
required equation is 2° + 4x-1=0. 


BSZIIERB EE If fix) = ax’ + bx + c, g(x) = —ax’ + bx 
+c, where ac # 0, then prove that f(x) g(x) = 0 has at least 
two real roots. 


Sol. Let D, and D, be discriminants of ax’ + bx + c =0 and ax’ 
+ bx +c =0, respectively. Then, 
D, = b? -4ac, D, = b’ + 4ac 
Now, 
ac #0 => either ac > 0 or ac <0 
lf ac > 0, then D, > 0. Therefore, roots of -ax* + bx +c =0 
are real. 
If ac < 0, then D, > 0. Therefore, roots of ax? + bx +c=0 
are real. 
Thus, f(x) g(x) has at least two real roots. 


_Example 7 93 | If a, b,c € R such thata+b+c =0 and 
a#c, then prove that the roots of (6 +¢ -a)x?>+(c +a—-b)x 
+ (a+b -—c)=Oare real and distinct. 


Sol. Given equation is 
(b+c-ayxrt+(ct+ta—b)x+(atb-c)=0 
or 
(—2a)x? + (-2b)x + (—2c) = 0 


7 


or 
axt+bxt+c=0 
= D=bh-4ac 
=(-c —a)y —4ac 


=(c-ay 
>0 
Hence, roots are real and distinct. 


t If cos 4, sin @, sin @ are in G.P., then 
check the nature of roots of x? + 2 cot d-x + 1=0. 


Sol. We have, 


sin? @ = cos@ sin 
The discriminant of the given equation is 
D=4 cot? ¢-4 


cos’@ — ine 
ata | eam a 
sin’@ 


_ 4( - 2sin’g) 

sin? 

_ 4(1— 2sin@cos@) 

: sin’ 

_ 2a? —cos0) ] 50 
sing 


SS ClUceeceee Ifa, b and c are odd integers, then prove — 
that roots of ax? + bx + c = 0 cannot be rational. 


Sol. Discriminant D = b? — 4ac. Suppose the roots are rational. 
Then, D will be a perfect square. 
Let-b? — 4ac = d*. Since a, b and c are odd integers, d will be 
odd. Now, 
b? —a& =4ac 
Let b= 2k+ 1 andd=2m-+ 1. Then 
i? -@=(b-d)(b+d) 
=2(k-—m) 2(k+m+ 1) 
Now, either (k — 1) or (k + m+ 1) is always even. Hence 
b? — @ is always a multiple of 8. But, 4ac is only a multiple 
of 4 (not of 8), which is a contradiction. Hence, the roots of 
ax? + bx + c= 0 cannot be rational. 


Quadratic Equations with Complex Coefficients 


Consider the quadratic equation ax? + bx + c = 0, where a, b, 
c are complex numbers and a # 0. Roots of equation are given 


by 
_ —b +/b" — 4ac 
~ 2a 
B —h—-.J/b° — 4ac 
~ 2a 


Here nature of roots should not be analyzed by sign of b* 
—4ac. 


Note: In case of quadratic equations with real coefficients, 
imaginary (complex) roots always occur in conjugate pairs. 
However, it is not true for quadratic equations with complex 
coefficients. For example, the equation 4x° — 4ix — 1 = 0 has 
both roots equal to 1/(2i). 
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. Find the values of a for which the roots of the equation 
+ a? = 8x + 6a are real. 

2. Find the condition if the roots of ax? + 2bx + c = 0 and 
bx2 — 2Vacx + b = 0 are simultaneously real. 

3. Ifa <c<b, then check the nature of roots of the equation 
(a — bY P+ 2atb-2)x+1=0. 

4. Ifa +b +c=0 then check the nature of roots of the equation 
4ax? + 3bx + 2c = 0 where a, b, ce R. 

5. Find the greatest value of a non-negative real number A for 
which both the equations 2x? + (A — 1)x + 8 = 0 and x -— 8x 

+A +4=0 have real roots. 


Relations Between Roots and Coefficients 


Let a and f be the roots of quadratic equation ax’ + bx + c = 0. 
Then by factor theorem, 
a+ bx+c=a(x—a) (x-f) = ae - (at B)x + af) 
Comparing coefficients, we have a + 8 = —bla and af = cla. 
Thus, we find that ; 
-b ___ coeff of x c 


a ee 


constant term 
a coeff of x? a 


a+Bp= 
B coeff of x? 


Also, if sum of roots is S and product is P, then quadratic 
equation is given by x’- Sx+P=0. 


Example 1.96 § 


rans e 


are and 6. 


Form a quadratic equation whose roots 


Sol. We have sum of the roots, S = 4 + 6 = 2 and, product of 
the roots, P = —4 x 6 = —24. Hence, the required equation is 


—-Sx+P=0 
=> x-2x-24=0 


| Example 1.97 | Form a quadratic equation with real 


coefficients whose one root is 3 — 21. 


Sol. Since the complex roots always occur in pairs, so the other 
root is 3 + 2i. The sum of the roots is (3 + 2i) + (3 — 2i) = 6. The 
product of the roots is (3 + 21) 3- 
Hence, the equation is 
—Sx+P=0 
=> x-6x+13=0 


2i)=9 4? =9+4= 13. 


(i) sp 
B 
(ii) —a. —B 
res eee TSE 
wu Ita’ 1+B 


Sol. Here in all cases functions of @ and B are symmetric. 


1 
(i) Let —=y =>a@=— 
rod 


y 


; pe 
Gi rae 
14+a@ 
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Now @is a root of the equation ac+bx+c=0 
=> a&+bat+c=0 
ee (2.35% 
yr oy 
=> cy+by+a=0 
Hence, the required equation is cx* + bx +a =0. 
We get same equation if we start with 1/ B. 


Gi) Let-a=y=> @=—y 
Now ais root of the equation ax? + bx + c=0 
=> avt+ba+c=0 
=> a-y’t+b(-y)+c=90 


Hence, the required equation is ax” — bx +c =0. 


l-y 
=y>a@=—— 
I+y 


Now ais root of the equation ax’ + bx +c =0 


=> avét+batrc=0 


a Lees +b ae +c=0 
l+y l+y 


Hence required equation is a(1 — x? + b — 2?) +c + x) 
=0. 


If a, b and c are in A.P. and one root of 


“the equation ae os +c =O is 2, then find the other root. 


Sol. Let a be the other root. Then, 
4a+2b+c=Oand2b=at+ec 
=> S5at+2c=0 


ee 
e a 2 
Now, 
2xa=—-=- > 
a 
5 
a=-— 
4 


Examp le 1. em If the roots of the quadratic equation x? 
+pxt+q= 0 are tan 30° and tan 15°, respectively, then find 


the value of 2+ q-p. 


Sol. The equation x? + px + q = 0 has roots tan 30° and tan 15°. 
Therefore, 


tan 30° + tan 15° =—p (1) 

tan 30° tan 15° =q (2) 
Now, ; 

tan 45° = tan(30° + 15°) 


tan 30 +tan15 
1—tan 30 tan 15 


1=—? [Using (1) and (2)] 
l-q 


=> |l-g=—p>q-p=l 
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=> 2+q-p=3 


ple 1.1 If the sum of the roots of the equation 1/ 
(x +a) + Voc + b) = Wc is zero, then prove that the product 
of the roots is (-1/2)(a?+ b?). 


Sol. We have, 


I 1 | 
+ = 
xt+b ¢ 


xta 


=> xX+(a+b—2c)x+(ab—be-—ca)=0 
Let a, f be the roots of this equation. Then, 


a+ B=~(a+b-—-2c) and af = ab-— be — ca 
Itis given that 
at+p=0 
=> -(a+b—-2c)=0 
atb 
=> c= 5 Q) 
ap =ab—be-ca 
=ab—c(a+tb) 


=ab- = ab -( 2% 2)(a+b) [Using (1)] 


_ 2ab—-(at os 1 a 2 
2 


2 Chulscmeeem, Solve the equation x? + px + 45 = 0. It 
is given that the squared difference of its roots is equal to 
144, 


Sol. Let a, 8 be the roots of the equation x? + px + 45 = 0... 


Then, 
at+B=-p (1) 
ap = 45 (2) 
It is given that 
— By = 144 
=> (a+fy-4af = 144 
=> p’-4x45=144 
=> = 324 
=> p=+il8 
Substituting p = 18 in the given equation, we obtain 
x’+ 18x+45=0 


=> (x+3)(¢+ 15)=0 
=> x=-3,-15 
Substituting p = —18 in the given equation, we obtain 
e+ 18x+45=0 
=> (x-3)(x-15)=0 
=> x«=3,15 
Hence, the roots of the given equation are —3, —15 or 3, 15. 


Clu cemEM If the ratio of the roots of the equation 
x4 pxt+ q= Oare e equal to the ratio of the roots of the equa- 
tion x? + bx + c = 0, then prove that pc = b’q. 


Sol. Let a, £ be the roots of x? + px +g =0 and y, 6 be the roots 
of the equation x° + bx+ c= 0. Then, 
at+fp=—p,ap=q (1) 
ytd=-b,yd=c ; (2) 
We have, 


{Using componendo and dividendo] 


@-By _w-sy 


@+By wtdy 
_, @+B) -40B (+8) - 476 
(+B) +6) 
ee = ame 
@+ By +8) 
= ap = a) : 
@+By wtdy 
nia oe 
Pp? b? 
=> pc=bq 


Clu metam: Lf sin 0, cos 0 be the roots of ax? + bx +¢ 
= 0, then prove that b? = a? + 2ac. 


Sol. We have, 


ae b., c 
sin 8 + cos € = ——, sin@ cos@ = — 
a a 


Now, we know that 
sin’6 + cos?6 = | 
= (sind + cos6) — 2sin@ cos@ = 1 
2 
Sy Preis bP oy. 
a a 


| Ifa and b (£0) are the roots of the equa- 


tion x? + ax = = 0, then find the least value of x? + ax +b 
(we R). 
Sol. Since a and b are the roots of the equation x? + ax + b 
= 0, so 
a+b=-a,ab=b 
Now, 


ab=b=>(a-1)b=0>a=1 (-° bF#0) 
Putting a= 1 ina +b =-a, we get b = -2. Hence, 
V+ax+bar4+x-2=(x 4 1/2)?-1/4-2 
= (x + 1/2)? — 9/4 
which has a minimum value —9/4., 


Example 1. f If the sum of the roots of the equation 
(a + 1) x + (2a 4 3)x + (3a + 4) = 0 is -1, then find the prod- 
uct of the roots. 


Sol. Let a, £ be roots of the equation (a + 1)x?+ (2a + 3)x + Ba 


+4) =0. Then, 
-(2423)--1.02-2 
atl 


Now, product of the roots is (3a + 4)(a + 1) = (6 + 4)(-2 + 1) 
= 2: 


a+ Bp=- 
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eve Find the value of ‘a’ for which one root 
quadratic equation (a? — 5a + 3)x? + Ga -1)x+2=0 
is twice as large as the other. 


Sol. Let the roots be a and 2a. Then, 


2 
= 2|3 (1-3a) } 2 


9 (a? -Sa+3) | a? -Sa+3 
2 
C1730)" 29 = 90? - 6a+1=9a? — 45a +27 
a’ —Sa+3 


=> 394-26 a=% 


[Sci ecmeicm ifthe difference between the roots of the 
equation x? +ax + 1 = 0 is less than V5, then find the set of 
possible values of a. ; 

Sol. If a, f are roots of x? + ax + 1 = 0, then 


la-Bl<V5 
=> a+pyr-4o8 <5 
=> Ja-4 <5 

> Ja? -4<J5 

=> @-4<5 

=> a<9 

=> —-3<a<3 


aé (-3, 3) 


Wetee Find the values of the parameter a such 
ots a, f of the equation 2x? + 6x + a = 0 satisfy the 
inequality a/f + Bla <2. 


‘Sol. We have a + £ =-3 and af = a/2. Now, 


lear) 
Bp «@ 
2 2 
ws a’ +B 25 
a8 
2 
se (a+ B) 208 _, 
ap 
=4 
— <2 
a a/l2 
i 9-4 25 
a 
=> ee 26 
a 
ok 9-2a 0 
a 
a Calta 


a 


=> a<OQora>9/2 
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If the harmonic mean between roots of 


Example 1.110 } 
(5 + V2 )x?— bx + 8 + 2V5 = 0 is 4, then find the value of b. 


Sol. Let a, f be the roots of the given equation whose H.M. is 
4. Then, 


Example 1.1 11 § If a, f are the roots of the equation 
2x? — 3x - 6 = 0, find the equation whose roots are a” + 2 and 
+2. 


Sol. Since a, £ are roots of the equation 2x* - 3x -— 6 = 0, so 
a+ B = 3/2 and af =-3 


=> a + f= (at fy ~2of =2+6=2 
Now, 
(a? +2) + (B+2)= (2 +P) +4 = ¥4=— 
and 
(a2 + 2)(? + 2) = @ f+ 2a? + f°) +4 
24233 
= (3) +2) 44 
_ 9 
3 


So, the equation whose roots are a? + 2 and f? + 2 is 
x? —x[(a? + 2) + (6 + 2)] + (a? +2) +2) =0 


Sol. We have a? = 5a — 3 and #° = 58 — 3. Hence, a, f are roots 
of x? = 5x -—3, i.e., x? -5x +3 =0. Therefore, 


at+fP=5 and af =3 
Now, 


a8 
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and 
put Be 
Ba 
So, the required equation is 
x -—Sx+P=0 


19 
=> amr a 


=> 3x°-19%+3=0 


Example 1.1 13 a, B are the roots of the equation 
ax? + bx + c =0, then find the roots of the equation ax? — bx(x 


-1) + c(x - 1)°= 0 in terms of @ and f. 
Sol. ax® — bx(x- 1) + c(x- 1) =0 
=> ae as +c=0 (1) 
ee ie 
Now, a is a root of ax? + bx + c = 0. Then let 
x 
: o 
_ 
roa 
=> =—— 
atl 


Hence, the roots of (1) are a/(1 + a), B/(1 + £). 


Concept Application Exercise 1.5 


1. Ifthe product of the roots of the equation (a + 1)x? + (2a + 3)x 
+ (3a + 4) = 0 is 2, then find the sum of roots. 
2. Find the value of a for which the sum of the squares of the 
‘ roots of the equation x° — (a — 2) x-a—1=0 assumes the least 
value. 
3. If x, and x, are the roots of x? + (sin @— 1) x — 1/2 cos? 9 =0, 
then find the maximum value of x7 +x. 


4. Iftan @ and sec @ are the roots of ax? + bx +c = 0, then prove 
that a* = b*(4ac — b*). 

5. If the roots of the equation x? — bx + c = 0 be two consecutive 
integers, then find the value of b? - 


6. If the roots of the equation 12x?— mx + 5 = 0 are in the ratio 
2:3, then find the value of m. 
7. Ifa, f are the roots of x7 + px + 1 = 0 and y, 6 are the roots of 
x? + qx +1 =0, then prove that g? - p? = (a—y) (B—y) (a+ 0) 
x (B+ 0). 
8. Ifthe equation formed by decreasing each root of ax? + bx+c¢ 
= 0 by | is 2x? + 8x + 2 = 0. find the condition. 
9. Ifa, B be the roots of x* — a(x — 1) + b = 0, then find the value 
of 1/(a? — aa) + 1/(8 — bf) + 2/a + b. 
10. Ifa, Pare roots of 375x° - 25x-2=Oands =a" +". then find 


the value of lim 2» 5 


He 


. If a and £ are the roots of the equation 2x? + 2(a + b)x + @ 
+ b? = 0, then find the equation whose roots are (a + 8)? and 
- py. 
12. If the sum of the roots of an equation is 2 and sum of their 
cubes is 98, then find the equation. 
13. Let a, f be the roots of x° + bx + 1 = 0. Then find the equation 
whose roots are —(a + 1/6) and (2 + 1/a). 


COMMON ROOT(S) 


Condition for One Common Root 
Let us find the condition that the quadratic equations a,x? + b as 
+c, =Oanda,x’+b,x+c, = 0 may have a common root. Let 
be the common root “OF the given equations. Then, 
a@+ba+c,=0 
and 
ae +b,at+c,=0 


Solving these two equations by cross-multiplication, we have 


a Ow 2. Md 


Dey -byc, CA, — Cpa, ab, — ab, 


2_ bc, — bye, 


> (from first and third) 
ayby ~ and, 
and 
= 1% 764 (from second and third) 
aby — a,b, 
” bey —b § 
Bide pi - 
Se ES | SS Si 
a,b, — ab, ajby — ab, 
=. Ce -¢ayabie—be.) (a,b,—a,b,) ] 


This condition can easily be remembered by cross-multiplica- 


"tion method as shown in the following figure. 


ax? + bx + c, =0 


Fig. 1.40 


(Bigger cross product)’ 
= Product of the two smaller crosses 


This is the condition required for a root to be common to two 
quadratic equations. The common root is given by 


_ Oy = Cy, 

7 a,b, — ayb, 
or 

- Dicy — bye, 


Cay — Cy 


Note: The common root can also be obtained by making.-the 
coefficient of x’ common to the two given equations and then 
subtracting the two equations. The other roots of the given 
equations can be determined by using the relations between 
their roots and coefficients. . 


Condition for Both the Common Roots 


i) 


Let a, B be the common roots of the quadratic equations ax 
+bx+c, =O and a,x’ + b,x +c, = 0. Then, both the equations 
are identical, hence, 
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non=re ‘al Sepibics common root then both the roots will 
tea ‘ ‘common, i.e. both the: ees will be the same. So 


be ce »mmon, ‘ie. no two “diferent quadrats equations 
with. rational Coefficients can have a common irrational’ 


root Pp a V4. 


-Examy Bua Determine the values of m for which the 
equatio ? + dmx +2 = 0 and 2x? + 3x — 2 = 0 may havea 
common root. 


Sol. Let a be the common root of the equations 3x? + 4mx + 2 
= 0 and 2x* + 3x — 2 = 0. Then, a must satisfy both the equa- 
tions. Therefore, 

| 3a? +4ma+2=0 

2a? +3a-2=0 © 

Using cross-multiplication method, we have 
(-6 — 4)? = (9 — 8m)(-8m - 6) 
50 = (8m — 9)(4m + 3) 
32m? -12m—77=0 
32m? —- 56m + 44m —77 = 0 
8m(4m — 7) + 11(4m—7) = 
(871 + 11) (4m—-7)= 


QV YUUUNY 


Example 1 Ree Ifx?+3x+5=0and ax? +bx+c=O0have 
common root/roots and a, b,c € N, then find the minimum 
value ofa +b+c. 


Sol. The roots of x + 3x + 5 = 0 are non-real. Thus given equa- 
tions will have two common roots. We have, 


Wek okey 


=> atb+c=9% 
Thus minimum value of a+ b+ c is 9. 


Example 1.11 If ax’ + bx +c = O and bx’? + ex +a =0 
have a common root and a, b and c are non-zero real num- 
bers then find the value of (a? + b? + c>)/abe. 


Sol. Given that ax? + bx +c = 0 and bx? + cx +a=0 havea 
common root. Hence, 


(be ~ @Y = (ab — c*) (ac — b*) 
=> bet+a-2abe=@be—ab’-—acd+ BC 


=> att+ab>+ac=3a@be 
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3 3003 
b+ 
aia aie 

abc 


CURA 2, b,c are positive real numbers form- 
ing a G.P. If ax’ + 2bx +c = 0 and dx? + 2ex +f = 0 havea 
common root, then prove that d/a, e/b, fic are in A.P. 


Sol. For first‘equation D = 4b? — 4ac = 0 (as given a, b, c are 
in G.P.). The equation has equal roots which are equal to —b/a 
each. Thus, it should also be the root of the second equation. 
Hence, 


CUM If the equations x? + ax + 12 = 0, x? + bx 
+15 =0 and x? + (a + b)x + 36 = 0 have a common positive 
root, then find the values of a and b. 


Sol. We have, 

vrt+axt+12=0 (1) 
x +bx+15=0 (2) 

Adding (1) and (2), we get 
2x7 + (a+ b)x+27=0 

Now subtracting it from the third given equation, we get 

-9=0>5x=3,-3 
Thus, common positive root is 3. Hence, 


9+124+3a=0 
=> az=-7and9+3b+15=0 
=> b=-8 


ZCUNCeee «The equations ax? + bx + a = 0 and 
— 2x? + 2x — 1 = 0 have two roots common. Then find the 
value of a + b. 


Sol. By observation, x = | is a root of equation x? — 2x7 + 2x— 1 
= 0. Thus we have 
(x-1) @?-x+1)=0 
Now roots of x? — x + | = 0 are non-real. 
Then equation ax? + bx + a = 0 has both roots common with 
x’—x+1=0. Hence, we have : 


Concept Application Exercise 1.6 


1. If? +ax+ be =0 and 2° + bx + ca=0 (a # b) have acommon 
root, then prove that their other roots satisfy the equation 
Xe+extab=0. 
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2. Find the condition that the expressions ax? + bxy + cy? and 
a.x° + b.xy + c,y’may have factors y — mx and my — x, respec- 
tively. 

3. If a, b,c € R and equations ax? + bx +c =O andx? + 2x+9 
= 0 have a common root, then find a:b:c. 

4. Find the condition on a, b, c, d such that equations 2ax? + bx? 
+ cx+d=0 and 2ax’ + 3bx + 4c = 0 have a common root. 

5. Let f(x), g(x) and h(x) be the quadratic polynomials having 
positive leading coefficients and real and distinct roots. If each 
pair of them, has a common root, then find the roots of f(x) 

+ g(x) +h) = 


RELATION BETWEEN COEFFICIENT AND ROOTS 
OF n-DEGREE EQUATIONS 
¢ Let a and £ be roots of quadratic equation ax* + bx +c =0. 
Then by factor theorem 
ar + bx+c=a(x—a) (x-f) 
= a(x? -(a+ f)x + af) 
Comparing coefficients, we have 
a+ P= -b/a and af = cla 
¢ Let a, £, y are roots of cubic equation ax’? + bx? + cx + d= 
0. Then, 
ax> + bx? + cx + d=a(x— a) (x—B) (x-y) 
=aic-—(a+ B+ yx + (a8 
+ By + ay)x — ay) 
Comparing coefficients, we have 


a+B+y=-bla 
ap + By + ay = cla 
apy = —dla 


¢ Ifa, f, y, 0 are roots of ax? + bx + cx? + dx +e = 0, then 
at+P+y+od=-bla 
ap+ay+ad+ By + fit yd=cla 
(sum of product taking two at a time) 
apy + Byd + yoa + da =—dla 
(sum of product taking three at a time) 
apyd = ela 
In general, if Gy, Oy, Oy, 
a ile a 


., @, are the roots of equation ax" 
x+a,=0, then sum of the roots is 


a +0,+0,++-+a =-— 
i 2 3 a a 
0 


Sum of the product taken two at a time is 
O;Cly + O05 +--+ HG, 
“+ OO, +-°° +050, p= 
a 
rakes a, 1%, 


Sum of the product taken three at a time is —a,/a, and so on. 
Product of all the root is 


a 
G,0,0,-..4, =(-1" 
See : ay 


Note: 

« A polynomial equation of degree n has n roots (" real o or 
imaginary). 

* If all the coefficients are real then the imaginary roots 
occur in conjugate pairs, .i.e., number of imaginary 
roots is always even. ; 

+ If the degree of a polynomial equation is odd, ‘Neh the 
number of real roots will also be odd, Tt. follows that at 
cae one Oe, the roots mel be real.” 


SOLVING CUBIC EQUATION 


By using factor theorem together with some intelligent guess- 
ing, we can factorise polynomials of higher degree. 
In summary, to solve a cubic equation of the form ax? + bx? 
+ex+d=0, 
1. obtain one factor (x — a) by trial and error 
2. factorize ax + be +cx+d=0 as (x—a)(he? +kx+5)=0 
3. solve the quadratic expression for other roots 


meee If a, f, y are the roots of the equation 
= 0, then find the value of (a + Bt + (Bry 
+(yt+a)". 


Sol. For the given equationa + #+y=0, 
ap + By+ay=4, apy =-l 
Now, 
(a+py'+@Btyy't+Qtay'=Cy'+ Cay? +Cpy' 
_ OB + By + ay 
oBy 


=4 
Let a + if (a, B € R) be a root of the 


Example 1.121 
equation x° + gx +r=0,q,r € R. Find a real cubic equation, 
independent of a and f, whose one root is 2a. 
if will also be a root. If the third 


Sol. If a+ if is a root then, a— 
root is y, then 
(a+ if) +(a- 
=> y=-2a 
But y is a root of the given equation x* + gx + r= 0. Hence, 
(-2a)° + q(-2a) + r=0 
=> (2a) +q(2a)-r=0 
Therefore, 2a is a root of f + gf —r = 0, which is independent 
of a and f. 


ip)+y=0 


2Cceeeee In equation x*— 2x° + 4x? + 6x — 21 = Of 
two of its roots are equal in magnitude but opposite in sign, 
find the roots. 


. Sol. Given thata+ B=0 buta+P+y+6=2. Hence, 


y+do=2 
Let af = p and yd = q. Therefore, given equation is equivalent 
to @? + p) GQ? — 2x +g) = 0. Comparing the coefficients, we get 
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p+q=4, ee 6, pq = —21. Therefore, p = —3, q= 7 and they 
satisfy pg = —21. Hence, 
(x2 — 3) @?-2x +7) =0 
Therefore, the roots are + V3 and1tiV6. (where i = v-1) 


: Solve the equation x? - 13x? + 15x + 189 


ceeds the other by 2. 
Sol. Let the roots be a, a + 2, 8. Sum of roots is 2a+/+2 = 13. 
B= 11-20 (1) 


Sum of the product of roots taken two at a time is 
ala +2)+(a+2)8 + Ba=15 


or 

@ + 2at+2(at+ lDP=15 (2) 
Product of the roots is 

aB(a + 2) =—-189 (3) 


Eliminating # from (1) and (2), we get 
a + 2a4+2(a+1) (1 -2a)= 15 


or 
3a2 — 200-7 =0 
(a — 7) Bat+1)=0 
ey Pee 
3 
35 
=—3, = 
B 3 


Out of these values, a = 7, # = —3 satisfy the third relation 
aa. + 2) = -189, ie., (-21)(9) =-189. Hence, the roots are 7, 
74+2,-3 or 7, 9,—-3. ‘ 


REPEATED ROOTS 
In equation f(x) = 0, where f(x) is a polynomial function, and 
if it has roots a, a, B, ... or @ is a repeated root, then f(x) = 0 is 
equivalent to (x- @)°(x- f) --- =0, from which we can conclude 
en i or om - ) [a—-fB)--J4+-aPla-f) +) =0o0r 
(x — a)[2 — By +} +(x-a){(x— 8B) ---}/] = 0 has root a. 
Thus . @ root occurs twice in equation then it is common in 
equations f(x) = 0 and f’(x) = 
Similarly, if root @.occurs thrice in equation, then it is 
common in the equations f(x) = 0, f’(x) = 0 and f(x) =0 


SCUcmeeee, Ifx-—c is a factor of order m of the poly- 


nomial, f(x) of degree n(1<m <n), then find the polynomials 
for which x = c is a root. 


Sol. From the given information we have f(x) = (x — c)"g(X), 
where g(x) is polynomial of degree n — m. Then x =c¢ is common 
root for the equations f(x) = 0, f'(x) = 0, f7(x) = a Ee) 
= 0, where f’(x) represents 7" derivative of f(x) w.r.t. x. 


I2cueeeee Wfaxt+b.x?+cx+d,=0and axe+bx? 
textd,= 0 have a pair of repeated outs common, then 
prove that 

3a, 2b, Cc 

3a, 2b, Cy =0 


a,b, — a,b, C\a,— C24, da, — da, 
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Sol. If f(x) =a, +b2°+¢,x4+d, = 0 has roots a, a, f, then g(x) 
= ax + b,x + CX + d, = 0 must have roots a, a, y. Hence, 
aw@t+ba+catd =0 (1) 
ajo + bo +c,a+d,=0 (2) 
Now, ais alsoaroot of equations f(x) =3a,x°+2b,x+c,=Oand 
g(x) = 3a,x° + 2b,x + c, = 0. Therefore, 
3a,e° + 2b,at+c,=0 (3) 
3a,0° + 2b,at+c,=0 (4) 
Also, from a, x ve a, x (2), we have 
(a,b, — a,b,)o? + (Cz 5 ¢,4,)a+ da, —d,a,=0 (5) 
Eliminating a from (3), (4) and (5), we have 


3a, 2b, Cy 
3a, 2b, C3 =0 
Ayb,- aby Ca,-%a, d\a,—d,q 


_ Concept Application Exercise 1.7 


. If b? < 2ac, then prove that ax? + bx? + cx + d= 0 has exactly 
one real root. 

. If two roots of x° — ax? + bx — c = 0 are equal in magnitude but 
opposite in signs, then prove that ab = c. 

. Ifa, B and y are the roots of x? + 8 = 0, then find the equation 
whose roots are a’, / and y’. 

. If a, B, y are the roots of the equation x? — px + q = 0, then 
find the cubic equation whose roots are a/(1 + a), B/(1 + f), 
WA +y.) 

. If the roots of equation x7 + ax°+b=Oarea,,a, anda, (a,b#° 
0), then find the equation whose roots are 

Oj, + O50; 0,0; + O10, 
G00; "OO ” 


GQ, + OAL 
O00 


QUADRATIC EXPRESSION IN TWO VARIABLES 


The general quadratic expression ax? + 2hxy + by’ + 2gx + 2fy 
+c can be factorized into two linear factors. Given quadratic 
expression is 


ax’ + 2hxy + by? + 29x + 2fytec (1) 
Corresponding equation is 
ax? + 2hxy + by? + 2gx+ 2fv+c=0 


or 
axrt+ 2(hy + gx + by? + 2fvt+co=0 (2) 
~2(hy + g) + JAlhy + gy’ — 4alby’ +2fy +0) 
2a 
= —(hy t+ g)+ \ny? + g + 2ehy aby? — 2afy — ac 


a 


>axthy+g= +Jh?y? + g° + 2ghy — aby? — 2afy - ac (3) 


Now, expression (1) can be resolved into two linear factors 
if (H? — ab)y? + 2(gh — afyy + 9 — ac is a perfect square and 
—ab > 0. But (7 — ab)y’ + 2(gh — afyy + g? - ac will be a perfect 
square if 


downloaded from jeemain.guru 


1.34 Algebra 
=> A(gh— af) — 4(h? — ab) (g? — ac) = 0 and h? ~ ab >0 Uae Find the range of the function f(x) = x? 
=> gh’+ af —2afgh —h’s? + abg?+ ach? —~a@bc=0 ae SETS 
and 
h?-ab>0 Sol. Let 
=> abct+2fgh-—aP—bg-ch=0 | x -2x-4=y 
and => x-2x-4-y=0 
h?-ab>0O Now if x is real, then 
This is the required condition. D=0 


=> (-2/-41)(-4-y)=0 
=> 44+16+4y>0 

> ye 

Hence range of f(x) is [—5, 00). 
Alternative method: 


2c Lume, Find the values of m for which the 
expression 2x’+ mxy + 3y? — 5y — 2 can be resolved into two 
rational linear factors. 

Sol. We know that ax’ + 2hxy + by? + 2gx + 2fy +c can be 
resol ved into two linear factors if and only if 


abc + 2fgh — af? — bg? — ch? =0 a el ; 
Given expression is =(x- I= 
2x? + mxy + 3y*- 5y—2 (1) Eat) 
Here, a=2,h=m/2, b =3, g =0, f=-5/2, c =-2. Therefore, Hence, range is 
expression 2x? + mxy + 3y*— Sy — 2 will have two linear factors {—5, 0) 
if and only if 24 
abe + 2fgh- af? bg? — ch? =0 ERMERBESN Find the least value of (6% = 22 + 24) 
Cees (Sx? — 18x +17) 
=> rsa +S Jolt y : 
Sol. Let, 
2 2 6x? —22x +21 
a) m SE 
(=) ~3x0? (2,2 = 5x? -18x +17 
25 ona => (6-Sy)x’?-2x(11—9y) +21-17y=0 


-12-+—=9 ; ; 
= 2 2 Since x is real 


=> m=49>m=+7 4(11 — 9y) — 4(6 — Sy) (21 - 17y) >0 
=> —-4y’+9y-5>0 
= 4°-9y9+5<0 


Find the linear factors of 2x? - y? - x 


Example 1.127 | 


xy + 2y-1. 
Sol. Given expression is = 40-1) 0-5/4) <0 
2° -y-x+xyt+2y-1 (1) => 1<y<5/4 
Its corresponding equation is Hence, the least value of the given expression is 1. 


2? -y—x+xy+2y-1=0 
Prove that if the equation x? + 9y? ~ 4x 


- Example 1.130 | 
2x* —(1—y)x-(?-2y + 1) =0 + 3 = 0 is satisfied for real value of x and y, then x must lie 
_i-yt Ja ~ y)? $4.26? — 2y +1) between 1 and 3 and y must lie between -1/3 and 1/3. 
4 : : 


Sol. Given equation is 


_l-ytyd-y? +8(y-)? + 9y—4x+3=0 (1) 


4 => x-4r4+9v4+3=0 


_l-yty90- yy Since x is real, 


(4)? 409y? + 3) 20 


4 
. => 16-4? +3)>0 
_i-yt3l-y) => 4-9y?-3>0 
4 => 9y?-1<0 
=l-y, es => 9y<) 
Saal 
Hence, the required linear factors are (x + y — 1) and (2x—y+ 1). = ys 9 
(2) 
FINDING THE RANGE OF A FUNCTION => -ss J <- 


INVOLVING QUADRATIC EXPRESSION 


In this section, some examples are given to illustrate the range 
of a function involving quadratic expression. Oy? + Oy +7 4x43 =0 (3) 


Equation (1) can also be written as 
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Since -y is real, so 
0? — 4.902 - 4x +3) >0 
or 


x2 —4x4+3<0 (4) 


or 


(x -3) (x-1) <0 


Sol. f(x) =y3-2x-2? is defined if 
3 —2x-x >0 
=> x%4+2x-3<0 
=> («-l«~t+3)<0 
=> ~Ee[3,]] 


Also, f(x)=¥4-(4+)? has maximum value when x + 1 
= 0. Hence range is [0, 2]. 


Example 1.132 | 


f(x)= x? -3x42. 


Sol. x? —3x+22>0 
=> (x«-l1)@-2)20 
=> xe (-0, 1] U[2, 0) 


Find the domain and range of 


Now, 


f(xy= yx? -3x 42 


Now, the least permissible value of (x — 3/2)? — 1/4 is O when 
(x ~ 3/2) = +1/2. Hence, the range is [0, 90). 


Concept Application Exercise 1.8 


. Find the range of f(x) =x? —x-3. 
2. Find the range of - 
x? 434x-71 


ae x? +2x—7 


2+ 


es At x 
era txt 


. Find the range of f(x)=vx—-I+¥V5- x. 


. Find the range of the function f(x) = 6°+ 35+ 6° +3*+ 2. 


. Find the domain and range of f(x) = vx? —4x+6. 


Number System, Inequalities and Theory of Equations 1.35 


QUADRATIC FUNCTION 


Let f(x) = ax? + bx +c, where a, b, c, € Randa #0. We have, 


a 
2 b? Cc b? 

=a) x°+—xt+— >+--—> 
4a a 4a 


2 
> ye =a Pee 
4a 2a 


Thus y = f(x) represents a parabola whose axis is parallel to 
y-axis and vertex is A(—b/2a, —D/4a). For some values of x, f(x) 
may be positive, negative or zero and for a > 0, the parabola 
opens upwards and for a < 0, the parabola opens downwards. 
This gives the following cases: 


1. a> and D <0, so f(x) > 0, V 
xé R, i.e., f(x) is positive for all 
values of x. 

Range of function is [-D/(4a), 
00). 

x = —b/(2a) is a point of minima. 


2.a<0OandD<0Osof(x) <0, V 
xe R,i.e., f(x) is negative for all 
values of x.. 

Range of function is (-0o, —D/ 
(4a)]. 


x = —b/(2a) is a point of maxima. 


3. a> 0 and D=0, so fx) = 0, 
Vxe R,i.e., f(x) is positive for 
all values of x except at vertex 
where f(x) = 0. 


4.a>0Oand D> 0. Let f(x) = 0 
have two real roots a and f. If a 
< B, then f(x) > 0, V xe (~~, a) 
U G, «) and f(x) < 0, V x €(a, 
B). 
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5.a <Oand D=0, so fix) <0, 
Vx e& R,1.c., f@) is negative for 
all values of x except at vertex. 
where f() = 0. 


6.a <Oand D> 0. Let fx) =0 
have two roots a and £ (a < £). |. 
Then fx) <0, Vxe (0, a) U 
(B, 0) and fix) > 0, Vx € (a, 
A). 


Note: Jf f(x) = 0, VxeR, then a> Oand D <0 and if) <0, 
Vxe R, thena< O0andD<0. 


Cleese, What is the minimum height of any point 
on the curve y = x* — 4x + 6 above the x-axis? 


Sol. y=2x-4x+6 
=(x-2/7 +2 
Now (x — 2)? = 0 for all real x. 
Then (x — 2)? + 2 22 for all real x. 


Hence, the minimum value of y (or x” 
height of the graph above the x-axis. 


— 4x +6) is 2, which is the 


ZC eee §=What is the maximum height of any 


point on the curve y =-x7+ 6x —5 above the x-axis? 


Sok = y=-x7+ 6x-5 
= 4-(x-39 
Now (x — 3)? > 0 for all real x, 


Hence, the maximum value of y (or —x? + 6x— 5) is 4, which is 
the height of the graph above x-axis. 


Example 1.1 35 | Find the largest natural number ‘a’ for 
which the maximum value of f(x) = a —1 + 2x — x’ is smaller 
than the minimum value of g(x) = x? — 2ax + 10 - 2a. 
Sol. f&)=a-14+2x-x 

=a—(x*-2x+4+1) 

=a—(x-1) 
Hence, the maximum value of f(x) is “a” when (x— 1)?=Oorx=1 

g(x) =x —2ax + 10—2a 
=(x-ay’+10-2a-a 

Hence, the minimum value of g(x) is 10 - 2a - 
=Oorx=a. 


a@ when (x — ay 


Now given that maximum of f(x) is smaller than the minimum 
of g(x) 
a<-@+10-2a 
=> @&+3a-10<0 
(a+ 5) (a—2)<0 
The largest natural number a= 1. 


Seem ee. Find the least value of n such that 
(n-2)x?+8x+n+4>0,V xe R, wherene N. 


Sol. (n-2)x? + 8xt+n+4>0,VxeER 

64 —4(n— 2) (n+ 4)<Oandn-2>0 
16—(n?+2n-8)<Oandn>2 
wW+2n-24>O0andn>2 

(n+ 6)(n-4)>Oandn>2 
n>4asne Nandn>2 

n>5 

Hence, the least value of 7 is 5. 


buuguy 


If the inequality (mx? + 3x + 4)/(x? + 2x ° 


Example 1,137 | 
+2)<5is satisfied for all x € R, then find the values of mm. 


Sol. We have, 


e+2x4+2=(14+174+1>0,VxER 
Therefore, 

mx? +3x+4 — 

x? taxt2- 

(m—5)x*-7x-6<0,VxER 


m—5<OandD<0O 
m<5 and 49 + 24(m—-5)<0 


{ bud 


71 
m<— 
24 


If f(x) = @,x +b,’ +x + bP +o + 
-+ab cated 


non 2 


Example 1.138 | 
ia x+by, then prove that (a,b, +a,b, +> 
feet a\(b? + bi + ++ + 5%). 
Sol. Given, 

fix) = (ax+ bP + (axt+b,yptootlaxt+bhy (1) 
or 

ae? 20Gb eG ake 

+ a,b )x + (b; +b ED) (2) 


non 


fx) = (ai + ap+- 


From (1), f(x) = 0, V x € R. Hence, from (2), we have 


(a Pape hae +2 b Fab, + et ab x 
+ (b? +b} + +b) >0V xe R 
Discriminant of its corresponding equation is 
D<0 (-. coefficient of x? is positive) 
= 4a,),4+4,b,+--°+ a,b,)” 
<4 (a? $05 hehe )Ab + pL ee D) 
= (ab.+a,b,+:-4+4ab) 
<@ fe Gyb esha) (De Des 20) 
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p Ifc is positive and 2ax? + 3bx + 5c = 0 
does not have any real roots, then prove that 2a — 3b + 5c > 0. 


Sol. Given c > 0 and 2ax? + 3bx + Sc = 0 does not have real 
roots. Let : 
fCX) = 2ax* + 3bx + 5c 
=> fix)>0,Vxe R,ifa>Oorfx)<0V xe R,ifa<0 
But 
5c =f(0)>0 
=> f(x)>0,VxER 
=> 2ax>+3bx+5c>0,VxeER 
=> 2a-3b+5c>0 (forx=-1) 


a Aes If ax? +bx + 6 =0 does not have distinct 
real roots, then find the least value of 3a + Db. 


Sol. Given equation ax* + bx + 6 = 0 does not have distinct real 
roots. Hence, 
=> f(x)=ar’+bx+6<0,VxeE R,ifa<0 
or 
fix) =ar+bx+6>0,V xe R,ifa>0 
But 
f(O)=6>0 
=> fix) =ax+bx+6>0,VxeER 
=> f(3)=9a+3b+6>0 
> 3a+b>-2 
Therefore, the least value of 3a + b is —2. 


L2CU eee A quadratic trinomial P(x) = ax? + bx 
+c is such that the equation P(x) =x has no real roots. Prove 
that in this case the equation P(P(x)) = x has no real roots 
either. 


Sol. Since the equation ax? + bx + ¢ = x has no real roots, the 
expression P(x) — x = ax* + (b— 1)x +c assumes values of one 
sign V x € R, say P(x)—x>0. Then | 

P(P@,)) — PQ) > 0 
for any x = x,, i.€., P(,) > x, and hence P(P(X,)) > Xq. Therefore, x, 
cannot be a root of the 4" degree equation P(P(x)) = x. 


Exa . Prove that for real values of x the expres- 
sion (ax? + 3x ~4)/(3x - 4x’ + a) may have any value provided 
a hies between 1 and 7. 


Sol. Let, ; 
ax? +3x-4 
3x-4x° 44 
=> (at 4y) x*+ (3 -3y)x-4-ay=0 
Now, x is real. So, 
D=20 
91 — yy’ + 4(a + 4y) (44+ ay) >0 
(9 + 16a)y? + (-18 + 4a? + 64)y + (9 + 16a) > 0, 
VveER (. y takes any real value) 
=> 9+ 16a>0 and (4a°+ 46)" — 4(9 + 16a)? <0 


v= 


Ul 
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= a> s and (4a? + 46 — 18 — 32a)(4a°+ 46 + 18 
+ 32a) <0 


be yes = and (a? ~ 8a +7) (a2 + 8a + 16) <0 


=> a> 2 and 1<a<7ora=—-4 


=> I1sa<7 


Cueicmeteem, Let a,b and c be real numbers such that 
a+2b+c=4, Find the maximum value of (ab + be + ca). 
Sol. Given, 

a+2b+c=4>5a=4-2b-c 


Let, 
ab+be+ca=x>a(b+c)+bce=x 
=> (4-2b-c)(b+c)+bce=x 
= 4b+4c-2b-2be—be-c2 + be =x 
=> 2b-4b4+2bce-4c+cC+x=0 
=> 2b°+2(c-2)b-4c+0C4+x=0 
Since b € R, so 
4(c-—2)? -4x 2(4ce +2 +x) 20 
=> (-4¢+4+48c-2c?-2x>0 
4c+2x-4<0 
Since c €-R, so 
16-4(2x-4) >O0>x<4 
max(ab + be + ac) =4 


> C- 


Example 1. (Gam Prove that for all real values of x and y, 
x? + 2xy + 3y? — 6x - 2y >-11. 


Sol. Let, 
x + Ixy + 3y?-6x-2y+11>0,Vx,yeR 


=> x4+(2y-6)x+3y?-2y+112>0,VxER 


=> (2y-6)-43y-2y+11)<0,VyeR 
=> (y-3P-Gy-2y+11)<0,VyeR 
=> 2y°+4y4+2>0,VyeER 

=> (y+1y20,V ye R, which is always true 


Concept Application Exercise 1.9 


1. If f(x) =Vx° +ax+4 is defined for all x, then find the values 
of a. : 


2. If ax’ + bx+c=0,a, b,c © R has no real zeros, and if c < 0, 
then which of the following is true? 


@ja<0 
(ii) a+b+c>0 
Gil) a>0 
3. Ifax’ +bx+c=0 has imaginary roots and a +c <b, then prove 
that 4a +c < 2b. 
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Let x, y, ze R such thatx + y+z=6 and xy + yz+z=7. Then Graphically: 


find the range of values of x, y and z. 
- 5, If x is real and (x? + 2x + c)/(x? + 4x + 3c) can take all real 
values, then show that0 <c <1. 


Graphs fora > 0 


6. Ifxe R, and a, b, c are in ascending or descending order of 
magnitude, show that (x — a)(x — c)/(x — b) (where x # b) can 


assume any real value. 

7. Find the complete set of values of a such that (x? — x)/(1 — ax) 
attains all real values. 

8. If the quadratic equation ax? + bx + 6 = 0 does not have real 
roots and b € R*, then prove that 


bP 
a>max,—,b-6 
24 


9. If x be real and the roots of the equation ax’ + bx + c = 0 are 
imaginary, then prove that ax? + abx + ac is always positive. 


Fig. 1.42 
Conditions: 
LOCATION OF ROOTS aes d 
In some problems, we want the roots of the equation ax’ + bx (b) -b/2a <0 
+c= Oto lie in a given interval. For this we impose conditions 
ona, bandc. (c)D>0- 
1a, B>0 3.a<0<f (roots of opposite sign) 
Condon: Product of roots, a8 < 0 , 


(a) sum of roots, a+ B>0 

(b) product of roots, a 8 > 0 
(c) D=0 => D=b-4ac>0. 
Graphically: 


Note That when of = £ 0, ac<0 
a 


Graphically: 


Graphs for a > 0 


_ Fig. 1.43 
When a > 0, f(0) < 0 and when a < 0, then f(0) > 0 
=> af(0)<0. 
4.a,B>k 
Graphically: 
Graphs for a > 0 


Fig. 1.41 
Conditions: v 
(a) af(0)>0 (+ when a>0,f(0) > 0 and when a < 0, 0) < 0) 


(b) -b/2a > 0 
(c)D=0 


2. a, 8 <0 


Conditions: 

(a) sum of roots,a+P<0 
(b) product of roots, af > 0 
(c)D>=0 


Fig. 1.44 
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Conditions: 

(a) af(k) > 0 (-" when a> 0, fk) > 0 and when a < 0, fk) <0) 
(b) —Bb/2a >k 

(c)D =0 


5.a,pB<k 
Graphically: 


Graphs for a > 0 


Fig. 1.45 


Conditions: 
(a) af(k) > 0 
(° when a > 0, f(k) > 0 and when a < 0, ftk) < 0) 
_(b) -b/(2a) <k 


(c)D =0 
6. a <k <f (one root is smaller than k and other root is greater 
than k) 
a>0o a<0 


Fig. 1.46 
When a> 0, ftk) < 0 and when a < 0, then f(k) > 0 
=> af(k)<0. 
7. Exactly one root lying in (k,, k,) 
Graphs for a > 0 


Fig. 1.47 


Number System, Inequalities and Theory of Equations 1.39 


From the graphs, we can see that f(k,) and f{k,) have opposite 
sign. Hence, f(k, )f(k,) < 0. 


8. Both the roots lying in the interval (k,, k,). 


Graphs for a > 0 


x x 
x x 
Fig. 1.48 
From the graphs, 
(a) af(k,) > 0 and aftk,) > 0 
(b) k, <-b/(2a) < k, 
(c)D>0 


9. One root is smaller than k, and other root is greater than kK 
In this case k, and k, lie between the roots. 


“a>0 


Fig. 1.49 
From the graphs, af(k,) < 0 and aftk,) < 0. 


Clue: Let x? -(m—-3)x+m=0(me R) bea 
quadratic equation. Find the values of m for which the roots 
are 


(i) real and distinct 
(ii) equal 
(iii) not real 
(iv) opposite in sign 
(v) equal in magnitude but opposite in sign 
(vi) positive 
(vii) negative 
(viii) such that at least one is positive 


(ix) one root is smaller than 2 and the other root is greater 
than 2 


(x) both the roots are greater than 2 
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(xi) both the roots are smaller than 2 
(xii) exactly one root lies in the interval (1, 2) 


(xiii) both the roots lie in the interval (1, 2) 
(xiv) at least one root lies in the interval (1, 2) 
(xv) one root is greater than 2 and the other root is smaller 


than 1 


Sol. Let f(x) =x? -(m-3)x+m=0 


(i) 
ee 


Fig. 1.50 
Both the roots are real and distinct. So, 
D>0O 

=> (m-—3)-4m>0 

=> m-—10m+9>0 

=> (m-1)(m-9)>0 

=> me (2, 1) U9, 0) 
(ii) 


LWA 


Fig. 1.51 


Both the roots are equal. So, 
D=035m=9orm=1 


ww, 


Fig. 1.52 


(iii) 


Both the roots are imaginary. So, 
D<0 
= (m—1)(m-9)<0 


= me (1,9) 
y 
—S 


(iv) 
Fig. 1.53 


The roots are opposite in sign. Hence, the product of roots is 
negative. So, : 
m<0=>me (-~, 0) 


(v) 


}——» 


Fig. 1.54 
Roots are equal in magnitude but opposite in sign. Hence, 
sum of roots is zero as well as D > 0. So, 
me (-0, 1) U (9, ©) andm—3 =0,ie., m=3 
=> nosuchmexists,some @. 


(vi) 


Fig. 1.55 
Both the roots are positive. Hence, D > 0 and both the sum. 
and the product of roots are positive. So, 
m—3>0,m>0and m (-«, 1] U [9, ). 
me [9, 0) 


(vii) 


ane eV 


| 


Fig. 1.56 
Both the roots are negative. Hence, D > 0, and sum is nega- 
tive but product is positive. So, 


m—3<0,m>0,me (-~, 1} U[9, «) 
=> me (0,1) 


(viii) At least one root is positive. Hence, either one root 1s posi- 
tive or both roots are positive. So, 


me (-0, 0) U[9, «) 


(ix) 


y 


» XxX ~ X 


Fig. 1.57 
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One root is smaller than 2 and the other root is greater than 2, 


i.e., 2 lies between the roots. So, 


J2) <0 
= 4-%Am-3)+m<0 
=> m>tI10 
(x) 
y y 


Fig. 1.58 


Both the roots are greater than 2. So, 
b 
>0, -—>2 
fi2) > 0, D=0, re > 


=> m<l0andme (-», 1] U[9, sand ms 3>4 
=> me [9, 10) 


(xi) 
\ . / 2 : 


Both the roots are smaller than 2. So, 


Fig, 1.59 
fl2)>0,D>0, - <2 
2a 


=> me (-~, I] 


(xii) 


y ws 
; y 
iy 

| > x ! 2 


Fig. 1.60 


Exactly one root lies in (1, 2). So, 
ADA) < 0 
=> 4(10-m)<0 


=> me (10,0) 
(xiil) Both the roots lie in the interval (1, 2). Then, 


“D>0>(m-1)(m-9)>0>m<lorm>9 
Also 

fl) > Oand f(2)>0 => 10>m 
and 


l< ule >5<m<7 
2a 


Number System, Inequalities and Theory of Equations 1.41 
Thus, no such m exists. 


(xiv) Case I: Exactly one root lies in (1, 2). So, 


fa) f2)<03m> 10 


Case II: Both the roots lie in (1, 2). So, from (xiii), me @. 
Hence, m-e€ (10, 0). 


(xv) For one root greater than 2 and the other root smaller than 1, 
fG) <0 (1) 


f2)<0. (2) 
From (1), f(1) < 0, but f(1) = 4, which is not possible. Thus, 
no such m exists. 


Cl cmeeace Find the values of a for which the equa- 
tion sin’ x +a sin? x +1= 0 will have a solution. 
Sol. Let 
t=sin?x=>te [0,1] 
Hence, f + at + 1 =0 should have at least one solution in [0, 1]. 


Since product of roots is positive and equal to one, ? + at+1= 
0 must have exactly one root in [0, 1]. Hence, 


fay<o0 
=> 2+a<0 


=> ae (-~,-2) 


Ween, If (x? +x4+2P-@-3)?+x4+)Q? +x 
+ 2) + (a-4)(x? +x + 1)? = 0 has at least one root, then find 
the complete set of values of a. 


Example 1. 147 | 


Sol. Let, 
pose 
t=x°+xt+lote rag 


Hence, 


(t+1P-(a-3) t+ 1D+(a-4 F=0 
=> F4+2t+1-(a-3) (P+)4+(a-4r= 


=> (2-a+3)+1=0 


mae ST =) 
a gues 
a-5 4 
19 —3a 
=> 
(a—5) 
=> ae (s. 2] 
3 
Example 1. | If ais areal root of the quadratic equa- 


tion ax’ + bx +c = 0 and f isa real root of ax? + bx +c =0, 


downloaded from jeemain.guru 


1.42 Algebra 


then show that there is a root y of the equation (a/2)x” + bx 
+c¢=0O which lies between a and f. 


Sol. Let, 


a 


Sx) = 5X thxtc 
=> fa =5a +bate 


=a’ +batce- La? 
2 
(" ais a root of ax*+ bx +c=0) 
SP) = 5B +bB +e 
2 vee 

=- ap +bB+e+— af 
(.. Bis a root of —ax? + bx +c =0) 
Now, 

flonfib) == a a* p <0 


Hence, f(x) = 0 has one real root between a and f.. 


1c) meee |For what real values of a do the roots of 
the equation x? — 2x -(a’ — 1) = 0 lie between the roots of the 
equation x? - 2(a + 1)x + a(a— 1) = 0. 


Sol. x? —2x-(@-1)=0 (1) 
x -2(a+l)xt+ala-1)=0 (2) 
From Eq. (1), 


Now, roots of Eq. ( 1) lie between roots of Eq. (2). Hence, 
graphs of expressions for Eqs. (1) and (2) are as follows: 


a ee 
rete v= fo 


Fig. 1.61 


f(x) =x* - 2x-(a’- 1) 
f,) = 2? - 2(a + 1)x + a(a- 1) 


From the graph, we have 
fl —a) <0 and fl +a) <0 
= (l-a’—-2(a+1)(l-a)+a(a-1)<0 


(i —a) [U1 —a) -2a-—2-a] <0 


=> 

= (l-a)(4a-1)<0 

= (a-1)(4a+1)<0 

> -<ac | (3) 
and 


=> (1+a)-2(a4 lat 1)+a(a-1)<0 


=>-(a+1)*+a(a-1)<0 
=> -ad@-2a-1+@-a<0 
=> 3a+1>0 


1 
= 4 
=> a> 3 (4) 


From (3) and (4), thé required values of a lies in the range 
-l4<a<l. 


SOLVING INEQUALITIES USING LOCATION OF 
ROOTS . 


Find the value of a for which ax? 


me Example 1.150 | 
+ (a-3)x +1<0 for at least one positive real x. 


Sol. Let f(x) = ax’ + (a—3)x+1 


Case I: 
If a > 0, then f(x) will be negative only for those values of x 
which lie between the roots. From the graphs, we can see that 
fix) will be less than zero for at least one positive real x, when 
(x) = 0 has distinct roots and at least one of these roots is a 
positive real root. 

y 


Fig. 1.62 


Since f(0) = 1 > 0, the favourable graph according to the 
question is shown in the figure given above. From the graph, 
we can see that both the roots are non-negative. For this, 


(Gi) D>0 5 (a-3)-4a>0 
=> a<lora>9 (1) 


(ii) sum > 0 and product > 0 
=> -—(a—3)>Oand l/a>0 
=> 0<a<3 (2) 
From (1) and (2), we have 
aé (0, 1) 


downloaded from jeemain.guru 


Case Il: a <0 


Fig. 1.63 


Since fCO) = 1 > 0, then graph is as shown in the figure, which 
shows that ax* + (a—3)x + 1 <0, for at least one positive x. 
Case III: a=0 

Ifa=0, 

fed =-3x+1 
=> fix)<0,Vx>1/ 


Thus, from all the cases, the required set of values of a is 
(—00, 1). 


CUE, Lfx?+2ax+a<0V xe [1, 2], then find 


the values of a. 


‘Sol. Given, 
x? +2ax+a<0,V xe [1,2] 
Hence, | and 2 lie between the roots of the equation x? + 2ax 


+a=0, 
Fig. 1.64 
=> fl) <0Oandf(2)<0 
=> 14+2a+a<0,4+4a+a<0 


Exam pif &* - Sy + 3)@? +x + 1) < 2x for all 
x € R, then find the interval in which y lies. 


Sol. 6? —5y +3) G?+x+1)<2x,VxeER 


2x 


2 


= O(N OP 4 41>0V XE R) 
x°+x41 


=> y-Sy+3< 


L.H.S. must be less than the least value of R.H.S. Now lets find 
the range of R.H.S. 


Number System, Inequalities and Theory of Equations 1.43 


Let 


2x - 
x ext c 
=> pxrt+(p-2)x+p=0 
Since x is real, 


(p —2)?— 4p? >0 
2. 
=> -2<p<H— 
aoe 


The minimum value of 2x/(x? + x + 1) is -2. So, 
y—-S5y+3<-2 
=> y-5y+5<0 


=> (4 5 


Dy 


2G eeee Find the values of a for which 4 - (a 
— 4)2' + (9/4)a < 0, V te (1, 2). 

Sol. Let 2'= x and f(x) = x? — (a—4)x + (9/4)a. We want Iwo< 
0, Vx (2!, 27), ie., V x € (2, 4). 


(i) Since coefficient of x? in f(x) is positive, f(x) < 0 for some 
x only when roots of f(x) = 0 are real and distinct. So, 

D>0 
=> a-17a+16>0 (1) 


(it) Since we want f(x) < 0 V x € (2, 4), one of the roots of f(x) 
= 0 should be smaller than 2 and the other must be greater 
than 4, i.e., 


F2) < 0 and ft4) <0 
=> a<-—48 anda> 128/7 


which is not possible. Hence, no such a exists. 


Concept Application Exercise 1.10 


1. Find the values of a if x? — 2(a — 1)x + (2a + 1) = O has positive 
roots. : 

2. Ifthe equation (a — 5)x? + 2(a— 10)x + a + 10 = 0 has roots of 
opposite sign, then find the values of a. 


3. If both the roots of x7 - ax +a = 0 are greater than 2, then find 
the values of a. 

4. If both the roots of ax* + ax + 1 = 0 are less than 1, then find 
exhaustive range of values of a. 

5. If both the roots of x? + ax + 2 = 0 lies in the interval (0, 3), 
then find exhaustive range of values of a. 

6. Ifa, fare the roots of x?-3x+a=0,ae Randa< 1 < B, then 
find the values of a. 


7. If ais the root (having the least absolute value) of the equation 
x’ — bx-1=0 (be R’*), then prove that-1 <a<0. 

8. Ifa<b<c<d, then show that the quadratic equation u(x — a) 

(x-c) +A(x— b)(x - d) = 0 has real roots for all real Hand A. 
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Subjective Type : 


1. 


10. 


11. 


12. 


13. 


14. 


15. 


as ‘Solutions on page 1.60 


Solve the following: 


(fx? 5x46 +y[x?—5xt4)"? +(x? -5x +6 


x+4 


LP 5x44)? 4 


Show that the equation A?l(x—a)+ B'l(x—b)+C7/(x-c) 


+++ H?/(x—-h) = & has no imaginary root, where A, B, C, ..., 


Handa,b,c,...,handkeR. 


Given that a, b, c are distinct real numbers such that the expres- 
sion ax? + bx +c, bx? + cx +a and cx? + ax + b are always non- 
negative. Prove that the quantity (q? + b* +.c*)/(ab + bc + ca) 
can never lie in (00, 1} U [4, 2). 

Find the number of quadratic equations, which are unchanged 
by squaring their roots. 


If a and f are the roots of x? — p(x + 1) — c = 0, then show that 
(a+ 1) (8+ 1)=1-c. Hence, prove that 


oo +2a+1 BP +2B+1_, 
e+2a+c Bp +2Bre 


If a, B are the roots of the equation ax? + bx + ¢ = 0 and 
S,= a" + ", then show that aS,,,+ bS, + cS, = 0 and hence 
find S,. 


If a be a root of the equation 4x* + 2x — J = 0, then prove that 
4o3 — 3a is the other root. 


If (ax? + bx + Oy + (ax? + b'x +c) = 0 and x is a rational func- 
tion of y. then prove that (ac ~ a'cY = (ab'— a’b) 
x (bc'— b'c). 


If the roots of the equation x? — ax + b = 0 are real and differ 
by a quantity which is less than c (c > 0), then show that b lies 
between (q?-c*) 4 and a’/4, 


The equation ax? + bx + c = 0 has real and positive roots. 
Prove that the roots of the equation a’x* + a(3b — 2c)x 
+ (2b -—c) (b-c) + ac = O are real and positive. 


If x2 + px — 444p = 0 has integral roots where p is a prime 
number, then find the value(s) of p. 


If a and c are odd prime numbers and ax? + bx + c = 0 has ratio- 
nal roots where b €/. Prove that one root of the equation will be 
independent of a, b, c. 


If 2x? — 3xy - 2y? = 7, then prove that there will be only two 
integral pairs (x, y) satisfying the above relation. 


Let a, b EN and a > 1. Also p is a prime number. If ax’ + bx 
+c =p for two distinct integral values of x, then prove that ax 
+ bx +c# 2p for any integral value of x. 


Show that minimum value of (x+a)(x+b)/(x+c), where a>c, 


b>cis (Ja—c+ Jb—c)? for real values of x >-c. 


- EXERCISES 


16. 


17. 


18. 


19, 


20. 


21. 


22. 


Objective Type iim 


Ifxe R, then prove that maximum valueof 2(a—x)(x + ¥/x? +6") , 
is a? + b’. 


If f(x) = 28 + bx? + cx + d and f(0), f(—l) are odd integers, prove 
that f(x) = 0 cannot have ail integral roots. 


Find the values of k for which 


x +kx+l 
x 4+x41 


Solve the equation fa(2* -2)+1 =1-2",xeER- 


For a < 0, determine all real roots of the equation 
x -2alx-al- 3a’ =0. 


<2,VxeER 


Find the integral part of the greatest root of equation x7 - 10x? 
— 11x- 100 =0. 


Find the values of a for which all the roots of the equation 2‘ 
— 43 — 8x? + a =O are real. 


Solutions on page 1.64- 


Each question has four choices a, b, c and d, out of which 
only one is correct. Find the correct answer. 


1. 


Ifx=2 +225 + 2'3, then the value of x* — 6x? + 6x is 
a. 3 b. 2 c. 1 d. -2 
The least value of the expression x? + 4y? + 3z* — 2x 


— 12y -— 6z + 14 is 


a. b. no least value c. 0 d. none of these 


Number of positive integers n for which n* + 96 is a perfect 


square is 
a. 8 b. 12 c. 4 d. infinite 
If x, y ER satisfy the equation x? + y’ — 4x — 2y + 5 = 0, then the 


value of the expression [(vx—-Jy)? +4,/xy)]/ (x+y) is 
J24+1 


a.V2+1 b. 
2 


J2-1 J2 +1 
c. ———_ d. 
2 J2 


The number of real roots of the equation x? — 3lx1 + 2 = 0 is 
a.2 b. | c. 4 d. 3 

If x= 1+iis a root of the equation x* — ix + 1 — i =0, then the 
other real root is 

a.0 b. 1 c.—1 d. none of these - 

The number of roots of the equation a—2 (x? -—4x+3)=0 is 
a. three be four 

c. one d. two 

The curve y = (A + 1)x* + 2 intersects the curve y = Ax+3in 


exactly one point, if 2 equals 


a. {-2, 2} b. {1} 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


c. {-2} d. {2} 

If the expression x? + 2(a +b+c)x+3(be+ca+ab)isa 
perfect square, then 

ba=+tb=+c 

d. none of these 


aa=b=c 
ca=b#c 
If one root of the equation ax’ + bx + c = 0 is square of the 
other, then a(c — b) = cX, where X is 

ba +b 

d. none of these 


aa — Bb 
c.(a — by 
If x? + px + 1 is a factor of the expression ax? + bx + ra then 
a.a?—c=ab- b.a@’ +c? =-ab 


ae@—c=-ab d. none of these 


Sum of the non-real roots of (x? + x — 2) @? +x -3)=12is 
a. -1 b. | 
c.-6 d. 6 


If (ax? + c)y + (a'x? +c’) = 0 and x is a rational function of y 
and ac is negative, then 


a.ac’+a'c=0 b. a/a’=clc’ 


ao@+C=sat+c? d. aa'+cc'=1 


Let p and gq be roots of the equation x* — 2x + A =0 and let r 
and s be the roots of the equation x? - 18x + B=0.Ifp<q< 
r<s are in arithmetic progression, then the values of A and B 
are 

a. 3, —77 
c.-3, -77 


b. 3, 77 
d. —3, 77 


The number of irrational roots of the equation 4x/(x? + x +3) 
+5x/ (x? ~5x+3)=—3/2 is 


a. 4 b. 0 
cl d. 2 


Let a, b and c be real numbers such that 4a + 2b + c = 0 and 


ab > 0. Then the equation ax? + bx + c = 0 has 
a. complex roots b. exactly one root 


c. real roots d. none of these 


If a, B are the roots of the equation x* —- 2x + 3 = 0. Then the 
equation whose roots are P = a' - 307+ Sa—2andQ=/?-£° 
+B4+5is 

ax? + 3x+2=0 
cx? — 3x4+2=0 


b,x -3x-2=0 
d. none of these 


If a, B be the roots of the equation 2x? — 35x + 2 = 0, then the 
value of (2a — 35)° (28 — 35) is equal to 

a. 8 b. 1 

c. 64 d. none of these 


If a, b, c are three distinct positive real numbers, then the 
number of real roots of ax? + 2bixl — c = 0 is 


a.O b. 4 
«2 d. none of these 


If p(q¢-n xe +q (r—p)x + r(—p — gq) = 0 has equal roots, then 
2/q = 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


Number System, Inequalities and Theory of Equations 1.45 
a. Lee bp+r 
pr 
2 r d i + i 
Cpt ‘PoP 


Let a #0 and p(x) be a polynomial of degree greater than 2. If 
p(x) leaves remainders a and —a when divided respectively by x 
+ aand x — a, the remainder when p(x) is divided by x? — a? is 
a. 2x b. -— 2x 


c.x d.-—x 


The quadratic x? + ax + b + 1 = 0 has roots which are positive 
integers, then (a? + b*) can be equal to 


a. 50 b. 37 
c. 61 d. 19 


The sum of values of x satisfying the equation 


(314+8V15)" 3 +1=(3248V15)" 7 is 


a.3 b. 0 
ce. 2 d. none of these 


If a, £ be the roots of the equation ax? + bx +c = 0, then value 
of (aa? +c)/(aa+b)+(aB? +c)/(aB+b) is 


2 2 ag 
- b(b* —2ac) b. b* —4ac 
4a 2a 
2 ay 
on Ber 280) d. none of these 
ac 


A quadratic equation whose product of roots x, and x, is equal 
to 4 and satisfying the relation x,/ (x,-1)+x,/(x,-1)=2 is 


box + 2x+4=0 
dd. —-4x+4=0 


axc-2x+4=0- 
x+4x+4=0 
If a, b, c, dE R, then the equation (x? + ax — 3b) (x? - cx + b) 
(x? — dx + 2b) = 0 has 
a. 6 real roots b. at least 2 real roots 


c. 4 real roots d. 3 real roots 


If a and f are the roots of the equation x° + px + q = 0, and a* 
and /* are the roots of x? — rx + q =0, then the roots of x? — 4gx 
+ 2¢° -r=0 are always 
a. both non-real b. both positive 


c. both negative d. opposite in sign 


If the roots of the equation (a -— 1) G@?+x+ 1? =(a+ 1) (xt 
+.x° + 1) are real and distinct then the value of a € 

a. (—00, 3] b. (-00,-2) U (2, %) 

ce. [-2, 2] d. [-3, «) 

If b,b, = 2(c, + c,), then at least one of the equations x” + bx 
+¢,=Oand x +5b,x+c,=0 has 
a. imaginary roots b. real roots 


c. purely imaginary roots d. none of these 
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30- 


31- 


— a AP. | 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39, 


Algebra 


The integral values of m for which the roots of the equation 
me + (2m — 1)x + (m— 2) =O are rational are given by the 
expression [where 77 is integer] 

b. n(n + 2) 


d. none of these 


an? 
en(n +1) 


Suppose A, B, C are defined as Azabtab’-@c-ac, 
B=b'ct be — @&b — ab? and C=a’c + ac? — bc —'bc?, where 
a>b>c>0and the equation Ax’ + Bx+ C = 0 has equal 
roots, then a, b, c are in 

b. GP. 


c. H.P. - d. AGP. 


The coefficient of x in the equation x2 + px +. q =0 was 
wrongly written as 17 in place of 13 and the roots thus found 
was —2 and —15. Then the roots of the correct equation are 


a. —3, 10 b. -3, -10 
c. 3, -10 d. none of these . 


If a(p + q) + 2bpq + c=0 and a(p + ry + 2bpr+c=0 
(a #0), then 


2 2 c 
a. gr =p” b. gr=p sar 


c. gr=—p* d. none of these 


If the roots of the equation ax” — bx + c= 0 are a, f then the 
roots of the equation b’cx* — ab’x + a =O are 
1 1 
o+aB Bp +aB a+ap Bp +op 
1 l 

Gy a ara d. none of these 

a +aB B +aB 
If @ and £, @ and y, @ and 6 are the roots of the equations 
ax. + 2bx +c = 0. 2b + cx + a= 0 and ox + ax + 2b = 0. 
respectively. where a. b and c are positive real numbers, then 


E+0= 
a. abc b.a+2b+ec 
cl d.0 


eo—xyty—4x-4y+ 16= 0 represents 
a. a point b. a circle 


c. a pair of straight lines d. none of these 


If a. B be the non-zero roots of ax? + bx +c =O and o°, & be 
the roots of a2x? + b’x + c? = 0, then a, b,c are in 

a. G.P. b. H.-P. 

c. ALP. d. none of these 


If the roots of the equation ax’ + bx + c= 0 are of the form 


(k4N)/k and (k+2)/(k+)). then (a+ b+ cy is equal to 


b. La’ 
d. b? — 2ac 


a. 2b? -— ac 


e. b? — 4ac 


If a, f are the roots of aitbxtc=Oandath, p+ hare 
the roots of px? + gx +r =O, then h = 


b. (2-4) 
a p 


d. none of these 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


47. 


48. 


49.. 


50. 


If a. f be the roots of the equation (x — a) (x - by+c=O0(c 
+0), then the roots of the equation (x ~ ¢ ~ ay(n-c-fy=e 
are ; 

b.a-—candb-c 
d.a+candb 


a.atcandbt+c 
eaandb+c 


If a, # are the roots of ax? + c = bx, then the equation (a + cyy 
= b’y in y has the roots 
a.aB',a'p 


ca, B! 


b. a, B? 
d. 0°, &° 


If the roots of the equation, x* + 2ax + b =0, are real and dis- 
tinct and they differ by at most 2m, then b lies in the interval 


b. (a2 — nt’, a’) 


d. none of these 


a. (@, @ +m) 


ce. [@ - nt, a’) 


If the ratio of the roots of ax* + 2bx +¢ = 0 is same as the 
ratio of the px? + 2gx + r = 0, then 


2 

a. ae b. De 
ac pr ac pi 
Bb? ¢ 

CoS d. none of these 
ac pr 


If one root of x2 -x -—k =Ois square of the other, then k = 


a. 2+V5 b. 243 
c. 3tV2 d. 54/2 


If « and f be the roots of the equation x’ + px-1/ (Qp7y=0 


where p €R. Then the minimum value of a? + fis 
a. 2/2 b. 2-2 
c.2 d. 2+V2 


If g. B are real and @°. 6° are the roots of the equation a7a* + x 
+)-@=0 (a> 1). then P= 


1 
a. b. 1-— 
a 

c1l-@ d.l+@ 


If a and f are the roots of the equation x* — ax + b= 0 and 
A, =a" +B”, then which of the following is true? 


a.A,,,=dA,+ bA,_, b.A,,,=0A,+ aA. 
c.A,,,=aA,- bA,_, d.A,,,=DA,- aA 
The value of i for which one of the roots of 2 -— 3x+2m=0 
is double of one of the roots of fe -xytm=(01s 

a. -2 b. | 


c. 2 d. none of these 


n=l 


If the equations ax* + bx += Oand.y + 3x 4+ 3x4+2=0 
have two common roots, then 
aa=b=c bu=béc 


«a= —-bac d. none of these 


Number of values of a for which equations x + ax +) = 0 
and x7 + ax? + | = 0 have a common root 


a. 0 b. | 
c.2 d. infinite 
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51. 


52. 


53. 


54. 


Let 7x) = 0 be a polynomial equation of the least possible 
degree, with rational coefficients, having {7 +3/49 as one 
of its roots. Then the product of all the roots of p(x) = 0 is 
a.56 b. 63 

c.7 d. 49 


Ifa, B, 7, @ are the roots of the equation x* + 4x° — 6x7 + 7x 
_—9 =O, then the value of (1 + a) (1+ #?) (1+ 7) (1 +0°) is 
a9 b. 11 

«13 d. 5 


If (m,,L/m,), r=1,2,3,4 be four pairs of values of x and y 
that satisfy the equation x? + y? + 2gx + 2fy + c = 0, then value 
of 11,m,m,m, is 

a. O b. 1 


cl d. none of these 


If roots of an equation x'- 1 =Oare l,a@,,4,, -..,4,_), then 


_ the value of (1 —a@,) (l-4,) -a,)°G-a,_,) will be 


55. 


56. 


57. 


58. 


59. 


60. 


b. nr? 
d.0 


an 
c. 72" 


If tan @,, tan 6,, tan @, are the real roots of the P-(at 1x 
+(b —a)x-—b =0, where 6, + 6, + 6, €(0, ), then 6, +8, 
+ @, is equal to 


a, 7/2 b. 2/4 

c. 37/4 d.z 

If a, B, y are the roots of x} — x° — 1 = 0 then the value of 
(1+ @)/—@)+(1+ B)/d-B)+(+y)/(-7) is equal to 
a. —-5 b. -6 

c. —7 d. -2 

Let r, s and t be the roots of the equation, 8x? + 1001x + 2008 


=. The value of (r+ 5) + (s+ 2° + (t+ 7) is 
a. 251 b. 751 

ce. 735 d. 753 

If x be real, then x/(x?-5x+9) lies between . 


a.—! and-I/!1 b. 1 and —1/I1 


ce. | and [/11 d. none of these 


If x is real, then the maximum value of (3x? +9x417)/ 


(3x° +9x+7) is 


a. 1/4 b. 41 


c.] d. 17/7 


Ifa, b ER, a# 0 and the quadratic equation ax’ — bx + 1 =0 
has imaginary roots then (a+ 6 + 1) is 
a. positive b. negative 


c. zero d. dependent on the sign of b 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


69. 


70. 


71. 


Number System, Inequalities and Theory of Equations 1.47 


If the expression [mx—1+(1/x)] is non-negative for all posi- 
tive real x, then the minimum value of m must be 

a. -1/2 b. 0 

ce. 1/4 d. 1/2 


Suppose that f(x) is a quadratic expression positive for all real 
x. If g(x) = fx) + f@) +f"), then for any real x (where SQ) 
and f(x) represent 1* and 2" derivative respectively) 


a. g(x) <0 b. g(x) > 0 

c. g(x) =0 d. g(x) = 0 

Let f(x) = ax? — bx +. c?, b #0 and f(x) #0 for all x €R. Then 
aatce<b b. 4a +c? >2b 


c. 9a -3b+c° <0 d. none of these 

x, and x, are the roots of av’? + bx +c =O and x,x, < 0. Roots 
of x(x —x,) +2, X- x,) = 0 are 
a. real and of opposite sign b. negative 
¢. positive d. non-real 

If a, b, c, d are four consecutive terms of an increasing A.P. then 
the roots of the equation (x - a) (x-— c) + 2x - b) a- ad=0.- 
are 

a. non-real complex b. real and equal 
c. integers d. real and distinct 

If roots of x? — (a — 3)x + a = 0 are such that at least one of 
them is greater than 2, then 
a.aeé[7, 9] 

c.a €[9, 0) 


b. a €[7, ©) 
d. a €[7, 9) 
Let fx) = ar? + bx +c, a,b,c R. If f(x) takes real values for 


real values of x and non-real values for non-real values of x, 
then 


a.a=0 
b.b=0 
c.c=0 


d. nothing can be said about a, b, c. 

All the values of m for which both the roots of the equation 
x? -2mx +m? — 1 =0 are greater than —2 but less than 4, lie 
in the interval 
a.—-2<m<0 bom >3 


c-l<m<3 d.l<m<4 


If the roots of the quadratic equation (4p - p>? - 5)x° 
—(2p - 1) x+ 3p =O lie on either side of unity, then the number 
of integral values of p is 


a. 1 b. 2 

c. 3 d. 4 

The interval of a for which the equation tan’ x — (a — 4) tan x 
+4-—2a=0 has at least one solution V x € (0, 2/4] 

a.a €(2, 3) b. a €[2, 3] 

cael, 4) d.aeé[1, 4] 

The range of a for which the equation x° + ax — 4 = 0 has its 
smaller root in the interval (—1, 2) is 

a. (—2, —3) b. (0, 3) 
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72. 


73. 


74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


Algebra 


c. (0, 00) d. (—00, —3) U (0, 00) 


If both roots of the equation ax? + x + c—a =O are imaginary 
and c > —1, then 
a. 3a>2+ 4c b. 3a <2+4c 


ac<a d. none of these 


The set of all possible real values of a such that the inequality 
(x - (a—- 1)) @- (a + 2)) < O holds for all x € (-1, 3) is 

a. (0, 1) b. (00, 1] 

c. (—00, —1) d. (1, 0) 


Consider the equation x? + 2x —n = 0, where n EN andn €[5, 
100]. Total number of different values of ‘n’ so that the given 
equation has integral roots is 

b. 3 

d.4 


a. 8 
c. 6 


Total number of values of a so that x? — x — a = 0 has integral 
roots, where a € N and 6<a< 100, is equal to 


b. 4 
d. 8 


a.2 
c. 6 


Total number of integral values of ‘a’ so that x? ~ (a+ 1)x+a 
— 1 =0 has integral roots is equal to 

a. | b. 2 

c.4 d. none of these 


The number of values of k for which [x? — (k — 2)x + k?] 
x [x? + kx + (2k — 1)] is a perfect square is 

a. 2 b. 1 

ce. 0 d. none of these 


If a, B are the roots of x° + px +g =0 and 17" + p'x" +g" = 
and if (a/f), (6/a) are the roots of x" + 1 + (x + 1)"=0, then 


n(eN) 


a. must be an odd integer b. may be any integer 


c. must be an even integer d. cannot say anything 
The number of positive integral solutions of 

x‘ ~ y4 = 3789108 is 

a. 0 b. 1 


ce. 2 d.4 


If xy = 2+ y),x<y and x, y EN, then the number of solutions 
of the equation are 

b. three 

d. infinitely many solutions 


a. two 


c. no solution 


If a, 6, y are such thata+B+y=2,@7 +P +7 =6,0+ 6 
+ = 8, then a* + ft + 7 is 

a. 18 b. 10 

ce 15 d. 36 


The number of integral values of a for which the quadratic 
equation (x + a) (x + 1991) + | =0 has integral roots are 


a3 b. 0 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


el d. 2 


The number ofreal solutions of the equation (9/10)* =—3+x—x? 


is 


a.2 b.0 
el : d. none of these 


If a, b and c are real numbers such that a? + b? + c? = 1, then ab 
+ bc + ca lies in the interval 


a. [1/2, 2] b. [-1, 2] 


ce. [-1/2, 1] d. [—1, 1/2] 


If the equation cot* x — 2 cosec? x + a? = 0 has at least one solu- 
tion then, sum of all possible integral values of a is equal to 


a.4 b. 3 
ec. 2 d.0 


Let x, y, z, t be real numbers x7 + y?=9, 2+ f=4 and xt- yz= 
6. Then the greatest value of P = xz is 
a.2 b. 3 


c.4 d.6 


If a, b, c be distinct positive numbers, then the nature of roots 
of the equation 1/ (x—a)+1/(x—b)+1/(x—c)=1/x is 


a. all real and distinct 
b. all real and at least two are distinct 
c. at least two real 


d. all non-real 


If (b* — 4acy (1 + 4a?) < 64a’, a < 0, then maximum value of 
quadratic expression ax’+ bx + € is always less than 

a.0 b. 2 

ce. —1 d. -2 

For x? — (a + 3) xl + 4 =0 to have real solutions, the range of a 
is 

a. (—00, —7] U [1, 00) b. (—3, 1) 


c. (-00, -7] d. [1, 0«) 


If the quadratic equation 4x7 — 2(a+c-1)xtac-b=0 
(a>b>c) 

a. both roots are greater than a 

b. both roots are less than c 

c. both roots lie between c/2 and a/2 


d. exactly one of the roots lies between c/2 and a/2 


If the equation x? + ax + b = 0 has distinct real roots and 
x° + alx| + b = 0 has only one real root, then which of the fol- 
lowing is true 
a.b=0,a>0 
eb>0,a<0 


b.b=0,a<0 
d.b<0,a>0 
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92. 


93. 


94, 


95. 


96. 


97. 


98. 


~ «0 


The equation 2* + (a — 1)2**' + a =0 has roots of opposite 
signs then exhaustive set of values of a is 

b.a<0 

d. a (0, 1/3) 


a.a = (-1,0) 
c.a & (-0, 1/3) 


If the equation lx? + bx + cl=k has four real roots, then 


Ac—b? 
Rohe aes Quadro tee 


Fi 2 
ibe -eebanaosee : u 


. 2 
ep aps danke =" 


d. none of these 

P(x) is a polynomial with integral coefficients such that for - 
four distinct integers a, b, c, d; P(a) = P(b) = P(c) = P(d) = 3. 
If P(e) =S (e is an integer), then 

b.e =3 

d. no real value of e 


aec= ] 
ace=4 


The number of integral values of x satisfying 


\—x? +10x-16 <x-2is 


a. 0 
ce. 2 


b. | 
d. 3 


If x? + ax — 3x — (a + 2) =0 has real and distinct roots, then 
minimum value of (q? +1)/(a? +2) is 


b. 0 


at 
4 


Nl 


The set of values of a for which (a — 1)x? - (a + Ix 
+a— 120 is true for all x >2 
b. (1 z| 
3 


d. none of these 


a. (—o0, 1) 


= 


The value of the expression x* — 8x3 + 18x? -— 8x + 2 when 


x=243 
a. 2 b. 1 


d. 3 


Re Tee EER Solutions on page 1.72 


Each question has four choices a, b, c and d, out of which 
one or more answers are correct. 


1. 


If x, y eR and 2x? + 6xy + 5y* = 1, then 

a. els V5 b. t> V5 

cy <2 d.y<4 

If the equation whose roots are the squares of the roots of the 


cubic x°— ax*+ bx — 1 = 0 is identical with the given cubic 
equation, then 


aa=0,b=3 
ba=b=0 
aa=b=3 


d. a, bare roots of x +x+2=0 


Number System, Inequalities and Theory of Equations 1.49 


. If the equation ax’ + bx +c = 0, a, b, c ER have non-real roots, 


then 
a.c(a-—b+c)>0 
c. c(44a —-2b+0¢)>0 


b. cla+b+c)>0 
d. none of these 


. If c #0 and the equation p/(2x)=al(x+c)+b/(x—c) has two 


equal roots, then p can be 
a. (Ja-Vb)? 


cath 


b. (Va +vb) 


d.a-b 


. Ifthe equations 4x? ~x—1 =0 and 3x7 + (A+y)x+1-y=0 have 


a root common then the rational values of 4 and y are 


a. A=— b.A=0 
4 


GQ = d.u=0 


. If the equation ax? + bx + c =0 (a >0) has two real roots a and 


B such that a < —2 and f > 2, then which of the following state- 
ments is/are true? 


a.a-lbl+c<0 
ec. 4a—-2 |lbl+c<0 


b. c <0, b? -—4ac >0 
d. 9a—3 Ibl+c<0 


7. If the following figure shows the graph of f(x) = ax? + bx +c, 
then 
y 
x 
Fig. 1.65 
aac <0 b. be >0 
c.ab>0 d. abc <0 
8. If cosx—y? —/y—x?-120, then 
ay>1 bxeR 
cy=l d.x=0 
9. The value of x satisfying the equation 2?* — 8 x 2" = -12 is 
I 
a ees bi =tog6 
log2 2 
c. tig d. | 
10. If a, £ are the roots of the quadratic equation ax? + bx +c =0 
then which of the following expression will be the symmetric 
function of roots 
a. jlog = b. a8) + B7a5 
B 
. ] % 
c. tan (a — f) d. fig) +(log B) 
a 
11. If the quadratic equation ax? + bx + c = 0 (a> 0) has sec? 6 and 


cosec’ @ as its roots, then which of the following must hold 
good? 

b. b? - 4ac >0 
d.4a+b>0 


ab+c=0 


cc>4a 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Algebra 


Let a. b. c €O* satisfying a>b>c. Which of the follow- 


ing statement(s) hold true for the quadratic polynomial 
fd) = (a+ b- 20)? + (b+e-2a)x+(ct+a-2b)? 


a. The mouth of the parabola y = f(x) opens upwards 
b. Both roots of the equation f(x) = 0 are rational 

c. x-coordinate of vertex of the graph is positive 

d. Product of the roots is always negative 


The graph of the quadratic trinomial y = ax? + bx + c has its 
vertex at (4, —5) and two x-intercepts one positive and one nega- 
tive. Which of the following holds good? 

b.b<0 

ec<0 d. 8a=b 

If the roots of the equation, x? + px’ + qx — 1 = 0 form an increas- 
ing G.P., where p and gq are real, then 


a.a>0O 


a.p+q=0 

b. p €(— 3, ©) 

c. one of the root is unity 

d. one root is smaller than | and one root is greater than | 


Tf (sin a) x2 — 2x + b > 2, for all real values of x < 1 and 


a €(0, 2/2) U (x/2, m), then possible real values of b is/are 


a. 2 b. 3 c. 4 d. 5 


If every pair from among the equations x° + ax + be = 0, 
x4 bx+ca =O and x* + cx + ab = 0 has a common root, then 
a. the sum of the three common roots is—1/2(@+btc) 


b. the sum of the three common roots is 2(a + b +c) 
c. the product of the three common roots is abc 
d. the product of the three common roots is a7b*c* 


If a, b, care in G.P. then the roots of the equation ax* + br +¢ 
= 0 are in the ratio ; 


a. —(-1+iN3) b. 5 iv) 


c. 5 civ) 


If ax? + (b-—c)x +a—b-c =0 has unequal real roots for all c 
eR, then 


d. 5 (+iv3) 


boa<0<b 
d.b>a>0 


ab<Q<a 
acb<a<0 


Given that a. y are roots of the equation Ax’ — 4x + | = 0, and 
B, 6 the roots of the equation of Bx? - 6x + 1 =0, such that a, f, 
yand 6 are in H.P., then _ 


b.A=4 
d.B=8 


aA=3 
ce B=2 


If the equations x? + px + q=Oandx?+ p'xtq'=Ohavea 
common root, then it must be equal to 


Ne es bp. 4-4 
q-4 P’-P 
ce PoP qe ra 
q-4 P-P 


21. 


22. 


23. 


24. 


26. 


27. 


28. 


30. 


31. 


If x3 + 3x2 — 9x +c is of the form (x — a)? (x — f), then c is 
equal to 
a. 27 b. -27 


c. 5 d. -5 


If the equations x? + bx -a = 0 and x? -axr+b=O havea 
common root, then 
a.a+b=0 
ca-b=1 


boa=b 
d.a+b=1 


If (x? +ax+3)/(x*+x+a) takes all real values for possible 
real values of x, then 


a. 407+ 39<0 b. 4a + 39 >0 
Cc a2— d. ga 
4 4 


If cos? 0 + a, sin’ 8 + a are the roots of the equation x? + 2bx + 
b =O and cos? 0+ B, sin? 9 + f are the roots of the equation x + 
4x + 2 = 0, then values of b are 
a.2 b.-1 


c. -2 dei 


. If the roots of the equation x? + ax + b = 0 are c and d, then 


roots of the equation x? + (2c +a)x +c +.ac+b=Oare 


acc b.d-c c. 2c d. 0 


If a, b, ce Rand abc <0, then the equation bex’ + 2(b +c — a) 
x+a=0, has 

a. both positive roots 

b. both negative roots 

c. real roots 

d. one positive and one negative root 

For the quadratic equation x24 2(a + 1)x + 9a -5 =0, which 
of the following is/are true? 

a. If 2<a<5, then roots are of opposite sign. 

b. If a < 0, then roots are of opposite sign. 

c. If a > 7, then both roots are negative. 

d. If 2<a<5, then roots are unreal. 

Let P@) = x2 + bx + c, where b and c are integer. If P(x) is a 
factor of both x* + 6x? + 25 and 3x* + 4x? + 28x +5, then 

a. P(x) = 0 has imaginary roots 

b. P(x) = 0 has roots of opposite sign 

ce. P(1)=4 

d. PU) =6 

If lax? + bx + cl < 1 for all x in [0, 1], then 


b. lbl > 8 
d. lal + bl + Ich < 17 


a.lal<8 


elel<1 


Let f(x) = ax? + bx + c. Consider the following diagram. Then 


¥ 


yeartby +e 


Fig. 1.66 
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b.b>0 
d. abe <0 


ac<0 
catb-c>0 


Solutions on page 1.76 


Each question has four choices a, b, c and d, out of which 
only one is correct. Each question contains STATEMENT 1 
and STATEMENT 2. 


a. 


. Consider the function f(x) = 


Both the statements are TRUE and STATEMENT 2 is 
the correct explanation of Statement 1. 


. Both the statements are TRUE but STATEMENT 2 is 
NOT the correct explanation of STATEMENT 1. 


. STATEMENT | is TRUE and STATEMENT 2 is FALSE. 
. STATEMENT 1 is FALSE and STATEMENT 2 is TRUE. . 


log (ax + (a+b)? 
+(b+c)x+c). 

Statement 1: Domain of the functions is 

(-1, co) ~ £(b/2a)}, where a > 0, b? - 4ac =0. 


Statement 2: ax? + bx +c = 0 has equal roots when 
b? -4ac=0. 


. Statement 1: If a > 0 and b’ — ac <0, then domain of the 


function f(x) = Jax?+2bx+c is R. 


Statement 2: If b? — ac < 0, then ar + 2bx + c = 0 has 
imaginary roots. 


. Statement 1: If equations ax* + bx +c = 0 and x* - 3x+4 


= 0 have exactly one root common, then at least one of a, 
b,c is imaginary. 


Statement 2: If a, b, c are not all real, then equation ax" 
+ bx + c = 0 can have one root real and one root imagi- 
nary. 


. Statement 1: If cos’ 2/8 is a root of the equation x? + ax 


+b=0 where a, b € Q, then ordered pair (a, b) is [~1, (1/8)] . 


Statement 2: If a + mb = 0 and m is irrational, then 
a,b=0. 


. Statement 1: If a’ + b° + c’ < 0, then if roots of the equa- 


tion aa” + bx + ¢ = 0 are imaginary. then they are not com- 
plex conjugates. 


Statement 2: Equation ax’ + bx + c = 0 has complex con- 
jugate roots when a, , c are real. 


. Statement 1: Equation ix’ +(i/-1)x—-(1/2)-i=0 has imagi- 


nary roots. 


Statement 2: If a =i, b=i-— 1 and c=-(1/2)-i, then 


b? - 4ac <0. 
- Statement 1: If f(x) is a quadratic polynomial satisfying 
F2) + f(4) = 0. If unity is a root of f(x) = 0, then the other 


root is 3.5. 
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Statement 2: If g(x) = px°+ gx + r =O has roots a, f, then 
a+fB=-qlpand oB=(r/p). 


8. Let fx) ==? + (a+ 1) x45. 


10. 


Statement 1: f(x) is positive for some a <x < and for all 
aeéR. 


Statement 2: f(x) is positive for all x € R and for some real a. 


. Let a, b, c be real such that ax? + bx +c =O andx?+x+4+1 
’ =0 have a common root. 


Statement 1: a=b=c 


Statement 2: Two quadratic equations with real coeffi- 
cients cannot have only one imaginary root common. 


Statement 1: The equation (x — p) (x-r) +4 (x-g) (x- 5) 


_ =0, where p <q<r<s, has non-real roots. 


11. 


12. 


13. 


14. 


15. 


16. 


Statement 2: The equation px? + gx +r =0 (p, g, rR) has 
non-real roots if g? — 4pr < 0. 


Statement 1: If px’ + gx + r= 0 is a quadratic equation (p, 
g, r ER) such that its roots are a, 8 andp+q+r<0,p-—q 
+r<0 and r> 0, then [a] + [2] = —1, where [-] denotes 
greatest integer function. 


Statement 2: If for any two real numbers a and , function 
J(x) is such that f(a) f(b) < 0 = f(x) has at least one real root 
lying in (a, b). 


Statement 1: If 0<a<(z/4), then the equation (x — sin a) 
x (x - cos a) — 2 = 0 has both roots in (sin a, cos @). 


Statement 2: If f(a) and f(b) possess opposite signs, then 
there exist at least one solution of the equation f(x) = 0 in 
open interval (a, b). 


Statement 1: If all real values of x obtained from the equa- 
tion 4° — (a - 3) 2° + (a- 4) = 0 are nGn-positive, then 
aeé(4, 5]. 


Statement 2: If ax? + bx + c is non-positive for all real 
values of x, then b? — 4ac must be negative or zero and ‘a’ 
must be negative. 


Statement 1: If (a? - 4) x7 + (a —3a4+2)x+ (ie 
= 0 is an identity, then the value of a is 2. 


Statement 2: If a — 
identity. 


7a + 10) 


b = 0, then ax? + bx +c = 0 is an 


Statement 1: If the roots of x5 — 40x* + Px? + Qx? + Rx 
+ S = 0 are in G.P. and sum of their reciprocal is 10, then 
IS|= 64. 


Statement 2: X, X, X,X, x, = —S, where x,, Ny5 Xyy Xp Xe ALE 


the roots of given equation. 


Statement 1: If a, b,c, a,, b,, ¢, are rational and equations 
ax’ + 2bx +c =O and a,x° + 2b.x +c, =0 have one and only 
one root in common, then both b’ — ac and b> ~ a,c, must 
be perfect squares. 
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Statement 2: If two quadratic equations with rational 
coefficients have a common irrational root p+Jq, then 
both roots will be common. 


17. Statement 1: If a, b, c eZ and ax? + bx +c =0 has an irra- 
tional root, then | f(A)|21/q?, where Ac(A= P. .qeZ) 
and f(x) = ax’° + bx +c. i 


Statement 2: If a, b, ce Q and b? — 4ac is positive but not 
‘a perfect square, then roots of equation ax’ + bx +c = 0 are 
irrational and always occur in conjugate pair like 2+ /3 
and 2-3. 


18. Statement.1: The number of values of a for which 

(a? — 3a + 2) x? + (a —5a+6)x+a’-—4=0 is an identity 
in x is 2. 
Statement 2: lf a = b =c =O, then equation 
av + bx +c= 0 is an identity in x. 


19. Statement 1: If roots of the equation x* — bx + c = 0 are 
‘two consecutive integers, then b-4c= 1. 


Statement 2: If a, b, c are odd integer, then the roots of 
the equation 4 abc x? + (b? - 4ac) x — b = 0 are real and 
distinct. : 


20. Let ax? + bx +c=0,a#0 (a, b, c ER) has no real roots and 
at+b+2c=2. 


Statement 1: ax* + bx+c>0, VxeER. 


Statement 2: a + b is positive. 


21. Consider a general expression of degree 2 in two variables 
as fix, y) = 5x? + 2y? — 2xy - 6x - 6y + 9. 


Statement 1: f(x, y) can be resolved into two linear factors 
over real coefficients. 

Statement 2: If we compare f(x, y) with ax? + by? + 2hxy 
+ 2gx + 2fy +c = 0, we have abc + 2fgh — af? — bg’ -— ch’ 
= 0. 


22. Statement 1: The equation x’ + (2m + 1)x + (2n + 1) =0, 
where m and n are integers cannot have any rational roots. 


Statement 2: The quantity (2m + 1)? - 4(2n + 1), where m, 
neé Ican never be a perfect square. 


BRM eget Solutions on page 1.78 


Based upon each paragraph, some multiple choice questions 
have to be answered. Each question has four choices a, b, c 
and d, out of which only one is correct. 

For Problems 1-3 

Consider an unknown polynomial which when divided by 
(x —3) and by (x — 4) leaves remainders as 2 and I, respectively. 
Let R(x) be the remainder when this polynomial is divided by 
(x —3) & - 4). 


1. If equation R(x) = x* + ax +.1 has two distinct real roots, 
then exhaustive values of a are 
a. (—2, 2) 
c. 2, 00) 


b. (-, —2) U (2, «) 

d. all real numbers 

2. If R(x) = px* + (¢ - 1)x + 6 has no distinct real roots and p 
> 0, then least value of 3p + q is 

b. 2/3 


d. none of these 


a. —2 
¢-1/3 
3. Range of f(x) =[R(x)]/(x?-3x+2) is 
a. [-2, 2] 
b. (-, - 2-3] U[-2+V3, ©) 
c. (0, -7- 4v3] U[-7+4V3, ©) 


d. none of these 


For Problems 4-6 


Consider the quadratic equation ax? —- bx + c=0, a,b, c EN, 
which has two distinct real roots belonging to the interval 


. C1, 2). 
4. The least value of a is 
a. 4 b. 6 c. 7 d.5 
5. The least value of b is 
a. 10 b. 11 c. 13 d. 15 
6. The least value of ¢ is 
a. 4 b. 6 c. 7 d. 5 


For Problems 7-9 


Consider the equation x7 + 2ax* + x° + 2ax + 1 = 0, where 
aéR. Also range of function f(x) = x+I/x is (ee, — 2] U[2, °) . 


7. If equation has at least two distinct positive real roots then 
all possible values of a are 


a. (—00, — 1/4) 
c. (—00, — 3/4) 


b. (5/4, 0) 
d. none of these 


8. If equation has at least two distinct negative real roots, then 
all possible values of a are 


a. (3/4, «) 
c. (—90, 1/4) 


b. (— 5/4, 00) 


d. none of these 


9. If exactly two roots are positive and two roots are negative, 
then number of integral values of a is 


a. 2 b. 1 c. 0 d. 3 


For Problems 10-12 
Let f(x) =? + bx +c,, g(x) =x? + b,x + c,. Let the real roots of 
f(x) =0 bea, B and real roots of g(x) =O be at+h, 6 +h. The least 


- value of f(x) is -1/4. The least value of g(x) occurs at x = 7/2 
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10. The least value of g(x) is c. (2, 0) ; d. [— 2, 0) 
a. -= b.-1 ce. 5 d. 4 18. The given inequality has at least one real solution for a € 
a. (— &, 3) b. [2, 2) 
11. The value of 5, is c. (3, ©) d. [— 2, «) 
a.-5 b.9 c. -8 d. -7 


For Problems 19-21 


12. The roots of fix) = 0 are Consider the inequation x? +x +a-9 <0. 


a3,-4  —b.-3,4 3,4 C34 
19. The values of the real parameter ‘a’ so that the given ine- 
For Problems 13-15: quation has at least one positive solution: 
In the given figure, vertices of AABC lie on y = f(x) = av’ Be Pate) PEC) 
+ bx +c. The AABC is right angled isosceles triangle whose c. (3,00) d. (—0, 9) 
hypotenuse AC = 4y2 units. 20. The values of the real parameter ‘a’ so that the given ine- 
y quation has at least one negative solution: 
A a. (-00, 9) b. (37/4, 0) 
c. [= 7) d. none ofthese 


, 21. The values of the real parameter ‘a’ so that the given 
inequation is true V x €(-1, 3): 


a. (-00,-3) bE (3, &) 
c. [9, 0) d.( a. 37/4) 
For Problems 22-24 


‘af(u) <0’ is the necessary and sufficient candition far a pagticular 
real number y to lie between the roots of a quadratic equation 


1B: aie) is given by fx) = 0, where f(x) = ax? + bx + c. Again if flu,)flu,) <0, then 


ay=x?- 2/2 b. y =x? - 12 exactly one of the roots will lie between #, and y,. 
" a aris ra iG 22. If lbl > la + cl, then | 
- 2J2 a. one root of f(x) = 0 is positive, the other is negative 
14. Minimum value of y = f(x) is b. exactly one of the roots of f(x) = 0 lies in (-1, 1) 
a.-4 _b.2 c. 1 lies between the roots of f(x) = 0 
c. -2V2 d. none of these d. both the roots of f(x) = 0 are less than 1 


15. Number of integral values of k for which one root of fix) 23+ Ifa(a+b+c)<0<(a+b+c)c, then 


= 0 is more than & and other less than k a. one root is less than 0, the other is greater than | 
a. 6 b. 4 c. 5 d.7 b. exactly one of the roots lies in (0, 1) 
c. both the roots lie in (0, 1) 
Horroblens t0-)9 d. at least one of the roots lies in (0, 1) 
Consider the inequality 9* — a3* - a + 3 <0, where ‘a’ is a real 
parameter. 24. If(a+b+c)c<0<a(at+b+c), then 


: : ; ; ’ a. one root is less than 0, the other is greater than 1 
16. The given inequality has at least one negative solution for 


ae b. one root lies in (co, 0) and other in (0, 1) 
a. (— 0, 2) b. (3, 0) : c. both the roots lie in (0, 1) 
c. (— 2, 0) d. (2, 3) d. one root lies in (O, 1) and other in (1, 0) 


17. The given inequality has at least one positive solution for For Problems 25-26 


ae The real numbers x,, x,, x, satisfying the equation x’ — x’ + Bx 


a. (— 00, — 2) b. [3, 00) +y=OareinAP. 
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25, ANII possible values of # are 
1 ; 1 
2 | 7%, > b. oO, — 
As) (+3) 
c. [t=] 
[3 


26. AXll possible values of y are 


ee 
nes 


d. none of these 


Solutions on page 1.81 
Each question contains statements given in two columns, 
which have to be matched. Statements a, b, c, d in column 
I have to be matched with statements p, q, r, s in column 
IL. If the correct matches are a > p, a — s, b > q, b > 
r,¢ — p, ¢ > gq and d — s, then the correctly bubbled 
4x 4 matrix should be as follows: 


1. Match the following for the equation x? + a |x| + 1 = 0, where a is 
a parameter. 


Column I 


x? 2x44 


,xER, then y can be 
x +2x4+4 


2x? -2x44 
x? 4x43 


d. 2 -(a—3)x+2<0, V x €(-2, 3), then a can be 


, xER, then y can be 


3. 


a. If a, b, c and d are four zero real number | p.a+b+c=0 
such that (d + a — b)?+(d+b—c)*=0 and 
the roots of the equation a(b - c)x’ + b (c 
— a)x + c(a ~ b) = 0 are real and equal then 


b. If the roots of the equation (a? + b?) x? - 2b 
(a+c)x + (b? +c’) = 0 are real and equal, 
then : 


c. If the equation ax? + bx +c = 0 and x8 - 3x? 
+ 3x —1=0 have a common real root, then 


d. Let a, b, c be positive real numbers such 


q. a, b, c are in ALP. 


r. a, b, c are in G.P. 


s..a, b,c are in H.-P. 


that the expression 


bx? +({(atcy’ +4b? xt (a+c) 


is non-negative V x eR, then 


4. 
Column I Column II 
Number of positive integers for which) 


( 

a. one root is positive and the other is negative 
for the equation (m — 2)x? — (8 — 2m)x — (8 
—3m)=0 


b. exactly one root of equation x° - m(2x — 8) | q. infinite 
— 15 =O lies in interval (0, 1) 
c. the equation x? + 2(m + 1x + 9m-5=0 r. 1 
has both roots negative 
d. the equation x? + 2(m- 1)x+m+5=0 s.2 : 
has both roots lying on either sides of 1 


Column II 


p. (1 - bq)? = (a - pb)\(p — aq) 


a. If x? + ax +b =0 has 
roots a, and x? + px+q= 
0 has roots — a, y, then 
b. If x? + ax + b= 0 has 


roots a, B and x? + px +q 
= 0 has roots I/a , y, then 


q. (4 — bg)’ = (Aa + 2pb)(-2p — aq) 


c. If x + ax+b=Ohas r. (1 —4by)? = (a + 2bp)( - 2p — 4aq) 
roots a, 8 and x7 + px+q 


= 0 has roots — 2/a, 7, then 
d. If 2 +ax+b=0Ohas 
roots a, B and x° + px+q 
= 0 has roots — 1/(2a), y, 
then 


s. (q¢— b) = (aq + bp) p- a) 


Solutions on page 1.83 


Integer Type f 


Sac, oh 
1. Let ‘a’ is a real number satisfying a* + — = 18. Then the 
a 


1 
value of at + —~ — 39 is. 
a 
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10. 


11. 
12. 


13. 


14. 


15. f: ROR fx)= 
16. 
17. 


18. 


19, 


5 1 
Let P(@&) = °° 6x — 9x’ and Q(y) =— 4y? + 4y + . If there 


_ exist unique pair of real numbers (x, y) such that P(x) O(y) _ 


= 20, then the value of (6x + 10y) is. 


Let P(x) =x? - 8x? + cx — d be a polynomial with real coeffi- 
cients and with ail its roots being distinct positive integers. 
Then number of possible value of ‘c’ is. — 


Let o,, B, are the roots of x*— 6x + p = 0 and a,, B, are the 
roots of x°~54x+q=0. If a, B,, a, B, form an increasing 
G.P., then sum of the digits of the value of (g — p) is. 

If the equation 2x? + 4xy + 7y? — 12x—2y + t= 0 where ‘? is 
a parameter has exactly one real solution of the form (x, y). 
Then the sum of (x + y) is equal to. 


Polynomial P(x) contains only terms of odd degree. When 
P(x) is divided by (x — 3), the remainder is 6. If P(x) is 
divided by (x? — 9), then the remainder is g(x). Then the 
value of g(2) is. 

If set of values of ‘a’ for which f(x) = ax? — (3 + 2a) x + 6, 
a# O is positive for exactly three distinct negative integral 
values of x is (c, d], then the value of (c? + 4idl) is equal 
to. — 

Given and B are the roots of the quadratic equation x? — 4x 
+k=0(k#0). If af, af? + o?B, of + & are in geometric 
progression, then the value of 74/2 equals. 

If the equation x2 + 2(A + 1)x+22+24+7=0 has only 
negative roots, then the least value of A equals. 


Let P(x) = x4 + ax? + bx? + cx + d bea polynomial such that 
P(1) = 1, P(2) = 8, P(3) = 27, P(4) = 64, then the value of 
P(5S) is divisible by prime number. 


If VV¥vx =4 \ V3x" +4, then the value of x1 is. 


Number of positive integers x for which f(x) = x? — 8x 
+ 20x — 13 is a prime number is. 


If equation x4 ~ (3m + 2)x? + m* = 0 (m > 0) has four real 
solutions which are in A.P., then the value of ‘m’ is. 


The quadratic polynomial p(x) has the following properties: 

p(x) 2 0 for all real numbers, p(1) = 0 and p(2) = 2. Find the 

value of p(3) is. 

3x° +mx+n 
x +1 

is [— 4, 3), then find the value of Im + nl is. 


. If the range of this function 


If a and b are positive numbers and each of the equations x” 
+ ax +2b=0 and x’ + 2bx + a= 0 has real roots, then the 
smallest possible value of (a + b) is. 


Suppose a, b, c are the roots of the cubic x — x? - 2 =0. 
Then the value of a? + b’ + c? is. 


Given that x? — 3x + 1 = 0, then the value of the expression 
y=x+x'+x° 4x7 is divisible by prime number. 


Suppose a, b, c € I such that greatest common divisor of 
x + ax+ band x? + bx +c is (x + 1) and the least common 


20. 


21. 


22. 


23. 


25. 


26. 


27. 


28. 


29. 


30. 


- 31. 


32. 
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multiple of x? + ax + b and x? + bx +c is (3 — 4x? + x + 6). 
Then the value of la + b + cl is equal to. 


If the roots of the cubic, x? + ax? + bx+c=0 are three con- 
2 


secutive positive integers. Then the value of “— is equal 
to. b+] 


1 | 
Hix+y+z= 12andx + y+ 2? = 96 and ea ad = 36. 
y Zz 
Then the value x? + y? + zis divisible by prime number. 


Let o and B be the solutions of the quadratic equation x?- 


1154x + 1 = 0, then the value of */q + oe is equal to. 


' -a+a- 
If a’— 4a + 1'=4, then the value of ae 
a 


is equal to. 


(a*# 1) 


The function fix) = ax’ + bx? + cx + d has three positive 
roots. If the sum of the roots of f(x) is 4, the largest possible 
integral values of c/a is. 


Let’? +y+xy+12a(x+y) Vx, ye R, then the number 
of possible integer(s) in the range of a is. 


a, b and c are all different and non-zero real numbers in 
arithmetic progression. If the roots of quadratic equation 


1 1 
ax’ + bx +c =0 are wand B such that a a+ Band o 


+ # are in geometric progression, then the value of a/c will 
be. 


All the values of k for which the quadratic polynomial f(x) 
=— 2x? + kx +k’ +5 has two distinct zeroes and only one of 
them satisfying 0 <x < 2, lie in the interval (a, b). The value 
of (a + 10b) is. 


The quadratic son x’ + mx +n=0 has roots which are 
twice those of x* + px +m =0 and m, n and p #0. > Then the 
value of il is. 


a,b,carereals such thata+b+c=3 and : + : a 
a+b b+ce cta. 
aa the value oF + b iS. 
3 +c cta atb 


Let a, b and c be real numbers which satisfy the equations 
1 —l 
a = u ,b6+— == andc+ a. = a) Ghevalue 
b 5 ac 15 ab 3 
eee is equal to. 
c-a 


If a, b, c are non-zero real numbers, then the minimum value 
4 2 4 2 4 2 
a boc 


is not divisible by prime number. 


If a, b € R such that a + b = 1 and (1 — 2ab) (a + B) 
= 12. The value of (a? + b’) is equal to. 
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33. If the cubic 2x? — 9x? + 12x +k =0 has two equal roots then 


34, Let a, b and c be distinct non zero real numbers such that 


Subjective Type 
1. Solve for x: 4*-3* “1/2 we 3etll2_92a-1 (IT-JEE, 1978) 
2. Solve for x: ./x+1—./x-1=1. (IIT-JEE, 1978) 
3. Solve the following equation for x: 2 log a+ log a 
+ 3 log. a=0,a>0. (IT-JEE, 1978) 
4. Show that the square of (,/26-15y3 )/(5V2 -)38+5¥3 ) is - 
a rational number. (IT-JEE, 1978) 
5. Find all integers x for which (5x — 1) < (x + 1)? < (7x - 3). 


10. 


11. 


bh 


12. 


maximum value of Ikl is 


1-—a@ = 1-b? 7 l-c? 


. The value of (a? + b* +c’), is 
a b c 


Solutions on page 1.86 


(IIT-JEE, 1978) 


If a, f are the roots of x? + px + g = 0 and y, 6 are the roots 
of 2+ rx +5 =0, evaluate (a — y) (a — 6) (B- y) @- 6) in 
terms of p, g, r and s. Deduce the condition that the equa- 
tion has a common root. (IIT-JEE, 1979) 


Show that for any triangle with sides a, b and c, 3(ab + be 
+ ca) <(atbt+c)y <4 (be + ca + ab), When are the first 
two expressions equal? (IT-JEE, 1979) 


Let y= (+1) (x—3))/(x-2) . Find all the real values of x 
for which y takes real values. (IIT-JEE, 1980) 


For what values of m, does the system of equations 
3x + my =m, 2x — 5y = 20 has solution satisfying the condi- 
tions x > 0, y >0. (IT-JEE, 1980) 


Find the solution set of the system 
x+2y+z=1 
2x -3y-w=2 


x20, y20,220,w20 (UT-JEE, 1980) 


Show that the equation e*"* — e*"* — 4 =0 has no real solu- 
tion. (JIT-JEE, 1982) 


nin squares of equal size are arranged to form a rectangle of 
dimension m by #, where m and » are natural numbers. Two 
square will be called ‘neighbours’ if they have exactly one 
common side. A natural is written in each square such that 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


the number written in any square is the arithmetic mean of 
the numbers written in its neighouring squares. Show that 
this is possible only if all the numbers used are equal. 


(IIT-JEE, 1982) 


If one root of the quadratic equation ax? + bx + c=0 is equal 
to the n"" power of the other, then show that 


ae | l 


(ac")""! +(a"cy"*! +b=0 (IIT-JEE, 1983) 


Find all real values of x which satisfy x? — 3x + 2 > 0 and 
x -3x-4<0. (IT-JEE, 1983) 


Solve for x: (5+2V6y" 3 +(5—26)" 3 =10 
(IIT-JEE, 1985) 


For a <0, determine all real roots of the equation 
x -2a\lx—al-3a°=0 (IIT-JEE, 1985) 


Find the set of all x for which 2x/(2x? +5x+2)>1/(x+)). 
(UT-JEE, 1987) 
Solve? pars Sikes SSO. 


(IIT-JEE, 1988) 


Let a, b, c be real. If ax? + bx + c = 0 has two real roots a 
and f, where a < —| and £ > 1, then show that 
1+£4(Pleg (IIT-JEE, 1995) 
a a 


The real numbers x,, x,, x, satisfying the equation x*~ x° 
+ bx + y = 0 are in A.P. Find the intervals in which # and y 
lie. (IT-JEE, 1996) 


Let S be a square of unit area. Consider any quadrilateral, 
which has one vertex on each side of S. If a, b, c and d 
denote the lengths of the sides of the quadrilateral, prove 
that2<@+b+c+d <4. (HIT-JEE, 1997) 


Let f(x) = Ax? + Bx + C, where A, B, C are real numbers. 
Prove that if f(x) is an integer whenever x is an integer, then 
the numbers 2A, A + B and C are all integers. Conversely, 
prove that if the number 2A, A + B and C are all integers, 
then f(x) is an integer whenever x is an integer. 

(IT-JEE, 1998) 


If a, B are the roots of ax’ + bx +c =0 (a #0) andat+6,h+6 
are the roots of Ax? + Bx + C =0 (A #0) for some constant 
6, then prove that (b? -4ac)/a?=(B?-4AC)/A?. 

(IIT-JEE, 2000) 


Let a, b, ¢ be real numbers with a # 0 and let a, # be the 


roots of the equations ax” + bx + c = 0. Express the roots of 
a’x? + abcx + c? = 0 in terms of a, f. (IIT-JEE, 2001) 
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25. If x2 + (a— b)x+(1-—a-—b)=0 where a, b ER, then find 
the walues of a for which equation has unequal real roots 
for all values of b. _ CIT-JEE, 2003) 


26. Let a and b be the roots of the equation x? ~ 10cx — 1ld= 
0 and those of x? — 10ax - 11b = 0 are c, d. Then find the 
value ofa+b+c+d,whena#béc#d. 

(IIT-JEE, 2006) 


Objective Type 
Fill in the blanks 


_ 
. 


The coefficient of x” in the polynomial (x — 1)(x — 2) 
«+(x —100) is (IIT-JEE, 1982) 


2. If 2 + iv3 is a root of the equation x? + px + q = 0, where Dp 
and g are real, then (p, g) = ( ; ). 


3. Ifthe product of the roots of the equation x? — 3kx + 2e?!"* 
—1 = Ois 7, then the roots are real for = 


4. If the quadratic equations x? + ax+b=0andx?+bx+az= 
’ 0 (a 4b) have a common root, then the numerical value of 
at+bis (IIT-JEE, 1986) 


5. Ifx<0,y<0,x+y+(x/y) = (1/2) and (x+y) (x/y)=~ (1/2), then 


x= and y = (IIT-JEE, 1982) 


6. The sum of all real roots of the equation lx — 2? + Ix — 21. 


-2=0is : (IIT-JEE, 1997) 


7. The solution of the equation log, log, (Wx4+5 4 Vx) =0 is 
(IT-JEE, 1986) 


True or false 

1. The equation 2x? + 3x + 1 =0 has an irrational root. 
(IT-JEE, 1983) 

2. Ifa<b<c<d, then the roots of the equation (x — a) (x -—c) 


+2 (x —-b) («-d) = 0 are real and distinct. 
: UIT-JEE, 1984) 


3. Ifn,,n,, ...,n, are p positive integers, whose sum is an even 
number, then the number of odd integers among them is 
odd. (UIT-JEE, 1985) 


4, If P(x) = ae + bx + c and Q(x) = —ax* + dx + c, where 
ac #0, then P(x) Q(x) = 0 has at least two real roots. 


(IIT-JEE, 1985) 


Multiple choice questions with one correct answer 


1. If 2, m, n are real / 4 m, then the roots of the equation 
d-mx-5 (+m) x-2(/-m)=Oare 


a. real and equal b. complex 


10. 


c. two equals roots 
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d. none of these 
(IT-JEE, 1979) 


c. real and unequal 


If x, y and z are real and different and u= x2 + Ay? + 92? 
— 6yz — 3zx — 2xy, then u is always 

a. non-negative b. zero 

d. none of these 


(IIT-JEE, 1979) 


¢. non-positive 


If a> 0, b> 0 and c > 0 then the roots of the équation ax? 
+bx+c=0 

a. are real and negative 

c. have negative real parts 


b. have positive real parts 
d. none of these 
(IT-JEE, 1979) 


Both the roots of the equation (x — b) & — c) + (x¥- a) (x 
—c) +(x - a) (x — b) = O are always 

a. positive b. real 
d. none of these 


(IIT-JEE, 1980) 


c. negative 


If @? + px + 1) is a factor of (ax? + bx +c), then. 
a.a+c?=—ab b. a? - c? =— ab 
d. none of these 


(IIT-JEE, 1980) 


c«@—c=ab 


The number of real solutions of the equation 
xl? - 3 kt +2 =Ois 
a.4 b. 1 c. 2 d. 0 GIT-JEE, 1982) 
Two towns A and B are 60 km apart. A school is to be built 
to serve 150 students in town A and 50 students in town B. 
If the total distance to be travelled by all 200 students is to 


be as small as possible. then the school be built at 

b. 45 km from town A 

d. 45 km from town B 
(IIT-JEE, 1982) 


a. town B 


c. town A 


The largest interval for which x'?— x? +x4-x+1>0Ois- 
b.0<x<] 
d.-x<x<0 

(IT-JEE, 1982) 


a.-4<x<0 
c. -100 < x<100 


The equation x—2/(x-1)=1—2/(x—1) has 


a. no root b. one root 


d. infinitely many roots 


(IT-JEE, 1984) 


Ifa’ +b? +c? = 1, then ab + bc + ca lies in the interval 


b. [-], 2] 
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il. 


12. 


13. 


14, 


15. 


16. 


17. 


18. 


Algebra 


(IIT-JEE, 1984) 


If a and £ are the roots of x? + px + q = 0 and a“, f* are the 
roots of x? — rx + s =0, then the equation x° — 4gx + 2q’-r 
= 0 has always 

a. one positive and one negative root 

b. two positive roots 

c. two negative roots 


d. cannot say anything (IIT-JEE, 1989) 
Let a, b, c be real numbers, a # 0. If a is a root of a*x? + bx 
+ c=0. fis the root of a*x? - bx -c =0 and0<a<f, then 
the equation a?x? + 2bx + 2c = 0 has a root » that always 
satisfies 


_atp ren :! 

a. y= ; b. ar 

Cc. y=a da<y<f 
(IIT-JEE, 1989) 


The number of solutions of the equation sin(e*) = 5* + 5 is 
a. 0 b. 1 
c. 2 d. infinitely many 


Let a, f be the roots of the equation (x — a) (x- b)=c, c #0. 
Then the roots of the equation (x ~ a) (x - 8) +c = O are 
b. b,c 

d.at+c,b+c 


(IIT-JEE, 1992) 


a.a,c 
c. a, b 


The number of points of intersection of two curves 
y =2 sin x and y = 5x? + 2x +3 is 
a. 0 b. I 


c.2- d. 1 (IT-JEE, 1994) 


If p, q, r are +ve and are in A.P., in the roots of quadratic 


equation px’ + gx +r =0 are all real for 

a. |—-7|24 V3 . b. |2-7/24,3 
P r 

c. all p and r d. no p andr 


(IIT-JEE, 1994) 


The equation /x+1—./x-1=,/4x-1 has 


a. no solution b. one solution 


d. more than two solutions 
(IT-JEE, 1997) 


c. two solutions 


If the roots of the equation x? - 2ax + a? +a—3 =O are real 
and less than 3, then 


19. 


20. 


21 


22. 


23. 


24, 


25. 


26. 


b.2 <a <3 
d.a>4 (IIT-JEE, 1999) 


aa<2 


e3<a<4 


If a and f (a < f) are the roots of the equation x* + bx +c 
= 0, where c < 0 < b, then : 


a0d<a<f ba<0<f<lal 
d.a<0<lal<f 


(HIT-JEE, 2000) 


aa<P<0 


If b >a, then the equation (x — a) (x - b) - 1 =0 has 
a. both roots in (a, b) 
b. both roots in (—00, a) 
c. both roots in (b, +00) 
d. one root in (—0, a) and the other in (b, +00) 
(IT-JEE, 2000) 


For the equation 3x° + px + 3 =0, p > 0, if one of the root is 
square of the other, then p is equal to 


a. 1/3 bel c. 3 d.2/3 = (IIT-JEE, 2000) 


Let f(x) = (1 + b?)x? + 2bx + 1 and let m(b) be the minimum 
value of f(x). As b varies, the range of m(b) is 


a. [0, 1] 
d. (0, 1] 
(IIT-JEE, 2001) 


Let a, B be the roots of x? - x + p = 0 and y, 6 be roots of x? 
-4x+q=0. Ifa, £, y, 6 are in G-P., then the integral values 
of p and q, respectively are 


a. —2, -32 b. -2, 3 c. —6, 3 d. -6, -32 
(IT-JEE, 2001) 
The set of all real numbers x for which x? — lx + 21+ x > Ois 


b. (—2, -V2) U (V2, ©) 
d. (/2,<) 


a. (—00, —2) 


c. (-00, -1) UCI, ©) 
(UT-JEE, 2002) 


If f(x) =x? + 2bx + 2c? and g(x) =—x? — 2ex + b’ are such that 
min f(x) > max g(x), then the relation between b and c is 


b.0<c<b/2 
d. Icl > IbIV2 


a. no relation 


c. Icl < Iblv2 (IIT-JEE, 2003) 


For all x, x? + 2ax + 10 —- 3a > 0, then the interval in which 
a lies is 
aca<-—5 b.-5 <a<2 
ca>5 d.2<a<5 
(IIT-JEE, 2004) 
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27. If one root is square of the other root of the equationx’+px 33. Leta and Bbe the roots of x? - 6x — 2 = 0, with a> B. If a, 


+q= O, then the relation between p and g is 2h Stfotn S41 hen ine vaueeE yy — 2Ug ig 
a. p? — q3p-1)+q=0 eS 
a. 1 b. 2 c. 3 d. 4 
b. pp? — 9 Bp +1)+q=0 : (IIT-JEE, 2011) 


ss _ 2. 
CF eee oak) ead Multiple choice questions with one or more than one correct 


d.p?+qG3pt+l+q=0 (IIT-JEE, 2004) answer 


1. For real x, then function (x-a) (x—-b)/(x—c) will assume all 
real values provided 
and A = b’ — 4ac. Ifa + f, a? + f°, a + Bare in G.P. Then has hee b.a<b<c 


28. Let a, # be the roots of the quadratic equation ax? + bx +c =0 


eRe G ‘bens ee dech =0 ca>c>b d.a<c<b (IIT-JEE, 1984) 


(IIT-JEE, 2005) : . 
2. If Sis the set of all real x such that (2x-1)/(2x7+3x?+x) is 


F . positive, then S contains 
29. Let a, b, c be the sides of a triangle, where a # b#c and A 


e R. If the roots of the equation x7 + 2(a+ b+ c)x + 3/1 (ab ma [3] b. [-3.- 1) 
+ bc + ca) = 0 are real. Then 2 4 
4 5 11 1 
a. Ass b. ae c. (-+.4) d. (33) 
a ie( ‘ 2 d. ae( 4 : (IIT-JEE, 2006) e. none of these (IIT-JEE, 1986 ) 
eae 
30. Let a, B be the roots of the equation x° — px + r = 0 and oe WEDS eaabon yes " t=N2 has 
a/2,2B be the roots of the equation x? - gx + r= 0. Then a. at least one real solution 
the value of ris b. exactly three solutions 
2 2. c. exactly one irrational solution 
Be PO GaP): Rea pyr rd) d. complex roots (IIT-JEE, 1989) 


2 2 
c. ~ @-2py@q-p) 4. — @p-q)@q-p) : ; 
9 9 Assertion and reasoning 


(IT-JEE, 2007) 1. Let a, b,c. p. g be real numbers. Suppose «a, / are the roots 
of the equation x* + 2px + q =0 and I/f, are the roots of the 
equation ax*+ 2bx +c =0, where f? ¢ {-1, 0, 1}. 


= 


31. Let p and q be real numbers such that p # 0, p? # q and p 
#~q. If wand f are non-zero complex numbers satisfying 
and a@ + B=-—p and of + # = gq, then a quadratic equation Statement 1: (p? — q) (b? — ac) > 0 


having o/B and B/a as its roots is Statement 2: b # pa or c# ga 


a. Statement | is true, statement 2 is true; statement 2 is a 


a. (p +q)x’ —(p' +2q)x+(p +q)=0 
correct explanation for statement 1. 


b. (p +q)x -(p -2qg)x+(p'+q)=90 b. Statement I is true, statement 2 is true; statement 2 is not 


a) ; 3 a correct explanation for statement |. 
c. (p’ —q)x —(Sp’ —2q)x+(p —q)=0 
c. Statement 1 is true, statement 2 is false. 


d. (p'—g)x’ —(Sp* +2q)x+(p* —q) =0 d. Statement | is false, statement 2 is true. 
(1iT-JEE, 2010) (IIT-JEE, 2008) 
32. A value of b for which the equations x7 + bx — |} =0, x7 +x 
+b =Q have one root in common is 
Integer type 
a, —V2 b. -iv3 c. V2 - d. V3 


1. The number of distinct real roots of x* — 4x? + 12x7 + x«- 1 
(IT-JEE, 2011) =Ois. (IT-JEE, 2011) 
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Subjective Type [amma eee a From (4) and (5), (q? +p? +¢? )/(ab+be+ca) can never lie in (co, 
: : cig Sele ab ee® ob ite, retest YU l4, 00), 
1. Let, : 
4. Let a, B be the root of a quadratic and a2, P be the roots of 
( a Pees “f. raked 4p? = 4 another quadratic. Since the quadratics remain same, we have 
and. at+p=at+ KP (1) 
(Vx? 5x46 -Jx? 5p 44)" =p of = aif? (2) 
We have, Now, 
at4 z z ap = aif 
A+B=24 =2x24 and AB=22 = af (1-af)=0 
Therefore, : => a=Oorf=0 or af=1 
(A-BY =(4+ BY ~44B Case I: 
<pkapa casi at When a = 0, from (1), 
atpra+e 
=> A=B => p=P 
Since powers in A and B are same, either the power is uel to 1-B)=0 
zero or the bases are the same. Hence, oh R= 
ie => £=0orf=l 
x= Oor vx" —Sx+6 +x? Sx +4 Thus, we get two sets of values of a and 8, viz., a = 0, B=Oanda 
=x? -5x+6~-Vx? 5x44 =0,f=1 
‘ ; Case II: 
=> x=Oor Vx°-5x+4=0 When f = 0, from (1), 
=> x=Oorx=4orl at+Pp=atf 
2. Suppose one root of the equation is w + iv, then the other root aos 
; > a=a 
would be u ~ iv. Hence, 
: : ; => a(l-a=0 
Se a ea (1) => a=0 or a=1 
@-a)tiv @-b)tiv U-h)tiv Thus, we get two sets of values of a and f, viz.,a@=0, 8 =0 and a 
and me 
9 Case III: 
A B? H? 
— + eet —= (2) When of = 1, from (1), 
U-a)-iv u-b)-iv (-h)-iv a+B=al+ PK 
From (1) ~ (2), we get : 
a | ; : => ata? ++ eae ard 
-  @ a 
iv Z + as tet = =0 
(u-a) +v? (u-by +v? “W-h) +v? 1 1/ 
=> @+t—= [a + ;) 2 
This is possible only when v = 0, and for this case there is no a 
imaginary root \ 1 1 
3. Given,a#b#c,a,b,ce R. Now, = (a+4) -[a1}-2=0 
ax’ + bx+c>0 
= b—4ac <0anda>0 (1) => y'—y~-2=0, where seston a 
bet+ext+az0 
> 0-2O+)=0 
=> c'-4ab<0andb>0 (2) => y=2 of y=-1 
cx? +ax+b2>0 
Now, 
=> @-4bce<0andc>0 (3) y=2 
Equality cannot hold simultaneously in (1), (2) and (3). 1 
pee aa => Coos 
<_< (4) 
ab+bct+ca => a=l 
Now, Similarly, 
(a— bY + (b-cP + (c—aP >0(- a,b, care distinct) ana 
1 
Day 2) 2 om. 
a+b’ +e (5) > ers 1 


——_—_> 
ab+bc+ca 
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~1+i V3 
fat 2 


=,” (where @, @ are cube roots of unity. 


See in Chapter 3 for more details) 


When. 
a=lap=1>f=1 
When 
1 : 
=, af=1 See | 
a=o,0p=1> 8 one 
When 
a=, oB=1> P= — =a 


Thus, when af=1, we get two sets of values of a and £, viz., 
a=1,P=1,a=0,P=0’. 

Hence, there are four sets of values of a and f, viz. a = 0, 

f=0;a=1,8=0;a=1, f=1 anda=a, f = w’. Consequently, 

there are four quadratic equations, which do not change by squaring 

their roots. 


5. The given equation is x’ — px -(p +c) =0. 


a + B=p, ob =—(p +o) 


So, 

(a+1) G+) 

=af+(at+f)+1 

=-(pt+c)t+ptl 

=l-c (1) 
Now, 


a +2a+1 , B'+2B +1 

a? t+2atc B?+2Bt+e 
ED Bay 
(atl) -(l-c) (B+1)?-(-c) 


= (a +1)" 4 (B+1)" 
(atl? -(@tI(B+h) (B+)? -(@tl(B+) 
[Using (1)] 
= atl | B+l _ (@+1)-(B +h) _ 


a-B B-a a—B 


6. Since a, f are the roots of equation ax’ + bx + c = 0, therefore, 


1 


aa’ +ba+c=0 
af’ +bB+c=0 
c 


eepsa2 ops" 
a a 


Given, S, =a" + B'. Now, 

aS,,, + bS, +S, 

= ala"! + B'!) + b(a" + B") + cat! + Br) 

=a"! (aa? + bat c)+ B" (af? + bB +c) 

=a"!x0+f"'x0 

=0 
LA poke (1) 
a a 
Putting n = 4 in (1), we get 

b 


Rereg, G es 
a a 


Snai=r 
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= -2(-25,-£s,}-s, [From (1), when n = 3] 
a a a 


__ b(b* -2ac) _b ?  2¢ a b? —ac c{_b 
= A 3 z al hea 
[- S,=a@ +P =(a+ py — 2af and S,=a+B= 22s 
a 
(b? —ac)be 


4 
a 


=- 2 (b —2ac) + 
a 


7. 4x°4+42x-1=0 
1 1 
a+ B=-—,a0B=-— 
B 2 B 4 (1) 


Also, 4a? + 2a - 1 = 0 as a is a root, and we. have to prove that 
B= 403 - 3a. Now, 
403 - 3a = 40? a-3a 
=a(1-2a) -3a 
=-20? - 2a 


12 
=-—[4a°+4a 
aL ] 


I 
=-—[l-2a+4a 
al ] 


1 I 
=- -(1+2a)=---a=B 
2 | 2 


Now, 


a+B=-> [From (1)] 


Hence, the other root £ is 4a° — 3a. 

8. The given equation can be written as (ay + a’)x? + (by + b’)x 
+ (cy +c’) =0. Since roots are rational, therefore, D is a perfect 
square. Hence, (by + b’)? - 4(ay + a’) (cy +c’) is a perfect square. 
That is, y*(b? - 4ac) + [2bb’ - 4(ac’ + a’c)] y + (6? - 4a’c’) isa 
perfect square. In other words, the roots of the above equation 
are equal so that D = 0. 


[2bb’ — 4(ac’ + a’c))? — 4(B — 4ac) (b? - 4a’c’) = 0 
On simplifying, we get the required result. 
9. Given roots are real and distinct. So, 
@-4b>03b<a/4 (1) 
Again a and f differ by a quantity less than c (c > 0). Hence, 
la-Bl<cor(a-By <c? , 
=> (at+fy-4aB<c? 
=> a&-4b<c? 


<b : (2) 


[From (1) and (2)} 
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10. Given ax? + bx + ¢ = 0 has real and positive roots. Then, 


b&-4ac>0 (1) 
Surn of roots is 
—bla > 0 or bla <0 (2) 


‘ie., aand b have opposite signs. 
Product of root is 
cla>0 (3) 
ie., @and c have same sign. 
Now, for equation a’x? + a(3b - 2c)x + (2b - c)(b —c) +.ac = 0, 
we have 
, D =a°(3b — 2c)? — 4a°{(2b - c) (b —c) +. ac] 
= @[9b? ~ 12be + 4c? — 4(2b? - 3bc + C2 + ac)] 
= @ (9b? — 12be + 4c? — 8b? + 12be — 4c? ~ 4ac] 
= a(b* — 4ac) >0 [Using (1)] 
Hence, the roots are real. Also, sum of roots, 
~a(3b-2c) _ & *:) . 


7 - {Using (2) and (3)} 
aoa 


a 


_ Product of roots, 


(2b-e(b~e)+ac -(22-£|(2-<) £59 


2 (Using 
a 


m (2) and (3)] 


Hence, the roots are positive. 


[2 
ce a2 aes p ne 
2 
Since p = 2 does not give the integral roots, so D must be a perfect 
square of an odd integer, i.e., 
D? = p* + 1776p = p(p + 1776) 
Since D is perfect square, hence p + 1776 must be a multiple of D, 
i.e., 1776 must be a multiple of p. Now, 1776 = 2! x 3 x 37 hence p 
= 2 or 3 or 37. 
(i) Ifp = 2, then p(p + 1776) = 2(3 + 1776) = 3556 =4x7x 
127, which is not a perfect square. 
(ii) If p = 3, then p(p + 1776) = 3(3 + 1776) = 5337, which is 
not a perfect square as its last digit is 7. 
(iii) If p = 37, then p(p + 1776) = 37(37 + 1776) = 37?x 72, which 
is odd. Hence, p = 37. 


12. Consider the equation 
ax’ + bx+c=0 
Since the roots are rational, discriminant of the given quadratic 
equation will be a perfect square. Hence, 
bP -4ac=PR,iel 
=> b&-/=4ac > (b+) (b-A) = 4ac 
Then, we have the following possibilities: 
b+iA=2a,b-1=2c 
b+A=2¢,b-)=2a 
b+A=-2a,b-l=-2c 
b+1=-2c,b-1=-2a 
(as 6 + A and b — A both should be even) 


Puy 


Solving the above cases, we get 

b=2(at+c),A=+(a-c) 
Hence, the roots are —(b—A)/2a. Clearly, one of the roots is ~1/2 
(put the value of / and simplify to get —1/2). 


13. We are given that (2x + y)(x — 2y) = 7. Since x and y are to be 
integers, hence, L.H.S. is the product of two integers and R.H.S. 


is also the product of two integers, viz, 7 and 1, or 1 and 7, or -7 
. and —1, or —-] and ~7. Hence, we can choose 


2x+y=7andx-2y=1 _ 
2x+y=landx-2y=7 (2) 
2x+y=-7andx-2y=-1 _ @) 
2x +y=-l andx-2y=-7 (4) 


’ Solving them as usual we find only (1) and (3) give integral solu- 
tions as 3, 1 for (1) and -3, —1 for (3). Both (2) and (4) when solved 
do not give integral values of x and y. 


14. Given ax? + bx + c - p = 0 has integral roots. Let a, B be the 
roots. Then, 


ax + bx+c0-p=al(x—a) (x- p) (1) 
Now from ax? + bx + c = 2p, we have 

ae+bx+c-p=p 
=> ax-a)(x-f=p [Using (1)] 
In above equation, L.H.S. has three factors but R.H.S. is prime 


number, which is contradiction. Hence, ax? + be +¢= 2p cannot 
have integral roots. 


15. Given expression is (x+a)(x+b)/(x+c). Letx+e= y. Then, 


(xtalxtb) _ (yt(a-c)(y+(b-c)) 
(x+c) 7 


_ ¥ +(a-c)+(b-c)lyHa-c)(b-c) 
x 


+(a-c)+(b-c) 


| [==] il jaceHozey 
>| Ja-c+ b=] 


2 
Hence, the least value is [ Va=c + b= | F 


ey 2 OUse) 
y 


16. Let 
t=x+yx?+b? (1) 
p? 
=> xt? —xa— (2) 
t 
b? 
2x =t-— [Subtracting (2) from (1)] 
t 
1f2—p 
ee 
a 2{ ft 
Now, 
y=2(a-x)t 


= (2at—f£ + b’) 
=b-(P-2at+ aa?) 
=@+bh—-(t-ay 

> yse?+h? 


downloaded from jeemain.guru 


17. fOD=4,f-l=-l+b-c+d 
= d= oddand-1+b-—c+d=odd 
=> b-—c=l1i+odd-d : 
=(1 + odd) — (odd) = even — odd = odd : (1) 
Thus, both d and b — ¢c are odd. 
If possib]e let the three roots a, f, y be all integers. Now, 


d 
asy =- lie —d = negative odd integer (2) 


=> a, f; y are three integers whose product is odd 
=> a,f, yall are odd 
Again 

a+ #+y=-band af + fyt+ay=c (3) 
=>  bandc both will be odd 
= (b—c) will be even which contradicts with (1) 
Hence, the three roots cannot be all integers. 

18. We have, 

kl<ta>-a<x<+a 

Therefore, the given inequality implies 
x thet] 
er hai Ww) 


Now, x? +.x+1=(x+1/x)? +(374) is positive for all values of x. 
Multiplying (1) by x? + x + 1, we get 
207 +x4+ 1) <P thkr+1< 2024x411) 
This yields two inequalities, viz., 
3x2 + (2+ k)x+3>0 
and 
P+ (2-k)xt+1>O0 | 
For these quadratic expressions to be positive for all values of x, 
their discriminants must be negative. Hence, 
(2+ k) — 36 <0 and (2-k?-4<0 (2) 
=> (k+8)(k-4)<Oandk(k-4) <0 (3) 
=> ~6<k<4and0<k<4 
For both these conditions to be satisfied, 0 < k < 4. 
19. Given equation is 


ya(2* -2)+1=1-2" (1) 
=> ya(y—2)+1=1—y, where y=2'>0 (2) 
=> ay-2)+1l=(l-y/l=1-2y+y 
=> y-(2+a)y+2a=0 
/ 2 
= yee es (2+a)° -8a 
2 
_ 2ta—(2-a) © 
7 2 


y = 2 does not satisfy Eq. (2) because in that case R.H.S. of Eq. (2) 
is negative and L.H.S. is positive. When y = a, from (2), 


Ja(a-2)+1=l-a 


= y(a-l) =1-aorla-ll=1-a 
=> a-1<0>a4<1 
=> 0<a<l [- y>0] 


2,a 
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Now, 
yra>2=a>x= log, a, 
where 0 <a <1. When a > 1, given equation has no solution. 
20. Case I: 
Suppose x >a. Then the given equation becomes 
x? -2a (x-a)- 3a? =0 
=> x-2ax-a=0 


+ 
y= tte =(+2)a 


Asa<0Oand 1 +/2> 1, so(1 +V2)a<a, therefore x # (1 Pa ph a. 
Next, as 1 ee l,so(1 Sad) a> a, therefore x = (1 -— V2)a. 


Case II: 


Suppose x < a. Then the given equation becomes 
x*- 2a (a—x)-3a?=0 » 
=> +2ar-5a=0 


=> yaa 1 Ba 


Asa<0,-1-~6 <0 <1, 90 (1 ~ V6)a > a, therefore 
x#(-1 - V6)a (x < a). Next, asa<0,-1+6> 1 and 
Cl+ V6)a <a, therefore, x = (-1 + V6)a = (V6 -la. 
21. Given equation is 
2- 10x? - 1lx- 100=0 
Let 
Sx) = x8 - 10x? — 11x - 100 
=> f(x) = 3x°- 20x - 11 
For 3x? — 20x - 11 = 0, we have 


pw 20-V400+132 _ 10-133 
6 3 


Hence, graph of y = f(x) is 


10 + ¥133 


Fig. 1.68 


Now, (10+ J133)/3=7.16. 
8) =8 - 10(8)? — 11(8) - 100 <0 
FQ) =9 - 109) - 11(9)- 100 <0 
f10) = 10° - 10010) — 11(10) - 100 <0 
fl) = 113 - 10(11)? - 11(1 1) — 100 <0 
fU12) = 12? — 10(12)? — 11112) ~ 100 > 0 
=> ye (11,12) 
=> [fy] =11 
22. Given, 
4-4-8 +a=0 
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Let, 

Fx) = 4-4 - 8x? 
=> f(x) =40- 12° - 16x = 4x0? - 3x -4) = 4400-4 4+ 1) 
Hence, graph of y = f(x) is 


(4, 128) 
Fig. 1.69 


Now, graph of y = f(x) + a moves up or down depending on values 
of a. It is clear that if equation f(x) + a = 0 has four real roots, then 
0<a<3. 


Objective Type 


‘1. b. Given, 
8 2=2F 4218 
Cubing both sides, we get 
(x — 2) =2?+24+3 x 2% x 2'3 (x- 2) =6+ 6(x — 2) 
or 
0 - 6x + 12x-8 =-6+ 6x 
eC - 6x + 6x =2 
2. a. Let, 
fa y, 2) =x + 4y? + 32 - 2x - 12y - 624+ 14 
=(x- 1) + (2y- 3) + 3(z- 1) +1 
For the least value of f(x, y, 2), 
x-1=0.2y-3=Oandz-1=0 
xe hVes/2;751 
Hence the least value of f(x, v, z) is (1, 3/2, 1) = 1. 
3. c. Let m be a positive integer for which 
nv+96=m 
=> m-n’=9 > (m+n)\(m-n)=96 
=> (m+n) {(n+n)-—2n} = 96 
= m+nandm-—n must be both even 
As 96 = 2 x 48 or 4 x 24 or 6 x 16 or 8 x 12, hence, number of 
solutions is 4. 
4.4. fi y)=Q-27% 4+(—-1P = 
=> x=2andy=1 


_ (2-1 +4V2 2 41 _ V2 +1 


E 
Dale V2(/2+1) V2 
5.¢c. We have, 
lx? -— 3x} + 2=0 


=> (a-1)(d-2)=0 
> kWh=[,2>5x=+1,+2 
6. c. Clearly, x =—1 satisfies the equation. 
7. d. Given equation is satisfied by x = 1, 2, 3. But for x = 1, Dee 


is not defined. Hence, number of roots is 2 and the roots are x = 
2 and 3. 


U 
8.c. As A + 1)x? +2 =Ax + 3 has only one solution, so 
D=0 


=> F-40441) Cl=0 

=> 474+444+4=0 

=> d+2yr=0 

. A=—2 

9. a. Given quadratic expression is x° + 2(a + b + c)x + 3(be + ca 
+ ab). this quadratic expression will be a perfect square if the 
discriminant of its corresponding equation is zero. Hence, 
4(a+b+cyY—-4x 3(be + cat+ab)=0 


=> (at+bt+cy-3(bc+ca+ab)=0 

=> @+b4+c+2ab+2bc + 2ca -3(be+catab)=0 

=> @+b+c-ab be-—ca=0 

=> 2a? + 2b? +2c? —2ab — 2be - 2ca] = 0 

=> AG +b? —2ab)+(b? +c? —2bc)+(c? +a” -2ca)]=0 
1 F 5 5 

=> pe Bere) dae 


which is possible only when (a — b)? = 0, (b - c)’ = 0 and 

(c-ay=0,ie.,a=b=c. 
10. c. If one root is square of the other root of the equation ax? + bx 

+c=0, then 
B=0 > 0 +a=-bla and a’a=cla 

By eliminating a, we get 
b3 + ac? + ac = 3abe 

which can be written in the form a(c — b)} = c(a — b)*. 

Alternative solution: 

Let the roots be 2 and 4. Then the equation is x* —- 6x + 8 =0. 

Here obviously, 


14. 14° 
—x— 


xX =——_ =—x =7 


c 8 2.2 2 
which is given by (a — b)} = 7°. 
11. a. Given that x° + px + 1 is a factor of ax? + bx +c. Then let ax? 
+ bx+c= (x? + px + 1) (ax +4), where 4 is a constant. Then 
equating the coefficients of like powers of x on both sides, we 


get 
O=apt+da,b=pAta,c=A 
A c 
> ps-—=-- 
a a 
Hence, 
b=(-£)e+a 
a 
or 
ab=ae-¢ 
12. a. Put x° + x = y, so that Eq. (1) becomes 
(y — 2) (y— 3) = 12 


=> y-Sy-6=0 
> 0-60+)D=05y)y=6,-1 
When y = 6, we get 

xvr+x-6=0 
=> (¢+3)a-2)=O0orx=-3,2 
When y =—1, we get 

wePt+xt+1=0 


which has non-real roots and sum of roots is —1. 
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13. b. Given, 
(a2 +c)yt(a’r+c)=0 
or 
(ay ta’)+(cyt+c’)=0. 


If x is rational, then the discriminant of the above equation must be 


a perfect square. Hence, 
0-4 (ay +a’) (cy +c’) must be a perfect square 


=> —acy? —(ac’ +a’c) y—a’c’ must be a perfect square 
= (ac +a’c)-4aca'c’ =0 [' D=0] 
= (ac’—a’cY=0 
=> ac=ac 
a c 
a 


14, d. Let the four numbers in A.P. be p=a-3d,q=a-d,r=at 

d,s = a+ 3d. Therefore, 
p+q=2,r+s=18 

Given that pg =A, rs = B. 
ptqtrt+s=4a=20 

=> a=5 

Now, 
ptqz=2=>10-4d=2 
r+s=18>10+4d=18 


d=2 
Hence, the numbers are —1, 3, 7, 11. 
pq=A=-3,rs=B=717 


15. d. Here, x = 0 is not a root. Divide both the numerator and denomi- 
nator by x and put x + 3/x = y to obtain 
—+——=-= =—-5,3 
yt] y- 5 2 
x + 3/x =—-5 has two irrational roots and x + 3/ x = 3 has i imagi- 
nary roots. 
16. c. Clearly, x = 2 is a root of the equation and imaginary roots 
always occur in pairs. Therefore, the other root is also real. 
17. c. Given, a, f are roots of equation 


x? -2x+3=0 
= a-2a+3=0 2 qd) 
and 
#28 +3=0 (2) 
=>@=2a-3>5@=20 -3a 
= (20? - 3a) - 3a? + 5a-2 


=-@+2a-2=3-2=1, 
Similarly, we have Q = 2. 


[Using (1)] 


Now, sum of roots is 3 and product of roots is 2. Hence, the 
required equation is x° - 3x + 2 =0. 

18. c. Since a, f are the roots of the equation 2x? — 35x + 2 = 0, there- 
fore, 


Io? — 35a = -2 or 2a —35 = 
; a 


2 or 28 — 35 ae 


(ZF) 


2p? - 358 = 


Now, 


(2a - 35) (28 - 35)° = 
7 8x8 2 64 _ 
7 of B° 1 


(0B = 1): 
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19. c. Here a, b, c are positive. So, 


lnj=-b + Vb? +ac 


Hence, x has two real values, neglecting Ll = — 


- Jb? +ac, as 
Id >0. 


20. a. Since p(g — r) + g(r — p) + r(p — gq) = 0, so one root is | and the 
other root is r(p — q)/[p(q —r)}. Since both the roots are equal, 
we have 


PTE 27 
Pq-pr 

rp —rq=pq-pr 
2rp=q(ptn) 

2 Ptr Vad. 


Y ¥ 


21. d. We are given that p(-a) = a and p(a) = — 
[since when a polynomial f(x) is divided by x - a, remainder is 
f (a)]. Let the remainder, when p(x) is divided by x° — a’, be Ax 


+B. Then, 

P(x) = O(a) (2? — a?) + Ax + B : (1) 
where Q(x) is the quotient. Putting x = a and —a in (1), we get 

p(a)=0+Aa+B=>-a=Aa+B (2) 
and 

p(-a)=0-aA+B=>a=-aA+B (3) 
Solving (2) and (3), we get 

B=OandA=-1 


Hence, the required remainder is —x. 
22. a.x? +ax+b+1=0 has positive integral roots a and f. Hence, 
(a+ $)=-aand af=b+1 
(a+ BP +(@p-1l~a=0?+h? 
C+ b=(0 + 1) (6 41). 
a +b’ can be equal t to 50 (since other options have prime 
numbers) 


y 


uy 


(31+8V15)" 3 +1=(32+8VI5)" > 
= (31+8yi5)" 3413 =(324+8V15)" ? 


=> -3=lorx=+2[- a" +b" =(a+b)") 


23. b. 


24.c. ae+c=-ba,aa+b =< 
a 
Hence, the given expression is 
b b(b° — 2ac) 
(a? n B’) Zs ( : 
ac 
25. a. We have, 
X,x,=4 
4 
=> 41> 
x 
M4 > 
-1 x, -l 
= 
x X, 
> + a 
x—1 Se 
xy 
x, 4 
= = 
x-l 4-x, 
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=> 4x, -xi + 4x,-4=2@, - 1) 4-x)) 
=> x/-2x,+4=0 
=> %x-2x+4=0 
The discriminants of the given equations are D, =a + 12b, D, 
= c?— 4b and D, = d* - 8b. 
v. D.+D,+D,=@+0C+#£>0 
Hence, at least one of D,, D,, D, is non-negative. Therefore, the 
eqquation has at least two real roots. 
27.d. a, f are roots of x’ + px + q = 0. Hence, 
at+B=-p 
oB = 4 
Now, 
a’, B* are roots x? — px + q = 0. Hence, 
a+ Bar, opt=q 
Now, for equation x? — 4gx + 2q? — r = 0, product of roots is 
2g? — r = 2(af)? ~ (a + Bi) 
= -(a? - PY 
<0 
As product of roots is negative, so the roots must be real. 
28. b.x4 +2? 4+1=07? 412-2 
=(?+x4+1)0?-x+1) 
eae) s 
wV+xt1 =| x+—] +-40 Vx 
ey 4 ; 
Therefore, we can cancel this factor and we get 
(a- 1)? -x4+ 1D) = (a+ IGP -x +1) 
or 
x -ax+1=0 
It has real and distinct roots if D = a? -4>0. 
29. b. Let D, and D, be discriminants of x? + b,x + c, = 0 and x? + b,x 
+c, = 0, respectively. Then, 
D, + D, = b} — 4c, +b} - 4c, 
= (b} + b3) - A(c, +¢,) 
= b? + b? - 25,6, [- b, b, = 2c, +¢,)] 
=(b,-b,Y 20 
= D,20o0rD,20orD, and D, both are positive 
Hence, at least one of the equations has real roots. 
30.c.. Discriminant D = (2m — 1)? —- 4(m — 2)m = 4m + 1 must be 
perfect square. Hence, 
4m+1=R, say for some ke I 
(kK -Ik +1) 
4 
Clearly, & must be odd. Let k = 2n + 1. 


m= a =an(in+l1)nel 
Sle. Az=alb-c)(at+b+c) 
B=b(c-a)(at+b+c) 
C=cla-b)(at+b+c) 
Now, ; 
Ax’ + Bx+C=0 
= (at+b+c) {adb-c)x + b(c-—a)x+c(a—b)} =0 
Given that roots are equal. Hence, 
D=0 
b*(c — ay — 4ac(b — c)(a — b) = 0 
b’c? — 2ab’c + b’a® — 4a’be + 4acb? + 4a’? - 4abc? = 0 
bc? + ba + 4a°c? + 2ab’c — 4a*be — 4abc? = 0 


=> m= 


Ulu 


=> (bc+ab-2acyr=0 
=> bcet+ab=2ac 
1 1 2 
= Spo 
aceob 
=> a,b,careinHP. 


32. b. Correct equation is 


+ 13x+q=0 (1) 
Incorrect equation is , 
x+17x+q=0 (2) 


’ Given that roots of Eq. (1) are -2 and -15. Therefore, product of 
the roots of incorrect equation is g = (—2) (-15) = 30. From (1), the 
correct equation is 

x + 13x+30=0 
x =-3,-10 

33. b. Given, 
a(p + q)? + 2bpq +c =0 and alp +r)? + 2bpr+c=0 
= q and r satisfy the equation a(p + x)? + 2bpx +c =0 
= qandrare the roots of _ 
ax? + 2(ap + bp)x+c+ap2=0 


2 
cta c 
=> qr=product of roots = ae Pp ti 
a a 


34. b. Multiplying the given equation by c/a’, we get 


bce? 
— 7 x* —-—-x+c=0 
a 


iS) 
Q 


a 
“ 
=> o{ 95] -of E)rtemo 
a a’ fy 
> Pe em 0,8 
a 


=> (at+Pafx=a,B 
l l 


(at Ba’ (a+ BB 


35. c. Since @ is root of all equations 
aa’ + 2ba+c=0 
2ba? +ca+a=0 
ca +aa+2b=0 
Adding we get (a+ 2b+c)(a@+a+1)=0 
a+2b+c#0 as a,b,c>0 
=> owt+at+1=0 or @&+a=-l 
36. a. Given equation is 
VY-+4x+y—4y4+16=0 
Since x is real, so, 
D=0 
(+ 4)? - 467 - 4y + 16) >0 
—3y? + 24y - 48 >0 
y? - 8y + 16 <0 
(y-4)? <0 
y-4=0 
y=4 


VueuuTUS 


Since the equation is symmetric in x and y, therefore x = 4 only. 
37. a. a, B are roots of ax? + bx + c = 0. Hence, 


a+p= 2 () 
a 
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c 
aof=— — (2) 
a 
a2, £ are roots of a?x? + b’x + c? = 0. Hence, 
bY? 
a? +P=- @) 
a 
2 
c . 
2h? = 4 
a (4) 


Now, from (3), 
2 


b 
(a Be a 


2 _p2 
-(ajard 


a a a 
Bb? 2 

=> ar med 
a a 


=> b% =ac>a,b.careinGP. 
38. c. We have, 


+ + 
k+l kt+2_ 6b (1) 
k k+l] a 
and 
k+l kt+2_c¢ 
kK k+l a 
+ 2 = 
aaa ie ek © or k= ced (2) 
k a ki oa a c-a 
Now, eliminate k. Putting the value of k in Eq. (1), we get 
cta, 2c __o 


2a cta a 
=> (c+a)+4ac=-2b (atc) 
=> (at+cy’+2b(at+c)=—4ac 
Adding 0’ to both sides, we have 
(a+b+cy=b -4ac 
39. c. We have, 


b 
a+ B=-—,ap=< 
a a 


ath+Bprh 2-1 (ath) (B+h) == 
p P 


> aepeones2 
> Pap 2 a8 eae” 
a Pp a 


40. a. Given, a, £ are roots of the equation (x — a)(x — b) +c =0. 

Then, by factor theorem, 

(x- a) (x«—- b) + c= - a) (x- f) 

Replacing x by x —c, 
(x-c-a)(e-c—b)+c=(-c-a)(a-c-f) 
=>(x-c-a)(«-c-f)-c=[x-(c+a@] x-(c+)] 

Then, again by factor theorem roots of the equation (x — c — a) 

(x-c-fB)-c=Oarea+candb+c. 

41. b. ar -bx+c=0 
c 


b 
atfp =—,ap=— 
a a 
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Also, 
(at+cy) = by 
=> Cy--(bP-2ac)jy+@= 


cy by c 

» (Sele 
a a a 

=> (off yY-(@+P)y+1=0 

> y= (e+ fy +a%H2=0 

=> (-@)Q-f)=0 

Hence the roots are a, 8°. 


42. c. Let the roots be a, f. 
a+fB=-2a and of=b 


la- Bl<2m 
=> la-fP<Qmy 
=> (a+ BY -4ab <4m? 
=> 4a*-4b<4m? 
=> @-—m <band discriminant D> 0 or 4a? - 4b >0 
=> @-msbanddb<a@ 
Hence, b € [a? — m?, a’). 
43. c. Let roots of the equation ax’ + 2bx + c =0 be a and # and roots 
of the equation px? + 2gx + r =0 be y and 0. Given, 


oY . oP 
— 3S 505 — FE 
B 6 y 6 
= atB_ {oB 
y+6 0%) 
2b fe 
—4@ = [a4 
re ee le 
P Pp 
2 2 
ei 
ac pr 


44. a. Let a and a? be the roots of x? — x —k = 0. Then, 
a+o@=landa=—k 
(-k)'8 4 (-ky? =1 
kB 4 PR =] 
(23 — kp = 1 
= k-3k (9 -k'9) = 1 
RP-k-3kQ)=1 
k-4k-1=0 
=> k=2+ V5 
_ 45. d. Here. 
aot =e + PP - 20° 
= ((a+ BY — 2af}? — 2(apy 


fy. a 
2 

fe of 
[> *) 2p" 


1 
4442 
. 2p" 


YUU HUY 


s [rp] sae Vea 
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Thus, the minimum value of a? + f* is 2 + V2 : 


46. b. We have, 
-1+,/1- 4a?(1—a?) 
ae 2a’ 
_ -1£(2a’ -1) 
7 2a? 
1 2 
=l- ie or — a 
1 
> B’ = 
: a 


47, A,,, =arl+ pm 
=a"! + a'B+ BM! + aB"— atB - af" 
= a" (a + B) + PXB + a) ~ aB(a' + Br") 
= a" (a+ B) + PUB + a) — afla™' + Br) 
= (a+ B) (a! + Bt) ~ afar"! +f") 
=aA ~bA__, 
48. a. Let a be the root of x? — x + m= 0 and 2a be the root of x2 — 3x 
+ 2m =0. Then, 
of —a+m=O0 and 40? - 6a + 2m=0 
Eliminating a, m? =—2m > m=0, m=-2 
49. a. By observation x = —2 satisfies equation x? + 3x2 + 3x+2=0 
then we have (x + 2)(+x+1)=0 , 
x? +x+1=0 has non-real roots. 
Since non-real roots occur in conjugate pair, x? + x + 1=0 and 
ax? + bx + c = 0 are identical 
=> a=b=c 
50. b. Given equations are 
_x+ax+1=0 


or 
xt+aer+x=0 (1) 
and 
M+ar+1=0 (2) 
From (1) — (2), we get x = 1. Thus, x = 1 is the common roots. 
Hence, 


1l+a+1=0>a=-2 
Sta. x=3/7 43/49 
=> 8=7449+ 307 Y49(47 +349) =56421x 
=> x-21x-56=0 
Therefore, the product of roots is 56, = ~ 
52. ¢. Since a, f, y, o are the roots of the given equation, therefore 
x4 + 4x3 — 6x? + 7x -9 = (x-a) (x-) (x9) (X09) 
Putting x =i and then x =— i, we get ; 
1-4i'+6+ 7i-9=(i-a@) G-f) G-y) G-2) 


and ; 
1+4:+6-7i-9=(-i-a) (-i-f) Ci-y) Ci-o) 
Multiplying these two equations, we get 
(2 +3) (2-3) =(1+e@)04+P0+yY)04+e) 
=> 13=04+@7%(01+HM)0+yY)4+e) 


53. b. If [m,, (1/m,)] satisfy the given equation x? + y*+ 2gx + 2fy +c 


= 0, then 


1 2 
m+ —> +2gm_+ “Le e=0 


r r 


: 4 3 2 aa 
=> mi+2gm>+cm? + 2fm.+1=0 
Now, roots of given equation are m,, m,, m,, m,. The product of 
roots 


constant term 1 I 


m m,m,m,= == 
73" coefficient of m,* 1 
54. a. Clearly, 

x"-1=(@-1)(«-a,) (x-a,)--(-a,_,) 


: = = (x- a )(X— ay) ++ (4-41) 


= L4xtx te +x" =(x-4) («-a,) + -a_,) 
=> n=(1-a)(1-a,)---(l-a,_)) [putting x = 11] 


n-t 


55. b. tan 0, + tan 6, + tan 6,=(a+1) 
2 tan @, tan 0, = (b—a) 
tan 0, tan 6, tan 0, = b 
ZtanO, — II tand, 


BO eae te) = 1—Xtan, tand, 


ge OSA Dh 
1-(b-a) 
=> 64+6,+6,= “ 
56. a. La = 1, Laf =0, afy = | 
ree pa ae 2-1] 


l-a l-a@ l-a@ 
=2x-! _3 

l-a@ 

Now, 
1 1 1 3x? -2x 
+ + Se ee 

(x-@) (x-B) (x-y) xr -x*°-1 
1 1 1 3-2 

t a = =-1 
l-a@ 1-B 1-y 1-1-1 
I+q_ 
l-a 


57. d. Equation 8x? + 1001x + 2008 = 0 has roots r, s and t. 


2008 


r+s+r=0,rst=— =-251 


Now, letr+s=A,s+t=B,t+r=C. 
A+B+C=2(r+s4+H=0 

Hence, 
A+ Be + C3 = 3ABC 
(rt+s)+ (s+ O92 +(t+r) 
=3(r+s) (sth (ttn) 
=3(r+s4+t-D)(s+tt+r—n(t+rt+s—s) 
=-3rst (asr+s+t=0) 
= 3(251) = 753 

58. b. Let, 


x = 
x? —5x+9 
=> yx? 5Syxt+ 9y=x 


y 
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=> yx? —Gy+)x+9y=0 
Now, x is real, so” 

DzO 

(-(Sy + DP = 4-y-(9y) 20 
-lily?+10y+1>0 
lly? - 10y-1<0 
(lly+DO-1)<0 


U Uudvy 


1 
eta ae 
59. b. Let, 
= 3x7 +9x4+17 
= 3x7 +9x+7 
=> 3x7 O-1D+9x—-1)+7y-17=0 
Since x is real, so, 
D>0O 
=> 81 (v-1%-4x3~-1) (7y-17) 20 
=> (y—1l(y-41)<051<y<4l 
Therefore, the maximum value of y is 41. 
60.a. D=b’-4a<0>5a>0 
Therefore the graph is concave upwards. 
fx) >0,VxeER 
=> fi-1)>0 
=> at+b+1>0 
61. c. We know that ax’? + bx+c2>0,V xe R, 
if a > O and b? - 4ac <0. So, 


mx? —x+1 
> 


ae ee =0 
Xx 


x 
=> mxe?—-x+1>O0asx>0. 
Now, 
mx —x+12>0ifm>Oand1—-4mn<0 
=> m>Oandm> 1/4 
Thus, the minimum value of 7 is 1/4. 
62. b. Let f(x) = ax’ + bx + c be a quadratic expression such that 
fix) > 0 for all x € R. Then, a > 0 and b? - 4ac < 0. Now, 
g(x) = fix) + fx) +f") 
> g(x) =ar+x(b+2a)+(b+2a+c) 
Discriminant of g(x) is 
D=(b+2ay -4a(b+2a+4+c) 
= b? — 4a’ ~ 4ac 
= (b? — 4ac) — 4a 
<0 (. b-4ac <0) 
Therefore, g(x) > 0 for allxe R. 
63. b. Here, ax? — bx + c? = 0 does not have real roots. So, 
D<052B-4ac’<0>5a>0 
Therefore, f(x) is always positive. So, 
f2)>0> 4a-2b+C>0 
64. a. «(x - x,y +x,(x-x,)? =0 
=> (4, +x) —4xx x, + x,x, 4, +x) =0 
D = 16(x,x,) — 4x,x,(x, + x,)? > 0 (+ xx, < 0) 
The product of roots is x,x, <0. Thus, the roots are real and of oppo- 
site signs. 


Number System, Inequalities and Theory of Equations 1.69 


65. d. Given thata<b<c<d. Let 
f@) =(-a) («-c)+2(x- b)\x-d) 
=> f(b)=(b-a)(b-c)<0 
Sid) = (d-a) (d-c)>0 
Hence, f(x) = 0 has one root in (b, d). Also, fi@ji(c) < 0. So the other 
root lies in (a, c). Hence, roots of the equation are real and distinct. 
66.¢. x°-(a-3)x+a=0 
=> D=(a-3y-4a 
=a@-10a+9 
=(a-1)(a-9) 
Case I: 


and 


Both the roots are greater than 2. 
B 
D>0,f(2)>0, -——>2 
f(2) i 


=> (a= 1)(a-9)20;4~(a-3)2+a>0; <*>2 

=> aé (-0, 1] U[9,0);a<10;a>7 

=> ae [9, 10) (1) 
Case II: 


One root is greater than 2 and the other root is less than or. equal to 
2. Hence, 


f(2) <0 
=> 4-(a-3)2+a<0 
=> a2l0 (2) 
From (1) and (2), 

aeé [9, 10) U [10, 0) > ae [9, «) 


67. a. Suppose a # 0. We rewrite f(x) as follows: 


4ac—b? 
= oa + ae which is a real number 


This is against the hypothesis. Therefore; a = 0. 


68. c. The given equation is 
x —2mx+m-1=0 
=> (x-m)’-1=0 
=> («-m+1)a-m-1)=0 
=> x=m—-1,m4+1 
From given condition, 
m-1>-2andm+1<4 
=> m>-landm<3 
Hence, -1<m<3. 
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69. b. Note that coefficient of x? is (4p — p? — 5) < 0. Therefore the 
graph is concave downward. According to the question, 1 must 
lie between the roots. Hence, 


fa) >0 . 
= 4p-p'-5-2p+1+3p>0 
=> -p’+5p-4>0 
=> p>-Sp+4<0 
y 
x 
0 
Fig. 1:70 
(p-4)(p-1)<0 
=> l<p<4 
=> pe {2,3} 
an 7 
So henge Coto ee 
2 
eeeae coe 
2 
tanx=a-2 (. tan'‘x #-2) 


xe a. | 
4 


w O<a-2<1 
=> 2<as3 
71. a. Clearly, f(-1) > 0, (2) < 0. Now, 


Fig. 1.71 


f(0) =-+4 <0 
=> f-l=1-a-4>0andf(2)=4+2a-4<0 
=> a<-—3anda<0 


=> ae (-o,-3) 


72. b. Let, 
fxd =ar+xt+ce-a 
fdy=c+1>0 (Cs c>-I) 


Therefore, given expression is positive V x € R. So, 
1 
—j}>0 
a 2 


a l 
=> —+—+c-a>0 
4 2 


=> 4c-3a+2>0 


=> 4c+2>3a 


73. b. 
° O 
—+—_+—+—+-— 
a-l ~l 3 a?+2 


We have, 
a-—1<-landa’?+2>3 
a<Oanda’?>1 

Hence, a <-1. 


74.a.0°2+2x-n=05 (*+ 1l¥=n+1 


=> x=-lt Vnt1 
Thus, 2 + 1 should be a perfect square. Now, 

’ ne [5,100] >n+1e [6, 101] ; 
Perfect square values of n + 1 are 9, 16, 25, 36, 49, 64, 81, 100. 
Hence, number of values is 8. 

75. d.x°-x-a=0,D=1+4a=odd 

D must be perfect square of some odd integer. Let 
D=(2A+ 1) 

=> 14+4a=14+47 +41 

=> a=AArl). 

Now, 
ae [6, 100] 

=> az=6, 12, 20, 30, 42, 56, 72, 90 

Thus a can attain eight different values. 


76.a.x%°-(a+ lxt+a-1=0 
> (x-aa-lel 
Now, a € J and we want x to be an integer. Hence, 
x-a=1,x-l=lorx-a=-l,x-1=-1 
= a=1 inboth cases 
77. b. For given situation, x? — (k-2)x+k =0 and x? + kx + 2k- 


1 = 0 should have both roots common or each should have 
equal roots. If both roots are common, then 


1 -(k-2)_ 
i eo | 
=> k=-k+2and2k-1l=RP>k=1 
If both the equations have equal roots, then 
(k-2°-4ke=0 and k-42k-1)=0 
= (3k-2)(-k-2)=Oandk?-8k+4=0 (no common value) 
Therefore, k = 1 is the only possible value. 


78. c. We have, 
at+fB=-pandaf=q (1) 
Also, since a, f are the roots of x*" + p"x’ + g" =0, 
wehave 
a" + pa +g" =0 and B™" + p"B" + gq" =0 
Subtracting the above relations, we get 
(a" ~ B") + p" (a - f") =0 
a’ + fr =p" (2) 
Given, a/f or B/a is a root of x" + 1 + (x + 1)"= 0. So, 
(al) + 1 + [(a/B) + 1] =0 
=> (a'+P")+(at+fy=0 
=> -p’+(-p)"=0 [Using (1) and (2)] 
It is possible only when n is even. 


79. a. Since R.HLS. is an even integer. So L.HS. is also an even inte- 
ger. So, either both x and y are even integers, or both of them are 
odd integers. Now, 


xi-yl=(-y) (ety) @+y’) 
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=> x-—y,x+y,x? + y? must be an even integer 
Therefore, (x ~ y)(x + y)(x? + y’) must be divisible by 8. But R.H.S. 
isnot divisible by 8. Hence, the given equation has no solution. 
80. a. xy = 20 + y) = y(x - 2) = 2x 
2x 


4 
ye =2+ =>x=3,4 ~¥6asx<y) 
x-~2 x-2 


By trial, x = 3, 4, 6. Then y = 6, 4, 3. But x < y. Therefore, x = 3, 4 
and y = 6, 4 are two solutions. 
81. a. We have, 
(atBtyP=ae+P+P+2Byt+yat af) 
=> 4=6+2 (Sy+yat af) 
=> Bytyataf=-l 
Also, 
+P +P —3apy =(a+B+y) (@+ P+ - By -ya-af) 
=> 8 -3afy=2(6+1) 
=> 3afy=8- 14=-6orafy=-2 
Now, 
(a2 + B+ P= Lat + 2502? 
= Lat! + 2[(Zaf)* ~ 2afy(Za)] 
=> Lat =36 —2[(-1)? -2(-2)(2)] = 18 
82. d. (x + a)(x+ 1991) +1=0 
(x + a)(x + 1991) =-1 
=> (xta)=landx+ 1991 =-1 
=> a=1993 
or x+a=-landx+1991=1 > a=1989 
83. b. Let f(x) =-3 + x —x?. Then f(x) <0 for all x, because coefficient 
of x’ is less than 0 and D <0, Thus, L.HLS. of the given equa- 
tion is always positive whereas the R.H.S. is always less than 
zero. Hence, there is no solution. 
84. c. Put ab + bc + ca = t. Now, 
(a+b+c~Y=@+b+074+2t 
=> (atb4+cyr=l+2r 
=> 14+2t2>0 


SS. aay 
2 
Again, 
(a-by+(b-c¥+(c-aP=2-21 
=> 2-2r>0 
> t<l 
> ep erel 
2 


85. d. cot’x — 2 (1 + cot?x) +a =0 
=> cotix-2co?x+a’?-2=0 
> (co?x-1P=3-a 
Now, for at least one solution 
3-a>0 
> @-3<0 
aé [-V3, V3] 
Integral values are —1, 0, 1. 
sum = 0 
86. b. x = 3 cos 6; y=3 sind 
z=2cos ¢,t=2 sino 
6 cos @ sin @- 6 sin cos ¢=6 
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=> sin(@-dA=1 
=> $=90°+80 
=> P=xz=-6sin Ocos 6=-3 sin 20 
=i Pe = 3 
87. a. The equation on simplifying gives 
x(x — b)(x — c) + x(x -— c)(x — a) + x(x - a)(x - Bb) 
— (x - a)(x~ b\x-—c) =0 (1) 
Let, 
Sa) = xx - b\x-c) + x(x - c)(x ~~) 
+ x(x — a)(x — b) — (x - a)(x — b\(x — c) 
We can assume without loss of generality that a < b < c. Now, 
fia =a(a-by(a-c)>0 
T(b) = b(b -— cb -a) <0 
fic) =c(e-ayl(e-b) >0 
So, one root of (1) lies in (a, b) and one root in (b, c). Obviously 
the third root must also be real. 


(b? —4acy Jia 


88. b. 1 
16a’ 1+ 4a? () 
Now, 
2 
max(ax? + bx +c) et ee 
4a 
Also, , 
oe ea oe [From (1)] 


V14+4a2 4a V14+4a? 


So, maximum value is always less than 2 (when a — 0). 


89. d. 
x44 
a= - 
xl 
=lxl+ —3=] vixl- 2 +1 
x Vixl 
> a>] 


90. d. Here, f(x) = (2x — a) (2x — c) + (2x — b). So, 


A(g)-e-bs(5)pe-» 


Now, 


a 


c 
s(S} s(£} =(a—b)(c-—b)<0(a>b>0) 
Hence, exactly one of the roots lies between c/2 and a/2. 


91. a. Since the equation x? + ax + b = 0 has distinct real roots and 
x’ + alxl + b=0 has only one real root, so one root of the equa- 
tion x° + ax + b = 0 will be zero and other root will be negative. 
Hence, b = 0 and a>0. 


Graph of y = ax” + bx + ¢ according 
to conditions given in question 


ca ’ 


O x~< O > x 


Fig. 1.73 
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92. ¢. The given equation is 
2 +(a-1)2""+a=0 
or 
£7 + 2(a-— 1)t + a=0, where 2° =¢ 


Now, ¢= 1 should lie between the roots of this equation. 


1 +2a-I)+a<0=a< > 


93. a. : 
‘ . 
4 4c —h? 
C= TL 
[ates | 
: ~< >yH=k : 
X~ on O- > XxX 
MN | 4c 
oe 
M 
Fig. 1.74 


For the equation to have four real roots, the line y = k must inter- 
sect y = lx? + bx + cl at four points. 


D>Oandke [.=2} 
94, d. P(a) = P(b) = P(c) = P(d) =3 


=> P(x)=3has a; b,c, das its roots 
=> P(X) —3 = (x ~ a(x ~ bx - cia — d) OC) 


[‘." Q(x) has integral coefficient] 


Given P(e) = 5, then 
(e — a) (e—b) (e-c) (e- d) Ae) =5 


This is possible only when at least three of the five integers 


(e — a), (e — b), (e — c), (e — d), Ole) are equal to | or -1. Hence, 
two of them will be equal, which is not possible. Since a, b, c, d are 


distinct integers, therefore P(e) = 5 is not possible. 


95.d.  —x? +10x-16 <x-2 


We must have 
—x’? + 10x -16>0 
=> x? —10x+16<0 


=> 2<x<8 (1) 


Also, 

—x+ 10x-16<x?-4x +4 
=> 2x-14*%+20>0 
=> x-7x+10>0 


=> x>Sorx<2 | (2) 


From (1) and (2), 
5<x<8>x=6,7,8 

96.c. D>0> (a-3Y+4(a+2)>0 

=> @-6a+9+4a+8>0 

=> @-2a+17>0 

=> 


aéR 
2 
a +1 _y_ 1 >i 
a’ +2 at+2 2 


97. c. Given, 
(a-1)e-(a+1)x+a-12>0 
=> ‘a2-x+1)-@4+x41)20 
: 2 
Ae +x+1 


> ra 9 
x -xt+l1 


x+--1 
x 


Let y=x+1/x. Now, y is increasing in [2, 0). Hence, 


1+—2—e(1.2] 
1 3 


x+—-1 
x 


For all x > 2, Eq. (1) should be true. Hence, a > 7/3. 
98.b. x=2+ V3 
=> (x-2y=3 
=> -4x+1=0 (1) 
=> (x-2)'=9 
=> x4- 8x 4+ 240?-32x4+ 16=9 
=> xO- 8x34 18x? -8x4+24+ 607-404 1)-1=0 
Using (1), we get 


x4 — 8x3 + 18x? —8x+2=1 


Multiple Correct Answers Type 


laje. 2x? + 6xy+5y=1 (1) 
Equation (1) can be rewritten as 
2x? + (6y)x + 5y?- 1=0 


Since x is real, 
36y — 8(S5y?- 1)>0 
=> y<2 


= -V2<ysv2 


Equation (1) can also be rewritten as 
Sy? + (6x) y+ 2x°-1=0 

Since y is real, 

36x — 20 (2x7 - 1) 20 

36x° — 40x? + 2020 

— 4x? > - 20 

ess 


= -f5<x<J5 


uud 


2. b, c, d. 


Given equation is x*- ax?+ bx -1 = 0. If roots of the equation be 
a, B, y, then 


a+ P+ =(at B+ yy? — 2B + By + ya) 
=a’ -2b 
CR + Py + Pa? = (a8 + By + ya) —2aBy(a+ B+ y) 
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= bh? -2a 
Py =1 
So; tlhe equation whose roots are a, f, y’ is given by 
x3 - (@ — 2b)? + (b* - 2a)x -1 =0 
It is identical to 
x3-axr+bx-1=0 
=> @-2b=aandh’-2a=b 
Eliminating b, we get 
(@nay 4, #-4 
2 
a{a(a— 1)?-8-2(a-1)} =0 
a(@ —-2a-a-6)=0 
ala -3)\(@+at+2)=0 


Youd dy 


a=0ora=30r@+at+2=0 


which gives b = 0 or b=3 orb? +b+2=0.S0,a=b=O0ora=b 
=3 ora, bare roots of x* +x+2=0. 


3. a,b, c. ; 
Since the roots of ax? + bx + c = 0 are non-real, so, f(x) = ax? + bx 
+c will have same sign for every value of x. Hence, 


fO)=c, fl) =at+b+e,f-l)=a-b+e 
f(-2) =4a-2b+¢ 
=> clatbt+c)>0,cla-—b+c)>0, c(4a-2b+c)>0 
4, a, b. 
We can write the given equation as 
p__(atb)x+c(b—a) 
2x ea 
=> pi?-c?)=2 (a+b) x -2c(a—b)x 
= (2a+2b-p)x-2c(a-b)x+ pce =0 
For this equation to have equal roots, 
C(a — b) - pc? (2a + 2b - p) =0 
(a- by -2p(a+b)+p?=0 
[p —- (a+ b)P = (a+ bY - (a- by = 4ab 
p-(a+b)=+2 Jab 
p=a+b+2Vab =(Ja +VbyY 


[-: c? #0] 


Y bud 


5.a,d. 
Roots of 4x2 — x — 1 = 0 are irrational. So, one root common 
implies both roots are common. Therefore, 


3 A+m A-U 
3 
=>A=—, w=0 
4 H 
6. a, b,c. 
+} 
-2 2 
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fa) =art+bxte 
fO)=c<0,D>0SBb?-4ac>0 
fi) <0 and f-1) < 0 


=> a-\bl+c<O0 


f(2) <0 and f(-2) < 0 
= 4a-2lbl+c<0 


Nothing can be said about f(3) or f(-3), whether it is positive or 
negative. 


7.a,b,d. y 
x 
Fig. 1.76 

From the graph, 

f0)=c>0 ; (1) 
Also, the graph is concave downward. Hence, 

a<0 (2) 
Further, abscissa of the vertex, 

b 
— 3 
Da (3) 


From (1), (2), 3), 


ac <0,ab<Oand be >0 


8. c,d. 


cos x—y’-Vy—x?-120 © () 


Now, jy—x°’—1 is defined when y- x°- 120ory2>x?+1.So 


minimum value of y is 1. From (1), 


cosx-y’> yy-x-1 


where cos x — y? < 0 [as when cos x is maximum (=1) and y’ is 
minimum (=1), so cos x — y’ is maximum]. Also, 


yy-x?-1 20 
Hence, 


cosx-y=Jy—x?-1 =0 
=> y=landcosx=ly=x+1 


= x=0,y=1 


9.a,d. 
rey 
P-8t+12=0 
(t- 6) (t-2) =0 
3. 
basal 6294 
log2 
2=2>x=1 
10. a, b, d. 


Symmetric functions are those which do not change by inter- 
changing a@ and f. 
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1.74 Arlgebra 
li. a, b, ¢. 
sec2@ + cosec’@ = sec”@.cosec?@ 


Sum. of the roots is equal to their product and the roots are real. 
Hence, : 


Also b?-4ac20 


=> c(c—4a)>0 


= c-4a>0 (- c>0) 
Further 
b’ + 4ab 20 
=> bt4asd0 (« b<0) 


12. a, b, ¢. 

Fix) = Ax? + Bx+C 

A=a+t+b-2c=(a-c)+(b-c)>0 
= A>0 , 
Hence, the graph is concave upwards. Also, x = 1 is obvious solu- 
tion; therefore, both roots are rational. 

b+c-2a=(b-a)+(c-a)<0 
ee , oe 


=> B<0 
vertex = — >0 
2A 
Hence, abscissa of the vertex is positive. Option (d) need not be 


correct as with a=5,b=4,c =2,P <0 and with a =6, b=3,c=2, 
P>O. 


13. a, b, c. 


Fig. 1.77 
From figure, 
a>0O 
se =4> ee >0 
2a 2a 
b<0 
fO=c <0 
Also, 
nee =4=>8at+b=0 
2a 
14. a, c,d. 
Let the roots be a/r, a, ar, where a> 0, r > 1. Now, 
air+at+ar=-p (1) 
a(alr) + a(ar) + (ar)(a/r) =q (2) 


(alr) (a) (ar) = 1 (3) 
=> @=1. 
=> a=l 


Hence, (c) is correct. From (1), putting a = 1, we get 


pa 3x0 [vrata] 
=> p<-3 
Hence, (b) is not correct. Also, 

Ur+ltr=-p (4) 
From (2), putting a = 1, we get 

I/r+r+l=q (5) 
From (4) and (5), we have 

—p=q>pr+q=0 
Hence,.(a) is correct. Now, as r> 1 

alr=1ir<1 
and 

ar=r>1 


Hence, (d) is correct. 


15. a, b. 


Given, (sin a) x2 - 2x + b > 2. Let f(x) = (sin a)x? - 2x +b - 2. 
Abscissa of the vertex is given by 


vertex 
0 1 x=cosec a 
Fig. 1.78 
The graph of f(x) = (sin a)x? — 2x + b— 2, V x < 1, is shown in the 


figure. Therefore, minimum of f(x) = (sin a)x? — 2x + b — 2 must 
be greater than zero but minimum is at x = 1. That is, 


sina-2+b-2>0,b2>4-sina,ae€(0, 2) 


16. a,c. 


Since each pair has common root, let the roots be a, 8 for Eq. (1); 
B, y for Eq. (2) and y, a for Eq. (3). Therefore, 


a+ B= -a, a8 = be 

B+y= — b, by=ca 

yta=-c,ya=ab 
Adding, we get 


2at+Pty)=-(at+bt+c) 
= atf+y=-lL(atbto 
5 


Also by multiplying product of roots, we have 


CP yp =a2bc? = afy = abc 
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=> (a+ py =of 
=> a? + B? +08 =0 


a ¢ a 
-B-G) 
oS SUNT eee 
B 2 
18. c,d. 

We have, 
D=(b-cy-4a(a-b-c)>0 
=> b+ 0c?-2be - 4a’ + 4ab + 4ac>0 
=> ¢ + (4a—2b)c — 4a’ + 4ab + b’ > 0 forall ceR 
Discriminant of the above expression in c must be negative. Hence, 
(4a — 2b) - 4(4a@ + 4ab + b*) <0 


=> 4a? —4ab+b+4a0—-4ab-b?<0 
=> ala—b)<0 
= a<Oanda-b>Oora>Oanda-b<0 
=> b<a<Oorb>a>0 
19. a, d. 


Since a, f, y, 6 are in H.P., hence 1/a, 1/8, 1/y, 1/6 are in A.P. and 
they may be taken as a - 3d, a -d,a+d,a-+ 3d. Replacing x by 
1/x, we get the equation whose roots are 1/a, 1/8, 1/y, 1/6. There- 
fore, equation x’ — 4x + A = 0 has roots a — 3d, a + d and equation 
x* - 6x + B= 0 has roots a — d, a+ 3d. Sum of the roots is 
2(a — d) =4, 2(a+ d) =6 
“. a= 5/2, d= 1/2 
Product of the roots is 
(a-3d)(a+dad)=A=3 
(a-d)(a+3d)=B=8 
20. a, b. 
Equations x’ + px + q = 0 and x? + p'x + q'=0 have a common 
root. Therefore, 
(q- 4’) =(pq'- p'gy(p'- p) (1) 


Subtracting two equations, we have 


_4q-¥ 
A 
PP 

Also using (1), 


ee a eX 
P-p 4q-q 
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21. b,c. 


fx) = x + 3x? - 9x + ¢ is of the form (x - a)? (x — f), show- 
ing that a is a double root so that f(x) = 0 has also one root a, 
ie., 3x? + 6x — 9 = 0 has one root a. Hence, x? + 2x -3 =O or 
(x + 3)(x — 1) = 0 has the root a which can be either —3 or 1. If a 
= 1, then f(x) = 0 gives c-5=Oorc=5. If a=-3, then f(x) =0 
gives 


—274+274+27+c=0 
c=~-27 


22. a,c. 
If a be the common root, then 
a +ba-a=Oand a&-aa+b=0 
Subtracting, 
a(b+a)—(a+b)=0 
=> (at+b)(a-1)=0 
=> a+b=0ora=1 


When a = 1, then from any equation we have a — b= 1. 


23. a, d. 


‘Let, 
x tax+3_ 
xet+xta 


=> x(l-y)-xy-a)+3-ay=0 


xeER 
(y-ay - 4(1 - y)(3 - ay) 20 
= (1-4a)y?+(2a+12)y+a-1220 (1) 


Now, (1) is true for all y ER, if | —4a>0 and D<0. Hence, 


1 
oog and 4(a + 6)? — 4(a? — 12)(1 - 4a) <0 

1 
> a<7 and 4a’ — 36a + 48 <0 

1 
> a<7 and 4a’ = 36a - 48 

1 

=> tat <36(+)-48 


=> 4a°+39<0 peacs| 
24. a, b. 
Here, 
cos? 8 — sin? @= cos 20 
= cos’ @- sin’ @=cos 26 
= (-2b)-4b=(-4"-4x2 
(since L.HLS. is difference of roots of first equation 
’ and R.HLS. is difference of roots of second equation) 


4b? - 4b = 16-8 =8 
4b? - 4b -8 =0 
b-b-2=0 


(b+ 1) (6-2) =0 
b=2,-1 


Yuuuy 
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1.76 Algebra 
25. b, d. From the diagram, we can see that a > 0, ¢ < 0 and —[b(2a)] <0. 
Let fix) =x? + ax + b. Then,~ Hence, b > 0. 
+ (Qctalxtetact+b=fxtc) ~ atb—cr0 
Thus, the roots of f(x + c) = 0 will be 0, d—c. z 
ReasoningType § 
26. c, d. 


1.b. We must have 
ae+(at+b)x+(b+c)x+c>0 
ax + 1) + bx(x + 1) $c(x +1) >0 
(x + 1) (a2 + bx +c) >0 


Product of roots is 


a 
—<0 [' abc<0] 
Hence, roots are real and of opposite sign. ae 


2 
=> axt p(x+2) >Oas b? = 4ac 
2a 


27. b, ¢, d. 
Given equation is 
b 
x4 2(at 1l)x+9a-5=0 > oie Laer 
D = | 2 4 = = 4 =; ao 
Hae?) RE ake aa e) 2.b. Ifa>0, then graph of y = ax? + 2bx + c is concave upward. Also 

D20=> ¢ <1 ora 26 = roots are real if b? - ac <0, then the graph always lies above x-axis; hence, ax? 
If a <0, then 9a — 5 <0. Hence, the products of roots is less than + 2bx + ¢ > 0 for all real values of x. Thus, domain of function 
O. So, the roots are of opposite sign. If a > 7, then sum of roots is f) = Jae eobehe sR. 


—2(a + 1) <0. Product of roots is greater than 0. ; 
If b? - ac <0, then ax? + 2bx + c = 0 has imaginary roots. Then 


the graph of y = ax? + 2bx + c never cuts x-axis, or y is either 


28. a, Cc. 
. es a always positive or always negative. Hence, both the statements 
Since P(x) divides both of them, hence P(x) also divides are correct but statement 2 is not correct explanation of state- 
(Bx? + 4x? + 28x + 5) — 3x4 + 6x" + 25) ment 1. 


oo a 98 eI & 3.a. ax? + bx +c = 0 has two complex conjugate roots only if all the 
, coefficients are real. If all the coefficients are not real then it is 
=~- 14@?—2x + 5) not necessary that both the roots are imaginary. Hence, state- 


which is a quadratic. Hence, ment 2 is true. 


P(x)=x2-2x +55 P(1)=4 Now, equation x? ~ 3x + 4 =0 has two complex conjugate 
roots. If ax? + bx + c = O has all coefficients real, then there will 

be two common roots. But if there is only one root common, 

30. a., d. then at least one of a, b, c must be non-real. 

Thus, both the statements are true and statement 2 is correct 


On putting x = 0, 1 and 1/2, we get 
: : explanation of statement 1. 


-1l<c<l . 1 
= (1) 4. a. cos = 2008? = -1 
-l<at+bt+cs<l (2) 4 8 
-4<a+2b+4c<4 (3) = cos! = +1] > 
From (1), (2), (3), we get 8 (v2 )2 
lb <8 and lal< 8 : 
=> costa Hf vis |-(3 +8} 
=> lal+ibl+lcl<i7 8 4\2 f2 2 4 
31. a,b, c, d. => i Le fais ars +b=-0 
4\2 2\ J2 


Let f(x) = ax’? + bx +e. 
(- cos? 2/8 a root of equation) 


3. a 1 oa 
=>}—+—+b]+V2}/—+— |=0 
se} (+4) 


Since a and b are rational, so 


y=art+bxt+e 


> X 


J Wig SPO a pe 5 
4 4 8 2 


= a=-1 b=" 
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Thus, both the statements are correct and statement 2 is cor- 
rect explanation of statement 1. 


5.a. If a* + b? +c? <0, then all a, b, c are not real or at least one of 
a, b, ¢ is imaginary number. Hence roots of equation ax? + bx + 
c= O has no complex conjugate roots, even though the roots are 
complex. Hence statement 1 is true. Statement 2 is obviously 
true (see the theory). Also, statement 2 is correct explanation of 
statement |. 


6. b. ix? +(i=-Dx-5-i=0 


“gies, Cer et Pee 
(i Dsl 1) 40 9 ‘) anes 


=> = 
7 2i 2i 


Thus, roots are imaginary. Also, we have b? — 4ac = —4 <0, but 
this is not the correct reason for which roots are imaginary as 
coefficients of the equation are imaginary. 


Hence, both the statements are correct but statement 2 is not 
correct explanation of statement 1. 
Ta. f(x) =(«- 1) (ax +b) 
f(2) = 2a+b 
JA) = 3(4a + b) = 12a + 3b 
F(2) + f(4) = 14a + 4b=0 
—b 


> —=35 
a 


Now, sum of roots is (a — b)/a=1-(b/a) =1+3.5=4.5. Hence, 
the other root is 3.5. 


8.c. Here, f(x) is a downward parabola. 


Fig. 1.80 
- D=(a+1+20>0 


From the graph, clearly, statement 1 is true but statement 2 is false. 


9. a. x+xt1=0 
D=-3<0 


Therefore, x? +.x+ 1 =0 and ax? + bx + c = 0 have both the roots 
common. Hence, 


a=b=c 


10. d. Statement 2 is obviously true. Let, 
SQ) = («- p) @— 1) +4 (e- 9g) &- 5) =0 
Then, 
fip)=4 (p-9) @-s) 
frya4(r-g) (r-s) 
= fe) fn<o 


Hence, there is a root between p and r. Thus, statement 1 is false. 
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11. a. Given equation is 

pxrt+qxt+r=0 

Let, 
foo=pet+gqxtr 
fO)=r>0 
fQ=pt+qtr<0 
f-D=p-qt+r<0 

Hence, one root lies in (— 1, 0) and the other in (0, 1). 
[a] =~1 and [6] =0 

= [a]+[A)=-1 


Therefore, statement 2 is true and is correct explanation of state- 
ment 1. 


12. d. Let f(x) = (x ~ sin a) (x — cos a) — 2. Then, 
isin a) =- 2 <0, f(cos a)=-2<0 


Also, as 0 < a < 2/4, hence, sin a < cos a. Therefore, equation f(x) = 
0 has one root in (— 00, sin a) and other in (cos a, 00). 


sin & 


cos & 


Fig. 1.81 
13. b. The equation can be written as 
(2 —(a- 3) 2*+(a-4)=0 
=> 2*=land2*=a-4 
We have, 


x<Oand2°*=a-—4 


[-- x is non-positive] 
O0<a-4<1>4<as<5 
ae (4, 5] 


14. c. Clearly, Statement 1 is true but Statement 2 is false, since, ax? 
+ bx +c =O is an identity whena=b=c=0. 


15. d. Roots of the equation x5 — 40x4 + Px? + Ox? + Rx + S=0 are 
in G.P. Let the roots be a, ar, ar’, ar’, ar’. Therefore, 


at+art+ar+ar+ar=40 (1) 
and 
] 1 1 
ee eae eae, (2) 
@ oar ar’ ar ar 
From (1) and (2), 
ar? = +2 . (3) 


Now, the product of roots is a*r'® = (ar)> = + 32. 


IS] = 32 


16. a. Given equations are 
ax? +2bx+c=0 (1) 
ax +2bx+c,=0 (2) 
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1.78 Algebra 
Since Eggs. (1) and (2) have only one common root and a, b,c,a,,,, 
c, are rational, therefore, common root cannot be imaginary or irra- 
tional (as irrational roots occur in conjugate pair when coefficients 
are rational, and complex roots always occur in conjugate pair). 


Hence, the common root must be rational. Therefore, both the 
roots of Eqs. (1) and (2) will be rational. Therefore, 4(b? — ac) and 
4(b? — a,c,) must be perfect squares (squares of rational numbers). 
Hence, B? —ac and b? — a,c, must be perfect squares. 


17a. Let f(x) = ax? + bx +c. Since coefficient are integers and one 
root is irrational, so both the roots are irrational. Hence, for any 
A4€Q, 


fAY#0> A> 0 
a 

a 

gq 4 


+c|>0, where A = 


P pqez 
q 

| 2 2 
=> —|ap +bpq+cq >0 

q 


Now, a, b, c, p, g <1. Hence, 
lap? + bpq+cq’l2>1 


1 
=r? oa 


18. d.@-3a+2=0>a=1,2 
—5a+6=0>a=2,3, 
-4=0>a=+2 

Therefore, a = 2 is the only solution. 


Hence, statement | is false. Statement 2 is true by definition. 


19. b. According to statement 1, given equation is 
x —-—bx+c=0 
Let a, 8 be two roots such that 


la-fl=1 
= (a+f)-4of=1 
= b-4c=1 
According to statement 2, given equation is 4abc x? + (b* — 4ac) 
x —b=0. Hence, 
D = (b? — 4acy + 16ab’c 
= (b’ + dac) > 0 


Hence, roots are real and unequal. 


20. ¢. 

Given, 
AO) +f) =2 

=> fix)>0VxeER 

Hence, statement | is true. Let, 
faxr-xt1 
a+b=0 

Hence, statement 2 is false. 


fe) =artbxtce 


21. d. fix, y) = (2x - yk + (xt y-3Y (4) 


Therefore, statement 1 is false as it represents a point (1, 2). 


22. a. D = (2m +1)?— 4(2n +1) 
CO See 
odd even 
odd 


For rational root, D must be a perfect square. As D is odd, let D be 
perfect square of 2/ + 1, where / € Z. 


(2m + 1)? — 4(2n + 1) = (21+ 1 
=> (2m+ 1)?— (21+ 1)? =4(2n + 1) 
= [Qm+1)+(2l+ I} (2m-D)] =42n + 1) 
=> (m+l+1l) (m-)=(2n+1) (1) 


R.HS. of (1) is always odd but L.H.S. is always even. Hence, D 
cannot be a perfect square. So, the roots cannot be rational. 


Hence, statement 1 is true, statement 2 is true and statement 2 is 
correct explanation for statement 1. 


Linked Comprehension Type 


For Problems 1-3 
1. d, 2. c, 3. ¢. 


Sol. Let unknown polynomial be P(x). Let Q(x) and R(x) be the 
quotient and remainder, respectively, when it is divided by 
(x — 3)(x — 4). Then, 
P(x) = (x — 3)(x — AO) + RO) 
Then, we have 
R(x) =axt+b 
=> P(x) =(x-3)(x-4) QO) + axt+b 
Given that P(3) = 2 and P(4) = 1. Hence, 
3a+b=2and4a+b=1 
=> az=-landb=5 
=> R(x) = 
1. 5S-x=Pet+axt1oxrt(atlyx-4=0 
Given that roots are real and distinct. 
D>0=> (a+1)?+16>0 


which is true for all real x. 


2. —x+5=px+(q-1x+6=> pr+qx+1=0 
Now, p > 0 and equation has no distinct real roots-or equation has 
real and equal or imaginary roots. Then, 


per+gxt120.VxeER 
=> fB)>0 => 9p + 3g+120> 3p+q2-13 


Hence, the least value of 3p + q is -1/3. 


—x+5 
ee BS ear eo 
=> yet (1 -3y)x+2yv-5=0 
Now, x is real, then 
D=0 


=> (1-3yr-42y-5)20 
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=> yt l4y+120 


ae "| pale ) 
=> yel--~,——_|V og. oe 


2 


(—c0, — 7-43] U[-7 + 4v3, ©) 


For Problems 4-6 
4. d, 5. b, 6. b. 


Sol. ax? —bx+c=0 


Fig. 1.82 


Let f(x) = ax’ — bx + c be the corresponding quadratic expression 
and a, £ be the roots of f(x) = 0. Then, 


fc) = a - a) (x - ) 

Now, 
af(1) > 0, af(2) >0,1< 2 <2, b* -4ac>0 

=> a(l —a)1-f)>0,a(2-4)(2-£)>0,2a<b< 4a, 
b? — 4ac >0 , . 

=> a(1-a\(1-f2-a)\(2-f)>0 

=> @(a-1\(2-aB-1I2-)>0 

As f(1) and /(2) both are integers and f(1) > 0, and (2) > 0, so 
FQ) f(2)>0 | 

=> f(D f2@21 

=> 1s a@(a-1)(2-a)\6-12-) 

Now, 
(a —1)+(2-a) 


5 > ((a-1(2-a@))"” 


=> (a-1)Q-aj< 


Ble 


Similarly, 


@-)NC-AsS 


Al 


1. 
=> (a-IN2-aB6-)Q-Af< 16 
Asa#f,so 
@>il6é>az>s5 
=> b&>20candb>10> 65211 


Also, 


b>100>c>5>5c>6 


For Problems 7-9 
7. ¢, 8. a, 9. ¢. 


Sol. Given equation is 


x44 2ax) +22 +2ax+1=0 (1) 
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or 


It 
oO. 


1) 1 
= (++) v2a{ x+2)-1 
x x 
=> f+2at-1=0 .- (2) 


where t = x+(1/x). Now, 
[x+4}=2 
x 
[x+4)s-2 
x 


t>2orr<-2 


7. Now, Eq. (1) will have at least two positive roots, when at least 
one root of Eq. (2) will be greater than 2. From Eq. (2), 


D= 4a’ - 4(-1) =4(1 +a) >0,VaeR (3) 
Let the roots of Eq. (2) be a, £. If a, 8 < 2, then 


-B 
=> f(2)20 and —<2 
f(2) 5a 
= 4+44a-12>0 and - Be 
3 
=> tomy and a>-2 


=> arz>-- 
4 


Therefore, at least one root will be greater than 2. Then, 


3 
a<-— 4 
Z (4) 
Combining (3) and (4), we get 
3 
a<-— 
4 
Hence, at least one root will be positive if a € [-00, — (3/4)]. 


8. Now, Eq. (1) will have at least two roots negative, when at least 
one root of Eq. (2) will be less than —2. If a, 8 > —2, then 


; B 
-2)>0 and -—— >-2 
A-2) 2A 


2. 
4—4a~1>Oand->>-2 


(5) 


Combining (3) and (5), at least one root will be less than —2 for 
Eq. (2) if 


4 
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1.80 Algebra 


9, If exactly two roots are positive, then other two roots are negative. 


‘Then — 2 and 2 must lie between.the roots. So, 
f-2) < 0 and f(2) <0 
=> a> 3/4anda<-—3/4 


Hence, no such values of a exist. 


For Problems 10-12 

10. a, 11. d, 12. ¢. 

B-a)=(B+h)-(a+h)) 
(B+ay’—4eP=(B+h)+(at+hAP-46+h) (ath) 
(— b,? -— 4c, = -b,)? - 4c, 


Sol. 


D,=D, 
The least value of f(x) is 
D 1 
~—l=--—=D,=landD,=1 
4 4 5 


“Therefore, the least value of 


_ dD, 1 
x) is -—-=-— 
g(x) r r 


The least value of g(x) occurs at 


=> b}-4c,=D, 

4 
=> 49 -4c,=1=9 Ba c,=9¢,=12 
=> x-7x+12=05%x=3,4 


For Problems 13-15 
13. d, 14. ¢, 15. ¢. 
Sol. 

13. AC= 4V2 


4/2 


AB = BC = —— = 4 units 


2 
OB= /4 -(2V2)* =2V2 


A(~2V2, 0), B(2V2, 0), C(0, -2V2) 


Since y = ax’ + bx +c passes through A, B and C, we get 


~ 2/2 


2 
_ « 


yr 
2,/2 


14. Minimum value of y= x? H(2)-22 is -2./2 atx=0. 


15, fa) =0 
> x? /(2/2)-2V2 =Oorx=+ 2/2 


Therefore, number of integral values of k for which & lies in 


COP OBIS. 


For Problems 16-18 
16. d, 17. c, 18. b. 


Sol. 
Given that 9 —- a3*-a+3<0 
Let t = 3*. Then, 
P-at-a+3<0 


or ; 
P+3<a(t+1) (1) 


where teR*, VxER 


@ 


Fig. 1.83 
Let fi = P+3andf()=a(r+ 1). 


16. For x < 0, t €(0, 1). That means (1) should have at least one 
solution in t €(0, 1). From (1), it is obvious that a €R*. Now 
f(D) = a(t + 1) represents a straight line. It should meet the curve 
f(t) =? + 3, at least once in t € (0, 1). 


f,(0) =3, 7,1) = 4,60) = 4, 61) = 2a 


If f,(0) = f,(0), Then a = 3; if (1) = (1), then a = 2. Hence, the 
required range is a € (2, 3). 


17. For at least one positive solution, ¢ € (1, ©). That means graphs of 
f= ?+3 and f(t) =a (t+ 1) should meet at least once inte (1, 
oo). If a = 2, both the curves touch each other at (1, 4). Hence, the 
required range is a € (2, ©). 

18. In this case both graphs should meet at least once in ft €(0, ©). 
For a = 2 both the curves touch, hence, the required range is 
a eé{2, 0). : 


For Problems 19-21 
19. d, 20. c, 21. a. 


Sol. 


Let f=? +x+a-9. 


x +x+a-9<0 has at least one positive solution, then either 
both the roots of equation x’? + x + a—9 =0 are non-negative or 0 
lies between the roots. 


(i) (i) 
Fig. 1.84 


1 ; : 
Now sum of roots = -3? hence case I is not possible. For case 
Il, 
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f(O)<0Sa-9<0>a<9 
20. 


Fig. 1.85 


If x2 +x +a-—9<0 has at least one negative solution, then either 
both the roots of equation x? +x + a—9 =0 are non-positive or 0 lies 
between the roots. 


For case I, sum of roots is —1/2 < 0. Product of roots is a—-9>0=> 
a>9and 


D>O>1-4a-9)>0>a< = 
Hence, 9 <a < 37/4. 


37 
For case IT f(0) <0 >a<9> aE (--.2) 


21. Ifx?+x+a-9<Ois true Vx €(- 1, 3), then f— 1) <0 and f(3) < 
0. ; 


1-1+a-9<0Oand9+3+a-9<0 


=> a<9anda<-3 


=> a<-3 


For Problems 22-24 
22. b, 23. a, 24. b. 


Sol. 

22. be >(atcy 
=> (atc-b)(atc+b)<0 
= f-DAD<90 


So, there is exactly one root in (~1, 1). 


23. af) < 0 and f(0) f(1) > 0 
=> af(1) <0 and af(0) <0 


Hence, both the numbers 0 and 1 lie between the roots. 


24. 0) (1) < Oand af(1) > 0 
= (0) fC) <0 and af) <0 


Hence, exactly one root lies in (0, 1) and 0 lies between the roots. 


For Problems 25-26 
25. a, 26. b. 


Sol. From the question, the real roots of x7 —2° + x+y =O are x,, x,, 
x, and they are in A.P. As X,, Xp) X, are in A.P., let x, =a-d, x,= 
a,X,=at d. Now, 


x, +X, $4, = ae a 


=> a-dtatatd=1 
I 

= 1 
5 (1) 


a= 
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ae eee 
4,4, +4,%,+2,4,= = =f 


=> (a-dar+a(atdt+(a+d (a-dD=P (2) 
XX = Pe 
= (a-dja(a+d=-y (3) 
From (1) and (2), we get 
3a- f= 8 


1 > 1 21 
=> »>3--d°*=fB, so B=—-d’<~— 
9 B B 3 3 


From (1) and (3), we get 


Matrix-Match Type [eas 


1. a>s;b-r;c>q;d—p. 
Obviously when a => 0, we have no roots as all the terms are fol- 
. lowed by +ve sign. Also for a = —2, we have 
x2 —-2ixd+1=0 


or 
l-1l=O0>5x=+1 
Hence, the equation has two roots. 
Also when a < —2, for given equation 
-atyva’-4 


Ixl = ——————_ > 0 
2 


Hence, the equation has four roots as |-a1> ya? — 4. Obviously, the 
equation has no three real roots for any value of a. 
2. a—p;b—p,q,r,s;c¢ > p,q,s;d— r,s. 
= x’? -2x +4 
je x? +2x 44 


U 


wy + 2xy+4y=xr-2x4+4 

> (y-)4+2y4+l«+4-1=0 
D=0 

= 4(y+1P- 16-1720 

=> (y+1P-(@Qy-2yr>0 

= Gy-NG-y20 

=> Gy-DO-ds0-ye[5,3) 

= {l}>P 


Bers —3x -2 
2x -3 
=> x-3x-2=2xy- 3y 
=> -(3+2y)x+ By-2)=0 
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D=0 
=> (3+2y)?-4Gy-2)20 
=> 9447+ 12y-12y+820 
=> 4y+17>0 
which is always true. Hence, 


ye R>{1,4,-3,-l10}>p7,¢,7,5 


_ 2x? -2x +4 

~ x? 4x 43 

=> vy-4ny+3y=2°-2x+4 

(y — 2) x7 +2 (1 -2y)x + 3y-4=0 
D=0 , 

A(1 — 2y? - 4(y - 2) By - 4) 20 
1 + 4y? — 4y — Gy? — 10y +8) >0 
y+6y-72>0 

(yt+7)(y-1)20 | 
y>lory<-7 


Vu 


{1,4,-10} >p, 4,5 


i-™ 


VUUUUS 


fix) =x - (a-3)x +2 <0, Vxe[=2, -1] 
fi-2) <0 and f- 1) <0 
4+ 2(a—3)+2<Oand 1+ (a—2)+2<0 
a<Oanda<-l 
a<-l 
ae {-10,-3} 


a—q,r,s;b—-r;c—>p;d—q. 
a. d+a-b=Oandd+b-c=0 
d=b-aandd=c-—b 
“ b-a=c~-~b>2b=a+b>a,b,c aeinAP. 
Also x = | satisfies the second equation. Therefore, the other root is 
- also 1. Product of roots is 1. 
2ac 


1. C(a—b) = a(b- 0c) > b= —— a, b,c are in HP. 


ate 
Therefore,.a, b, c are in A.P. and a, b, cin H.P. Hence, a, b, c are in 
‘GP. 
bo) (240%) -2b(at+ejxt (6? +0?) =0 
The roots are real and equal. Hence, 
4b (at+cyP -4(a +b?) (P +c?) =0 
= B(a@+c+2ac)-(eb + ac? + bt + bc’) =0 
> bP+0C4+2abc-ab-a@e-bt- bc? =0 
= 2abbc-ac- b+ =0> (0? - acyY =0 
Hence, b? = ac. Thus a, b, c are in G.P. 
ce (-1}= 0 => x = | is the common root. Hence, a+ b+c=0. 
d. (at+c)?+4b?-4b(at+c)<0,VxeER 
= ((a+c)-2Y sO 
=> at+tc=2b 
= a,b,c in A.P. 


4. a->rborc->q;d—p. 


a. (m—2)x? - (8 — 2m)x — (8 — 3m) = 0 has roots of opposite signs. 
The product of roots is 


=> ——<0 
m-2 


=> 2<m<8/3 


b. Exactly one root of equation x? — m(2x — 8) — 15 = 0 lies in inter- 
val (0, 1). 


FOU) <0 
=> (0-m(- 8)— 15)(1 -m(- 6) -15) <0 
= (8m-15)(6m-15)<0 
=> 15/&<m< 15/6 


€. x°+2(m + 1)x + 9m — 5 =0 has both roots negative. Hence, sum 


of roots is 
-2(m+ 1)<Oorm>-1 : (1) 
Product of roots is 
9m-5>0>m>5/9 (2) 
Discriminant, 


D>0=> 4(m + 1)? -4(9m—-5)=0 
=> m—-7Tm+6>0 


=> m<lorm>6 (3) 
eige: for (1), (2) and (3), we get 
5 
—,1}]U [6, 0 
me(5 | ae 


d. fix) =x? + 2(m—-1x+m+5=0 has one root less than 1 and the 
other root greater than 1. Hence, 


fay<0 
=> 14+2(m-1)+m+5<0 
=> m<4/3 


5. aos;b—-p;c—-qd—-r. 


a. x? + ax +b=Ohas root a. Hence, 


@taatb=0 . a (1) 
x? + px +q=0 has roots — a, y. Hence, 
@-patq=0 (2) 


Eliminating a from (1) and (2), we get 
(q - bY = (aq + bp)(- p— a). 
=> (q-b/P =-(aq + bp p+a) 


b. =x? +.ax+b=Ohas root is a, B. Hence, 
e+aatb=0 (i) 
x? + px +q=0 has root l/a. Hence, 
q@+pat1=0 (2) 
Eliminating a from (1) and (2), we get 
(1 — bq)’ = (a— pb)(p - aq) 
ec x’ +ax+b=0has roots a, 8. Hence, 
@+aat+b=0 (1) 
x? + px + q=0 has roots — 2/a, y. Hence, 
go’?—2pa+4=0 (2) 
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Eliminating a from (1) and (2), we get 
(4 — bqy = (4a + 2pb)(-2p — aq) 
d. x2 + ax+b=0 has roots a, 8. Hence, 


@+aatb=0 (1) 
x + px+q=0 has roots —1/2a, y. Hence, 
4go? -2pa+1=0 (2) 


Eliminating a from (1) and (2), we get 
“(1 — 4bq)? = (a + 2bp\ — 2p — 4aq) 


Integer Type 


1.(8) Let fa 4) a 
a 


P—3t— 18=0 “Cb 
t=3 satisfies (1) 

hence factorizing (1) 

(t-3)¢ + 3t+6)=0 

t =3 only is the solution 


1 i 1 
a+—=3 = @+5=7 => +z =47 


a a a 
2. (3) We have P(x) = ; — 6x — 9x? = -(3x + pes 
=> PP. af 
max 3 
sek rae 13 , 15 
Similarly, Q(y) = 4y + 4y + os =-(2y-1)*+ ca 
15 
= era 
Oras 2 
Now, P| xQ. Bg ey 
max mar 3 ¥ 
1 1 
So, y)=]--, = 
yah 
-1 1). 
Hence, 6x + 1Oy = 6 ae +10 5 =-24+5=3 
3. (2) We have x, + x, +x, =8 
X,/4,x,=d 
XX, + XH, HAY, = C 
Possible roots 1,2,5 or 1, 3,4 
‘d=10 or d=12 
=> c=2+104+5=17 or 34+124+4=19 
Hence, d=J0andc=17 or d=I12andc=19 
4.9) Let a, =A, B, = AR, a, = AR’, B, = AR’ 
we have a, + 8, = 6 = A(1 +R) =6 (1) 
a,B,=p>A?R=p (2) 
Also @, + B, =54 = AR? (1 +R) =54 (3) 
@,B,=4 = AR’ =4 (4) 


Now, on dividing Eq. (3) by Eq. (1), we get 
AR*(1+R) 54 _ 
ACU +R) 6 


9 => R=9 
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R =3 (As it is an increasing GP) 
On putting R = 3 in Eq. (1), we get 
yee 
4 2 
and g=A°R®= =x 243 S21B 


5 p=AR= een ale 
4 4 4 


2187 —27 ! 2160 = 540 


Hence, 
4 4 


q-p= 
5.(3) 2x? + 4x(y - 3) + 7y?-2y+4=0 
D=0 (for one solution) 
=> 16 -3)-8(7y*-2y+=0 
=> 2y-3"-(7y-2y+HD=0 
=> 2(y°- 6y + 9)- (7y?- 2y + =0 
=> —S5y-10y+18-t=0 
=> Sy?+ 10y+t—18=0 


AgainD =0 (for one solution) 
=> 100-20(t- 18)=0 
=> 5-1+18=0 
=> t=23 
for t= 23; 5y?+10y+5=0 
(y+ 1~=0 => y=-1 
for y=—1; 2x*- 16x+32=0 
x-8x+16=0 
x=4 5 x+y=3 
6. (4) As P(x) is an odd function 
Hence, P(-x)=- P(x) = P(-3)=-P(3)=-6 
Let P(x) = O00? -9)+ax+b 
(where Q is quotient and (ax + b) = g(x) = remainder) 
Now P(3) =3a+b=6 (1) 
P(-3)=-3a+b=-6 (2) 
Hence, b = 0 anda =2 
Hence, g(x)=2x => g(2)=4 


7.4 fo) =a ~(34+ 2a) x+6 
= (ax — 3) (x-2)- 
Here, roots of the equation (x) = O are 2 and 3/a, and f(0) = 6. 
J(x) should be positive for exactly three negative integral values of 
x. 


Therefore, graph of f(x) must be a downward parabola passing 


through x = 2 andx=3/aand-4< 3 <-3 


3 
pfu 
ae( | 


a 
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genigss 2 
4 


=> c+4d=1+3=4 
8. (8) Given af ; aB (a+ B); c8 + B are in GP. 
a+ B=4, aB=koP + &B= aB(a+t B)=4k 
o + & =(a+t BP -3ap(a+t B) 
= 64 — 3k(4) = 4(16 — 3k) 

k ; 4k; 4(16 — 3k) are in GP. 
16K? = 4k(16 — 3k) 
4k(4k - 16 + 3k) =0 


Fig, 1.87 


Let f(x) =x? +204 1)x+ +047 
If both roots of f(x) =0 are negative, then 
D=b —4ac =4(A+ 1° -4(¥ +147) 2051-620 


=> A€[6,~) (1) 
Sum of roots =- 2(A + 1) <0 

= Ae (-1,~) (2) 
and product of roots =/4?+A+7>0VAER (3) 


From (1), (2), (3), we get A € [6, 0) 
(As (1), (2), (3) must be satisfied simultaneously.) 
Hence, the least value of A = 6. 
10.(3) Clearly, P(x) — x? = 0 has roots 1, 2, 3, 4. 
oP) =x=(x-1) @-2) @-3)-4) 
= Pix)=A-1) («-2) @-3) 4-444 
Hence, P(5)=1x2x3x4+4125 = 129 
W1.(4) x= (3044+ 44 => PaBt+4 |S a4 
12.(3) fi) =(- DG?-7x+ 13) 
for f(x) to be prime at least one of the factors must be prime. 
Hence, x-1=I1 => x=2 or 
xX —7Tx4+13=1 => x-7x+12=0 => x=30r4 
=> x=2,3,4 , 
13. (6) Let the roots be a- 3d,a-—d,a+d,a+3d 
Sum of roots=4a=0 => a=0 
Hence, roots are —3d, -d, d, 3d. 


Product of roots =9d'=n? => P= a 


Again )x\x, = 30? — 3c? - 90? - d - 3d? + 3d = -108? 
= —(3m + 2) 


(1) 


> = =3m+2=> 10m=9m+6 


=> m=6 


14, (8) 


15. (4) 


i 


As P(1)=0 : 
and p(x) =O hence let p(x) = k(x - 19°, k > 0 


¥ 


oO 1 
Fig. 1.88 

pQ)=k=2 => k=2 
. p(xy=2x-1P = p(3)=8 


_ 3x? +mx+n 
a x + 

x (y-3)-mx+y-n=0 
xeER 

D=0 

nt? — 4(y — 3) (y-n) 20 


y 


16. (6) 


. => 


17. (7) 


18.(3) 


m? — A(y* — ny —3y + 3n) 20 

4y* — 4y (n+ 3) + 12n-m’<0 
Also given (y + 4) (v—3) $0 
y+y—-12<0 


Compare (1) and (2), we get - ae 
=> m=Oandn=4 


a > 8b and 4b? > 4a 
Now 2a => bi2a28b (a>0,b>0) 


B28 => b22 
Again a? 2 8b andb22 
=> @216 
> aZ>4 


From (1) and (2), (a + b) 6. 


least 

Givena+b+c=1 

ab+bc+ca=0 

abc =2 

Now (a+b+cyY=1 

C+h4+C4+2ab=1 
7+h+C=1 

Now, a? + B? + c}—3abe = (a+b +0) (Xa? - Lab] 

=1(1-0)=1 
@+b4+0=)14+3abc=14+3xK2=7 


1 
The given equation x+ — =3 
xX 


4(n+3) _ 12n-m? 
1 -12 


(1) 


(2) 


(1) 


(2) 


(1) 
(2) 
(3) 


ee te7t a te tana = t+ +L ecarp-r 


x x Xx 


*. x84 4% = 2207 


Now E=x° +x) 4+x° 4x7 


1 
=a(xet}erterrean(ast|eae[ se 
x x 


E= (++) (x8 + x) 


x 


x 


4 


(1) 


(2) 


1 
Substitute the value of x° + x* = 2207 from (1) andx + — =3 
x 


E = (3) (2207) = 6621 
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19.66) 2+ axt+be(x+)1a+b) => b+l=a (1) 


also x°+bx+c2(x4+))+e) => c+1l=b 


or bt+l=c+2 (2) 


hence b+1l=a=c+2 
aso} «(xt )Datbyxtoexr—4x°+x+6 
sp X+(lt+dbtort+(bt+be+oxt+be=ve—47°4+x+6 
=> IJtibtc=-4 
=> 2¢+2=-4 => c=-3;b=-2anda=-l 
=> atb+c=-6 
20.(3) nj t+1,n+2 
sum =3(n+1)=—a 
. a? =9(n+1P 
sum. of the roots taken 2 at a time = +b 
. AM+1)+(n4+1)n4+2)4+(n+2)n4+1=b+1 
eW+entn+3n+2+r+2n+1l=b+1 
- b+ 1=3n?+6n+3 


2 2 
be S8n HPS SP oe eS 
3 b+1 
21.(2) (x + y + z)* = 144 (given) 
=> Ye? + Wry = 144 
=> 96+ 2 Yxy= 144 => Yr = 24 
he BP ed 24 2 
again —+—+— =36 > xnyz7=— == 
x y Zz 36. 3 


now x+y4+ 2 -3xyz= (x+y +2) (=x7-D9) 
=> x? —2 = (12) (96 — 24) = (12)(72) = 864 
= Dx = 866 
22.(6)a+ B= 1154 and aB= 1 
(Je + JB Y= a+ B+2JoB = 1154+2= 1156 = (34) 
= Ja + Jp =34 
Again (a + B= Ja + JB +2 (ap) =34+2=36 
als + Bis =6 
23.(4) Given a’ 4a + 1=4>5@+1=4(1 +a) 
_ (a=)i+a’)_ atl A(ath)_ 


9 4 
a -] atl atl 


24.(5) Let ax? + bx? + cx + d= 0 has roots p, g, r 


c 
EE Se (1) 


but pgt+qrtipspt+g4r 
=(pt+tqtry-2>pq 

“ 3(pqtqrtrp)s(ptq+ry’=16 
a 3— $16 => <8 => largest possible integral value of 
© is5 
a 

25.(3)C +xQ-a)t+y—-ay+120xER 
=> (y-ay’?—4G°-ay+1)<0 
=>-3y +2ay+a-4s0 
-. 3y-2ay+4-a@20 yeR 
Ds<0 


29.(7) Let E= 
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> 47-4.3(4-@)<03@-34-a@)<054@-12<0 
“. range of ae ee V3) => number of integer {—1, 0, 1) 


26.(3) We have (a@ + B)?= [z+5}e +f) 


> (a py=[ Lo) Cas BF ~ 206 
a” B 


Substituting a+ B=- LZ and aB= = we have 
a a 


=> cb’ + b(b? —2ac) =0 

b#0, ». bc+b?-2ac=0 

atc 
2 


b= 


a, b, c are in AP, 


2 
“we have wes + [=] —2ac =0 


=> @-4ac+32=0 = (a-c)(a-30) =0 


a 
atc wa=3c 8. — 3 
c 


27.(7) For two distinct roots, D > 0 ite., + 8(K? + 5) > 0 which is 


always true 
Also let f (x) =- 2° +kx+#?+5=0 
But f (0) > 0 and f (2) <0 


Fig. 1.89 
—84+2k+kh4+5<0 => K+2k-3<0 
=> (k+ 3)(k-1) <0 
ke (3,1) = a=-3;b=1 


=> at+10b=-3+10=7 


2a a 
28.(8) Pemern=0 and Pep tm=0 
2p B 
2(a+ B)=-m (1) 
4aBz=n (2) 
and a+ B=-p (3) 
ap=m (4) 


. (and(3) => 2p=m 
and (2) and (4) = 4m=n 
nn 4m | 
p m/2 
a b c 


+ + 
+c cta ath 


fies eS aay ei 
bt+e cta at 
1 I 
>3+EF=(at+bt+c) + + 
b+c cta atb 
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10 
=> cecal salar =10 > E=7 


30.(3) We have abe + 1 = wee 


15 3 
=> bis =—-3 and fess 
b 
ea | 
Now ere = b = = ae =3 
ca ¢ a ~-5-(-3) 
b b 
: 4 2 4 2 4 2 
31.(2) We have c Bes IG ~ ayseres 
a ir Cc 


[a's 4s3\[eetes er se] 
(-TeTeT+) 


32.(3) Let? + bax 
1-2ab =(a+ bY -2ab=7 +P =x(a+b=1); 
l-x 
2 
and a? + b= (a+b) (a +b? - ab) 
@+b=x-ab 


also ab = 


]— 
hie 
2 


I-x  3x-l 
2 2 


Hence a? + bo =x - 


Hence the equation 
(1 — 2ab) (a* + b*) = 12, becomes 


(2S )-12 
2 


=> 3x°-x-24=0 
=> (v-3)Gx+8)=0 


=> x=30rx= (not possible) asx=a@? +b? £0 


x=3 > +h =3 


33.(5) We have 2x° - 9x7 + 12x+k=0 
Let the roots are a, a, B 


20+ B= ; 


putting B= (2 - 2a | from (1) in (2) 


(1) 


(1) 


(3) 


Oo + 2a( 2 - 2a | =f = 0 +9a-4e=6 


> 30 -9a7+6=0 
=> &@-3a+2=0 
=> (a-2)(a-1)=0 Sa=2orl 


if @=2 then B= ae 


5 
if @=1 then B= — 
2 2 


1 (2) 
k=-2(@)= =-4 or k=-2(12)/ =} =-5 
2 2)" 


a8 243 = 5, 2 
1 a_i bis en ae By 
a b c x 


34.(3) Let 


where x takes 3 values a, b and c. 
= 8+kx-—1=0has roots a, b,c 
Nowat+b+c=0 

abc = | 
Hence a? + b? +c? = 3abc =3 


Subjective Type 


3B 2 
; l 
=> 4° =3'|3+— 
[ 5) 
3 4 
=> +4 =3*— 
2 v3 
qr} 3x7! 
ar cans 


= 4x-32 = 35-32 


x-3/2 
~ (] 2 
3 


=> sc =O 
2 


=> *x=3/2 
2. We have, 


fevints fei 
Squaring both sides, we get 

x+loltx—14+2qx-1 
=> 1=2Jx-1 . 


= 1+4@-1) 
=> x=5/4 


(2) 
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3. Given a > 0. So we have two cases: u # | and a = 1. Also, it is 
clear that x>Oandx4l,ax#1,axZ 1. 
Case I; If a2 > 0, # I, then given equation can be simplified as 
a Se cae 


log,* I+tlog,x “oe log, x 


Putting log, x = y, we get 

2(1 +y)2+y)t+y2+y)+3y(1t+y)=0 
6y? + lly+4=0 

y= — 4/3 and - 1/2 

log, x =— 4/3 and log, x =— 1/2 


Yudyy 


x= a“ andx=a"'? 

Case I: If a= 1, The then equation becomes 
2log. 1 + log, 1+ 3log.1=5log 1=0 
which is true V x >0, #1. Hence, solution is 


eee 


-1/2) -4/3 
pai 


x=a ,ifa>0,41- 


4, Let, 


we 26 - 153 
~ 5N2 — 38 +53 


n> 3 26 -15V3 
50 + 38 +53 — 10/76 + 10/3 
d- 26 — 153 


= 0S 
88 + 53 —10./75+ 1+ 10V3 
: 26 -153 


> x" => 
88 + 5V3 -10 (573)? +(1)2 +2 x 5V3 x I 


5 26 -15V3 


=> x = 
88 + 5V3 - 104(5 V3 +1)? 
P 26 — 15/3 


=> x= 
88 +53 -10 (5¥3 +1) 


> 26-15y3 
x = 
78 45.3 


26-15¥3__ 1 


-, 


~ 3026-153) 3 


which is a rational number 


5. There are two parts: (Sx — 1) < (x + 1) and + 1) < (7x — 3). 
Taking first part: 
(5x-1)<(x41P 


=> 5x-l<x4+2x4+1 
=> -3x+4+2>0 


=> (x-!1)@-2)>0 
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=> x<lorr>2 
Taking second part: 
(x+ 1) <(7x-3) 
=> -5x+4<0 
> («-la-4<0 
=> 1<x<4 
From (1) and (2), taking common values of x, we get 2 <x <4. 


Then, integral value of x is 3 only. 


6. a, fare the roots of x7 + pxr+q=0. 
a+f=-p,of=4 
y, 6 are the roots of x7 + rx+5=0. 
yto=-r,yo=s 
Now, | 
‘E=(a-y)(a-6)B-y») B-9) 
=[o? -(7 + O) a t+ pO) Ih? - G+ 5) B+ yd) 
=(@+rat+s|[P+rh +s] 
Also @? + pa t+ q=0and £2 + pB+q=0 
= E=([(r-p)a+e-Qilv-p)h+(s-9)l 
=(r—p)’ aB + (r—p) (s-q) (a+ f) +(s-qyP 
= qr - py — pir -p) (sq) + (s- gy 
Now if the equations x? + px+q=Oandx+rx+s=0 have a 
common root say a, then 
@+pa+gq=0 
and 
e+ra+s=0 
= (q-s/=(r-p) (ps- qr), 
which is the required condition. 
7. We know that for sides a, b. c of a triangle, 
(a-by>=0 
=> @¢4+h>2ab 
Similarly, 
B+c0>2be 
C+a’>2ca 
Adding the three inequalities, we get 
2(a? + b° +c?) > 2 (ab + bc + ca) 
> €4+RP4+C>abtber+ca 
Adding 2(ab + be + ca) to both sides, we get 
(athb+c) > 3(ab + be + ca) 
or 
3(ab + bc +ca)<(a+b+cy 
Also, 
c<a+b (triangle inequality) 
=> CK<actbe 
Similarly, 
Bb <abt+be 
@<abt+ca 
Adding (4), (5) and (6), we get 


@+bh+e<2(abt+bet+ca) 


() 


(2) 


(2) 
(3) 


(4) 


(5) 


(6) 
(7) 
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Adding 2(ab + be + ca) to both sides, we get 
(a+ b+c)y <4 (ab+bce+ca) 
Combining (4) and (8), we get 
3(ab + be + ca) < (at+b+cy <4 (ab + be + ca) 


First two expressions will be equal fora =b=c. 


8 y= y((x +1) (x - 3))/(x -2) will be real if 


((x +) (x -3))/(x-2) 20 


= + ee + 
<—+— + +> 
I 22 3 
Fig. 1.90 


From the sign scheme of ((x +1) (x — 3))/(x-2) , we have 


xé€ [-1, 2) U [3, 0) 
9, The given equations are 
3x+my—m=0 


and 
2x - Sy - 20 =0 
Solving these equations, we get 
25m 2m—- 60 
x= ’ y = - 
2m+15 2m+15 
For x >0, 
25m ~ 


2m+15 


15 
=> ae m>0 


For y > 0, 
2¢m —30) 
2m +15 


15 
> m<- > or m>30 


Combining (1) and (2), we get the common values of m, 


15 
m<—-—or m>30 
2 
me [— =) U G0, °°) 


10. The given system is 

x+2y+z=1 
2x-3y-w=2 — 

where x, y, Zz, 020. 

Multiplying Eq. (1) by 2 and subtracting from Eq. (2), we get 
Ty +2z+@=0 

= w=-(7y+2z) 

Now, x, y, z,@ 20 

=> y=z2=w=0 


=> x=1 
11. em’. esint A=) 
Let e"* = y. Then the equation becomes 


Ree ae ar, 
. 


=> y-4y-1=0 
(8) > y=2+¥5,2-V5 
But y is real +ve number. Hence, 
y#2-V5 
=> y=24+V5 
=> erie 5 
= sin x= log, (2+ V5) 
But 
2+V5>e 
=> log, (2 + V5) > log.e 
=> log, (2+ V5)>1 
= sinx>I, 


which is not possible. Therefore the given equation has no real 
solution. 


12. For any square there can be at most four neighbouring squares. 


Se ale ol 


Fig. 1.91 
(1) . 


Let for a square having largest number d, p, g, r, s be written. Then 
according to the question, 


pt+qtrt+s=4d 
= (d-p)+(d-q)+(d-r)+(d-s)=0 


Sum of four positive numbers can be zero only if these are zeros 
(2) individually. Therefore, 


d-~p=d-q=d-r=d-s=0 
=> p=qzr=sz=d 


Hence, all the numbers written are same. 


13. Let a, £ be the roots of equation ax? + bx + c = 0. Given that 
B=a". Also, a+ PB =-— bla, af = cla. Now, 


(1) oB =< saa" = >a (<}" 
(2) 


a 
or 
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=> (a"c)”" +(a cnyntl +b=0 


14, ¢— 3x+2>0,x7-3x~-4<0 


~< O oO > 
~« ——_+~ +}. +> 
= -l 1 2 4 °° 
o__1___________ © 
Fig. 1.92 


=> (x— 1 @-2)>0and (x-4) +1) <0 
=> xe(—%, 1)U (2, ) andx e€[-l, 4]. 
Therefore, the common solution is [-1, 1) U (2, 4] 


15. (5+ 2V6) (5-2V6)=25—24=1 
1 
5— 2¥6 =——= 
me Nb 5+2V6 


Hence, the given equation is 


1 


Ge2e) 4 ee 
(5+2V6)* > 


10 


=> yt ae ae where y=(5+2V6)" 3 
y 


=> y— 10y+1=0 


a 10+,/100 -4 


2 
=> y= 5+2V6 


= (5+2V6) 3 =542V6 


=> (542V6)" 3 =(5+26) 


1 


54+2V6 
=> (542V6)" 3 =(542V6)! or (5 +26)" 3 =(5 +26)? 


(5+2V6)" 3 = 


=> 2-3=lorxr’-3=-1 
=> ¥v=4orx’=2 

=> xr=+2or+ V2 

16. The given equation is 


x —2alx - al- 3a? =0 
Case I: If x - a > 0, then lx — al = x — a. Hence, the equation 
becomes 

x — 2a (x - a)-3a’=0 
=> x —-2ax-@=0 


Qa + 4a? +4a? Pe 


> x= =>azr 
2 


Case II: If x - a < 0, then kx — al = — (x - a). Hence, the equation 


becomes 
x? + 2a (x — a) —3a?=0 
=> x +42ax-5a’=0 
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-2a + 4a? +20a? 


2 


yw D2a#2a V6 
2 


x=-atav6 


Thus, the solution set is fatav2 ,-a +a6 }. 


— a 


17. We are given - 


2x 1 
2x? +5x4+2 x41 
1 
a 2x n +0 


2x7 +5x4+2 x41 


2x? +2x — 2x? —5x-2 
(2x? +5x +2) (x +1) 


—3x—2 50 
2x +l@t+he@t2) 


ewer ce? Sor 
@+I@+2)@x+h 


—oo —2 -1 -2/3 -1/2 oo 
Fig. 1.93 


From the sign scheme, solution is x € (-2, -1) U (-2/3, 1/2). 


18. The given equation is 
be? t+ 4x4 314+ 2x+5=0 
Case I: 
xr+4xr+3>0 
=> @+)ID%+3)20 
=> xe (—»,-3}]U[-l, 0) 
Then, given equation becomes 
xv’ +6x+8=0 
=> («+4 (*+2)=0 


=> x=-4,-2 


(1) 


But x = —2 does not satisfy (1); hence rejected. Therefore, x = —4 is 


the only solution. 
Case IT: 
¥+4x4+3<0 
=> (w+ 1)@+3)<0 
=> xe(-3,-l) 
Then, given equation becomes 
-0? +4x4+3)4+2x+5=0 
=> -x°-2x+2=0 
=> xr+2x-2=0 
—24 J4+8 
x = —_+—— 
2 


=> 


(2) 
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ay 7S4)4.43, 41648 
out of which x =—1~ 3 satisfies (2). Thus, x = - 4, ~ 1- V3. 


19. Let f= e+ (b/a) x +(c/a) . According to the question, we 
have the following graph. 


cia 


Fig. 1.94 


From graph, f(-1) < 0 and f(1) < 0. So, 


| 29 


ieee See — 
a 


a a a a a 


20. Refer to problems 25-26 of linked comprehension type. 
21. 


(0, 1) <7! -r-—>]<«r > D 


@=prtd-sy 
bP=(l-pyt+e 
C=(l-gPt+r 
F=(1-re +s? 
C+P+C+P@al[pt+(l-pyy+[e+d-9@J 
+[P+(1-—r)?] 4+ [s?+ (1 —s)], where p, g, r,s € [0, 1 
Now consider the function 
yert(l-xy7,0<x<1 
=> y=2r-2v+] 
which has vertex (1/2, (1/2)). 
Hence, minimum value is 1/2 when x = 1/2 and maximum value is 


atx = 1, which is 1. Therefore. minimum value of a7 +b? + c+ & is 
1/2 + 1/2 + 1/2 + 1/2 =2 and maximum value is 1 +1+1+1=4. 


22. Let us consider the integral values of x as 0, 1, -1. Then f(0). f(1) 
and f(-1) are all integers. Therefore, C, A +B+CandA-—B+C 
are all integers. : 

Therefore, C is integer and hence, A + B is an integer and also A — 
B is an integer. ; 

2A =(A+B)+(A-B) 
Therefore, 2A, A + B and C are all integers. Conversely, let n € J. 
Then, 


f(n)= An? + Bn+C= 24) 7 Da 1 B)n+C 


Now, A, A + B and C are all integers and 


‘n(n—1) _ Even number 
2 2 
Therefore, (7) is also an integer. 


= integer 


23. We know that 


(a- BY = [(a + 6) - (B+ 5)P 
=> (a+ py - 4a =(a+64+8 +62 -4 (a+) (6 +9) (4) 
Now, here ; 


b 
a+B=-—,0p=— 
a a 


and 

B C 

6) =-—, (0 + 6)\(B +6) == 

(a+ 6)+(B+6) 5s (a+ 6)(B +6) z 
b? -4ac _ B’-4AC 

=> are ae see = [From (1)]} 

24, Pe me 
a a 


Roots of the equation a? x7 + abcx + c? = 0 are 


—abe + jaabey —4a° ¢? 


x= 5 
2a 


-(-2Y2)s (2) 3) (5) 


_ (a+ BoB) + a + BY (aB)* - 4 (By 


2 


(a + B)+ y(@-B)'] 


= (of) ; 


[(a+ B)+ (a@- B)) 
2 


a 


= ap 
= af, of" 


25. The given equation is 

xet(a—b)x+(l-a-b)=0,abER 

For this equation to have unequal real roots V b, 
D>0 

=> (a-by-4(l-a-b)>0 

=> @+bh’-2ab—44+4a+4b>0 

=> b+b(4-2a)+a+4a-4>0 (1) 

which is a quadratic expression in b, and it will be true 

V be R. Then its discriminant will be less than 0. Hence, 
(4-2ayP -4 (a+ 4a-4) <0 


=> (2-ay-(@+4a-4)<0 

=> 4-4a+@-@-4a+a<0 
=> -8a+8<0 
=> a>il 


26. Roots of x? — 10cx - 11d =0 are a and b. Hence, 
at+b=10candab=-lld 
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cand d are the roots of x7 — 10ax — 11b = 0. Hence, 
c+ d=10aandcd=-ilb 
=> a+ b+c+d=10(a+c) and abcd = 121 bd 
=> b+ d=9(at+c)andac=121 
Also, we have 
a@ — 10ac - 11d =0 and c* -10ac - 11b=0 
=> @+cC-20ac-11(b+da=0 
=> (a+ c)-22 x 121-99 (a+c)=0 
=> a+c=12lor-22 
For a+ c =—22, we get a=c. Rejecting these values, we have 
a+c=121. Therefore, 


a+ b+c+d=10(a+c)=1210 


Objective Type 
Fill in the blanks 
1. Given polynomial is 
(x — 1) @& — 2) & — 3) «+» (& — 100) 
Sea (LDS LOO) ee et 
Hence, coefficient of x” is 


—(1 +24+3+4---+100)= 


~100 x 101 
2 


=-5050 
2. As p and g are real and one root is 2 + i 3, so the other root 
must be 2 — ney Then, 
p = —(sum of roots) = -4 
q = product of roots = (2+ iV3 )(2-iv3 )=44+3=7 


3. Given equation is 
x 3kx t+ 22? *F¥-~ 1] =0 
=> x -3kx+(2h-1)=0 
Here, product of roots is 2k? - 1. 
2e -l=7>R=4>5k=2,-2 
' Now for real roots, we must have 
D=0 
=> 9 -4Qk-1)>0 
=> P+42>0 
which is true for all k. Thus, k = 2, —2. But for k = —2, In k is not 
defined. Therefore, rejecting k = — 2, we get k =2. 


4. By observation, one root is x = 1, 
=> atb=-! 
5. Givenx<0,+ <0. 


x 1 x 1 
x+y+—=—and@t+ yj-=-— 
y 2 y 2 


Let, 
: x 
x+y=a and —=b (1) 
y 
Therefore, we get 
1 1 
-,ab=-— 
2 2 
Solving these two, we get 


1 1 
+|-— |=— 
=) 2 


atb= 
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=> a=1,-12 
=> b=-i1/2,1 
(1) =xty=l and ~=-— 
y 2 
or 
x+ sod ge 
es a 2 
But x, y <0 


~I 
xty<0>x+y= and ~=1 
2 x 


* On solving, we get x = -1/4 and y =-1/4. 


6. Ix -—2P + lx-2]/-2=0 

=> (-214+2)(r-21-1)=0 

=> Ix-21-1=0 

=> x-2=41 © 

=> x=1,3 

Therefore, the sum-of the roots is 3 + 1 = 4. 


7. log, log, (jx +5 ane) =0 
log, (x +5 + Vx) =1 
(fx +5 +Vx) =5 


x+5=254+x-10Vxr 

2= vx 

x=4 

which satisfies the given equation 


Vyedu vid 


True or false 
1. False. 
2+ 3x4+1=0 
=> (2x+1)(x+1)=0 
=> x=-1,-1/2, both are rational 
2. True. Given equation is 
(-a)a%-c)+2-b) (x-adD=0 
Let, 
fWO=0-OQ (X-0)4+2-bD a-dA 
fe) = (b-a\(b-c) <0 
iid) = (d-a)(d-c)>0 
Thus, 
Kb) Aa) <0 
Therefore, one root lies between b and d: hence the roots are real. 
3. False. Consider N = Nn +nt+nto +7, where N is an even 
number. Let k numbers among these p numbers be odd, then p — k 
are even numbers. 
Now, sum of p — k even numbers is even and for N to be an even 
number, sum of k odd numbers must be even, which is possible 
only when k is even. 


4. True. We have P(x) = ax?+ bx +c, for which 


D,=b?—4ac (1) 
and Q(x) = — ax? + dx +c, for which 
D,=d + 4ac (2) 


Given that ac # 0. Following two cases are possible. 
If ac > 0, then from Eq. (2), D, is +ve = Q(x) has real roots. 
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Iftac <0, then from Eq. (1), D, is +ve => P(x) has real roots. 
Thuss, P(x) O(x) = 0 has at least two real roots. 


Multigale choice questions with one correct answer 
1c. /,m, nare real and / # m. Given equation is 
(L~m)x?=5 (1+ m)x-2(1-m) =0 
D=25 (l+my+8(U—-my>0,l.meR 
Therefore, the roots are real and unequal. 


Qa. u=x2+ 4y? + 92? - 6yz — 32x — Qxy 
J ¥ 
a [2x? + By? +182? — 12yz — 6zx - Axy| 
2 
i 
= aL — Axy + 4y?) + (Ay? +92? — 12yz) 
+ (x7 +92? — 6zx) | 
2AM. a) were: - 2 
= [x - 299? +@Qy - 32)? + Bz - 2) ]20 
Hence, u is always non-negative. 
3.c. Asa, b,c>0,soa, b, c should be real (note that other relation 


is not defined in the set of complex numbers). Therefore, the roots of 
equation are either real or complex conjugate. 
Let a, f be the roots of ax’? + bx + c = 0. Then, 

b ¢ 
a+ B=-—=-veand oB =—=+Vve 
a a 


Hence, either both a, f are —ve (if roots are real) or both a, 8 have 
-ve real part (if roots are complex conjugate). 


4.b. The given equation is 
(x — b)\(x-—c) +(x -@-¢c) + -ax-b)=0 
=> 3x-2atb+c)x+(ab+bet+ca)=0 
D=4(a+b+cy-— 12 (ab + be + ca) 
=4[a +b? +c? —ab - be -cal 
=2[(a- by +(b-cy +(c-a)’]20,V a,b,c 
Therefore, the roots of the given equation are always real. 


ax—ap 


5.¢. x + pr+ljax’ +bx+e 


ax? +apx? +ax 


—apx? +(b-a)x+ec 


2 2 
—apx” —ap°x—ap 


(b-at+ap’)xt+c+ap 


Now, remainder must be zero. Hence, 
b-at+ap’=Oandc+ap=0 


; —b 
=> p=--— and p= 
a 

-C : a-b 
— —- = 

a a 
=> C=a’-ab 
=> @¢-cC=ab 


6. a. Ix? - 3 ln) +2 =0 
(ol — 2) (el - 1) =0 
ixl= 1 or2 


toy 


=> x=+1,+2 
Hence, there are four real solutions. 
7.c. Let the distance of the school from A be x. Therefore, the dis- 


tance of the school from B is 60 — x. The total distance covered 
by 200 students is 


[150x + 50 (60 — x)] = [100x + 3000] 
This is minimum when x = 0. Hence, the school should be at town A. 
8.d. Given expression is _ 
x? 4x4-x+1=f(x) 
For x < 0, put x =— y, where y > 0. Thus, we get 
f@=y? +yt+yt+y+1>O0fory>0 
ForO<x<1l, | 
P <a +x7>0 
Also, , 
1-—x>0Oand x? >0 
=> x?P-P444+]1-x>0 Sfx) >0 
For x > 1, 
fo) =x? - 1) 08+ 1D) +1>0 
So f(x) > 0 for-2 <x <0, 
9. a. Given equation is 
2 2 


Clearly, x # 1 for the given equation to be defined if x - 1 #0. We 
can cancel the common term —2/(x— 1) on both sides to get x = 1, but 
it is not possible. So, given equation has no roots. 
10. c. Given that 
C+ h4+C=) (1) 
We know that 
(a+b+cy>0 
=> 44+ 4+2abt+2bce+2ca>0 
=> 2(ab+bce+ca)>-1 [Using (1)] 
=> abt+be+ca>-1/2 as (2) 
Also, we know that 


=| @- oy +@-cy +@-ay [20 
=> @+b+c-ab be-caz0 
=> ab+be+cas1 [Using (1)} (3) 
Combining (2) and (3), we get 
-l/2<ab+be+ca?1 
ab+bc+caeé [-1/2, 1] 
11. a. a, B are roots of x° + px + g = 0. Hence, 

at+fB=-pandaf=q 

a’, B* are roots of x° — rx + s = 0. Hence, 

a+ f=raif=agq 

Now for equation x? - 4gx + 2q? - r = 0, the product of roots is 
2q?- r= 2(aB) — (a' + 6) 
= (a2 - py 
<0 
Therefore, the product of roots is negative. So, the roots must be 
real and of opposite signs. 

12.d. We know that if fa) and f(f) are of opposite signs then there 
must be a value y between a and # such that f(y) = 0. Hence, a, 
b, c are real numbers and a# 0. As ais aroot ofa’? x’ + bx+c 
= 0, so 
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aot +batc=0 ; (1) 
Also, # is a root of a*x* — bx —-c =0, so 
a # - bB-c=0 (2) 


Now, let f(x) = a’ x? + 2bx + 2c. Then, 
fla) =a@o?+2ba+2c 
=o +2(batc) 
= @a? + 2(-a2a) [Using (1)] 
=-a’o <0 
and 
SB = CP + 2b B+ 2c 
=0P +2(bB+c) 
= af + (af?) 
= 30° >0 
Since f(a) and ff) are of opposite signs and y is a root of equation 
fo) =0, therefore, y must lie between a and £. Thus, a<y< pf. 


[Using (2)] 


13. a. The given equation is sin(e*) = 5* + 5“. We know that 5* and 
5~ both are +ve real numbers. 


Now, 5°+5%= (/s°—Js*) +222 


But L.H.S. = sin (e") <1 © 
Hence, no solution. 


14.c. a, # are roots of the equation (x - a) (x — b) =c, c£#0. 
(x — a) (x-b)-c=(%-a) (-f) 
=> (x-ay(xe-f)t+c=(x-a) (x- 5b) 
Hence, the roots of (x — a) (x — 8) +c = 0 are a and b. 


15. a. Minimum value of 5x? + 2x + 3 is 
2 

D__ (2) -465)3) 32 

4a 4(5) 


where maximum value of 2 sin x is 2. Therefore, the two curves do 
not meet at all. 


16. b. For real roots, 
q — 4pr20 
ary 
=> (25*) -—4pr>0 (" p,q, rare in A.P.) 


=> pt+r-l4pr>0 


= 2-441 50 
ro EE 
2 
= [2-7] -a820 
: 
= |2_qJ>4 V3 
r 


17. a. The given equation is 


Jxt1—Jx-1=/4x-1 


Squaring both sides, we get 


x+lt+x—-1-24/%? -1 =4x-1 


=> —2,/x? -1=2x-1 


Again squaring both sides, we get 
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=> 40°-1)=4¢-40+1 

=> -44r=-5 

=> x=5/4 

Substituting this value of x in given equation, we get 


Pins eres la ay 
4 4 ms: 
3 1 ol ope 
=> —-—— =? (not satisfied) 
,2 2 : 
Therefore, 5/4 is not a solution of given equation. Hence, the given 
equation has no solution. 


18. a. If both the roots of a quadratic equation ax? + bx +c =O are 
less than k, then af(k) > 0, -b/2a < k and D> 0. Now, 


a B 9 


Fig. 1.96 


fix) =x? -2ax++a-3 


= f3)>0,a<3,-4a+12>0 

=> @-Sat+6>0,a<3,-4a+ 1220 
=> a<2ora>3,a<3,a<3 

=> a<2 


19. b. Here D = b* — 4c > 0 because c < 0 < b. So, roots are real and _ 
unequal. Now, 
a+B=-b<0OandaB=c<0 
Therefore, one root is positive and the other root is negative, the 


negative root being numerically bigger. As a < f, so a is the nega- 
tive root while f is the positive root. So, lal > 8 anda <0<£<lal. 


20. d. Given equation is 
(x-a)(x-b)-1=0 
Let f(x) = (x -— a) (x -— b) — |. Then, 
fla) =- 1 and f(b) =- 1 
Also, graph of f(x) is concave upward; hence, a and b lie between 


the roots. Also, if b > a, then one root lies in (-0o, a) and the other 
root lies: in (b, +00), 


Fig. 1.97 


21.c. Let a, a? be the roots of 3x? + px + 3 = 0. Now 


> 


S=a+@=-p/3,p=a=1 


> a=law 


-l “i 
where @ = —_—— 
2 
a+ @=-pi3 > 0+? =-p/3 
=> -l=-p3B>p=3 
22. d. Minimum value of f(x) = (1 + b?)x? + 2bx + 1 is 
_ (2b)? ~ 40. +b’) 1 
A(1 +b’) 1+b° 


m(b) = 
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1.94 Algebra 


Clearly, m(b) has range (0, 1). 


23. a. Clearly,a+f=1,aP=p,y+d=4, yo=4 (p, ge D. 


Since a, f, y, 6 are in G.P. (with common ratio r), so 
atar=la(r+r)=4 : : 
= al+tn=ler(l+n=4 
=> Px1=45P=4>r=2,-2 
If r=2, 
pinsiage = 
. 3 
If r=-2, 
a-2a=1>a=-1 
But p=afel 
. r=-2anda=-l 
=> p=-?, 
g=or =] (-2)' =-32 
24.b. x -int+2l+x>0 
=> 4+2>Ix4+2I 
Let us draw the graphs of y = x7 + 2 and y=Ix + 


Fig. 1.98 


Solving y = |x + 2] and y = x? + x for their points of intersection, we 
gy y Pp 


have 
x+¢2er¢xoxr=2>7x=4/2 


Hence, solution of x? + 2 > |x + 2] is (00, — V2) Ul V2, 00). 


25. d. f(x) =2° + 2bx + 2c? 
=(x+ bP +2°-b 
a(x) =? — 2ex + B 
=(xtcr+ Pte 
Given that 
min f(x) > max g(x) 
227 —bP>b+e 


=> 
=> C>2h 
=> Icd>lbv2 
26.b. 2° +2ax+10-3a>0,VxeER 
=> D<0 
= 4a?-4(10-3a)<0 
=> ¢+3a-10<0 
= (a+5)(a-2)<0 
=> ae (-5,2) 


al. 


27. a. a and a? are the roots of the equation x? + px + q = 0. Hence, 


at+@=-p 
and , 
ae=aqae@=q. 
Cubing (1), 
e+a°+3ac(ata)=-p' 
=> q+q+3qp)=-p’ 
= p+q-q3p-1)=0 
28. d. a+ f, a + f, a? + & are in G.P. Hence, 
(+ PY =(at f) (a+ B) 
=> aofa-fy=0 
=> cA=0 
29. a. a, b, c are sides of a triangle anda #b#c. 
e la-dl<llsoe+h-2ab<c 
Similarly, we have 
BP+C-2be<@ 
and 
C+a-2ca<b . 
On adding, we get 
a+b +c <2(ab+be+ca) 
a +h’ +c? 
Since the roots of the given equation are real, therefore 
(a+b+cy—3i(ab + be + ca) >0 
a’ +b? +c” 
ab +be +ca 
From (1) and (2), we get 


A-2 


34-22 A<s 


30. d. a, f are the roots of x? - px + r=0. Hence, 


a+B=p 
and 
op=r 
Also, a/2, 28 are the roots of x? — gx + r= 0. Hence, 
5+ 2B=4 
or 
a+4B=2q 


Solving (1) and (3) for a and f, we get 
B= (24 ~ pyand a = =2p—4) 
Substituting values of a and f, in Eq. (2), we get 
5 (2p-@2q~ p)=r 
31. b. o+p=q 
=> (a+ B)-30B(a+ B)=q 
qt 


=> —p'+3pap=q>a0B= 


Required equation is 


() 


(2) 


(1) 


(2) 


() 


(2) 


(3) 
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{Geb} g ono 
2 2 
a Sl +1=0 
ap 
2 
=> x? [eae =228) 41-0 
ap 
p= 24 
=> x? A x+1l=0 
Pp +4 
3p 


=> (p> +q)x’-(@Bp—2p>-2q)x+(p' +q)=0 


=> (p?+@x’ -(p?-2q)x+(p'+q)=0. 


32.b. x7 + bx-1=0 


rtex+t b=0 
Common root is (b- 1)x-—1-—b=0 


This value of x satisfies equation (1) 


2 
(b+) Pt! 


5 +b=0 
(b-lP b-1 
S55 He apt AO 
33.c. a, =o ff 


Also ce? —6a-2=0 
Multiply with of on both sides 
=> a'°-6e?-208=0 
similarly B'° — 66? — 26 =0 
Subtracting (2) from (1) we have 
at! — B!° _ 6 (a? — PP) = 2(08 — f®) 
yy — 20g _ 


=> a, — 6a, = 2a, > 
2d 


(1) 


() 
(2) 


Multiple choice questions with one or more than one correct answer 


l.c, d. Let, 
_ @-4)@-5) 

=> (x-c)y=x—(atb)xtab 

=> -(atbt+y)x+ab+cy=0 

Since x is real, so ; 
D>20 
(at+bt+yy—A(ab+cy)20,VxER 
y+ 2y(a+b-2c)+(a- bY 20,VxER 
4(at+b- 2c)? -4(a- by <0 


UuuUUUSY 


(a+b-2c+a-b)(at+b-—2c-a+b)<0 

4 (a-c)(b-c)<0 
a-c<Qandb-c>0Oora-—c>Oandb-c<0 
a<c<bora>c>b 


Number System, Inequalities and Theory of Equations 1.95 


2.a,d. We have, 
2x-1 2x-1 
a 
Qx°+3x°+x  x(2x4+1) (x41) 


Critical points are x = 1/2, 0, -1/2, -1. 


On number line by sign scheme method, we have 


<—\—.  IdV—!a_—~ 
-l -1/2 0 1/2 
Fig. 1.99 


_ For f(x) > 0, x € (9, -1) U (-1/2, 0) U (1/2, 
tains (co, — 3/2) and (1/2, 3). ; 


3. a, b,c. 


3 2 5 
—(logz x)~ + logg x -— 
x4 4— 2 


00), Clearly, S con- 


3 5 
> (Soe, x) + log, x- = hog Xx = log, V2: 


(taking logarithm both sides on base 2) 


U 


3 5 1 : 
Gi +t- | = ri (putting log, x =f) 


3f+4P-S5t-2=0 

3p —3P +7 —7t+ 2t-2=0 
3f+7t+2)¢-1)=0 

Gtt I+ 2\(t- 1) =0 


$ YUUUY 


l 
t=log,x= bein 


1 
=> x=2,27,23 


Assertion and Reasoning 


1.b. Suppose the roots are imaginary. Then 


B=a and ed a 


B 
which is not possible. The roots are real, so 
(p? - q) (b? - ac) =0 


Hence, statement | is correct. 

Also, —2b/a = a + Pf and a/B = cla, a + 

f= 1, then ; ; 
a= q = c= qa (which is not possible) 

Also. 

2b —2b 


=>-2p >b=ap 
a a 


st1=— 


Hence, statement 2 is correct, but it is not co: 
statement |. 


Integer type 
1b. Let f(x) = 28 - 40° + 12° +x-1=0 


B = -2p, af = q. I 


(which is not possible) 


rrect explanation of 


SF’) = 40 - 12x? + 24x41 
f° @) = 12° - 24x 4+ 24 = 1207-2x4+2)>0 
=> f(x) =0 has imaginary roots 


=> f(x) =0 has maximum 2 distinct real roots. 
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2.2. Algebra 


INTIRODUCTION 


If a, are natural numbers such that a > b, then the equation 
x + a@ = bis not solvable in N, the set of natural numbers, i.e. 
there is no natural number satisfying the equation x + a = b. 
So, the set of natural numbers is extended to form the set J of 
integers in which every equation of the form x + a = b such that 
a, b € Nis solvable. 

But equations of the form xa = b, where a, b € I,a#0 are not 
solvable in J also. Therefore the set J of integers is extended to 
obtain the set Q of all rational numbers in which every equation 
of the form xa = b, a#0, a, b € is uniquely solvable. 

The equations of the form x? = 2, x* = 3 etc. are not solvable 
in Q because there is no rational number whose square is 2. 
Such numbers are known as irrational numbers. The set Q of all 
rational numbers is extended to obtain the set R which included 
both rational and irrational numbers. This set is known as the 
set of real numbers. . 

The equations of the form x* + 1 = 0, x7 + 4 = 0, etc. are 
not solvable in R, i.e. there is no real number whose square is 
a negative real number. Euler was the first mathematician to 
introduce the symbol i (iota) for the square root of —1 with the 
property i? = —1. He also called this symbol as the imaginary 
number. 


DEFINITION OF COMPLEX NUMBERS 


A number of the form x + iy, where x, ye R andi= V-1 
is called a complex number and ‘7’ is called iota: A complex 
number is usually denoted by z and the set of complex numbers 
is denoted by C. 


Cz={x+iyxe Rye R,i= J] } 


For example, 5 + 3i, -1 + 1, 0 + 4i, 4 + Oi, etc. are complex 
numbers. 

Here ‘x’ is called the real part of z and ‘y’ is known as the 
imaginary part of z. The real part of z is denoted by Re(z) and 
the imaginary part by Im(z). If z = 3 — 47, then Re(z) = 3 and 
Im(z) = — 4. 

Note that the sign ‘+’ does not indicate addition as normally 
understood, nor does the symbol i denote a number. These 
things are parts of the scheme used to express numbers of a new 
class and they signify the pair of real numbers (x, y) to form a 
single complex number. 

A complex number z is purely real if its imaginary part is 
zero, 1.€. Im(z) = 0 and purely imaginary if its real part is zero, 
i.e. Re(z) =0 


Note: 
1. For any positive real number a, we have /-a =.J-1xa 
=J-1 Ja =iva. 


2. The property JaJb = Jab is valid only if at least one of a 
and b is non-negative. If a and b are both negative, then 


| JaJb =- Jlailol. 


3. Inequality in complex numbers are never talked. If a + ib 
> + id has to be meaningful then b = d = 0. Equalities 


however in complex numbers are meaningful. Two com-.. 
plex numbers Z, =a, + ib, and: Z,=4a, + ib, are equal ifa, 
- =a,andb,=b, he. Re(z DF  Re(Z,) ‘and itz) = “Im(z). “ 


4. In real number system a+b =0 4 = = o= -b. But if z, 
_ and .z, are complex numbers then va + Zz =0 does not 
imply z, =z, =0,2g.2,= I + iandz,= 12% However, 

if the product of two complex numbers is zero then at _ 
least one of them. must be zero, same as in case e of real 

numbers. 


integral Power of lota (i) 


Since i= J—1, we have 2? =-1, ® =-iand i#=1. 

To find the value of i” (n > 4), first divide n by 4. 

Let q be the quotient and r be the remainder, 

ie.n=4g +r where 0 <r <3 

maha (Gy = (ora? 

In general, we have the following results: (4 = 1, #"*!= i, 
i+? = —], "+3 = -i, where n is any integer. 


Algebraic Operations with Complex Numbers 
Let two complex number be z, = a + ib and z,=c + id 
Addition (z, + z,): 

(a+ ib)+(c+id)=(atc)+i(b+d) 


Subtraction (z, - z,): 
(a+ ib) -(c + id) =(a-c)+i(b-d) 


Multiplication (z, z,): 
(a + ib) (c + id) = 


Division (z,/z,): 


(ac — bd) + i(ad + be) 


+ib (at+ib) ©-id 
“ : = SS ‘ : : (Rationalization) 
ctid (¢t+id) ©€—id) 
(where at least one of c and d is non-zero) 
at+ib  @c+bd) igc—ad) 
ne ctid +a ce +d? 


Properties of Algebraic Operations on Complex 
Numbers 


Let z,, z, and z, are any three complex numbers. Then their alge- 


~ braic operations satisfy the following properties: 


1. Addition of complex numbers satisfies the commutative 
and associative properties, i.e. 


2,42, =%, +2, and (%, +2) +2, =2, + @,+%) 


2. Multiplication of complex numbers satisfies the commuta- 
tive and associative properties, i.e. 
Zl, = 2, and (Z,2,)z, = 2, (2,25) 
3. Multiplication of complex numbers is distributive over 
addition, i.e. 
ZZ, + %) = ZZ +z,Z, and (Z, + Z,)z, = Z, %, + Zz, 
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ple Evaluate: a 5+4i 4 a+iy ‘ 1 
a. fas * 445i “ 3-i * 1-cos@ + 2isin@ 
4n+3- 7 + 7 _« 
b. (-V-1" ne N Sol. a 5+4i _ 5 +4i Z 4-Si 


c. {—25 +3J-4+2V-9 ” 445i 445i 4—-5Si 
: is 8 ye (20 + 20)+i d6—25) 
Sol. a. 135 leaves remainder as 3 when it is divided by 4 = 


(188 ae] 16 — 25i” 
_ 40-9 
b. (— [-\)"*3 = (-iy"*3 aL 
‘ : = (-i)"(-iP = 40 9 
= {Ci)*}" Gi’ a Ae 
= 1 x (-i? =i : 
a AD hee 39) 
c f—25'+3V4 + 2V-9 = Sit Git Oi = 17 b. oo 3 ae 
=f —1 
: ! f Find the value of i” + i*! + i"*? +i"*? for = 35 
: -1 
allne N. 
So. @+rtlere+rBar(l+it? +7] _ di B4t 61 +2i° 
=?"([1+i-1-i] ~ 3-9 34i 9-7? 
ere _-2+6i _ 1,3, 
10 5 


Find the value of 1 + i2 + i + i5 + --- +i” 


__Example 2.3 | 


1 
Sol. Sal¢2 tite +@Msl—-1t1—14+- +h" 2 1—cos 6 +2isin@ 
Obviously it depends on n. Hence it cannot be determined . 
unless 7 is known. Sa ___, Jeease zis? 
/ 1—cos@+2isin@ 1—cos@ — 2isin@ 
ec ceae 4Show that the polynomial x” + x“! faxece- ind 
+x 4 x43 is divisible by x? + x? +x + 1 where p, q,7,5 € N. = (—cos6)- TAgate 
= D +1 re? s+3 
Sol. ie ue = ae x ae + - . Now, 7 fence Digto 
RPE LS Reel ) 1—2cos@ +cos” 6+4sin’ 6 
=(x+i)(x-D(x+ 1) 
iO) = pe yp fol pee past3 = 1—cos@ —2i sine 
=144724+2 " 2-2cos@ +3sin™ 0 
siya eta) = 1-—cos@ me —2sin@ 
fi) = (i)? + Ci" + (i)? + (i) 2-2cosO+3sin? 6} .\2~2cosO +3 sin’@ 
=1+(-i)! + (i)? + (i? 
=1-i-1+i=0 


Example 2.7 BRYON 


fl) =D” + CI! + DY? + CD = 0 7 DiS 
(i) ix? -—3x-2i=0, (ii) 21 + )x*- 4(2 - Dx -5-3i=0 


Thus by division theorem f(x) is divisible by B+ xr4+xt1. 


. Sol. i. ix? - 3x-2/=0, 
If z 4 0 is a complex number, then prove ex 32) 3i¢ <9 =O.dividine by 1) 


that Re(z) => Im(z’) = 0. 
_ Bit V-944.12 _ -3itV-1 _ -3iti 
Sol. If 240, let <=x+ iy. Then, eh as 7] Se 
gax—y’ + i(2xry) => x=-i,orx=-2i 
Re(z) =O>x«=0 Gi) 20 +)x2-4(2-i)x-5-3i=0 
= Im(z?)=2xy=0 
Thus, oa pe 42-8) + f16(2 i) +4.2.0+).6 +3i) 
Re(z) = 0 = Im(z’) = 0 2+) 
_Example 2 | Express each one of the following in the 4(2—i)+ Jt64—4i =) $86 4514513) 


standard form a + ib. 441) 
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2.4 Algebra 


_ 42-1) + V48- 6474164 64) 13x + Sy = 23 (2) 


Solving for.x and y we get x = 1 andy =2 


4d.+i) 
_ 42-1 +8 BZA ©Find the ordered pair (x, y) for which 
4(1+i) x? —y?—i(2x + y) = 2i 
_ 2-1) +2 Sol. We have 
ae ee | ve-y=Oorx=ty (1) 
. . and ~(2x + y) =2 
_ cans nada bt Sea e a 
1+i 1+i ‘ ‘ > 
: oS ‘ : Solvi = ith (2 =y= 2 
: (4~i) (1-i) -i(l-’) olving x = y with (2) we have x = y 3 
oe 3 ee: Solving x = —y with (2) we have x = -2 and y =2 


If /x+iy =+(a +ib), then find /—x—iy, 
Sol. Vxtty =+atbi) 


=> xt+iv=a’—b? + 2iab 
=> x=a@-b*,y=2ab 


Sol. z=4+iJ7 “ f-x-iy = .f-(a? -b?)—2iab 
= z-4=iy7 = Jb? +(ia)? -2iab 


Example 2.12 


€ 3-5 (li 
via 2 


=> 2-82+16=-7 - Bay2 
=> 2-87+23=0 ° = y(b-ia) 
Now dividing z? — 42? - 9z+ 91 by 2 ~—8z+23 = +(b — ia) 


We get 2 — 427-927 +91 = (2? — 824+ 23)(2+ 4)-1=-1 


Equality of Complex Numbers 2 Culeaeme If sum of square of roots of the equation 


Two complex numbers z, = a, + ib, and z, =a, + ib, are equal ¥' + @ + ig)x + 3i= 0 is 8 then find the value of p and q, where 
if a, = a, and b, = b,, ie., Re(z,) = Re(z,) and Im(z,) =Im(z,). Pp and gare real. 


Thus, z, = z, @ Re(z,) = Re(z,) and Im(z,) = Im(z,). Sol. Let the roots are a, B 
We have a+ B=-(p + ig); aB = 31 
m If (a+b) —-i(3a + 2b) =5 + 2i, then find Given: o + P=8 
=> (a+ BP-2aB=8 
Sol. We have, => (ptigqr-6i=8 
2 2 . _ 
(a +b) - ia +-2b) = 5 +2i => pi—-g+ i(2pq—6)=8 
=> a+b=5and-(3a+2b)=2 => p-—q=B8and pq =3 
=> a=-12,b=17 : => p=3andq=1orp=-3andq=-l 


SZC Ifz=x+iy,z=a-ib and xla-yh=k(a-b’), 


then find the value of k. 


Given that x, y € R, solve: 


x eee _ 5+ 6i 


142i 342i 8i-1 a ce a a 
; . => x+ily=(a—iby 
5+6 : 
Sol. a ' ara = = (a} - 3ab*) + i(b? — 3a°b) 
Peete aa = x=a@-3ab>,y=b'-3a@b 
ms eile is 2) = ore) ey) wg Mi SE ae og De wa 
1-47" 9-4r° (81) -1 a b 
; ee emer) 2 _ 42 2 =A(g2_ PP 
x—-2xi 3y-2yi 40145-48463 Pen bP 8a: Aa) 
> + a 2 
5 13 —64-1 . k=4 
13x-26xi+15y—l0yi — —43+ 467 
ox 65 = Ks Let z be a complex number satisfying 
=> (i3xt+ 15y) — 1 (26x + 10y) = 43 — 46; +0DZ+m+2i= 0, where m eR. Suppose 
equating real and imaginary parts, the equation has a real root. Then find the non-real root. 
13x + 15y = 43 ‘ (1) 
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Sol. Let a be the real root. Then, 
a —B3+)at+m+22i=0 
=> (a7 -3a+m)+i2-a=0 
qs 2>54-64+m=0>3m=2 
Product of the roots is 2(1 + 4) with one root as 2. Hence the 
non-real root is 1 + i. 


Square Root of a Complex Number 


Let a + ib be a complex number such that /a@¢ib =x + iy, 
where x and y are real numbers. Then, 


Vatib Sxtly 
=> (a +ib) =(x+ p/P 
=> atib =(?-y*)+2ixy 


On equating real and imaginary parts, we get 


x —yra i 


(x2 + y?)? = (x? ~ 2) + 4x2? 
> +yP=07+h 


= (x? + y) = la? +p [és 


Solving equations (i) and (ii), we get 


ata (5 [Merve +0] andy? = (Lore) 


can [3] +e] way=s [lero] 


If b is positive, then by the relation Qxy = b, x and y are of the 
same sign. Hence, 


Va B= 2} [oro +0] [Ve +o? +a] +i =| Vath? -—a | 


If b is negative, then by the relation ae = b, x and y are of 
different signs. Hence, 


Jar = 2} Naso a] garam 


{| Find the square roots of the following: 


e+y>0] (1i) 


a.7- 24i 


b. 5 + 127 c. -15 - 8 
Sol. a. Let 7 ~ 241 =x + iy. Then, 

J7— 244 =x + iy 
=> 7~24i=(x+iyyP 
=> 7-24) = (x? - 9) + 2ixy 
> xr -y=7 (i) 
and 

2xy = -24 (ii) 
Now, 

(2 + y= (a? - yh + dey? 
=> (4+y7)? = 49 +576 = 625 
= pels [xP +y>0] (ii) 


On solving (i) and (iii), we get 


.Complex Numbers 2.5 


= l6andy=9=>x=+4and y=+3 
From (ii), 2xy is negative. So, x and y are of opposite signs. 
Hence, x = 4 and y = -3 or x = -4 and y = 3. 


Hence, ,/7— 24) =+(4 -3i). 
b. Let /5+12i =x + iy. Then, 


V5+12i =x+iy 


354+ 12i=(+ iy? 

=> 5+ 121i =? — y’) + 2ixy 

Sxr-y=5 (i) 

and 

2xy = 12 (ii) 
Now, 

G2 +)? = (2 = yy? + 4x2y? 
=> W4+yP = 574+ 12? = 169 


> r+y=13 (x+y? > 0) (iii) 
On solving (i) and (iii), we get 

=9and y=4=>x=+3 andy =+2 
From (ii), 2xy is positive. So, x and y are of the same sign. 
=> x=3andy=2orx=-3 and y=-2 


Hence, /5 +12i = +(3 + 23). 


ce. Let -15-8! =x+ iy. Then, 
V—-IS-8i =x+iy 


=> -15-8i=(@+iyyP 
=> -15-8i=( - y’) + 2ixy 
=> -lS=x-y (i) 
and 

2xy =-8 , (ii) 
Now, 


(ea +yyP=(e- yy +42 y 
=> W+yP= (15) + 64 = 289 
=> x+y=17 
On solving (i) and (iii), we get 
16>x=21 afi 44 


From (ii), 2xy is negative. So, x and y are of Opposite signs. 
Hence, x= 1 and y=-4 or x =-1 and y=4 


Hence, /—15—gi =+(1 — 4). 


_Example 2.17 Montiel possible values of Vi +/-i . 


Sol. Ji+J-i = J04+1i4+VJ0-11 


v=landy= 
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2.6 Algebra 


=tFa-) 


= 


1 . 

Now, Vi+J-i =4+—=(1+) += 1-1) 
ies 

or Vi+V-i =+ 2+0.i or 0+ 2i 


E Solve for z: 2? — (3 —24)z = (5-5). 


So.  2-G-2iz=(5i-5) 
=> 2-(3-2i)z-(5i-5)=0 


B- 2i)+4(3-2i) +4(5i—5) 


=> w= 2 
(3-21) +V9-—4-12i + 20i— 20 
= 2 
(3—2i)+V8i-15 
= 2 


Now \=15+8i 
-1| 1 (as +8 +(-15)| 


#4 ere 


2 
i 1 
= | fh (v -15) + fs (v9 3) 
= +(1 + id) 
_ 3-244 41) 
as 2 


= z=(2+/i)and (1-3) 


Concept Application Exercise 2.1 


1. Is the following computation correct? If not give the correct 
computation: 


(@® fea= se = V6 


2. Find the value of 


+592 +59 . 586 | > 
i? p90 4 7588 4 558 + p34 


a. =f 
p82 + 5280 + p38 4p +p/4 


be (+i °+U-i° 
3, Find the value of x4 + 9x3 + 35x? — x + 4 for x=-5 IH 
4. The value of i!8+ "+2" js 
5, If one root of the equation z? — az +a—1=0is (1 +i), where 
a is acomplex number, then find the other root. 


6. If the number (1 -1)"/(1+i)"~° is real and positive, then n is 


a. any integer b. any even integer 
t=) 


c. any odd integer d. none of these 
7. If(w+iy) (p+ ig) = (@ + yi, prove that x = q, y =p. 
8. Simplify: ; 


V¥54+12i +V5-12i 
54+12i —-V5-12i 


9. Find square root of 9 + 40i. 


GEOMETRICAL REPRESENTATION OF A 
COMPLEX NUMBER 

A complex number z = x + iy can be represented by a point (x,y) 
on the plane which is known as the Argand plane. To represent 
z =x + iy geometrically we take two mutually perpendicular 
straight lines X'OX and Y’OY. Now plot a point whose x and y 
coordinates are respectively the real and the imaginary parts of 
z. This P(x, y) represents the complex number z = x + iy. 

If a complex number is purely real, then its imaginary part is 
zero. Therefore, a purely real number is represented by a point 
on x-axis. A purely imaginary complex number is represented 
by a point on y-axis. That is why x-axis is known as the real axis 
and y-axis, as the imaginary axis. 

Conversely, if P(x, y) is a point in the plane, then the point 
P(x, y) represents a complex number z = x + ty. The complex 
number z =x + iy is known as the affix of the point P. 

The plane in which we represent a complex number geo- 
metrically is known as the complex plane, the Argand plane or 
the Gaussian plane. 

Imaginary axis 
A 


Pix, vy) ext iy 


~ 
Real axis 


O|<«————> M 


Fig. 2.1 


Modulus of Complex Number 


The length of the line segment OP is called the modulus of z 
and is denoted by Izl. From Fig. 2.1, we have 
_ OP? = OM? + MP? 


=> OP =x +y => O0P= yoeoty 5 


Thus, 
Id= ft +y? = JfRe(s)}? + flm())? 
Clearly, Iz >0 for all ze C. Ifz,=3-41,2,= —5 + 2i and z, 
= 14153, then ll = Js? acca? =5, lgl = (sy? +2? = V29 
and Iz,!=11 + iN31= fi? + (3)? =2- 
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not defined. As such z, > z, or z,< z, has no meaning but lz,| 
>Iz,lor 1z||<lz,! has got its meaning since |z,| and Iz, are real 
numbers.. 

Infinite complex numbers having same lzi lying on circle 
which has center origin and radius lzl 


Argument of Complex Number 


The angle @ which OP makes with x-axis is called the argu- 
ment or. amplitude of z and is denoted by arg(z) or amp(z). 


From Fig. 2.1, we have 
tan! { et 
Re(z) 


PM _ y _ Im(z) 
OM x Re(z) 


tan O= 


In the set C of all complex numbers, the order relation is |. 


Complex Numbers 2.7 


This angle @ has infinitely many values differing by mul- 
tiples of 27. 
The unique value of @ such that -1 < @ < 2 is called the 


‘principal value of the amplitude or principal argument. This 


formula for determining the argument of z = x + iy has severe 
drawback, because z, = 1 + iN3 and z=-1- iN3 are two’dis- 
tinct complex numbers represented by two distinct points in the 
Argand plane but their arguments seem to be tan-'V3 = 2/3 or 
4n/3 which is not correct. In fact the argument is the common 
solution of the simultaneous trigonometric equations 


y 


x : 
cos 0 = === and sin @= ——=—— 
yx+y? rey? 


The argument of z depends upon the quadrant in which the point P lies as discussed below: 


Gi) z=x+iy, zlies in first quadrant (x > 0 and y > 0) 
From the figure tan a = ly/xl and 0 =a. 
Then arg(z) = tan ly/xl. 


zZ=x+ ly, z lies in second quadrant (x < 0 and y > 0) 
From the figure tan @ = ly/xl and 0=2—- a. 

Then arg(z) = 2 — a, where a is the acute angle given by 
tan“! ly/xl. 


zZ=x + iy, z lies in third quadrant (x < 0 and y < 0) 
From the figure tan a = ly/xl and @=-(n- a) =-a +. 
Then, arg(z) = a — z where a is the acute angle given by 
tan a = ly/dl. 


Z=x+ ly, z lies in fourth quadrant (x > 0 and y < 0) 
From the figure tan a = ly/xl and 6 =—-a. 


Then arg(z) = -a, where a is the acute angle given by 


tan a = ly/xl. 
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2.8 Algebra 


Polar Form of Complex Number 


We have, 
zZ=x+ly 


= x+y? —* 4 |__| = Ielfcosé + i sind] 
e+ y? [2 +y? 
where. Izl is the modulus of complex number, i.e. the distance of 
zfrom. origin and @ is the argument or amplitude of the complex 
number. : 

Here we should take the principal value of @. For general 
values of argument z = r[cos(2nnm + 8) + i sinQna + 0)] (where 
nis an integer). This is polar form of the complex number. 
‘Euler’s Form of Complex Number 

e®=cosO+isind 
This form makes the study of complex numbers and its prop- 
erties simple. Any complex number can be expressed as 
Z=xtiy (Cartesian form) 
= Izl [cos + i sin 6] (polar form) 
= Izl ef? 
Product of Two Complex Numbers 
Let two complex numbers be z,= |z,le*! and z, = Iz,l e’?, Now, 
Z,2, = lz,le x Iz,1 ef 
= Iz, Ilz,fe" + 
= Iz liz, [cos(@, + 8,) + i sin(9, + 4,)] 
Thus, 
Iz,Z,1 = lz,llz,l 
arg(z,Z,) = 0, +6, 
= arg(z,) + arg(z,) 


Division of Two Complex Numbers 


io 
z “lglet _ly | i@1-62) 
Z% Izle tz 
z%| 1z,1 
—> —| = —_ 
2] |Z! 


= arg(z,) — arg(z,) 
Logarithm of a complex number is given by 
log (x + iy) = log, (Izle) 
= log, Izl + log, e” 


Ml 


log, Izl + i0 


= Jog, V(x? + y’) + iarg(z) 


log (z) = log, Izl + i arg(z) 


SC eAeM ©Prove that the triangle formed by the 
1+i 
points 1, — and i as vertices in the Argand diagram is 


isosceles. 


Sol. The vertices of the triangle are A (1, 0), B (igo ; V2 ) 
and C (0, 1), 

«. AB?=2- V2 ,BC?=2- V2 ,AC=14+1=2 

.. AB = BC = Triangle is isosceles 


Belew Write the following complex numbers in 
polar form: ; 
a.-3\2+3V2i b.1lt+i c-1-i d1-i e. ont 
—t 


Sol. a. Let z= — 3 V2 +3 V2 i. Then, 


r=lzd= J(-3V2)? + GV2) =6 


Let 


Since the point representing z lies in the second quadrant, 
therefore, the argument of z is given by 


gur-aee-(5)-(%2 


So, the polar form of z= — 3 V2 +32 iis 


z=r(cosO+isin 0) =6 [cos 3 + iin 2) 


b. Let z= 1+. Then, r= id= JP +P = V2 . Let, 


Im @ 
tan a= @) 
Req) 
Then, 
tana= ls ge 
I 4 


Since the point (1, 1) representing z lies in first quadrant, 
therefore, the argument of z is given by 0 = a = 7/4. So, the 
polar form of z= 1+/is 


z=r(cos@+isin 8) = [cos 4 +isin =) 


ec. Letz=-—1-i. Then, r=Izl= (en +e = /2 . Let, 
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Since the point (—1, —1) representing z lies in the third quad- 
rant, therefore, the argument of z is given by 


bie © oe 
9 =-(x-a)= (- 2). gee 


So, the polar form of z=—- 1 -/is 


z =r(cos@+isin 0) = secs (=F) +s = 


d. Let z=1 -i. Then, |z|= I? +C ly = 42 . Let 


Im 
nc s| @ 
Req) 
Then, 
tana= + l>a=n/4 


Since the point (1, —1) lies in the fourth quadrant, therefore 
the argument of z is given by @ =-o, =-2/4. So, the polar 
form of z=1-iis 


r(cos 6+isin 8) = cof =) +4 tin( 
= fz [cos -i sin™ | 
e. Let z = (1+7i)/[(2-i)”] Then, 


—I+i 


“147i _ 147i _ (147 )(3447) _ —254251 _ 
3+4i 


(3-4: 25 
wo reld= 4(-b? +a = 2 
Let @ be the acute angle given by 


q_ 
1 


Then @ = 2/4. Since the point (-1, 1) representing z lies in the 
second quadrant, therefore 0 = arg(z) =a - a= -a/4 = 32/4. 
Hence, z in the polar form is given by 


37 3x 
Z= 2 cos — +i sin— 


Example 2.21 | 


If z = re’, then prove that le“| = e~ "4, 
Sol. z=re”=r(cos 6+ isin 0) 
= iz=ir(cos@+isin@) 
=-r sin 6+ ircos @ 
= ei = el-rsin d+ ircos #) 
= evsin @ e” cos @ 
=> let =lersin4 ler os 4] 
=e" e@ |, where a = rcos 0 
=e"? cos? a + sin’ a]? 


-rsin 8 


=€ 


Complex Numbers 


Prove that 


_Example 2.22 | 
a—ib 2ab 
tan| i = ——, (wh R* 
an(i log, (s=3)} 2p (where a, b € R*) 
Sol. Let 
a+tib=re® 


=> a-ib=re® 
a-ib __ _i29 

. =e 
atib 


cluluceeeme Find the real part of (1 —i)~. 


Sol. Let z = (1 — i)“. Taking log on both sides, 
log z = —i log, (1 - i) 


=-ilo 2 Fi; i x 
8, v2 (cos a 


=-j log, (V2e"/) 


il -i 
-i| $0,210, zi 


i it 
—i| —log, 2—— 
pe? F | 


i rt 
—— log, 2-—— 
2 = 4 


i] 


=> g= em e-illog 22 


= Re(z)= ewoos{ log 2) 


Example 2.24 | 


ermi8 
Show that ote a1 


Sol. Let cot’' p = 9. Then cot 6 = p. Now, 


e2mio icotO+1)" 
icot@-1 


L.H.S. = 


i(cot @ +7) 


amig( cota—i \” 
=e — 
cot@ +i 


iz ene Henig 2] 


"I t ‘ 1)" 
icot@+ =1. 


2.9 
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2.10 Algebra 
amig( coSO—i'sin® \" S2cuu eee, Find real values of x and y for which the 
a eomie 
cos@ +i sin@ complex numbers —3 + ix’y and x? + y + 4i are conjugate of 
Lien each other. 
= e2mie =| Sol. Given, 
(4 a n, 
fyey) — : 
= g2Mi0 (9°20 yn “SH ERYS x? ty +4 
: => 34+ivy=ar+y-4i 
— (2mid .-2mid _ 0 _4y 
=e é =e =1 =R.HS. => 3=x4+y (i) 
s and 
Conjugate of a Complex Number , Pores (ii) 
For complex number z = x + iy, (%, y) € R, its conjugate is » 4 ; sie Naat 
defined as 7= x — iy. Clearly, z =x + iy is represented by a point BS eo eae ae [Putting y = —4/x’ from (ii) in (i)] 


P(x, y) in the Argand plane. Now, : 
zextiy>z=x-iy=xti(y) = x+3x-4=0 

So, Zis represented by a point Q(x, —y) in the Argand plane. => 07?+4)0?-1)=0 
Clearly, Q is the image of point P on the real axis. => ~_1=0 

Thus, if a point P represents a complex number z, then its 

: ie : : => x=4l 

conjugate Z is represented by the image of P on the real axis. < 

It is evident from the following figure that {zl = {Zl and arg(z) From (ii), y = —4, when x = +1. Hence, x = 1, y= 4 
= -arg(2). or x=-1l, y=—4. 


Example 2.26 


If (x + iy)’ =p + ig, then prove that 


(y tix =q + ip. 
Sol. (+iyP=ptig - 


Imaginary axis 


(xtiyy’ =ptig 


9 


(x+iy) = p—ig 
(x- iy) =p—ig 
P(x — iyy = pP — iq 
(xi -PyP = pit+g 
(ytixp=pitg 


YUU LU | 


Fig. 2.6 


J 


Also, we have Re(z) = (- £)/2 and Im(z)=(z—=z)/2i. Thus 


i 


Example 2.27 a i i si 
if z = Izle®, then z= Izle~*. S2cluiuceezee, Find the values of @ if (3 + 2i sin 0)/ (1 


— 2i sin 0) is purely real or purely imaginary. 


Properties of Conjugate Cab, we 
| — 2i sin 0 


(i) @)=z 


Gi). z+ Z = 2Re(2) Multiplying numerator and denominator by conjugate, 
ii). z+zZ= 


(3 +2i sin @) (1 +2i sin @) 
1+4sin? @ 


(iii) = 7-Z = 2i Im(z) c= 


iv) z=Z< zis purely real 
( Pose _ 3-4sin® 6 +8isin 6 


(v). 2+2=0 zis purely imaginary = i¢4ein? 6 
i 7 2 2 —|>f2 
(ome {Re(z)} +{Im(z)y? = 12! . Now zis purely real if sin 0 =0 or 0= n,n Z. z is purely 
(vil) z42,=4+%- , imaginary if 
(ili) 24-2 =%-% 3-4 sin? 0=0 
GX) zz, = Bik => sind= 2B. + sin 


From this we can say that 2’.= 2’, wheré n € N: 


=> G=nt i neZ 


a \=4,4#0 
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oluedieeeeae If z is a complex number such that 2? 
= (z), tren find the location of z on the Argand plane. 


Sol. Let, z=x+iy => Z=x-lIy 
Given that 
2 = (Zz) 
= x2 —y' + 2ixy =x? —y’ — 2ixy 
=> 4ixy=0 
If x ¢ O, then y = 0 and if y £0, then x =0. 


Find the least positive integer n which 


n 


ae | to a real number. 
el), + Gena 
Sol. E )-(2-) 
i+] i+] itl 
P-1 n 
~ | G4)? 


Hence, the required positive integer is 2. 


Example 2.30 | 


a= [(a+ bi)l(a- bi) +[(a - bi)l(a+ bi)? , Where a, be R 
and Bf = (z— 1)/(z +1), where | z | = 1, then find the correct 
statement: 


Consider two complex numbers @ and f as 


a. both a@ and f are purely real 

b. both a and f are purely imaginary 

c. ais purely real and £ is purely imaginary 
d. fis purely real and a is purely imaginary 


Sol. Note that a= a = ais real. 


= z-l z-l 
a an ee 
= (2+ 1 (E +) 
27z -2 


(z+ 1) (z +1) 
=0 [as zz =IzP = I (given)] 
Hence the correct statement is (c). 
Expressing Complex Numbers in a + ib Form 


The following example illustrates how a complex number can 
be expressed in the standard a + ib form. 


Complex Numbers 2.11 


Solving Complex Equations 


Simple equations in z may be solved by putting z = x + /y in the 
equation and equating the real part on the L.H.S. with the real 
part on the R.H.S. and the imaginary part on the L.H.S. with the 
imaginary part on the R.HLS. 


Example 2.31 | 


Find the complex number ‘z’ satisfying 


Re(z’) = 0, Izl = V3. 
Sol z=x+iy 
=> 2=x—-y +2ixy 
=> Re(z)=x-y" 
Also, 


Izl = «fx? + y? 


Thus there are four complex numbers. 


BZ ceeeeae Solve the equation Izl =z +1 + 2i. 


Sok id=z+1+2i 


=> Jerry =xtiyt142i 


=x+1+(2+y)i 


Y 


x+y? =x+)]and0=2+yory=-2 


yx +4 =x+ ] 


a 

=> P4+4=742x4+1 
= 2x=3 

=> x»=3/2 

=> xt tyes -2i 


Concept Application Exercise 2.2 


. Express the following complex numbers in a + ib form: 
(3-22) (2+3i) 2-V-25 
a, “" —- * b. —== 
(1+2i)(2-i) i- y¥—16 


. If z, =9y’ —4 — 10ix, z, = 8y’ — 201, where z, = z,, then find z 
=x+ly. : 


LP 
. Find the least positive integer n such that (2) is a posi- 


tive integer. iti 


. Find the real part of et” 
. Prove that z=i', where i= ./—] , is purely real. 
. Solve: z* + Izl = 0. 
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2.12. Algebra 


Geornetric Presentation of Various Algebraic Operations 
Addition: , j 
Let Z, and % be two complex numbers represented by points P and Q. 
Now: OP = Iz! and OQ = |z,|. Let R represent complex number z, + z,. Now, 
PR = distance between complex numbers z, + z, and z, oe 
= Iz, +z,)—- 2,1 
=Iz,1= OQ 
(For. ‘distance formula, see properties of modulus on page 2.10.) 
Similarly | QR=(|(z,+z,)-zJ=Iz,|=OP 
Hence points O, P, R, Q complete the parallelogram. 


Also in triangle OPR, we have 
OP + PR 2OR >iz,|+Iz,21z, +z, 
(however, equality sign holds when origin, z, and z, are collinear) 


Subtraction 


In the adjacent figure OPRQ’ is parallelogram. 
- OP = O'R = iz,| and OQ = OO’ = PR =z,| 
Also in triangle OPR, we have 
lOP — PRIS OR 2 llz,| — Iz,ll $ Iz, — z,] 


R@-22) 


O%-22) 
Le 
y 


Multiplication . 
Let Iz,!= 7, lz, =r, arg(z,) = 8, and arg(z,) = @,. Then we have 
Iz,z,l =7,F, and arg(z,z,) = 0, + 4,. . 
So, to find the point R representing the complex number z,z,, we have to construct 
the point with polar coordinates (r,r,, 0, + @,). For this take a 
point Z on real axis such that OL = | and draw a triangle OQR similar to the triangle 
OLP. Since triangles OQR and OLP are similar, therefore 
OR OP OR ft, 
Co ae 
and ZQOR = ZLOP = 0, 


so that ZXOR = ZXOQ + ZQOR = 0, + 8, 
Hence, X has the polar coordinates (r,r,, @, + @,). Consequently, it rep- 


resents the complex number z,z,. 
Division 
We have !z,/z,| = r,/r, and arg(z,/z,) = 8, — @,. So, to find a point R representing the 
complex number z,/z,, we have to construct the point with polar coordinates (r,/r,,0, 
— 9,). For this take a point L on real axis OX such that OL = 1 and draw a triangle | 
OPR similar to OQL. Since triangle OPR and OQL are similar, therefore 

OP _OR OR og ti 
0@ OL |} 4 5 


and 


ZXOR = ZXOP — ZROP = 0, - @, 


-| Hence, R has the polar coordinates (rity, 6, — 9,). Consequently, it represents the 
complex number 2,/z,. , 
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Properties of Modulus 
If z,z -EC, then . 
ibe -0ee= 0, Le. Re(2) = Im(@) = 0 
2. Idh= IZ =l-zl=1-z1- 
3; lel = Re(2) <lel; “lel <Im(2) < let 
4. Z= AP | 
ae art I = =z | Igl in Pes IZ) 2, Z,°** Zt = Iz,! lz,Hlz,l---Iz,) 
6, 4 _kl 32) # 0 
“Tal 


on ‘ + ZP = (z, + z,(Z, + Z,) 
—— iz,P +z? + z,Z,+z,Z, 
= Iz,I? + Iz? +2 Re(zz,) 
8. k, =z P=C, s E{Z=Z,) 
= lz,P + IzjP - 2,2, -z,z, 
= Iz, + Iz? — 2 Re(z,Z,) 
9. be, +z Pte, — z= Uz P +lz,P) 
10. Iz, -z,| =a, + ib.) -(, + ib, 
7 = l(a, -a,) + i(b, — by 
(a, - a)’ +(b, - by)’ 


This is the distance between the points (a,, b,) and (a,, b,) 
which is the distance between z, and z,. 


11. dz"l = Izi", where n € QO 


12. Iz, +z) <lz,l+Iz,|, in general Iz, +z,+2,+ °° 
+ igo ig lsh eilz | 


+z 1<lz,l 


13. kz, +z) 2KNz I -Izl 


RZ If (1+ i(1 + 2i(1 + 31) L+ni)=@ +5), 
then show that2x5x10«.--x(1+m=x7+y’, 


Sol. We have, 
| (1 +a (1 + 28) (1 +33) + (Ll + ni) = x4 iy 
=> (14+) (1+2)-+-(4+ni)| = [x+y] 
=> |1+i| |t+2i| -- [l+ai] = |x+a] 
frrlz, z, <7 zl = lel lz) let) 


=> Vi¢l Vi¢4--Vle¢n? = Vx? 45? 


=> 2x5x10- (1+)=(’+y) [On squaring both 


sides] 


If z =x + iy and w = (1-iz)/(z—i), then 


=> zis purely real. 


show that lw! = 

Sol. We have, 
Iwl=1 

1-iz| _ 


z-i 


Complex Numbers 2.13 


tl-iz| 

lz-il 

i -izd=lIz-il (i) 
lhL-i@tiy)l=k+i- ad, sieceeraw 
N+y-al=k+ig-D 


V(l+yy +(-2)9? = y2? + (1? 

(+yP tr =x? +(y-1)? 

y=0 

Z=x+i0 =x, which is purely real 


=1 


V¥d’uU UYU J 


_Example 2.35 - 
with ipl=1, then find the value of |(f — o)/(1-a B)|. 


If wand Bare different complex numbers 


Sol. Given, 


= 1 
_IBl=1= BB =1= B= (1) 
Now, 
Die 
B-a|_|B 
1-ap| |1-aB 
_ {i 1-aB 
~ [plll-ap 
_ 1 |1- of 
|A| |1-aB 
_ [Exes] _, 
= toaal = 
AZUL Solve the equation z’ = Z (z + 0). 
Sol. As z4#0, 
IPI=IZI 
> Id=1 


Gazeatazz7=aleP=1 
=> z=H+l,ti 


Example 2.37 
points in the Argand plane, z is the affix of a point such that 
k-zl=l-zl=l-z,! =z —z,l, then prove that z,, z,, Z,)Z, 
are concyclic. 


If Z,, Z,) 2) Z, are the affixes of four 


Sol. We have, 
z-zl=k—-zl=lz-zl=lz-z,l 
Therefore, the point having affix z is equidistant from the four 
points having affixes z,, z,, Z,, Z,- Thus, z is the affix of either 
the centre of a circle or the point of intersection of diagonals 
of a square. Therefore Zy> Zys Ly» Zy are either concyclic. 


om 


Example 2.38 | 


If|zl=1and let @= 


, then prove 
that the locus of @ is equivalent to Iz — 2] = !z + 21. 


d- ay “5 Ae 
1-2 oidl4+z 


Sol. Given @= 
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2.14 Algebra 
ee 
=> == 
RZ +z 
z-l_ fl-zj]_ = 
z+1 1+z 
@+@=0 = ois purely imaginary. Hence @ lies on y 
axis. 
Alsolz—2l|=1z+21=>z lies on perpendicular bisector of 


2 and — 2, which is imaginary axis. 


Let z = x + iy then find the locus of P(z) 


1+Z 
such that 


ER. 
; 14+z. 
Sol. Given is real 

1+ 2 {+2 

=> = — 
Zz 

=> T+PV sete 
=> (Z-z+(%-2z2(7+z)=0 
= (Z-z)(li+z7+z)=0 
= eitherz =z(z#0)orz+z+1=0 
=> y=0orx= > but excluding origin. 


Example 2.40 | 


§ 


Identify the locus z if Re(z + 1) = Iz—- Il. 
Sol. Re(z+ 1) =Iz- 1 
=> x+¢1=(x-l)?+y’ 


=> (x+1P=Q-1P t+ 


=> vr=4r 


eam, If iz.) =1, iz, =2, lz! =3 and 19z,z, + 4z,z, 
+2,2,1 = 12, then find the value of lz, +2, 4% 


Sol. iz!=1>27,=1,k,=2> 27, =4, lz, =3 > z7,=9 
Also, 
19z,z, + 42,2, + 2,2,1 = 12 
SP NZ Sak ep FEEL ey HZ Cee = 12 
=> zzz IZ, +2, +7, = 12 
Slt elas, + sa 12 
=> bic, +2, +7,1=12 
=> ,+7,+7,1=2 


= Iz,+2,+2,!=2 


_Example 2. Pile fiz —i Re(z)l = Iz —Im(z)l, then prove that 
z lies on the pisectois of the quadrants. 


Sol. z=x+ ly => Re(z) =x, Im(z) = 
z — iRe(z)l = lz — Im(z)! 


=> Ww+eiy-id=Wt+iy-yl 
= ¢4+0-ylP soy ty 


=> Ikt=hi 
=  z lies on the bisectors the quadrants. 


Show that (x? + y?)4 = (x4 — 6x2y? + y4)? 


+ (Ax? iy — - Axy y?) : 
Sol (+y)t= 


Ix + iyl® 
=\(x + iy)?l* 
= I(x? — y’) + 2ixy)* 
= I[(? — y?) + 2ixy) PP 
=I? — P+ (2ixy)? + 20? — y?)( 2ixy)P 
= Ixt + yt — 2x?y? — 4x*y? + (43 y - 4xy*)P 
= Ix? + yt — Oxy? + i(4x3y -— 4xy3)P 
= (x4 —; 6x" + yy + (4x3y cor 4xy°? 


E Let |(z, -2z,)/(2-2,%)|= 1 and iz, £1, 


where z, and z, are complex numbers. Show that Iz,| = 2. 


=} 


(Z — 22% - % —2%)= (2- 21% M2— 212 2%) 

(2, — 22) Mz, — 22) = (2 - 41%) 2- Fa) 

24%, — 222 — 2Z 2 + 42% = 4— 24%, — 24% + YZ2% 
jal’ +4leof =4+La0 lel 

lal’ - lal’ lel’ +4lza)° - 4 =0 

laf’ a—|z.|") + 4dz.P? —) =0 

dz’ -—Ddal-4)= 

iz,| = 2 (as Iz,| #1) 


=> 
=> 
=> 
=> 
=> 
=> 
=> 
=> 
=> 


If z, and z, are complex numbers and 


u = 2,2, then prove that 


lea] + [za] 


Z+zZ 
a ee 
2 


2,425 
Sol. 1 tu 
2 


29 |+|\2—2 = = fx22 
(a +fay|, |ga-/5" 
2 2 


(9) 
2 


2 
+ 
@+a)|, 
2 


(where pale: and Gee) 


a “lip +af +|p-al | 
Pd 


= S[2lef +2 Kal] 
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= [pf + lal 
= |p'|+{r"| 


= Iz, + Iz,l 


If (/8 +i)” =3°(a+ib), then find the 


value of a? + b. 


Sol. Given that 
(48 +i)” =3° (a +ib) 


Taking, modulus and squaring both sides, we get 
(8 + 1) = 3% (a? + b’) 

=> 950 = 3° (a? + b?) 

=> 3100 = 398 (q? + 5?) 

=> (a2+b)=9 


Find complex number satisfying the 
system of equations 7 + @’= 0 and z5 w'!! = 1. 
Sol. 2+0'7=0 
=> 2=-@! 
=> IP =lol’ =lel’ 
= Iz! =lal*® : (1) 
‘Again, 
Ow 
=> IzPlol!=1 - 
=> Iz? lo = 1 (2) 
From (1) and (2), we have 
Izl = lal =1 


its 


Beculdceeame If iz, - <1, lz, -21<2,lz,-31<3, then 

find the greatest value of IZ, +2, +2. 

Sol. iz, +z,+z,/=Il@,-D+@,-2)+&, 
Sigal 2 ig = Sh 6 
<1424+3+6=12 

Hence the greatest value is 12. 


— 3)+6l 


ft Example 2 stam For any complex number z, find the 


minimum value of Izl + Iz-2il. 


Sol. We have, for z ¢ C 
I2il = Iz + (2i-z)l 
< lz + 12i- a 
= 2<iz+lz-2il 
Thus, minimum value of Izl + Iz — 2il is 2. 


, B If zis any complex number such that 
lz + dl: < 3, then find the greatest value of Iz +-1I. 


Complex Numbers 2.15 


Sol z+ l=k+4-3! 


=|(z+ 4) + (-3)| 
<iz+4l+ 1-3] 
=|z+41+3 


. <34+3=6 [. iz+41<3] 
Hence, the greatest value of lz + ll is 6. 


Prove that the distance of the roots of 
the equation Isin 6,| z+ sin 8,12” + Isin 6,1 z + lsin 8,1 = 3 from 
z= 0 is greater than 2/3. 


Example 2.51 | 


Sol. We know that Isin 61 < 1. Given, 
lsin | 2? + Isin 0,lz° + Isin 6,! z + Isin,| = 3 
= [3l=Ilsin@ Iz’ + lsin@,! 2’ + Isin9,|z + Isin AII 
<1+24+z4+ 11 
< cP + Ie? + Il + 1 
<1 4+lzi + iz? + Iz + Iz + 


0 (siz < 1) 


- 
1-Izl 
=> 3-3lz<1 


=> 2<3lzi 


2 
Izl> = 
3 


A2ul cesar, Ifz, and z, are two complex numbers and 


c > 0, then prove that iz, +z,P<(+e)iz,P+UA+e)k,P. 


Sol. We have to prove 
Zeeks (lac) a ee iz 


=> Pela Pee2. +725 (toy iePr doyle 


= 22, +2,2,5 cle Peo? 


l = 
2 2 7 _F H 7 
=> clz P+ eed ~Z,Z,—Z,z,20 [using Re (z,z,) <lz,z,]] 


en 
> [lal - ele 20 
which is always true. 


' Find the greatest and the least value of 


snes cher rescocemana cect 


Iz, “+z ifz, = 24+ Ti and |, =6. 


Sol. iz, +z <lz,! + Iz] 
=124+7i14+6 - 
=25+6=31 

Also, 


Iz, +z, =Iz,- GC z)l2 Ile! — lz 
=> Iz,+z,.)2125-61=19 


Hence the least value of Iz, +z, is 19 and the greatest value is 
25: 
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2.16 Algebra 


Properties of Arguments 


arg(z, car arg(z,) + arg(z, ). 


In general, 
. arg (Z,2,2Z,-.-Z,) = arg(z,) + arg(z;) + arg(z,) ++ 
+t arg(Z,) 
arg (2) = arg Z, ~ arg Z, 
ene aa 
ee fil . 
4 ans( 2] = ae( =) 
Ge NGS z 
8] 
= arg) —_— 
Zz 
= arg(1 zl?) —arg z =0-argz 
5.-arg (== arg(z) — arg(Z) = 8 — (— 8) = 20 = 2 arg(z), 


~ where 6 = arg(z). 

6.. arg(z") = n arg z, when ne 0. 

T. £2, + Fk = 2 lel iz cos (,-9,), where 8, = arg(z,) and 
6, = arg(z,). 

8. If z is purely imaginary, then arg(z) = +2/2. 

9: Tf zis purely real, then arg(z) = 0 or x. 

10. ‘Locus of z, if arg(z) = 6 (= constant) is ray excluding 

origin 


Fig. 2.11 
11. Locus of z, if arg(z — a) = 0 (= constant) and a > 0 
y 
v4 
@ 
~t > xX 

zl a 

Fig. 2.12. 


12. Angle between two lines, 


=a-B 


= arg(Z, ‘= z,) — arg (Z, _ z) 


4372 
S| Sa 
fy — 2 


Ol2) 
yh 
R(z3 -21) ja-B 
Oe -21) oY Fe 
a-B Fee 
B 8 ! \2 
a) ; > xX 
Y - 
Fig. 2.13 - 


13. Angle bétween lines joining z,, z, and z,, z,: 


“A(z1) 


Fig. 2.14 


‘Note: By specifying the modulus and argument, a complex 
number is completely defined. However, for the complex 
number 0 + Oi the argument is.not defined and this is 
the only complex number which is completely defined by 
taking in terms of its modulys. 


ra36 


A(=)) 


B(z2) 
Fig. 2.15 


Since AABC is equilateral, therefore 


ZCBA = ZACB 
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From (i) and (11), it follows that 


Zi 7% _& 
— %» 


_ 2 
(Z, z,) (, z;) - (z, z;) 
2 = 2 2 
Zp 22 — 2,2, + 22, = — (Zj + ZG - 22,2,) 


a + a + a4 = £2, + 2,2, + 2,2, 


2. Ifa, b, c and u, v, w are complex numbers representing 
the vertices of two triangles such that they are similar, 


au 
then |b v ll=0or 


cw l 


ie 
a-b 


Proof: 


Bib) Cc) 


Ov) 

Fig. 2.16 

In the figure triangles are similar. Hence 

AC _AB 
PR PO 
AC _ PR 
AB PQ 
a-c u-w 

=> =|—— 


a-b u-¥V 


Also, 
ZBAC = ZQPR 


a-c u—-—Ww 
=> arg = arg 
(==) (—*) 
’ From (1) and (2), we have 
a-c 7 un-w 
a-b u-v 


Simplifying, we get 


_Example 2.54 | 


a, Lty3i 4 


Find the amplitude of 


.-1-iv3 csinat+i(ll—cosa),0<a<x 
V3 +i 


Sol. 
a. amp [te =amp(1 + Reb es amp(v3 +i) 
V3 +i 


Complex Numbers 2.17 


mes 

6 
b. Let,z=-1-iv3. 

Then a= tan |b/a|=tan™| /3/1]=2/3 


Here, z is in third quadrant. Therefore argument is 
0=-(ax- a) =—- (a- 2/3) =-2n/3 


c« z=sinat+i(l—cosa),0<a<x=sina+ i(l —cos a) 


“=> ampcz)=tan™! [Rese (*. z lies in first quadrant) 
sing 
a 
2sin? — 
=tan! —_2_|= tn“'tan( & 2 
_ a 2 
2sin-—-cos— 
2 2 
B2CuNdeseeee Find the modulus, argument and the 


principal argument of the complex numbers. 
(i) (tan 1-1)? 
Gi) i~1 


( 2a . 27 
i) 1—cos— |+sin— 
5 5 


Sol. (i) z = (tan 1— i)? = (tan? 1 - 1)- (2 tan 1)i 


izl= ./(tan? 1-1)? +4 tan? 1 
= (tan?1+1)? =tan?1 +1 


Since tan? | — | <0 and —2tan 1 <0 


= <z lies on third quadrant 
2 tan 
1-tan’ 1 


=> arg (z) = — + tan! 


= —m+tan” |tan 2| 


=2- 
(ii) <= ae 
( = an 
i| l1—cos +sin 
5 
2 i-| 
i2sin? =~ +2sin~ cos 
5 5 5 
7 Pi 
0 un -.. On 
2sin cos— +isin 
[2sin§](eo$ isin) 
ne li-1l 


. i | ee 4 
2sin cos—+isin 
[ “| [ 5 4 
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2.18 Algebra 
_ V2 
ee (3 mH ..R 
2sin cos—+isin 
[2sin5) [co vis 
wee oa 
“fd. 
i-l 


arg z= arg 


ide a .. 
2sin cos—+isin 
( all 5 5) 


. IE Tras Ie 
arg(-11+)~arp{2sin™ } arg cos + isin 


x 2, Z, are two pairs of 
conjugate complex numbers, then ‘find the value of 
arg (Z,/2Z,4) + arg(z,/z;). 
Sol. We have z, =Z, and z, = Z,. Therefore, 
Z,2, = Iz,P and z,z, = Iz, 
Now, 


arg [2 + arg [2 = arg (24) 
%q 23 £423 


Prove that lz, + z,! = Iz,| + Iz,l > arg(z,) 
= arg(z,). 


Sol. Iz, +z! =Iz,1+ Izot 


=> lz +z,P =lz,? + IzP + lz lz 


=> Iz P+lIzP +2 Re(z,z,) =Iz,P + Iz,P + 2lzllz) 
=> 2Re(z,Z,) = 2lgyllz,l 

= cos(?,-6,)=1 

= @-6,=0 

=> 


arg(z,) = arg(z,) 


_Example 2.58 iti arg(z,) = 170° and arg(z,) = 70°, then 


find the principal argument of z,z,. 
Sol. arg(z,z,) = arg(z,) + arg(z,) = 170° + 70° = 240° 


Thus z,z, lies in third quadrant. Hence its principal argument 
is -120°. 


ROWSE If z, and z, are conjugate to each other, 


then find arg(—<, .)s 


Sol. z, and. Za are conjugate to each other, 1.e., z, = Z,. There- 


fore, 
arg(—z,z,) = arg (-z,z,) 
= arg (—Iz,!’) 
= arg(negative real number) 
= 
2 CUUCeeMe If 2/2 <a < 32/2, then find the modulus 


and argument of a + cos 2a) +i sin 2a. 
Sol. z=(1+cos 2a) +i sin 2a 
=2cos*?a+2isinacosa 
=2cosa[cosa+isina] 
=-2:cos a [-cos a—isina] 
= —2 cos a [cos(a — z) +i sin (a ~ 2)] 
[. a2<a<3n/2] 


Thus, Izl 


=-—2 cos a and arge(z) =a-7z. 


| Find the point of intersection of the 
3i) = 32/4 and arg(2z + 1 - 2i) = 2/4, 


curves arg(z — 


Sol. Given loci are as follows: 


arg(z—3i) = = 


which is a ray that starts from 3/ and makes an angle 3n/4 
with positive real axis as shown in the figure. 


AY 


vext3 


yHxt 3/2 


7) x 
Fig. 2.17 


arg(2z + | - 2i) = - 


=> arg] 2 45-1] ess 
2 4 
=> arg2 + arg} z— mee a4 
a we 4 
| ) 1 
=> O+arg!z—|-—+/];/=— 
2 4 
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This is a ray that starts from point —1/2 + i and makes an 
angle z/4 with positive real axis as shown in the figure. From 
the figure, it is obvious that the system of equations has no 
solution. 


< Let z and w be two non-zero complex 
numbers such that lzl = lwi and arg(z) + arg(w) = a. Then 
prove that z=- w. 


Sol. Let arg(w) = 0. Then arg(z) = x — @. Therefore, 


w = lwl (cos 6+ i sin 8) 

and 
z= lal (cos (w#- 8) + i sin (a- 8)) 
= |lwl(— cos 6 + i sin 8) [* Izl = wi] 


= —lwl (cos 6 ~i sin 8) =— 


_Example 2.63 sa Qisaaas iy be acomplex number, where 
x ee y are real numbers. Let A and B be the sets defined by 
= {z ill <2} and B= {z: (1-i)z + (1+ HZ > 4l}. Find the 


area of region A - B. 


Sok z=x+iy 
A= {z:ld <2} 


yx? ty? <2 


=> 
=> vr+y<4 
= lies on or inside the circle x7 + 3? =4 
B= {z:(l-i)z+(1 +724} 
=> (-i@wtia)+U +d) (x-iy) 24 
=> Xt+iy-ixtytx-iytixty24 
=> x+y22 
Area of region A ™ B is shaded region the diagram. 


Fig. 2.18 


2 
- ue) ~5x2x2 =n-2 


OI PIE 2-0 Find the area bounded by arglzl < 7/4 
and [z- 11 <Iz-3l. 


Complex Numbers 2.19 


Sol. larg <1 < 2/4 - 
—m4 <argz< m4 (i) 
Which represents the region given in the following diagram. 


LZ, 
> | 
— 


Fig. 2.19 


Iz-1l<lz-3!} 
=> («-1P4+yv<@-3)4+y 
ae ee) (ii) 


L. 


Y 


“ 


Fig. 2.20 


Common region of (i) and (ii) is shown in above figure. 


] 
Area of the shaded region is 5 M2) =4 square units. 


| Ifz+ Iz =2 cos 0, prove that 


z" -\/(z?" +1)| =Itan nl 


Pore =2cos 0 


>2-2cos0z4+1=0 


2 cos6 + 4/4 cos? 9-4 
2 
=cos @+isin@ 


Taking positive sign, 


>t= 


mir’ 1 ae 
z=cos@+isin@, — =(cos@—isin@) 
z 
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2.20 Algebra 
zZ 1 
2n ht 
~] : 7 
gn +1 n 1 


(cos 6 +i sin 0)" — (cos @ -i sin@)" 
(cos @ + isin 6)" + (cos @ —i sin 8)" 


_ 2isin n6 
2 cos n@ 


=itann@ 


Taking negative sign, we get . 


2n ° eae 
-I| — 2i sin nO 
= = =—tan n@ 
aon | 2 cos: nO 
Zr] 
=> |= | +i tan 6l = tan n@ 
zg" +] 


Concept Application Exercise 2.3 
1. Forz,= fa—asd + iv3)%= YA-I/W3 +H)» 
2, = $1 + i)/(3 — i), prove that Iz,! = Iz,! = Iz,I. 


2. Let z be a complex number satisfying the equation 
(z3 + 3)? =— 16, then find the value of Izl. 


Show that a real value of x will satisfy the equation 
(l-ix)/(l+ix)=a—ib if a? + b? = 1, where a, b are real. 


. Find non-zero integral solutions of |] — il = 2". 


. Letzisnotareal number such that (1+ z+ 27)/(l-z+ 2°) 
€ R, then prove that Izl = 1. 


. Ifa, b, c are non-zero complex numbers of equal moduli 
and satisfy az + bz + c = 0, then prove that (/5 —1)/2 S 
ld< (V5 +1)/2. 


. [fZ,, 2, Z, are distinct non-zero complex numbers and a, 
b,c € R* such that 


a b c 


lz—-23! 1z3-4 1] 


|Z —Z, | 


then find the value of 


b? 


+ 


22 — %3 


. Prove that Iz, + z,? =Iz,P + Iz,?, if z,/z, is purely imagi- 
nary. 


. If Gis real and z,, z, are connected by z; + z+ 2z,z, cos@ 
= 0, then prove that the. triangle formed by vertices O, z, 
and z, is isosceles. 


10. If 2z,/3z, is a purely imaginary number, then find the value 
of | (2, —2,)/ (2 + z2)| . 


11. If Iz < 4 then find the maximum value of liz + 3 — 4il. 


12. If 3 +i=(a+ib)(c + id), then find the value of 


tan"! (b/a) + tan”! (d/c). 


13. Let z be any non-zero complex number, then find 
arg(z) + arg(Z). , 


14. Find the area bounded by the curves arg z = 2/3, 
arg z = 27/3 and arg(z — 2 — 2./3 i) = x on the complex 


plane. 


15.1f Jab = JaVb anda <0, then find arg(b + ai). 


16. If Iz, —z,! =|z,-z,/=a and amp ((z ~ %)/(Z - 2) n/2, 
then find z,. 


U7. Lotz, 25 Zp sem, ale the complex numbers such that 
IZl=lzJ=--=lzl=1. If 


§e)84 


then prove that 
a. zis areal number 
b 0<z<7r? 


DE MOIVRE’S THEOREM 
Statement: 
(i) If n © Z (the set of integers), then 
(cos@ + i sin9)' = cos nO + i sin nd 
(ii) If n © QO (the set of rational numbers), then cos n@ + isin n@ 
is one of the values of (cos @ + i sin@)". 
Proof: 
(i) When vn ¢€ Z, we know that 
e?=cosO+isin§d 
=> (e%)"=(cos@+isin 6)" 
= e”® = (cos 8+ isin @)” 
=  cos(n@) + i sin(n@) = (cos 6 + i sin 8)" 
(ii) Let » be rational number. Let 1 = p/q, where p, q are integers and 
q #0. From part (i), we have 


q 
cos + sin =cos{(2)s| + si (2) 
q. q q }- q 


=cos pO +isin p@ 


=> cos ee +isin a is one of the values of 
q q (cos pO +i sin p@)"4 
5-2 pe :: ; 
=> cos——+isin is one of the values of 
a q [(cos @ + i sin 6y]"4 
=> cos pe + isin po is one of the values of 
q q (cos 8+ isin Oy" 
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vre’s 's theorem i is, also, true for (cos Q- Sb sin Oo); 4 a 


= €0s nd ~ isinn®. 


— = (6080+ isin y= Gos 8 = isin 
isin@ oe 


i cos 0)" sin nd & Fos. 


‘Important'Result 
Writing the binomial expression of (cos @ + i sin 6)" and equating 
the real part to cos n@ and the imaginary part to sin 0, we get 
cos (nO) = cos” @-"C, cos’ @ sin’ 6 +"C, cos"~* 6 sint 6 + --- 
"C, cos"”? @ sin’ @ 
aC, cos5 6 sin? 6 — 
"C, tan@ — "C, tan? @+" C,tan?@ —"C, tan’ 6 +--- 
1-"C, tan? 6+ "C, tan* @ - "C, tan’ 6 +--- 


CUM daceaacme Express the following in a + ib form: . 


( cos@ + isin@ J 


sin (nO) ="C, cos""' 6 sin 0 - 


tan(n@) = 


sin@ + icos@ 
(cos26 — isin26)*(cos4@ + isin4@)~> 
(cos30 + isin30)” (cos36 — isin30)° 


(sinz/8 + icosz/8)® 
(sinz /8 — icos7/8)° 


Sol. a. cos@ +isin@ : 
sin@ + icos@ 


7 (cos +isin@) 
i* CosO — isin6) 
(cos@ + isin@)* 
(cos@ + isin@) ‘ 
= (cos 80+ i sin 6) 
= cos 87+ isin 80 
(cos2@ isin 20), (cos4@ + isin 40) 
(cos36 + isin 30) (cos3@ — isin30) 


: [ cose +isinay” | | cose + isin 6) | 


: | cose Be isinay’ | | 0s 0+ isin) | 


—5 


9 


_ (€osé + isin 0) (cos@ + isin@) 
(os 9 +isin®)  Cos@+isin®) 


= (cos + i sin @)-8- 70+ 6-27 . q 


Complex Numbers 2.21 


= (cos 6+ isin Oy” 
= cos 496 —i sin 496 


(sin /8 +icos/8)° 


iz) 
rf 


(sin /8 —icosx/8)* 


(cosa /8—isina/8)* 
(-i)°§ (cosa /8 + isinz/8)* 


5 5 
Ifz= 2.4) (2-4) , then prove | 


2 


_ £OS# —isina _ 


~ cosm +isinn 


that Im(z) = 0. 
Sol. Given that 


fn(s} oom Sf oo) 


5x 5a 5x 5i 
cos — +isin — +cos—— — isin — 
6 6 6 6 


Hence Im(z) = 0. 


Sol dieeceee Find the value of the expression 


re 3 1 t 
cos — + isin — ote eee [0.00 
[ 7 i 5) (ew 5] 


Tone TE ees 
Sol. cos —+isin— || cos—> + isin |... toc 
2 2 2 2 
x SUE 3 IE 
= 608 |= +— 44: |-fasin| = +b 
2 e 2 2°22 
[z(. 1 1 ee: 1 
= cos} —} 1+ 7+ 4+ || t+isin) — | l+o+— 4+ 
[oa BD a" 2°38 


= am} 1 
= cos} —| —— 
2. 


2 
So c= O34)" mccarle 
“i> B : 50 
| ie 
ss Fr] 
ie 17 
au. [cos + isin | 
ss 6 6 


= 50 
Ps cos ~isin™ 
4 4 
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2.22 Algebra 
\7n |... I7x and 
CAD ge Toe asin 9+ @,sin 20+ --- +a, sinn?=0 
58 50x... 50x oa ea a - 
cS aa aa Concept Application Exercise 2.4 
5 ae 5a 1. Express the following in a + ib form 
cos| 27 +— | + isin] 27 +— 
= 6 6 a (cosa +isina)* 
eee 
2*|o{20 +2) -isn( 120+) (sin B+ icos B) 
b. [| eee tiee 
[cos SE + iin SE 1+cos@—ising 
7 1 r (cosa +isina@)(cos B + isin B) 
2} cos— -isin— Cen RE 
2 p) (cosy +isiny)(cos6 +isind) 
Sx Si 2. If (i/x) +x =2 cos O, then prove that x" + I/x’= 2 cos né. 
cos St are =) 3. Find the value of the following expression: 
28 co-% }visin(—2) Tes e 
2 1-cos— + isin— 
10 10 
Hence, 


TSW 
1 —cos— —isin— 
10 


4. Ifiz'+ 1 =0, then prove that z can take the value 


arg(e) = =_(-2) =< 


Thus z lies in the third quadrant and principal argument is —22/3. cos 2/8 + isin 1/8 | 


If n is a positive integer, then prove that 
(1+ i)" + ad - i)" = (ay? cos = | 


6. If cos a+cos B+ cos y=0 and also sina + sin f+ siny=0, . 
then prove that 


a. cos 2a + cos 28 + cos 2y = sin 2a + sin 28 + sin 2y=0 
b. sin 3a + sin 38 + sin 3y =3 sin(a+B+y) 
c. cos 3a + cos 38 + cos 37 =3 cos (a+ B+) 


_Example 2.70 m Ifz=.x +iy is a complex number with x, 
y € Q and Iz] = 1, then show that Iz" — 1] is a rational number 
for everyn < N. 


Sol. Izl=1 => z=e%=x+ iy 
=> x=cosé,y=sind 
Now cos @ and sin 6 € Q. Also, 
Iz" —1P = (2-1) @*-1) 


_ (czy zt zu —_z™ +] 


=2-—(2" 452 
=2- ; cos’n Ae 4 sin? n@ CUBE ROOTS OF UNITY 
=> ic-H=2Isinndl Let z= 13. Then, 
Now, 2 =] 
sin n8 ="C, cos""' @ sin @—"C, cos"? @ sin? O+ --- 2u1=6 
= Rational number (-" sin 6, cos @ are rationals) (2-1) (2+z+ D=0 


VuL 


2n = j 
= Iz*"— 11= Rational number z-1=0,or2+z+1=0 


Ifz=cos 0 +isin 0 bea root of the equa- => zgelorzg=cltvic4 


Example 2.71 | 


tion az" + az"! + az"? +++ +a 2+4a,=0, then prove 2 
that Ae pay pehin Glete 
(i) a,+ a, cos +a, cos 20 + --- +a cos n@ = 0 7 
(ii) a, sin 0 +a, sin 26 + --- +a, sinn@=0 So, the cube roots of unity are 1, (lane and El-p y/2: 
Clearly, one of the roots of unity is real and the other two are 


Sol. Dividing the given equation by z’, we get 
Go FG2' + Og7 beta gt" + az" =0 
Now, z = cos 6 + i sin 0 = e” satisfies the above equation. | Properties of Cube Roots of Unity 
Hence, 


complex. 


1. Each complex cube root of unity is the square of the 


a,+a, ei 4 a, Pl, CL a, eit? = 0 other: 


nol 


=> (a, +a,cos 6+ a, cos 20+ --- +a, cos n@) Proof: 


CGS Gee ee ene) 0 Complex cube roots of unity are (-1+iJ3)/2 and (-1—iV3)/2. 


=> a, +a,cos 9+ a, cos 26+ -- +a,cos nd =0 
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Now, 
1—2iv3 +377 _ 


JB fe any 
(=a om 


2 
Gea 14213 +37 
2 4 


abs [a8] 
4 


2 


2 


_ ea 3 (a8) 
4 


Hence, each complex cube root of unity is the square of the 
other. 

It follows from the above discussion that if we denote one 
of the complex cube roots of unity by w (omega), then the 
other complex cube root of unity is w*. Let, 


w = (-1+iv3)/2 


Then 
= (-1-i3)/2 
Clearly, © = w and w? = a. 
2. Integral powers of w 


Since @ is a root of the equation z? —1 = 0, so, it satisfies the 
equation z* —1 = 0. Therefore, 
o-1=05>q@°=1 
Since cw? = 1, therefore @" = w’, where r is the least non- 
_ negative remainder obtained by dividing n by 3. For example, 
wo? = (@)6=15=1, w= (@) w= 1 @? = w2, w= (@3)- = 
1" = 1, o% =(0”") w=. 


3. The sum of three cube roots of unity is zero, i.e., 
l+ot+o’*=0. 


Proof: 
We have, 


ltot+a?=14+ [285 }. [a8 | 


pan OE ae es 
5 


=0 


4. The product of three cube roots of unity is 1. 


Proof: 
Three cube roots of unity are 1, w and w*. So, product of cube 
roots of unity is 1x @ xX w@? =@'= 1. 


5. Each complex cube root of unity is the reciprocal of the 
other. 


Proof: 
We have, 1 I 
Ox@=a=l1>a= —> and w= — 
o @ 


6. Cube roots of -1 are -1, — w and - @”. 


Proof: 
ze(-D”® 

> ge=-l 

=> (2=1 


Complex Numbers 2.23 


The idea of finding cube roots of I and—1 can be extended to find 
cube roots of any real number. If a is any positive real number 
then a“ has values a", a"? w and a"? w*. If a is a negative 
real number, then a!” has values —lal'?, -lal'? @ and -lal'? q@?. 
For example, 8" has values 2, 2@ and 2w* whereas (~8)'3 
attains values —2, -2w and —2a”. 


7. If 1, w, w’ be cube roots of unity and 7 is a positive inte- 
ger, then 
F 3, when x is a multiple of 3 
l+o"+o7= 
0, when x is not a multiple of 3 
Proof: 
Case I: n is a multiple of 3. 
In this case, n = 3m for some positive integer m. 
L+o"+o”" =1+0™"+o0"=1 + (o*)" + (a3) 
=14+14+1=3 [+ (@)"=1"= 1 and (@)" = 1" = 1] 


Case II: n is not a multiple of 3. 
In this case, n = 3m + 1 or n = 3m + 2 for some positive integer 
m. When n = 3m + 1, 


L+o"+ oo" =14 m7"! + mom? 
=1+o0”0 +0" w 
= 1+ (w*)"@ + (@*)" @? 
=l+o+a’°=0 


When n = 3m + 2, 
1+ "+ wm" = 1 + men +2 + mom r4 
= 1 + wo?" + @s" w' 
=l]+ (a>) w? + (w)"'w0 
=l+o?+ow=0 


8. Factorization of a? + b? and a? - b? 
a+b =(a+b\(a@—ab+b*) 
=(a+b)(a+ bw)(a + bw’) 
and © 
a — b= (a—b)(a? + ab +b’) 
= (a—b)(a— bw)(a — bw?) 
9. Factorization of a? + b? + c? — 3abc 
@+b+C-3abe=(at+b+cVKae+b? +c -ab— be 
—ca)=(atb+c)(at+ bw + ca’) (a+ bw? + cw) 


10. Cube roots of unity represent vertices of Paullatcrsl 
triangle on the Argand plane. 


Fig. 2.21 
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ASU Re If is a cube root of unity, then find the 
valuse of the following: 


@ d+a-o) (1-w+o 


Gi) (1- @) 1-0’) 1-0) 1 - @) 


we @+bot+cm” a+bor+ca 
(iii), ————” —— 
b+é@+anM" ct+aw+bo 
Sol. 
() If @ is acomplex cube root of unity, then w@? = 1 and 1+ @ 
+@7=0. , 


wo.  (l+@-07) (1-—@ +’) = (2m?) 20) =4 

Gi) (i -~@) (1—@’) (1-o%) (1- @) 
=(1-@) (i=?) (1-@) (1 -) 
=(1-o)y (1-0? 
= (1 -2@ + w*) (1 -20? + w*) 
=(1-2@ + w’) (1 -2@? + @) 
= (— 3@) (-3*) = 903 =9 

(iii) Multiplying the numerator and denominator of expressions I 
and II by w and w’, respectively, we have 


at+bo + cw? F atba+cw* 


ctawt+bo? 


b+c@ + aw* 


_ o(at+bo + cw’) 
(b@ + co? + a) 


@’(at+bo + cw’) 
(cw +a+ba) 
=ot@=-! 


Solve the equation (x — 1)> + 8 = 0 in the 
set C of all complex numbers. 
Sol. We have, 
(x-1%4+8=0 >(-1) 
=> x-1=2(-1)'" 
= x-1=2(-1) orx—1=2(-w) or x—- | =2(-@?) 
[. (-1)'2 = 


= x-l=-2orx-l=-2Mo0rx-1=-20 


Example 2.73 


=-8 >x-1=(-8)" 


—1 or -@ or -w?]} 


=> x=-lorx=1-2@o0rx=1-20? 
Hence, the solutions of the equation (x — 1)? + 8 =0 are -1, 
1 —2@ and 1 — 20. : 


BW eee If 7 is an odd integer that is greater than 


or equal to 3 but not a multiple of 3, then prove that (x + 1) 
"— yx"—1 is divisible by x° + x? +x. 
Sol. Let 
fy = (+ 1)? -x" =] 
B+ e+ xsxP+xt l =x (x - w(x - wo) 
f(0) =(0+ 1)"-0"-1=0 
f(@) = (@ + 1)" -@" -1 = (-@?)" -o" -1 = -(@*" +" +1) = 0 
when n is not a multiple of 3. 


f(a?) = (a? ES 1 = @" =] = (-w)" = @ <6 
when 7 is not a multiple of 3. 


=—-(@" + wo" +1) =0 


ZOUNeAeMe co is an imaginary root of unity. 


Prove that 
Gi) @+bo+cw’) + (a+ be’ +cw) =(2a-b-c) Qb-a 
—c) (2c -a—b), 


(ii) Ifa + b +c =0, then prove that (a + ba + cw) 
+ (a+ bw’ + cw = 27abe. 
Sol. 
(i) Leta+bw+cwm? =x anda+ bw? +cw=y. 
(a+bo+co*) + (a+be’+caoPvp=xrrt+y 
= (x + y)(x + wy) + w*y) 


Now, 


x+y=(at bw + cw’) + (at bw’ + cw) 
= 2a + b(w +.0’) + c(w + w?) 
=2a-—b-—c 

x+oy=(at+ bo +c’) + w(at+ bw? + co) 
=(l+@)a+(1+@)b+20°c 

= w*(2c —a—b) 


Similarly, 

x+y = @(2b-a-c) 
=> (&+y)@+ wy)(x + w’y) 

= w3(2a— b —c) 2c -—a—b)(2b-a- x 

= (2a—b-—c) (2c-a—b)\(2b-a-—c) 
Gi) at+b+c=05b+c=-a,c+a=—b anda+b=-c 
Putting these values on the R.H.S. of result (i), we get 

(a+ ba + cw’) + (a + ba? + cw) = 27abe 


_Example 2.76 | 


Find the complex number @ satisfying 
the equation z> = 8i and lying in the second quadrant on the 
complex plane. 


Sol. 2 = 8i 


=> 2=-8P 


3 
SS: | [ts ley 
—2i 


Zz 
> Ty Thor @ or@® 


2iw or — Zia? 


of 8) or 2 8) 
2 2 


Hence, z = -2i or i + V3 or i— V3. out of which 7 — V3 lies in 
second quadrant. 


=> <z<=-2ior 


_Example 2.77 | 


— When the polynomial 5x° + Mx + N is 
divided by x? +x +1, the remainder is 0. Then find the value 
of M+N. 


Sol. Let f(x) = 5x7 + Mx +N. 
Also, x7 +x+ 1=(x-@)(x- @”) 
f(x) is divisible by x? +x + 1. Hence, f(w)=5+Mao+N=0 
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and 

flo?) =5+Ma?+N=0 
=> M=0;N=-5 
=> M+N=-5 


: \p! | If w and @’ are the non-real cube roots 
of canity and ta + @)]+[1/(b + w)]+[1/(c + )] = 2@? and 
[1/(a + @)7 1+ [1/(b + @)] + [1/(c + @)?] = 2, then find the 
value of [1 /(a+V]+[1/(6+D]+[1/(c+1)] . 


Sol. The given relations can be rewritten as 


1 1 1 2 
+ + — 
a+@ b+@ cto @ 
and 
1 1 |. ] 2 
atk =r >= 
a+ Mo b+@ c+o & 
7 1 l 2 
= wand @’ are roots of + + =— 
atx b+tx ctx x 


3x7 +2atbt+e)x+be+catab 2 
(a+x)(b+x)(c +x) x 


=> x»+ (be+catab)x—2abc=0 (1) 
Two roots of the Eq. (1) are w and w’. Let the third root be a. 
Then, 
4+ @0+0°=0>54a=-0-a'?=1 
Therefore, a = 1 will satisfy Eq. (1). Hence, 
1 1 1 


—._ +§« ——_ = 


a+l1 b+1 c+Hl 


Concept Application Exercise 2.5 


. Ifa and f are imaginary cube roots of unity, then find the 


value of at + 61 + 1/(aB). 


. If@ is acomplex cube root of unity, then find the value of 
(1 + @) (1 +’) (1 + w*) (1 + @) --- to 2x factors. 


: Write the complex number in a + ib form using cube roots of 


Cc. G+ V3)! + — f3)! 4 2100 


. Ifz+z'=1, then find the value of 7! + z', 


5. Find the common roots of x? — 1 =0,24+x?+1=0. 


6. If @ (¢ 1) is a cube root of unity, then find the value of * 
1 i+@ @& 


l-i -1 
-i -lt+oa -I 


o’ -1 


Complex Numbers 2.25 


GEOMETRY WITH COMPLEX NUMBERS 


Section Formula 

If P(z) divides the line segment joining A (z,) and B (z,) inter- 
nally in the ratio m:n, then 

M2, + NZ 


mtn 


rR _,~- 
A(z,) P(z) B(z,) 
AP _m 
PB oon 


If division is external, then 


oa MZ, — NZ, 
m—-n 
-—___+—_____ 
A(z,) B(z,) P(z) 
Explanation: 


Let z, =x, + iy,, Z, =, + iy,. Then, Az = (x,, y,) and B = (x,, y,). 
Let z= % + iy. Then P = (x, y). We fave from coordinate 
geometry. 


MX, + NX, my, + ny, 
x= and y = a2 
m+n mtn 
Hence complex number of P is 
mX, + AX, jp + ny, 
mtn m+n 


_ Mx, tly) + n(x + iy) 
m+n 
M2, + NZ, 


men 


Note: 


1. In acute triangle, orthocentre(H), centroid. (G) and 
circumcentre (QO) are collinear and HG:GO = 2:1. 


2. Céntroid of the triangle formed by points A(z,), Biz, Jin and 
C(z,) is (q+7j+2%)/3. 


3. If .circumcentre of the triangle is origin, then its 


orthocentre is z, + z, + Z, (using 1). 


Example 2.79 | 
affixes of the vertices of a parallelogram taken in order. 


Find the relation if z,, Z,, Z,, z, are the 


Sol. As the diagonals of a parallelogram bisect each other, affix of the 
mid-point of AC is same as the affix of the mid-point of BD, i.e., 
ZZ 2 +2%, ‘ 
2 2 
=> 74+2%,=2%,+% 


Example 2.80 fi Z,» Z,, Z, are three non-zero complex 
numbers such that z, = d- az, +Az, where 4 € R — {0}, then 
points corresnouding to Z,5Z, and Z;- 
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a. lie ona circle 
c. are collinear 


So. = 2, = (1 -4)z, +z, 


= (1- A)z, +Az, 
Pea aed 


b. are vertices of a triangle 
d. none of these 


Hence, z, divides the line joining A(z,) and B(z,) in the ratio 
A: (1 —A). Thus the given points are collinear. 


€ In AABC, A(z,), B(z,) and C(z,) are 
inscribed i in the circle tzl = 5. If HG,) be the écthocentre of 
triangle ABC, then find Zy 


Sol. Circumcentre of AABC is clearly origin. Let G(z,) be its 
centroid. Then, 


] 
2 31 +2, +23) 


Now we know that 


OG:GH = 1:2 
2x0+1X zy 
=> %4F 3 


=> %,=32,=2%,+%,+%, 


Example 2 EAE Let z,, Z,, Zz, be three complex numbers 
and a,b,c be real numbers not all zero, such thata +b +c 


= 0 and az, + bz, + cz, = 0. Show that z,, z,, z,are collinear. 


Sol. Given, 
a+b+c=0 (i) 
and 
az, + bz, + cz, =0 (ii) 


Since a, b, c are not all zero, from (ii), we have 


az, + bz, - (at b)z,= [From (i), c=- (a+ b)] 

= az,+bz,=(at+b)z, 
az, + bz ; ad 
= y= | (ii) 


From (iii), it follows that z, divides the line SeEMen joining z, and 
z, internally in the ratio b:a. 
If a and b are of the same sign, then division is in fact internal and 
if a and b are of opposite sign, then division is external in the ratio 
\bl:lal. 


Equation of the line passing through the points 
z,andz, 


Such equations are given by 


oy 
Ol ay A 
ss Ses 

rf 

Oo 


or 


Explanation: 
Let z, = x, + iy, and z, = x, + iy,. Let A and B be the points 
representing z, and z,, respectively. 

Let P(z) be any point on the line joining A and B. Let z=x+ 


iy. Then P = (x, y), A=(@,, y,) and B= (x,, y,)- Points P, A, 
B are collinear. 
y 
A(z) 
O'(z1 — 22) 
P(z) 
P’(z-2) 
B(z2) 
Fig. 2.22 


From the diagram, points A, P and B are collinear. 


Shifting the line AB at origin as shown in the figure, points O, 
P’ and Q’ are collinear. Hence, 


arg(z — z,) = arg(z, — 2,) 


> m( 22 }-0 
Z) — 2 


Z— 2% 
=> —— is purely real 
ral —Z 
2—-Z 2=2 
=> 2 = 2 
2, — 22 2-29 
z- Z=zZ, 
= 82.8 (1) 
27 24 Z— 23 
a | 
Z2 Zs 1 
From (2), if points z,, Z,, Z, are collinear, then 
4 4% 4 
22 Z> 1 -0 
3 & | 
Equation (2) can also be written as 
Cae a) al Paar Nase ae Ott oe ie 
1G =) 2st =e) 2 £0 2,422) 9 
=> azt+az+b=0 (3) 
where 
a i(Z, =. z,) 
and 
b=i(Z,Z,-Z,2,) 
= i 2i x Im(z,Z,) 
=- 2 Im(z,z,) 


= areal number 
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Slope of the Given Line 
In Eg. (3). replacing z by x + iy, we get 
(x +iy)at+(x-iy)at+b=0 
=> (a +a)xt+iy(a—a)t+b=0 
_ 2Re(a) 
_ 2i xIm(a) 7 


ata 


i(a—a) 


2 Re(a) 
Im(a) 


*, Slope = 


Equation of a line parallel to the line za + Za + b = O is za 
+Za+ A =0 (where 2 is a real number). 

Equation of a line perpendicular to the line za + za+b=0 
is za + zat iA =O (where J is a real number). 


Equation of Perpendicular Bisector 


*P@) 


AQ) 


Fig. 2.23 


Consider a line segment joining A(z,) and B(z,). Let the line 
'*L? be its perpendicular bisector. If P(z) be any point on ‘L’, 
then we have 

_PA=PB>(2-z)=1z-2z 
= Iz—zP=lz-z)? 
= G2) G2) 62) - 2) 
= = Or = - 
> 


Distance of a Given Point from a Given Line 
Let the given line be za + za + b = 0 and the given point be z, 
Z, =X, + Ly, 
Replacing z by x + iy in the given equation, we Bet 
x(a + 4) +iy(@-a)+b=0 


@ Z. 
ve 
\ 


z@t+za+b=0 


Fig. 2.24 


Distance of (x,, y,) from this line is 


Ix. (ata)t+iy(a—a)+bl _ 


(a tay —(a—-a)’ 


Iza+Zatbl 
J4Re(a))? + 4(Im(a))? 
_iz,a+zZ,atbl 

2\al 


Complex Numbers 2.27 


Example 2.83 
numbers on the complex plane. Suppose the complex slope 


Let A(z,) and (z,) represent two complex 


of the line joining A and B is defined as (z, — z,)/(z, —Z2). If 
sie line J, with complex slope w, and [, with complex slope 

, on the complex plane are perpendicular then prove that 
o, +o,=0. , 


Sol. /, is perpendicular to /,. Hence, (2 — 2))/(%, — 25) is purely 
phagmnary: 


Note: 
If l, is parallel to l,, then 
Zy— 2 FA i % 
“23, 24 Z ak Za 


a, aes 2 


If z,, Z,) Z, are three complex numbers 


such that 5z, — 13z, + 8z, = 0, then prove that 
Zz % | 
22 25 | = 0 
23 23 1 

Sol. ng, = 13g 82, =0 

5z, + 825 
=> ——= =% 

5+8 ; 


=> 2,2, %, are collinear 


zy % 1 
1] = 0 (condition of collinear points) 


\ 


_EXal me Ifz=z,+A(z—z,), where A is a constant, 
then prove that locus of z is a straight line. 
Sok 7=z,+A(Z-%, 
Az-Z—Az, +Z,=0 (1) 
Az—-z-Az,+2z,=0 (2) 
Adding (1) and (2), 
(A—1)z+ (A- 1z - (Az, + AZ,) +z, +Z, =0 
This is of the form az + az + b = 0, where a = A — | and 
b=- (Az, + AZ,) + 2, + Z, € R. Hence locus of z is a straight 
line. 


Equation of a Circle 


Consider a fixed complex number z, and let z be any complex 
number which moves in such a way that its distance from z, is 
always to ‘r’. This implies z would lie on a circle whose centre 
is z, and radius r. And its equation would be 
Iz-Zl=r 
=> k-zPar 
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=> &-24)G-Zar 
> W-B,-WZ+%ly-P=0 
Let —a =z, and z,z,— 7° = b. Then, 
wtaz+az+b=0 
It represents the general equation of a circle in the complex 


plane. 
z+ az +az+b=0 represents a circle whose centre is —a 
and radius is Jaq —b . Thus zz + az +az+b=0 (be R) 
represents a real circle if and only if aa — b > 0. 


Now, let us consider a circle described on a line segment AB 
(A(z,), B(z,)) as its diameter. Let P(z) be any point on the circle. 
As the angle in the semicircle is z/2, so 


ZAPB = 72/2 

=> we 2 ) = tn/2 
Zo 7 

= 4% ig purely imaginary 

Ye 2 
dy Eee 

Z-% «ZT -% 

| 1) 
A(z1) B22) 
Fig. 2.25 
> (z ave Zt Zy) (2 2) =0 
Ba culuceeaueme, Let vertices of acute angled triangle are 


A(z,), BG,) and C(z,). If the origin ‘O’ is the orthocentre of the. 
triangle, then prove that 2,2, + 2,2, =) Z3 +223 = %%, +%3%. 


Sol. 
A(z1) 


B(za) D C3) 
Fig. 2.26 


Here O is orthocenter then 
(AD=)OA | BC 


2-9 au 
*, arg Saar 
Ve 2 


Z= Ou, : : 
! is purely imaginary. 
Zp — % 
z,—-0 z,—0 
=> - +|— =0 
2. — % Zy — % 
Zz cA 
= —i +1 -0 
27% = % 7% 


=> %4(%,-%)+%(%,-%) 50 


=> 2% +%%=%4U+%zZ, (1) 
similarly OBL AC 
> YWtrAy=AAtBY (2) 


From (1) and (2) 2,2 +22 =%% +%%; =%%+%% 


Show that the equation of a circle passing 
through the origin and having intercepts and on real and 
imaginary axis respectively on the argand plane is given by 
= (Re) + (Im). 


Sol. From figure, 


Example 2.87 | 


Z-a@  Z-a | 
z—-ib ztib 


_ Z+Z Z-Z 
Ss — p\ —* |=0 
=> 2 o( 5 ) ( * 


=> 2 =a(Rez)+b(Imz) 


S2culiceecae Intercept made by the circle 27 + @+ az 


+r=0 on the real axis on complex plane is 


a. (a+ a)—r b. (a + a)’ — 2r 
c. \(a+ a)? — 4r d. (a + @)? —4r 


Sol. Points where the circle cuts the x-axis z = Z. 
Hence substituting z = Z in the equation of circle, we get 
2+aztaztr=0 
=> 2+(ata)z+r=0 
=> AB=lz,-z) (where A and B are points of 
intersection of circle with x-axis) 


= V(z + ay = 4z,Zy 
= (a+ a) -4r 


Example 2.89 | 


Prove that IZ —Z,!? +|Z—-Z,!’ =a will rep- 
resent a real circle [with centre (Z, + Z,)/2] on the Argand 
plane if 2a > |Z, - Z,?. 
Sol. IZ-ZP+IZ-ZP=a 

= (Z-Z)@-Z)+@-Z)(Z-Z)=a _ 

= 2ZZ-Z2,+2,)-2(Z,+Z)+Z2,+Z2Z,=a 
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+ =0 1 
5 (1) 

Equation (1) is of the form of ZZ + @Z+ aZ+r=0. Hence 

centre = — coefficient of Z; which is given by (Z, + Z,)/2. 


Also, Eq. (1) will represent a real circle if aa —-r >0 
(Z, + Z,) (Z, as Z5) > ZZ, + 72, -a 
4 0 * 2 
Z2,+ ZZ, + Z 2, + ZL, > ZZ, +Z,Z,)-—2a 
2a2Z2Z,+2,Z,-Z22Z,-Z,Z, 
= Z(Z,- Z,)- Z(Z, -Z,) 
= Z,-Z,) @,-Z,) 
= (Z, -Z,) (Z, - Z,) 
=> 2a21Z,-Z/ 


¥ y 


clu eee Two different non-parallel lines cut the 


circle !z] =r at points a, b, c and d, respectively. Prove that 
these lines meet at the point given by 
7 a'+b)-e'-da! 
abt cla! 


Sol. 


P(z) S(a) 


Fig. 2.28 


Since P, Q, R are collinear, so 


zziil 
Cc ¢ 1 =0 
ddl 
=> 2(¢-d)-Z(c—d)+(cd-—cd)=0 (1) 
Similarly, 
z(@—b)-—2(a—b) + (ab —ab) =0 (2) 
From {(1) x (a~b)} - {2) x (e-}, 
z[(€-d)) (a—b) -(@-b) (c-d)] 
= (ab — ba) (c — d) - (cd -Cd) (a - b) (3) 
Now, 
la? = aa = page 
a 
Similarly, 
on r r = Pr 
b= —,¢= —,d=— 
b Cc d 


Complex Numbers 2.29 


From (3), 


1 1 (a+b) ct+d 
fate eS ee Nl a 
ae :| cd =| ab cd 
a'+b!-cl-d"! 
= T ab?! — en lga! 
Example 2.91 


Prove that the circles zz + za, + za, + b, 
= 0,5, € Rand zz + za, + za, + b, = 0,6, € R will intersect 
orthogonally if 2 Re(a,a,) =b, + b,,. 


Sol. Centre and radius of zz + za, + Za, + b, = 0 are —a, and 
Jaa, —b, , respectively, and that for other circle are —a, and 
/4@, —b, , respectively. These circles will intersect orthogo- 
nally, if sum of squares of radii is equal to square of distance 
between their centres. Therefore, 
yee — 
la,-a,P=aa,-b,+a,a,—b, 

=> a4,+4,4,-a4,-a,,=a4,+a,a,-b,—b, 

=>. 4a,+a,a,=b,+b, 

= 2Re(aa,)=b, +b, 


Condition for Four Points to be Concyclic 


Let ABCD be a cyclic quadrilateral such that A(z,), B(z,), ee 
and D(z,) lie on a circle. Clearly, 


arg $2) + ae (8 2) = 
<2 — <| <4 ~ <3 


Ze — % \{ 2-2). 
=> |+—+]| 7 = | is purely real 
22-2 Z4 7 23 


A(z) 
Fig. 2.29 
Thus points A(z,), B(z,), C(z,) and D(z,) (taken in order) 


would be concyclic if [(z, — %) (2 — 23))/[l. — %) 
is purely real. 


ihe 23)] 


downloaded from jeemain.guru 


2.30 Algebra 


_—xa mple 2.92 : If 2,» Z,9 Z; are complex numbers such 
that (2/z,)=(1/z,)+(/z,), then show that the points repre- 
sented by Z,, Z,, Z, lie on a circle passing through the origin. 


Sol. 
ja 
S(0) o 
O21) 
P(z3) 
Fig. 2.30 
2x01 i 
qf %3 
1 1 1 1 
=> = 
= fg 7% hy 7% 
caeS) 232] 
= fy 2 £2 
23 2 %3 
C4 ed 41 22 
=> ag) = arg| ~~~ 
23 7 8 %3 
23> ae 2 7 2 =n +ac{ 2) 
23 — %3 
23 = 2 
=> a=7- 


=> atfp=n 
Hence, the said points are concyclic. 


Concept of Rotation 

If z and z' are two complex numbers, then argument of z/z’ is 

the angle through which Oz’ must be turned in order that it may 

lie along Oz. 
@-ilehe® 


— 12! jie- 0) _ 121 ia 


, 


Z fetlel® 12/1 Fam 


wx 


Fig. 2.31 
In general, let z,, z,, z, be the three vertices of a triangle ABC 
described in the counterclockwise sense. Draw OP and OQ 
parallel and equal to AB and AC, respectively. Then the point 
P is z, ~ z, and Q is z, — z, and 


=e Bh 6 MOAn se Tapes Ih 
3 “l= 2 (cos atisin a) =— el = BL 7 
z-z, OP = BA lz, — 2 


CZs) 


Fig. 2.32 


Note that arg(z, - z,) — arg(z, — z,) =a the angle through which 
OP must be rotated in the anticlockwise direction so that it 
becomes parallel to OQ. 

Also in this case we are rotating OP in clockwise direction 
by an angle 27 — a. Since the rotation is in clockwise direc- 
tion, we are taking negative sign with angle 27 — a. Here, we 
can write 


7% lZ3 — % | e-i@n-a) 


%-% Ila-yl 


_Example 2.93 | 
triangle ABC (in anticlockwise order). If ZABC = 2/4 and 
AB = J2(BC), then prove that z, = z, + i(z, —z,). 


A(z,), B(z,), C(z,) are the vertices of the 


Sol. 


A(z)) 


B(z2) a 
Fig. 2.33 


C3) 


Rotating about the point ‘B’, we get 


Z) 7X2 a2 wt = Vale }aasi 
43 — 2 a 2 2 
= 7 7-2=(%,-4) 1+) 
=> %4=2,-@,-4) d+) 
=> 20-(+i))=z,-z01+) 
= z= “b- 2 48) = (iz, igh +i) 
cal | as 5 
= 2%, + i(Z,- Z,) 


a2 clu eamme, If one vertex of a square whose diago- 
nals intersect at the origin is 3(cos @ + i sin 0), then find the 
two adjacent vertices. 
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Sol. 


Fig, 2.34 


Let the vertex A be.3(cos 6+isin 6), then OB and OD can be 


obtained by rotating OA through 2/2 and — 2/2. Thus, 
OB = (OA) e'"”” and OD =0A e*”? 

=> OB=3cos@t+isind)i and OD =3(cosé@ +isin)(-i) 

=> OB=3(-sin@ +icosé) and OD= 3(sin @ — i cos@) 


Thus, vertices B and D are represented by +3(sin 0 — i cos 8). 


bya arg re[(z 31) I(z- 2i+4)|= 7/4. 
Sol. 


Fig. 2.35 


If ‘C’ be the centre of the arc, then ZBCA = 1/2. Let C be z, 
Then, 


> z= 3i + i(2, — 21+ 4) 
- Fit2 
(1-2) 


> 25 =50i -5) 


96 | z, and z, are the roots of 3z7+ 32 +b 
= 0. If 0(0), «, ), Z,) form an equilateral triangle, then find 
the value of b. 


Sol. z 


Triangle OAB is equilateral. So, 
© 4+ z24+250%7z,40%z, 42,2, 


=. (, + ay. i 22,2, = 2% 


b 
> 1 = 3z,2,=35 


=> be=l 


f Let 2,» Z, and z, represent the vertices A, 
B and Cc of the triangle ABCi in the Argand plane, such that 
Iz,1 =Iz,|=z,l = 5. Prove that z, sin 2A + z, sin 2B + z, sin 2C 
= 0. 


Complex Numbers 2.31 © 


Sol. 
A(z) 


gr 


Baa) NE C3) 
Fig. 2.36 
zt = Iz, =Iz,1=5 
= lzl=5is the circumcircle of triangle ABC 
= ZAOB=2C, ZBOC =2A and ZCOA = 2B 
We have, 


2, _ OB F 
2. a ite = ete 


Fa ~ OA 
Similarly, 
: % _ OC o-inn = 928 
z OA 
Now, 


z, Sin 2A + z, sin 2B + z, sin2C 
= 4% sin 2A+ S<inaB+2sin2e] 
ri gy 
= z,(sin 2A + sin 2Be + sin 2C e778) 


=z, (sin 2A + sin 2B cos 2C + i sin 2B sin 2C 
+ sin 2C cos 2B — i sin 2C sin 2B) 


= z,(sin 2A + sin(2B + 2C)) . 


= z,(sin 2A + sin(2a — 2A)) 
=0 


B2culcensme On the Argand plane z,, z, and z, are, 
respectively, the vertices of an isosceles triangle ABC with 
AC = BC and equal angles are 0. If z, is the incentre of 
the triangle, then prove that (z, = z,) (<, — z,) = (1 + sec 8) 


(2, -%,)"» 


aie a ee . 
Sol. 2A = 4 “1 gi (clockwise) (1) 
Iz, al 124-4 
wy-Z Za), 
3A = “4 “1 6. (anticlowkwise) (2) 
lz, - Z| lz4 — 2% | 
C(z3) 


A(z) 


21+22 


> 


Fig. 2.37 


Multiplying (1) and (2), we get 
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(2) — 2) (z3 — %) _ I(z, — zz; — z,)1 
(24-2) 


Iz,- 2? 
_ (AB) (AC) 
~ (AL? 
_ (AD) (AC) 
~ (AL? 
2(AD)? AC 
(Al)? AD 


=2 cos? : sec 9 = (1 + cos @) sec 0 


Concept Application Exercise 2.6 


The centre of a regular polygon of n sides is located at the 
point z = 0, and one of its vertices z, is known. If z, be the 
vertex adjacent to z,, then find z,. 


Let z, and z, be two complex numbers such that z,/z, + z,/z,=1. 


- Prove that z,, z, are the origin form an equilateral triangle. 


If one vertex of the triangle having maximum area that can be 
inscribed in the circle lz — il = 5 is 3 — 3i, then find the other 
vertices of the triangle. 


Consider the circle Iz! = r in the Argand plane, which is in fact 
the incircle of triangle ABC. If contact points opposite to the 
vertices A, B, C are A,(z,), B(z,) and C,(z,), obtain the com- 
plex numbers associated with the vertices A, B, C in terms of 
ZZ, and z,. 

P is a point on the Argnad plane. On the circle with OP as 
diameter, two points Q and R are taken such that ZPOQ 
= ZQOOR = 6. If O is the origin and P, Q and R are represented 
by the complex numbers z,, <, and z,, respectively, show that 
<p COS 26 = zz, cos? 4. 


Standard Loci in the Argand Plane 


If P(z) is a variable point and A(z,), B(z,) are two fixed points in’ 


the Argand plane, then 


1, k-zl=k-z 


Fig. 2.38 
= AP = BP 


That is, the distance of z from two fixed points z, and z, is 
same. Hence, locus of z is the perpendicular bisector of the 
line segment joining z, and z,. 


Zp “ed +lz-z,l alg = Zl 

l<—lz — z,| —» 1|«——lz -z,-—_> 

Sn S| 
A(z) P(z) B(z,) 

<—_—_—___lz, - z, ————_>| 

AP +BP=AB 
Hence the locus of z is the line segment joining z, and z,,. 

3% = kk -zJ-k-zJl=k,-z, 


l<——lz, — 2, ——> | <«—lz - z,-—>| 


J pnenonencneec eee cteeceecceeccee ones ° >| 
A(z,) B(z,) P(z) 
—_—___—__ kz - z,|—_———>| 


= AP-BP=AB 
Hence, the locus of z is a ray as shown in the figure. 


4. Ik-z!- iz -z,ll=lz, -—z, 


o—_> 


= Locus of z is a straight line joining z, and z, but z does 
not lie between z, and z, or locus of z is two rays. 


5. k-z,l+lz-z,l=k (= constant > Iz, -z,l) 


= PA+PB=constant 


Hence, the locus of z is‘an ellipse 
(as in ellipse SP + S'P = 2a, where S, S' are foci, P is any 
point on ellipse and a is semi-major axis) 


PO) 
Fig. 2.39 
Eccentricity of ellipse is 
ABU 1z,—Z,| _ 47% 
AP+BP tz-z,|+lz-2z]| k 


6. ilz-z,l-lz-z,ll=k (= constant < Iz, - z,I) 
= |AP— BPI = constant 
Hence, the locus of z is a hyperbola. 


(as in hyperbola S'P — SP = 2a, where S, S’ are foci, P is any 
point on the hyperbola and a is semi-transverse axis) 


Fig. 2.40 
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Eccentricity of hyperbola is 


AB lz—2Z, | _la-%! 
| AP-BPI| Ilz-z|-lz-z ll k 


7. Ie—z,P+ie-z,P= 
=> AP? +BP?=AB 
Hence, the locus of zis a circle with z, and z, as the extremi- 
ties of diameter. 


ko Z,F 


P@) 


A) B(z2) 


Fig. 2.41 


8 Iz—zl=Ale-z) (4D 
=> Locus of z is circle 


a ) = a (fixed) 
oo) 


9. are( = 


Hence, the locus of z is a segment of circle. 


10. 0. arg( = s=4) - = +n/2 


Z— &4 


Hence, the locus of z is a circle with z, and z, as the vertices 
of diameter. 


11. arg( 22) =Oora 
Z— 2 
Hence, the locus of z is a straight line passing through z, and z, 
A%+O%y +r 
21a! 


Hence, the locus of z is a parabola whose focus is z, and 
directrix is the line az+az+r=0 


12. z-2/= 


B22 culdiesaeae Find the locus of the points a 


the complex number z for which Iz + 5 ? -— iz - 5? = 


Sol. Iz +5P-Iz-SP = 10 


=> (2+5)(@+5)-(2-5) Z-5)=10 
=> S5(z+z)+254+5(2+z)-25=10 
=> 2x2x=2 
=> ye. 

2 


which is the equation of a straight line. 


Complex Numbers 2.33 


: 2 
culdcemaam: Identify the locus of z if z =a + f F 
> 0. Z-a 


= — r 
Sol. Zeat 


=> (z-a\Z@-a=r 
=> lz-ar=Pr 


= Il-al=r 
Hence, locus of z is circle having center a and radius r. 


SAM Let z be a complex number having the 
Ty) 6, 0< 0 <7/2 and satisfying the equation | z — 3il 
= 3. Then find the value of cot @ - 6/z. 


Sol. Let z =r (cos 0+ i sin 8). Now, 


r= OA sin @=6sin@ 
A 
an 
Va 


Fig. 2.43 


oO 


=> z=6sin@(cos 6+ isin 9) 
6 l 


~ sin @ (cos @ + isin @) 


=> 

cos @ —isin @ 
sin @ 

=-i+cotd 


6 o 
=> cotd—--—=i 
xz 


Example 2.10 
13 — 21 +13 + 21= 


02 | If ‘z’ be any complex number such that 
4, then identify the locus of ‘z’. 


Sol. 13z- 2)4+13z+21=4 


kl 
; (1) 


If P(z) be any point A = (2/3, 0), B = (-2/3, 0), then (i) rep- 
resents 

PA+PB=4 
Clearly, AB = 4/3 = PA + PB = AB = ‘P’ is any point on 
the line segment AB. 


| ig-2-3P+lz-4-3P =/ represents the 
equation of a circle with least radius. Find the value of ‘A’. 
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Sol. 
P(z) 


A(2 +33) 
Fig. 2.44 


B(4 + 3i) 


If F(z) lies on a circle and PB? + PA? = 4 (constant), then 
A=AB>A1=4. 


= Find the number of complex numbers 
which satisfy both the equations lz — 1- il = V2 and iz.+1 
+il = 2. 
Sol. The given equations represent circles 
(x - 1)? + (y—- 1)? =2 and (x + 12 + (y+ 1? =4 
=> CU, ),1r,= v2,C,(-L-),7,=2 


CC, = V8 =2.8,r,+7,=2+ V2 =341 
C,C,<r,+7r,and also C,C, >r, —r, and hence the two circles 
are intersecting at two points. The common two points will 
satisfy both. 


If the imaginary part of (2z + 1)/(iz +) 


Example 2.105 | 
is —2, then find the locus of the point representing in the 


complex plane. 
Sol. Let, 
Z=xtiy 


22+] = 2(x + iy)+1 
ig +1 i(x +iy) 4! 


_ Qk 4+1)+i2y 
l-y+ir 
(2x+1)+i2y d-y)-ix 
Gd-y)+ix (l-y)-& 


_ xt) (l= y) + 2xyti[—x (2x +1) + 2y 1 - y)] 
: (- yy +x? 


Since imaginary part of (2z + 1)/(iz +1) =—2, hence 


—x (2x 4+1)+2y(l-y) _ 


2 
(l-yyP +x? 


=> -2x°-x+2y-2y=-2[1 + y? -2y +x] 


=> x+2y-—2=0, whichis a straight line 


IS Cluowetem If |(z - 2)/(z - 3)|=2 represents a circle, 
then find its radius. 


z-2 
z-3 


= Iz-2P=4lz~-3P 


Sol. =, 


Ix-2+ iP =4lx -3 + HP 
(x-2P+y=4[@-3P+y] 
3x? + 3y? ~ 24x + 4x + 36-4=0 


Vud 


20 
=> v+y- gee 


This represents a circle with centre [(10/3, 0)] and radius 


{(100/9) — G2/3) = J(4/9) = 2/3. 


Example 2.107 | 


If z, +z, +2, +2Z,=0 where b, <¢ R such 
that the sum of no two values being zero and bz, + b,z, + b,z, 
+bz,= 0 where z,, z,, Z,)Z, are arbitrary complex numbers 
such that no three of them are collinear, prove that the four 
complex numbers would be concyclic if 1b,b Iz, —z,!? = |b,b,| 
i, -z,P. 


Sol. 
C(23) 


Y Bz) 


D(z4) 
Fig. 2.45 


A(z) 


b, +b, =-(b, + b,), bz, + bz, =-b,z, + bz,) 


Dz + OZ, a) 
b, +b, 


D323 +dyz4 

b, +b, 
Hence, the line joining the complex numbers A(z,), B(z,) and 
C(z,), D(z,) meet. 


Let P(z) be the point of intersection. These points will be 
concyclic, if PA x PB = PC x PD. Now, 


b 
PA = |—?|z, -z, |, PB =| +z, -z | 
c 2 , +b, 
PC = |—+— lz, -z |, PD =| 4—|z, - 2 | 
b; +b, 3 +b, 


=> |b,bJ iz, —z,P? = 1b, bl Iz, -— z,P 
Co Ib, + b= 1b, +b) 


Cluldieeacm: Consider an ellipse having its foci at 
A(z,) and B(z,) in the Argand plane. If the eccentricity of the 
ellipse be ‘e’ and it is known that origin is an interior point 
of the ellipse, then prove that 


= [o, |Z = Z| 
la1+] 21 
Sol. Let P(z) be any point on the ellipse. Then equation of the 
ellipse is 


Sig 
Z-zl+lz-zl= =z (1) 
é 
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If we replace z by z, or z, L.HLS. of (1) becomes 
lz, — z,!. Thus for any interior point of the ellipse, we have 
ke —zl+k—zl< ce! 
a 


It is given that origin is an interior point of the ellipse 


lo ~2l+l0-z)< 222! 
, é 


Iz, = 2 | 
Iz, l+1z, 1 


Find the locus of point z if z, i and iz are 


Example 2.109 


collinear. 


Sol. If z,, Z,, Z, are collinear, then 


Given z, i and iz are collinear. Hence, 


z Z@ JI 
i-i VY =0 
iz —iz | 


—izt+iez+7-z—-iz +izz =0 
z—2ztiz—iz+zZ=0 (multiplying with i) 
22z -(2+Z)+i(z-Z)=0 

x?+y—-2x-2y=0 (putting z=x + iy) 


Vu uid 


ZC eae If the equation lz — al + Iz - bl = 3 repre- 
sents an ellipse, and a, b <C, where a is fixed, then find the 
locus of b. 
Sol. |z — al + lz — bl = 3 represents an ellipse. Now, 
la-bl<3 
= Ib-al<3 
Hence, b lies inside the circle having centre a and radius 3. 


Concept Application Exercise 2.7 


IzP -Izl4l 
1. If long So > 2, 


then locate the region in the Argand plane which represent z. 


2. Identify the region of the Argand diagram defined by Iz — 1| 
+iz+ <4. : 

3. If w= z/[z—(1/3)é] and twl = 1, then find the locus of z. 

4, Let z (#2) be acomplex number such that log lz — 21 > log, , Izl. 
Then prove that Re(z) > 1. : 

5. Locate the region in the Argand plane determined by z? + 2” 
+ 2 IzP < (8i(z — 2). 


. If lz—- 1+ lz +3! <8, then find the range of values of Iz — 4l. 


Complex Numbers 2.35 


THE n‘® ROOT OF UNITY 


Let x be n" root of unity. Then, 
xe 
=1+i(0) 
=cos0+isin 0 
= cos (2ka + 0) +i sin (2ka + 0) 


= cos 2ka + i sin 2ka (where & is an integer) 


Q2ke |, 2kn 
=> x=cos —+isin 
n a 


,»k=0,1,2,...,27-1 


Let a=cos (2z/n) +i sin (2z/n). Then the n" roots of unity are 
a (t=0, 1, 2, ..., 2 — 1), ie., the n™ roots of unity are 1, a, 


ee, eek ge, 


Sum of the Roots 


3 oe" 
ltatete- toa" '= 
l-a 
2 20 
1 —| cos— + isin — ae 
n n 1- (cos2z + isin 27) 


0 


l-a@ l-a 


n—| k n-} 
> Se and Sein 0 
k=0 n k=0 n 


Thus the sum of the roots of unity is zero. 


Product of the Roots 


n nN 


X (>) 


n(n-l) 
—= | 
1xax@x--x@l=a ? = {cos 7% + isin 


=(cosa+isinzy"! 


If n is even, the product is (—1)"~'. If 2 is odd, the product is 1. 


Note: The points represented by the n" roots of ‘unity are 
located at the vertices of a regular polygon of n sides inscribed 
ina unit circle having centre at the origin, one vertex being on 
the positive real axis (geometrically represented as shown). - 


\, 


> a Aa!) 


Example ; If @ = cos(2m/7) +i sin(27/7), then find 
the quadratic equation whose roots are a =a + a’ + a’ and 
B=ae+a+a’. 
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Sol. a =cos(2z/7) +i sin(27/7) 
= a’ =[cos(2n/7) + isin(2z/7)]' © 


=cos2a+isin2z=1 . (i) 
S=a+Ba(a+@t+a+(@+@+a°) 


a(i—a’°) 
l-a 


=at+@+@+e+a@+a= 


a-a a-l 
= =——=-1 ; il 
l-a l-a (ii) 


P =08=(a+e@+a')(a+a+a) 
=at+Ata+raGt+at+at+at+arta"” 
=at+at1+a@+lt+atl+@2+a [From Eq. @] 
=3+(a+@+a@+at+a+a’) 
=3+S 


=3-l]=2 [From Eq. (11)] 


Therefore the required equation is 


x*-Sx+P=0 
> xv+x4+2=0 


CUMS If w is an imaginary fifth root of unity, 


then find the value of log, | 1 + @ + @ + w' - Vol. 


Sol. Here w =1 «. @! =o 
Also, 
1+o04+@’°+o°+a'=0 


log, |l+a@+@° +° on 
@ 
* lol = 1) 


=log, Il +a+o*>+o>- o4| « 


= log, |-2w'l = log, 2 = 1 


CU emeem If 1, z,,z,,Z,-..,Z,_, are the n™ roots of 
unity, then prove that (1 —z,)(1-z,)-(1-z,_) =a. 

Sok. 2! =1L=@=1) Gz) @=2) oe -Z) 

Zl 
pa 


=> 1l+ez+ 240-4 


=(2-Z)(@-2) 


Pere ge =2) E29 Ce) 


(2-z_,) 


Putting z = 1, we get 


(-z2)0-z)--d-z_jal+it--+ lan 


: 20 
If a = e”*” and f(x) = a, + Sa,x*, 
k=1 


+ fiaex) is 


Example 2.114 | 
then prove that the value of f(x) + f(a x) + + 
independent of a. 


Sol. a= e?”7 = 7" root of my. or root of the equation z’— 1 =0. 
Its other roots are 1, a’, a3, a’, a, a°. Now, 


Sx) + flax) + +++ + flaex) 


20 
=7a,+ a, x* 4 x a,(ax)’ 4... + Sa, (aox) 
k=] k= k=l 


20 
=Ta,+ Ya, (x* +abx* + 07x ++ 0x! 
k=l . 

6k yk 
) 


20 
=7Ta,+ Lax +atx* +a07*x* ++@ 
k=! 


20 Cayky7 


k=1 a’ -) 


: 20 (ay =1 
=7a,+ Y.a,| x*——— 
Ba ak] 


ar area ee 
= Ta,+ q,| x" 


k=l a“) 


(-- ais aroot of z27-1=0>a’-1=0) 


Example 2.115 | are nth 


Ifn >3 and 1, a, @,,....4,_, 


Yaa; 


lsi<jsn-1 


roots of unity, then find the sum 


Sol. We have, 
C1 SG Yee )e a). @-o.,) 
Now sum of products taken two at a time, 


S= Yaa,+a,+a,+--+a,_, 
I$i<jsn-l 
Now S = 0 as coefficient of z’~' is zero and 
a,ta,t--+a,_,=-l 
= = 


O= Laa;—1 


Isic jsn-l 


= X42; = 


lsi<jSn-1 


Concept Application Exercise 2.8 


Given a, f, respectively, the fifth and the fourth non-real 
roots of unity, then find the value of 
(1 +a) (1 +A) (1 +’) (1+) (1+ 0°) (1 + 6%) 

. Ifthe six solutions ofx*=— 64 are written inthe forma+ bi, where 
aand bare real, then find the product of those solutions witha>0., 


50 
50 are the roots of the equation ¥ 2 = 90, 


- lfzir=1, 2, 3,..., 
50 r=0 
then find the value of §) I/(z, —1). 
rat 
, are the n" roots of unity, prove that (1 — a,) 
= n Deduce that 


- Tfl,a,@,, ...,a,_ 
(ia) Goa 


al 
(n-l)a n 
n ~ Qn 


- sin 


. If#> 1, show that the roots of the equation z” = (z+ 1)" are 
collinear. 
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Subjective Type | 


11. 


12. 


13. 


14. 


AS. 


16. 


- Solutions on page 2.52 


If {z /{z| = 2| = 1+ Izl, then prove that z is a purely imaginary 


number. 


Z,,Z, and z, are the vertices of an isosceles triangle in anticlock- ~ 


wise Girection with origin as in centre then prove that z,,-z, and 
kz, are in G.P. where k € Rt. 


For lz — 11 = 1, show that tan {[arg(z—1)]/2}— (2i/z) =-i- 


The altitude from the vertices A, B and C of the triangle ABC 
meet its circumcircle at D, E and F, réspectively. The complex 
numbers representing the points D, E and F are z,, z, and z,, 
respectively. If (z3 — z,)/(z, —z,) is purely real, then show that 
triangle ABC is right angled at A. 


Let A, B, C, D be four concyclic points in order in which 
AD:AB = CD:CB. If A, B, C are represented by complex numbers 
a, b, c, find the complex number associated with point D. 


For x € (0, 1), prove that 
3.2 . 
Px +2x+i i 
j2i'+3 Jn | ———_ } = —(a—-4tan x) 
ae | e” 


If a, b are complex numbers and one of the roots of the equation 
x + ax +b =0 is purely real whereas the other is purely imagi- 
nary, prove that a? — a? = 4b. 


Solve for z, i.e. find all complex numbers z which satisfy Izl 
— 2iz + 2c(1 + i) = 0 where c is real. 


If ‘a’ is a complex number such that lal = 1, find arg(a), so that 
equation az? + z+ 1 =0 has one purely imaginary root. 


. Prove the following inequalities: 


zy 
Iz 


If n is a positive integer, prove that In (z") |< ml Im(z)I Izl"7!. 


a. <largz! b. Iz— LU <idl larg zl + flzl 11 


Let z and z, be two complex numbers. It is given that |zl = | and 
the numbers z, z,, 2Z,, 1 and 0 are represented in an Argand 
diagram by the points P, P,, Q, A and the origin, respectively. 
Show that the triangles POP, and AOQ are congruent. Hence, or 
otherwise, prove that lz— zl =lzz,— Il. 


Show that the equation az} + bz’ + bz + @ = O has a root @, such 
that lal = 1. a, b, z and a belong to the set of complex numbers. 


Let z=f— 1+ Vf-8, where te R is a parameter. Find the 
locus of ‘z’ depending upon f, and draw the locus of ‘z’ in the 
Argand plane. 


If izl = 1, then prove that points represented by ,/(1 + z)/(1 -z) 


lie on one or other of two fixed perpendicular straight lines. 


If @ = (z-i)/(z +i), show that, when z lies above the real axis, 


a will lie within the unit circle which has centre at the origin. 
Find the locus of @ as z travels on the real axis from —oo to +00. 


EXERCISES 


17. 


18. 


19. 


20. 


Objective Type 


Each question has four choices a, b, c and d, out of which 
only one is correct. 4 


1. 


2. 


Complex Numbers 2.37 


Let x,, x, are the roots of the quadratic equation x? + ax+ b=0 
where a, b are complex numbers and y,. ¥, are the roots of the 
quadratic equation y’ + lal y + [bl = 0. If ix! =|x,| = 1 then prove 
that ly,| =ly,] = 1. 


Plot the region represented by 7/3 < arg [(z + 1)/(z— 1)] < 22/3 
in the Argand plane. 


Consider an equilateral triangle having vertices at the points 


OF | pl tte | eh ate 
(ze J. } ea } 


Let P be any point on its incircle. Prove that AP? + BP? + CP? =5. 


Prove that the locus of mid-point of line segment intercepted 
between real and imaginary axes by the line az + @z + b = 0, 
where b is a real parameter and a is a fixed complex number 
with non-zero real and imaginary parts, is az+ az = 0. 


Solutions on page 2.56 


Ifa<0,b>0then Ja Jb is equal to 


a— VJialb b. Jlalbi ce jlalb  d.none of these 


If x = 913 919 9127 .. 00, y= 413 4-¥9 4127 ...00, and z= > (1+ 
iy’, then arg(x + yz) is equal to tae 


a.0 beer 2) etn (2) ata J.) 


3 


. Consider the equation 10z* — 3iz — k = 0, where z is a com- 


plex variable and i? =—1. Which of the following statements is 

true? 

a. For real positive numbers k, both roots are purely imagi- 
nary. 

b. For all complex numbers k, neither root is real. 


c. For all purely imaginary numbers k, both roots are real and 
irrational. 


d. For real negative numbers k, both roots are purely imagi- 
nary. 

The number of solutions of the equation z? + z = 0 is 

a. 1 b. 2 c. 3 d. 4 


. Ifa+h =1, then (1+b+ ial +b-ia)= 


a. | b. 2 cb+ia d.a+ib 


8 
ATE 2 1 
1+sin — + i cos — 
The expression 8 8 |= 


se, TE fo 1a 
1+ sin — —icos — 
8 8 


a. | b.— 1 ci d.—i 


If z, and z, be complex numbers such that z, # z, and |z,! = Iz,I. If 
z, has positive real part and z, has negative imaginary part, then 
[(z, + z,)/ (z, - Z,)] may be 
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2.38 


"10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20 


21. 


Algebra 


b. Real and positive 
d. None of these 


a. Purely imaginary 
‘¢. Real and negative 

If Iz,| = Iz, and arg (z,/z,) =, then z, + z, is equal to 

a. 0 

c. purely real 


b. purely imaginary 

d. none of these 

If cosa+2cos$+3cosy=sina+2 sin f+ 3 sin y =0, then 
the value of sin 3a + 8 sin 38 + 27 sin 3y is 

b. 3 sina+f+y) 

d. sin(a + 28 + 3) 


a. sin(a+ b+) 
ce. 18 sinfa+B+y) 


If centre of a regular hexagon is at origin and one of the vertices 
on Argand diagram is | + 2i, then its perimeter is 


a. 2V5 b. 6V2 ce. 4/5 d. 6V5 
If 21 +a) =b tic and a+b? +c? = 1, then [(1 + iz)/ (1 —iz)= 
b-ic 


“ta 


atic 


atib 
a. R 
1+b 


I+e 


d. none of these 


If z,, Z,, Z, are three complex numbers and 


argz, argzZ, argz; 
A= jargz, argz; argz 
argz, argz, argz, 

then A is divisible by 


a. arg (z, + Z, + Z,) 
c. all numbers 


b. arg (Z,2,2;) 
d. cannot say 


Let z, w be complex numbers such that Z + iw = 0 and arg zw = - 


x. Then arg z equals 


a b. = ack doe 

4. 2. 4 4 
If for complex numbers z, and z,, arg(z,) — arg(z,) = 0, then Iz,— 
z,| is equal to 


a. |z,| + Iz,l b. Iz, — Iz,] ¢. [lz,} — Iz, d.0 
z-wW 
If k > 0, zl =|wl =k and a= ———, then Re(a) equals 
k*+zw 


a. 0 b. k/2 ak d. none of these 


If z=x + iy and x? + y’ = 16, then the range of Ilxl — lyll is 
a. [0, 4] b. [0,2] c. [2,4] d. none of these 


Ifk+lk+Zl=lz? (ke R’), then possible argument of z is 


a. 0 b. x ce. 2/2 d. none of these 


Ifz=x+iy (x, ye R,x#—-I/2), the number of values of z satisfy- 
ing Iz!" = 2? Izl"~? + ziz""*+ 1- (ne N,n> 1) is 

a. 0 b. 1 c. 2 d. 3 

If x and y are complex numbers, then the system of equations (1 
+Hx+(1-Dy=1, 2ix+2y =1+ihas 

a. unique solution b. no solution 


c. infinite number of solutions _ d. none of these 


Number of solutions of the equation z* + [3(z)]/ \z| = 0 where 
zis acomplex number is 


a.2 b. 3 c. 6 d. 5 


The principal argument of the complex number 


(+54 38)? 1/[-2i(—-V3 + i] is 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


19x 70 51 51 
a. — Re d. 

12 
The polynomial x° + 4x° + 3x4 + 2x3 +x + 1 is divisible by where 
w is cube root of units 
axto b.x+@° 
c. (x + @) (x + @’) d. (x — a) (x — w*) 
where @ is one of the imaginary cube roots of unity. 

If (cos 6 +i sin 8) (cos 29 + i sin 28) --- (cos n@ + i sin nO) = 1, 
then the value of @ is, meN : 

4mn 
c. 

n(n +1) 


mime 
" n(n +l) 


2nnt 
“ n(n+) 


a. 4ma 


Given z = (1 + iv3)™, then [RE(2)/IM(z)] equals 


d. V3 


b. 2°° c. zs 


V3 
(i) 


Ifz= Ola where i = V-1, then IzI is equal to 


a, 210 


a. | be’ ce d. none of these 
If z=i log(2 — _3), then cos z = 
a.—1 b. -1/2 c. 1 d. 1/2 


If the equation z+ + a,z’ + a,z? + a,z + a, = 0, where a, a,, a, 
a, are real coefficients different from zero, has a purely imagi- 
nary root, then the expression 4; /(a,a,) + (a,44)/(a,a;) has the 
value equal to 

a. 0 b. 1 c.-2 d. 2 


Suppose A is a complex number and n € N, such that A* = (A 
+1)" = 1, then the least value of n is 

a. 3 b. 6 c.9 d. 12 

Numberofcomplex numbers zsuch thatlzl= 1 and | 2/z + Z/z| 
= lis (arg(z) e [0, 2n)) : 


a.4 b. 6 c. 8 d. more than 8 


If a, B be the roots of the equation u° — 2u + 2 = 0 and if cot 6 
=x+ I, then [(x + a)" - (x + B)"]/[a — B)is equal to 


sin nO cos nO sin nO cos n@ 


sin” @ cos” @ cos" @ sin" 6 
Dividing f(z) by z — i, we obtain the rernainder i and dividing 
it by z+ i, we get the remainder 1 + i, then remainder upon the 


division of f(z) by z? + | is 


1 1 
a. —(z+1)+/ b. — diz +l)ti 
eth race) 


1 1 
c. ag d. ae +i)+1 


i222 Ci 42 6 Rae 3z,") = 2 and z, (3z,? — z,") = 
11, then the value of z,? + z, "is 

a. 10 b. 12 ce. 5 d. 8 

z, and z, are two distinct points in an Argand plane. If aiz,| = blz,! 
(where a,be€R), then the point (az,/bz,) + (bz, /az,) isa point 
on the 


a line segment [— 2, 2] of the real axis 


b. line segment [— 2, 2] of the imaginary axis 
c. unit circle Izl = 1 
d. the line with arg z = tan"! 2 
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34. 


35. 


36. 


‘37. 


38. 


39. 


40. 


41. 


42. 


43. 


44. 


45. 


If x2 +x + 1=0, then the value of (x + IP + G2 + 1?) + + 
027 + Ii’) is 


4o7 b.72 45 4.54 
If co be a complex n" root of unity, then S) (ar + b) w"~! is 
equal to a 
a 2 (1n+la yy nb | ee d. none of these 
2 l-n a-1 


The roots of the cubic equation (z + ab)? = a’, such that a # 0, 
represent the vertices of a triangle of sides of length 


a —Llabl be Blak ce V3 al 


B 


Sum of common roots of the equations 2? + 2z? + 2z+ 1=0 and 
71985 + z}00 4 l= (0) is 


a.— 1 b. 1 c..0 d. 1 
te |<4}e1 and arg(z,z,) = 0, then 
Zo 7 
a. Z, =Z, b.lzP=2z, 2 2Z,=1 d. none of these 


If z, and z, are the complex roots of the equation (x ~ 3p +1 
= O, then z, + z, equals to 


a. 1 b. 3 c.5 d.7 


Which of the following is equal to 3/-1? 
V3 +J-1 -¥3+ V-1 
a. ——_Y—___ b, ————— 
2 J-4 
J3 -J-1 
{ON da yal 
c a 


If lz — 11 <2 and lwz — 1 — wl = a (where a is a cube root of 
unity) then complete set of values of a is 


12,243 


sas— 


a.O<a<2 b 
2 


oe 
d.0<as4 


Tf Iz? — 3! = 3izl then the maximum value of Izl is 


a. | b. 3 +21 ¢. v21 -3 d. none of these 
2 2 
If 122 — I! = lz - 21 and z,, z,, z, are complex numbers such that 
% + % 
Iz, al< alZ, = Bl <p, then at+B 
a. <Izl b. <2lz| c. >izl d. >2Izl 


If z, is a root of the equation a,2" + az"! +-- +a, 2+a,=3, 


where la| <2 fori=0,1,...,. Then 
I l 1 1 
a. als b. caer c. cae d. Iz < ri 
If 8iz’ + 12z* — 18z + 27: = 0, then 
a. lz= es b. ae elzi=1  dizl= = 
2 3 4 


46. 


47. 


48. 


49. 


50. 


51. 


§2. 


53. 


54. 


55. 


56. 


57.. 


Complex Numbers 2.39 


If Izl <2 — 1, then Iz? + 2z cos al is 


b. J24+1 


d. none of these 


a. less than I 
eV¥2-1 


If the complex number z satisfies the condition Izl > 3, then the 
least value of [z + (1/z)] is equal to 


a. 5/3 b. 8/3 ce. 11/3 d. none of these 

Letiz.—rsr, Vr=1, 2,3, ..., n. Then Spi is less than 
r=] . 

an b. 2n ce. n(n + 1) d. nee). 


2 
If lz? — 11 = Izl? + 1, then z lies on 


a.acircle. b.aparabola  c.anellipse d. none of these 


If !zl = 1 then the point representing the complex number —1 + 
3z will lie on 


a.acircle b.astraight line ¢.aparabola_ d.a hyperbola 


Ifz=(A+3)—iv5—A’, then the locus of zis 


a. ellipse b. semicircle c¢.parabola_ d. straight line 
If A(z,), B(z,), C(z,) are the vertices of the triangle ABC such that 


(z — 25)/ (@ — 2) = (1/ V2) + (i/ V2), the triangle ABC is 


a. equilateral 
c. isosceles 


b. right angled 
d. obtuse angled 


If Z,, Z,, Z, are the vertices of an equilateral triangle ABC such 
that Iz, — i= lz, — il=lz, — il, then Iz, + 2, + z,l equals to 


1 
a. 3V3 b. V3 — 
3v3 


The greatest positive argument of complex number satisfying 
Iz — 41 = Re(z) is 


c. 3 


a. — b. — . = 

3 3 4 
The complex number associated with the vertices A, B, C of 
AABC are e, w, @, respectively [where w, w are the com- 
plex cube roots of unity and cos 6 > Re(w)], then the complex 
number of the point where angle bisector of A meets the cir- 
cumcircle of the triangle, is 
b. e” 
The maximum area of the triangle formed by the complex 
coordinates z, z,, z, which satisfy the relations Iz — z,! = Iz — z,] 
and jz- (2 +z,)/2| <r, where r > Iz, — z,| is 


eZ d 
2 


a. e? cao do+@ 


l 2 1 
a re b. Sla-alr 
! Bi? 1 
iS ae r d. Slay — zie 
3 
ue when | zlsiz—2| 
Locus of z if argiz- (1 + J] = a is 


when | zl>l z—41 
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58. 


59. 


60 


61. 


62. 


63. 


64. 


65. 


Algebra 


a. straight lines passing through (2, 0) 

b. straight lines passing through (2, 0), (1, 1) 
c. a line segment 

d. a set of two rays 


If zis acomplex number such that —2/2 < arg z <2/2, then which 
of the following inequality is true? 

b. |z—-z1>1zl(arg z—arg Z) 

d. none of these 


a. Iz —Z! < Izi(arg z — arg z) 
c. |z—Z1< (arg z—arg Z) 


If z is a complex number lying in the fourth quadrant of 
Argand plane and | [kz/(k +1)]+2i1> 2. for all real value of 
k (k#-— 1), then range of arg(z) is 
peo 0| 
6 


a. (-£.0 
8 
t 
c. (4. 0} d. none of these 


If ‘z’ is complex number then the locus of ‘z’ satisfying the con- 
dition |2z — 11 = Iz— 1lis 

a. perpendicular bisector of line segment joining 1/2 and | 

b. circle 

c. parabola 

d. none of the above curves 


If Iz, + iz,| =Iz,| + Iz, and iz,|=3 and lz,| =4, then area of AABC, 
if affixes of A, B and C are z,, z, and [(z, —iz,/(1 — i)] respec- 
tively, is, 


b. 0 


If a complex number z satisfies 2z + 10 + 10il < 5 V3 — 5, then 
the least principal argument of z is 


5 1 3x 20 
my lin i 


If f and c are two complex numbers such that It| # Icl, Il = 1 and z 
= (at + b\(t—c), z=x + iy. Locus of z is (where a, b are complex 
numbers) 


a. line segment b. straight line 


c. circle d. none of these 


The number of complex numbers z satisfying Iz — 3 — d = Iz 
—9-—iland lz—3 + 3il=3 are 
c. four d. none of these 


a. one b. two 


Let a be a complex number such that lal < | and Z,, Z5 235 ++ be 
the vertices of a polygon such that z,=1+a+a?+---+ a@~' for 
allk=1, 2,3,... then z,, Zz, .-. lie within the circle 


1 ] 1 1 
a. /Z-—_]| = b. |z+—_| = 
l-a| la-ll atl) tatll 
| 
ce |z-—]=la-1] d. |z+——|=la+ll 
-a a+l 


66. 


67. 


68. 


69. 


70. 


71. 


-a.-lorl 


72. 


73. 


74, 


75. 


76. 


77. 


Let 2 ER, the origin and the non-real roots of 2z° + 27 +1=0 
form the three vertices of an equilateral triangle in the Argand 
plane then A is 2 


a. 1 b. 3 


Let z= 1—f+i,/r?+r+2, where ¢ is a real parameter. The 
locus of z in the Argand plane is 


c.2 d.-1 


a. a hyperbola b. an ellipse 


c. a straight line d. none of these 


If 27+ zlzl + Izl =0, then the locus of z is 
a. a circle b. a straight line 


c. a pair of straight lines d. none of these 


The roots of the equation f + 3al? + 3bt + c = 0 are z, z,, % 
which represent the vertices of an equilateral triangle, then 


a.@ = 3b 
c@=b 
If ‘z’ lies on the circle Iz — 2il = 2V¥2 then the value of 
arg[(z — 2)/(z + 2)] is equal to 


acl bo ®. ¢8 at 
3 4 6 2: 
P(2) be a variable point in the Argand plane such that 
Izl = minimum {lz— ll, Iz + 11} then z +z will be equal to 
b. 1 but not equal to —1 
c. —1 but not equal to | d. none of these 
The locus of point z satisfying Re (4) = k, where k is a non- 
zero real number, is “ 
b. a circle 
d. a hyperbola 


a. a straight line 
c. an ellipse 


z, and z, lie on a circle with centre at the origin. The point of 
intersection z, of the tangents at z, and z, is given by 


222 
a. ae +% | ee a 
2 , | + 2 
eiida a, ate 
2 ra 22 r6rG) 


If lz! = lz, =lz,)= 1 andz,+2,+2,= 0, then area of the triangle 
whose vertices are Z,, Z,, Z, 18 


a. 33/4 b. /3/4 cl 


z are distinct complex numbers representing the ver- 


Zr Sas Sq Sy 


d. 2 


tices of a quadrilateral ABCD taken in order. If z, — z, = 2, ~ 4 


and arg ker = 2 )M(2y - 2) | = 7/2 , then the quadrilateral is 


a. rectangle b. rhombus c. square d. trapezium 
Zz 
ray a were 
nt z 
If arg lzl | = 2 and | - z,| = 3 then Iz,| equals to 
Zz 2 Izl 


a. 126 b. V10 c. V3 d. 2V2 

The points z, = 3 + V3i and 2, = 23 + 6i are given on a 
complex plane. The complex number lying on the bisector of 
the angle.formed by the vectors z, and z, is 
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78. 


79. 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


V3+2. 


ae = CAND | i b.z=54+5i 


2 2 
az=-l-i 


d. none of these 


Let C, and C, are concentric circles of radius | and 8/3, respec- 
tively, having centre at (3, 0) on the Argand plane. If the com- 
plex number z satisfies the inequality 


lz-3P +2 
I ————— | > | then 
°B 1 eee | 


_ a, z lies outside C, but inside C, 


b. z lies inside of both C , and C, 
c. z lies outside both of C , and C, 
d. none of these 


If lz —2- a= lel |sin (4 —arg : , then locus of z is 
a. a pair of straight lines b. circle 
c. parabola d. ellipse 


If z is a complex number having least absolute value and 
Iz— 2+ 2i!=1, thenz= 


a. (2 -1/J2)(1-i) 
e. (2 +1/V2)-1) 


b. (2-1/¥2)1+i) 
d. (2+1/V2)14+i 


Ifz = 3/(2 +cos@ +isin@) , then locus of z is 


a. a Straight line 

b. a circle having centre on y-axis 
¢. a parabola 

d. a circle having centre on x-axis 


If ‘p’ and ‘q’ are distinct prime numbers, then the number of 
distinct imaginary numbers which are p" as well as q" roots of 
unity are 

a. min (p, g) b. max (p, q) c. | d. zero 

If a is the n" root of unity, then | + 2a + 3024 --- ton terms 


equal to 


an = 
.—— b. 

* ay? l-a 

é —2n ~2n 
“1-a@ “(d-ay 


Given z is acomplex number with modulus |. Then the equation 
[d+ ia)/(1 —ia)]* =z has 


a. all roots real and distinct 

b. two real and two imaginary 

c. three roots real and one imaginary 
d. one root real and three imaginary 


Roots of the equations are (z + 1)5 = (z— 1)° are 
b u ; 20 . Xn ; 2a 
a, +7 tan} — |, +i tan | — b. +i cot] = |, +7 cot} — 
5 5 5 > 
2 
Cc. +i cor{2), +/ tan (=} d. none of these 


The value of z satisfying the equation log z+ log 27+ --- + log z” 
=0 is 


Complex Numbers 2.41 


1 
a. +1 sin ——— ,m=1,?.,... 
n(atl) n(n +1) 
b. cos — isin ,m=1,2,... 
n(n+1) n(n +1) 
_ 4mm. Amn 
c. sin +icos Ls Dae: 
n n 
d.0 


87. 


88. 


Ifn€N> 1 then sum of real part of roots of z" = (z+ 1)" is equal 

to 

a fee wee ogee 
“2 2 2 2 


Which of the following represents a point in an Argand plane, 
equidistant from the roots of the equation (z+ 1)* = 16z!? 


1 1 2 
a. (0,0) b. - 3.0) c [3.0] d. (a+) 


» 1, Z,, 2,24) +. Z,_, are the n" roots of unity, then the value of 


1/3-2%)+1/3-z) +--+ 4+1/3-z,_,) is equal to 


n-i n~! 
Si n3 ¥ 1 b. 2 3 = 
3" -] 2 3" —] 
a-l 
Ree 3 +1 d. none of these 
3" 1 . 


Multiple Correct Answers Type BRyanene on page 2.66 


Each question has 4 choices a, b, c and d, out of which one 
or more answers are correct. 


1. 


If z = @, w’, where w is a non-real complex cube root of unity, 
are two vertices of an equilateral triangle in the Argand plane 
then the third vertex may be represented by 

a.z=1 b.z=0 c.Z7=—2 d.z=-1 

P(Z,), Q(z,); R(z,) and S(z,) are four complex numbers repre- 
senting the vertices of a rhombus taken in order on the complex 


plane, then which one of the following is/are correct? 


Seas 

a, ——4 is purely real 
£2 ~ 53 

b. amp —'—“4_ = amp 2 “4 

<2 7 <4 <3 7 Sy 

a = 23 : . . 

c. 1s purely imaginary 
Zo — &4 


d. it is not necessary that Iz, -z,1# lz, — ZI 


If z+ (3 + 2/)2+(-1 + ia) =O has one real root, then the value 
of ‘a’ lies in the interval (a € R) 


a. (- 2, 1) b. (-1, 0) c. (0, 1) d. (—2, 3) 
A rectangle of maximum area is inscribed in the circle [z — 3 
— 4il = 1. If one vertex of the rectangle is 4 + 4, then another 


adjacent vertex of this rectangle can be 


a.2+4i b.3 + 5i c. 3 + 3i d. 3 ~ 37 
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2.42 


10. 


11. 


12. 


13. 


14. 


f= 


Algebra 


If Iz, = 15 and Iz, — 3 — 41 =5, then 
=5 b. |z, —- 
=20 


max 


=10 
=25 


max 


a. Iz, — 
c. lz, — 2] 


zl min 
d. Iz, — z,| 


Zz min 


If the points A(z), B(-z) and CU — z) are the vertices of an 
equilateral triangle ABC, then 

a. sum of possible z is 1/2 

b. sum of possible z is 1 

c. product of possible z is 1/4 

d. product of possible z is 1/2 


If \(z-z)/(z-2)|=3 , where z, and z, are fixed complex 
numbers and z is a variable complex number, then ‘z’ lies on a 


a. Circle with ‘z 
b. Circle with ‘ 
c. Circle with ‘z,’ as its exterior point 


,’ as its interior point 
z,’ as its interior point 


d. Circle with ‘z,’ as its exterior point 


If arg(z + a) = 2/6 and arg(z — a) = 2 a/3 (a € R*), then 
a.lzl=a 


b. lz] = 2a 
nu 

c. arg(z) = = 
: 2 

d. arg(z) = o 


Value(s) ee is/are 


2. 2 
Bai a. -N3 +i 
2 2. 


be the '" roots of unity and @ be a non- 
nol 
real complex cube root of unity, then the product [| (@ — z,) 


r=] 


TEL, 255 Zyp Sys ve Sy 


can be equal to 


a. 0 b. 1 ce. —1 d.l+o@ 


If the equation, 2? + (3 + /) 2 —3z—(m+ i) =0, where m ER, 
has at least one real root, then m can have the value equal to 


a. 1 b. 2 c. 3 d. 5 


Let P(x) and Q(x) be two polynomials. Suppose that 

P(x) + xO(x°) is divisible by x? +x + 1, then 

a. P(x) is divisible by (x — 1) but Q(x) is not divisible by x — | 
b. Q(x) is divisible by (x — 1) but P(x) is not divisible by x — 1 
c. Both P(x) and Q(x) are divisible byx- 1 

d. f(x) is divisible by x — 1 


If amp (z,z,) = 0 and Iz! = Iz,l = 1, then 
b. z,z, = 1 


d. none of these 


a.z,+2,= 0 
C2, = 2, 
If lz -(1/z)l = 1 then 


pas: 
2 


a. |Z hnax= 


45. 


16. 


17. 


18. 


19. 


20. 


a ey) W5= 


1 
d. |Z lain= = 
2 V2 


c. |Z lnax= 


z, is a root of the equation z" cos 6, + z""! cos 8, + - 
+zcos@,_,+co0s @, =2, where 6, €R, then 


1- 1 3 
a. |z,| >1 b. Iz.| > Bs c. Iz,| > a d. |z,1> 5 


If from a point P representing the complex number z, on the 
curve lzl = 2, two tangents are drawn from P to the curve lIzl = 1, 
meeting at points Q(z,) and R(z,), then 


a. complex number (2, +22 +2z,)/3 will be on the curve Iz| = 1 


d. orthocentre and circumcnetre of APQR will coincide 


If z,, z, be two complex numbers (z, # 2,) satisfying Izi — zl 
= |e? +2? - 22%), then 


his > : Z. 
a. — is purely imaginary b. — is purely real. 
22 , 2 


\_ 8 
c. larg z, — arg z= 7% d. larg z, — arg z,! = = 
A complex number z is rotated in anticlockwise direction by 
an angle a and we get 2’ and if the same complex number z 
is rotated by an angle a in clockwise direction and we get 2” 


then 


2” are in H.P. 


2 


d. 7/2427? =2z cos 2a 


a.z,z,2’areinG.P. b.z’,z,z 


a74+7'=2z7c08 4 


Let z be a complex number satisfying equation 2’ = zt, where 
p,q EN, then 


a. if p = q, then number of solutions of equation will be infinite 

b. if p = q, then number of solutions of equation will be finite 

c. if p#q, then number of solutions of equation will be p + q 
+1, 


d. if p # q, then number of solutions of equation will be p + qg 
Ifz,=5+ 12iand IzJ=4 then 
a. maximum (lz, + iz,l) = 17 


b. minimum (iz, + (1 +z,) = 13 - 4V2 


oh ay 13 

¢. minimum =— 

4 

£2 
: 13 
d. maximum =— 
4 3 
22 = 
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21. 


/ 22. 


23. 


24, 


25. 


26. 


27. 


28. 


Ifp =a+bw+co*,qg=b+cow+ aw’ and r=c+ aw + ba" where 

a,b, © #0 and o is the complex cube root of unity, then 

a. If p,q, 7 lie on the circle Izl = 2, the triangle formed by these 
points is equilateral. 

bop2t+Gtrae@t+ere 

cp? +9 +P =2 (pq +qr+ rp) 

d. none of these 


Zi Basis and z',, 2',, z', are non-zero complex numbers such that 
z,= (1 —4)z,+ Az, and 2’, = (1 — w)z’, + uz’, then which of the 
following statements is/are true? 

a. If A, uw ER — {0}, then z,, z, and z, are collinear and ZirS 2 
are collinear separately. 

b. If 2, ware complex numbers, where A = then triangles formed 
by points z,, z,, Z, and 2’, z',, 2’, are similar. 

c. If A, w are distinct complex numbers, then points z,, z,, Z, and 
21, Z'y» Z', are not connected by any well defined geometry. 


d. If O <4 <1, then z, divides the line joining z, and z, internally 
and if «> 1 then 2’, divides the line joining of z',, z', externally. 


If lz — 31 = min{lz— II, Iz— 51}, then Re(z) equals to 


Db. a c. es 
2 


2 


If n is a natural number > 2, such that z” = (z + 1)", then 
a. roots of equation lie on a straight line parallel to y-axis 
b. roots of equation lie on a straight line parallel to x-axis 
c. sum of the real parts of the roots is -—[(m —1)/2] 

d. none of these 


a.2- d. 4 


If Iz — 11= 1, then 


a. arg ((z—1—i)/z) can be equal to —1/4 
b. (z —2)/z is purely imaginary number 
c. (z —2)/z is purely real number 


d. if arg(z) = 0, where z #0 and @ is acute, then 1— 2/z =i tan 0 


If z =x + ly, then the equation | (2z-i)/(z+ \)| = m represents 
a circle then m can be 


a. 1/2 b. | c.2 d.3<r<2V2 


Given that the two curves arg(z) = 2/6 and lz — 2 V3i | = r inter- 
sect in two distinct points, then 


a. [r] #2 bO<r<3 cr=6 
({r] represents integral part of r) 


d. 3<r<2V3 


If P and Q are represented by the complex numbers z, and z,, 
such that |1/z, +1/z,[=|1/z, —I/z,|, then 


a. AOPC (where O is the origin) is equilateral 
b. AOPQ is right angled 


c. the circumcentre of AOPQ is 3 +25) 


d. the circiucentre of AOPQ is ; @ +2) 


29. 


30. 


31. 


32. 


33. 


c. im( = =1 
; 


Complex Numbers 2.43 


Given z = f(x) + i g(x) where f, g:(0, 1) — (0, 1) are real valued 
functions. Then, which of the following does not hold good? 


1 i 1 1 { ol 
a.z= +i b. z= +i 
1—ix 1+ ix 1+ ix 1—-ix 


1 : 1 1 ‘ 1 : 
z= +i dz= +i 
1+ ix 1+ ix l-ix 1-ix 


Given that the complex numbers which satisfy the equation zz? 
+ 2z' = 350 form a rectangle in the Argand plane with the length 
of its diagonal having an integral number of units, then 


a. area of rectangle is 48 sq. units 
b. if z,, 25» 23» Z, are vertices of rectangle then Z,+2,+2,+2,=0 
c. rectangle is symmetrical about real axis 


T 
= Of 


d. arg(z, — z,) = ri 4 


Equation of tangent drawn to circle lz] = r at the point A(z,) is 


a. Rel 2-1 
a) 


b. 2 t Zz = 2r? 


d. in( 2 = 
Zz 


z, and z, are the roots of the equation z’ — az + b = 0, where lz,! 
= Iz, = 1 and a, b are non-zero complex numbers, then 


a. lal <1 b. lal <2 
c. arg(a’) = arg(b) d. arg a = arg(b) 
Let z,, Z,, Z, be the three non-zero complex numbers such that 
2% l,a=lzl, b =z) and c= lz). Let, 
a b 
b 


c 


a2 9 


Then 


34. 


35. 


2 
a. a J-ae{ 22 
22 2 1 


b. orthocentre of triangle formed by z,, z,, z, is Z, + 2, + Z, 


¢. if triangle formed by z,, z,, z, is equilateral, then its area is 


3V3 2 
~ Fl 


d. if triangle formed by z,, z,, z,is equilateral then z,+z,+z,=0 


Locus of complex number satisfying 
arg [(z —-5 + 41) /(z +3 — 2i) ] =-2/4 is the arc of a circle 


a. whose radius is 5J2 
b. whose radius is 5 


c. whose lengh (of arc) is - 


d. whose centre is — 2 — 5i 


If a is a complex constant such that az? + z+ a = 0 has areal 
p 


root, then 
aata=l1 bata=0 


aata=-1 d. the absolute value of the real root is 1 
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2.44. Algebra 


36. If V5 —12i + J-5 ~—12i =z, then principal value of arg z can 
be 


Reasoning Type § 


Each question has four choices a, b, c and d, out of which 
only one is correct. Each question contains STATEMENT 1 
and STATEMENT 2. 


a. Both the statements are TRUE and STATEMENT 2 is the correct 
explanation of STATEMENT 1. 


b. Both the statements are TRUE but STATEMENT 2 is NOT the cor- 
rect explanation of STATEMENT I. 


ce. STATEMENT 1| is TRUE and STATEMENT 2 is FALSE. 
d. STATEMENT | is FALSE and STATEMENT 2 is TRUE. 


GOR, - queee 
4 4 


_Solutions.on page 2.72 


1. Statement 1: If arg(z,z,) = 2z, then both z, and z, are purely real 
(z, and z, have principal arguments). 
Statement 2: Principal argument of complex number lies in 
(~a, 7) 


2. Statement 1: If n is an odd integer greater than 3 but not a mul- 
tiple of 3, then (x + 1)" —x'-1 is divisible by x3 + x? + x. 
Statement 2: If n is an odd integer greater than 3 but not a mul- 
tiple of 3, we have 1 + @" + w™" = 3. 


3. Statement 1: If z, + z, =a and z, z, =b, wherea =@ and b=), 
then arg(z,z,) = 0. 
Statement 2: The sum and product of two complex numbers are 
real if and only if they are conjugate of each other. 


4. Statement 1: If x + (1/x)=1and p = x90 + (1/x4) and q be 


ae . . n 
the digit at unit place in the number 27 + 1,2 €Nandn> 1, 
then the value of p + g = 8. 


Statement 2: If w, w? are the roots of x + 1/x =—1, then x7 + I/x? 


=—1,23 + (1/3) = 2. 


5. Statement 1: Let z, and z, are two complex numbers such that 


lz, -z,| = lz, +z, then the orthocentre of AAOB is [(z, + z,)/2]. 
(where O is origin). 
Statement 2: In case of right angled-triangle, orthocentre is that 


point at which the triangle is right angled. 


6. Statement 1: Locus of z, satisfying the equation |Iz — 11 + Iz- 81 
= 5 is an ellipse. 
Statement 2: Sum of focal distances of any point on ellipse is 
constant. ‘ 


7. Statement 1: Iz, —al <a, |z,- |<, |z,-cl<c, where a, b, c are 
positive real numbers, then Iz, + z, + z,! is greater than 2la + b + 
cl. ; 

Statement 2: Iz, + z,| <Iz,| + Iz,l. 


8. Let fourth roots of unity are ZZ, Z, and z, respectively. 
Statement 1: 7? +z, +2, +2, =0. 
Statement 2: z+ z,+2,+2,=0. 


9. Statement 1: If the equation ax? + bx +c =0,0<a<b<c, has 
non-real complex roots z, and z,, then Iz,1> 1, iz, > 1. 


Statement 2: Complex roots always occur in conjugate pairs. 


10. Statement 1: If z,, z, are the roots of the quadratic equation az 
+ bz+c=0 such that Im(z, z,) # 0, then at least one of a, b, c is 
imaginary. 

Statement 2: If quadratic equation having real coefficients has 
complex roots, then roots are always conjugate to each other. 


11. Statement 1: The product of all values of (cos a + i sin a)*5 is 
cos 3a +i sin 3a. 


Statement 2: The product of fifth roots of unity is 1. 


12. Statement 1: If Iz,!= Iz,! = Iz,l, z, + z, + z, = 0 and (z,), B(z,), 
C(z,) are the vertices of AABC, then one of the values of 
arg (& + 2, — 22z,)/ (23 - z)) is 2/2. 


Statement 2: In equilateral triangle orthocentre coincides with 
centroid. 


13. Statement 1: Let z be a complex number, then the equation z* + 
z+2=0 cannot have a root, such that Izl < 1. 


Statement 2: Iz, + z,! <1z,! + z,| 


14. Ifz,#-z, and lz, +z,!= |(/z,)+(/z,)| then 


Statement 1: Z,Z, is unimodular. 
' Statement 2: z, and z, both are unimodular. 


a Linked Comprehension Type ‘Solutions on page 2.73. 


Based upon each paragraph, the relevant multiple choice 
questions have to be answered. Each question has four choices 
a, b, c and d, out of which only one is correct. 


For Problems 1-4 
Consider the complex numbers z, and z, satisfying the rela- 
tion Iz, +z,P =Iz,F +1z,P. 
1. Complex number z,z, is 
a. purely real b. purely imaginary 


c. zero d. none of these 


2. Complex number z,/z, is 
a. purely real " b. purely imaginary 


c. zero d. none of these 


3. One of the possible argument of complex number / (z,/z, ) 


a. id b. ~ a, 
2 2 
c.0 d. none of these 
4. Possible difference between the argument of z, and <, is 
a. 0 b. xz 
1 
C- 5 d. none of these 


For Problems 5-8 
Consider the complex numbers z = (1 —i sin 9/(1 +i cos 4). 
5. The value of @ for which z is purely real are 
= nel bonxtnel 
a. na ye ia gene 


canznel d. none of these 
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6. 


The v alue of 8 for which z is purely imaginary are 
nu 

a.nx — an el 

cnx, nel 


b. naz + 2 I 

nt t € 
d. no real values of 8 
The value of 6 for which z is unimodular is given by . 


u Xu 
ant nel bret. nel 


d. no real values of 0 


Xt 
C. ng =e gre 


If argument of z is 2/4, then 

a.9= na,nel only 

b. 6= (2n + 1),n €J only 

c. both @=nzand @=(2n+1)4,ne1 
: 2 

d. none of these 


For Problems 9-11 
Consider a quadratic equation az* + bz + c = 0 where a, b, c are 
complex numbers. 


9. 


10. 


11. 


The condition that the equation has one purely imaginary root is 
a. (ca — ac)? =~ (be + cb).(ab + ab) 

b. (ca@ +a) = (be + cb) (ab + ab) 

c. (ca — ac) = (be — cb) (ab — ab) 

d. none of these 

If equation has two purely imaginary roots, then which of the 
following is not true 

a. ab is purely imaginary 

b. bc is purely imaginary 

¢. ca is purely real 


_ d. none of these 


The condition that the equation has one purely real root is 
a. (ca — ac)? = (be + cb) (ab - ab) 
b. (ca — ac)? = (be — cb) (ab + ab) 
c. (ca — ac)? = (be + ch) (ab + ab) 
d. (ca — ac)? = (be - cb) (ab - Gb) 


- For Problems 12-14 


Consider the equation az + bz +c = 0, where a, b, c EZ. 


12. 


13. 


14. 


If lal $ lbl, then z represents 
a. circle b. straight line 
c. one point d. ellipse 


If lal = |bl and ac # bc, then z has 
a. infinite solutions 
c. finite solutions 


b. no solutions 
d. cannot say anything 


If lal = lb| 4 0 and ac = bc, then az + bz + c = 0 represents 
a. an ellipse b. a circle 


c. a point d. a straight line 


For Problems 15-17 


Let z be a complex number satisfying z? + 2z2 + 1 = 0, where / is a 
parameter which can take any real value. 


15. 


The roots of this equation lie on a certain circle if 
a.—-1<j<1 b.A>t 


aA<l d. none of these 


Complex Numbers 2.45 


16. One root lies inside the unit circle and one outside if 


a~-l<i<l bA>i 
ada<l d. none of these 
17. For every large value of A, the roots are approximately 
a. -2A, /A b. -A, -1/A 
c. —2A, — as d. none of these 
2A 
For Problems 18-20 


Consider the equation az? + z + 1 = 0 having purely imaginary 


root where a = cos 9 + isin 6, i= V—1 and function f(x) = x? — 3x? 


+ 3(1 + cos @)x + 5, then answer the following questions. 


18. 


19. 


20. 


Which of the following is true about f(x)? 


a. f(x) decreases for x € [2nz, (2n + I)a],n€Z 
nu 1 
b. f(x) decreases for x € cn - glee +e neZ 


c. f(x) is non-monotonic function 


d. f(x) increases for x ER. 


Which of the following is true? 


a. f(x) = 0 has three real distinct roots 

b. f(x) = 0 has one positive real root 

c. f(x) = 0 has one negative real root 

d. f(x) = 0 has three but not distinct roots 

Number of roots of the equation cos 20 = cos @ in [0, 47] are 


a.2 b. 3 
ce. 4 d. 6 


For Problems 21-23 
Complex numbers z satisfy the equation lz —(4/z)| = 2. 


21. 


22. 


23. 


The difference between the least and the greatest moduli of 
complex numbers is : 


a2 
«1 


b. 4 
d. 3 


The value of arg (z,/z,), where z, and z, are complex numbers 
with the greatest and the least moduli can be 


a. 27 b. z c. 2/2 d. none of these 


Locus of z if Iz— z,l=lz—z,l, where z, and z, are complex num- 
bers with the greatest and the least moduli is 

a. line parallel to real axis 

b. line parallel to imaginary axis 

c. line having positive slope 

d. line having negative slope 


For Problems 24-26 


Consider AABC in Argand plane. Let A(O), B(1) and C(1 + i) be 
its vertices and M be the mid-point of CA. Let z be a variable 
complex number on the line BM. Let u be another variable 
complex number defined as u = z+ 1. 
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24. Locus of u is 
a. parabola b. ellipse 


c. hyperbola d. none of these 


25. Axis of locus of u is 
a. imaginary axis b. real axis 

azt+z7=2 d. none of these 

26. Directrix of locus of u is 

b.z-Z7 =2i 

d. none of these 


a. imaginary axis 
c. real axis 


For Problems 27-29 


In an Argand plane z,, z, and z, are, respectively, the vertices of an 
isosceles triangle ABC with AC = BC and ZCAB = @. If z, is the 
centre of triangle, then A 


27. the value of AB’ AC/(IA)’ is 


a. G2 — %)G3-%) 


4-2 , 


G4 —%) 


¢e d. none of these 


@2 ~2)@3 —2) 


@ 21) & —%) 


G4 -%) 


b. 


28. the value of (z, — z,)? (cos 6 + 1) sec Gis. 
BESS aie: « a (z,-z,) (%- 2) 
£4 24) : 
Zq — 2%) (3-2 
EG=DeEr & @ ies 1) 
4-2) 


29. the value of (z, — z,)° tan 6 tan 6/2 is 


a. (z, +z, — 22,) b. (z, +z, ~ Z,) @, +z, —2,)' 


c.— (Zz, + 2, — 22,) (z, + 2, 


— 2z,) d. none of these 


For Problems 30-32 
A(z,), B(z,), C(z,) are the vertices of a triangle ABC inscribed in the 
circle lz = 2. Internal angle bisector of the angle A meets the circum- 
circle again at D(z,). 

30. Complex number representing point D is 


1 1 Zy + 3 
a.Z4=—+— b. 
2, 3 oa 
2923 
c. s d. 24 = V5 2) 


31. arg [z,/(z, -z,)] is equal to 


N/A ala 


32. For fixed positions of B(z,) and C(z,) all the bisectors (inter- 
nal) of ZA will pass through a fixed point which is 
a. H.M. of z, and z, b. A.M. of z, and z, 


c. G.M. of z, and z, d. none of these 


Matrix-Match Type 


Each question contains statements given in two columns which have to 
be matched. Statements a, b, c, d in column I have to be matched with 
statements p, q, r,sincolumn IL. Ifthe correct matchisa—p, a—s, b—1, 
c—p, cq and d-—s, then the correctly bubbled 4 x 4 matrix 
should be as follows: , 


“Solutions on page 2.76 


Column I 


a. ab>0O 


b. ab<0 


« @+b=0 


d. ab=0 


t. not defined 


' U 
iu. 0 or — 


Column I i Column II (one of the values of z) 


a. z#-1=0 


b. 2+1=0 


e« izi+1=0 


d. iz#-1=0 . 2=cos0+isinO 


Column II (Locus) 


a. Iz-1l=lIz-dl : p. pair of straight lines 


b. Iz+zl+lz—zl=2 iq. aline through the origin 


ce. Iz+zl=lz—-Zl 


. circle 


d. If lz| = 1, then 2/z lies on 


4. Which of the condition/conditions in column Il are satisfied by the 
quadrilateral formed by z,, z,, Z,, Z, in order given in column I? 
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a. 5. paralletogram ZZ, 


b. rectangle Z,— 2, =z, -z,! 


ay 4 vari : 
c. rhombus is purely real 


17%. 3 P 
is purely imaginary 
24 . ; é 


7%. ‘ F 
E is purely imaginary 
23 2 ies 


| Column IT I 


a. Ifle- 2a +iz-7il =k, chen beneor eieare p.7 
ellipse if k= : 


Column II 


b. If |(2z— 3)/(3z—2)| = &, then locus of z is a 
circle if 2/3 is a point inside circle and 3/2 is 
outside the circle if k = 


ce. If lz- 31 — lz — 4a =k, then locus of zis a 
hyperbola if if kis 7 


a. Wg (3 +41) = (&50)laz + az + BI, where a=3 | 


+ 4i, then locus of zis a hyperbola with k= 


Column I 


a. The value of > ("+ Lf x")? when x? - x | 
n=l 


+1=0Ois 


re, 4 
If 1+ cos +i sin @ ea 
sin @ + i (1+cos 0) : 


+isin n@, thenn= 

. The adjacent vertices of of a a regular —— 
polygon of n sides having centre at origin 
are the points z and z. If Im(z)/Re(z) = 


ld — 1, then the value of n/4 is 


@)(r- o>} = (where w 


, (150)4 Me ie 


rel 


is cube root of unity) 


Integer Type 


Solutions on page 2.78 


1. If x =a+ bi is a complex number such that x? = 3 + 4i and 


© =2+ lliwherei= J-1 , then (a+b) equal to. 


6. If the expression (1 + ir)’ is. of the form of s(1 + i) for 
some real ‘s’ where ‘r’ is also real and, then the sum of all 
possible values of r is. 

7. If complex number z(z # 2) satisfies the equation z? = 4z + 
IZ? + ie then the value of Izi* is. 

Zz 

8. The complex number z satisfies z+ Izl = 2 + 87. The value 

; of (IzI- 8) is. 

ztl 

9, Letlzl=2 andw= gat where z, w € C (where C is the set 

of complex numbers). 
Then product of least and greatest value of modulus of w 
is. 
ah ae 4 
10, 1¢ | to Otisine | cos n+ isin nG, then.n is. 
sin 0 + i(1+cos @) 

11. If z be a complex number satisfying 74 + 23+ 224+z+1 
= 0 then Izl is equal to. 

12. Let 1, w, w’be the cube root of unity. The least possible 
degree of a polynomial with real coefficients having roots 
2w, (2 + 3w), (2 + 3w”), (2- ww’), is 

13. If @ is the imaginary cube root of unity, then find the 
number of pairs of integers (a, b) such that law+ bi = 1. 

14. Suppose that zis a complex number that satisfies lz — 2 ~ 2i 
|< 1.The maximum value of |2iz + 41 is equal to. 

15. If lz +2-i=5 and maximum value of 13z + 9 — Til is M 
then the value of M/4 is. 

16. Let Z, = (8 + i) sin 8+ (7 + 41) cos@ and Z, = (1 + 8i) sin 0 
+ (4+ 7i) cos@ are two complex numbers. qtZ: Z,= a+ ib 
where a, b € R. If M is the greatest value of a +b)V@e 
R, then the value of M'? is 

17. Let A = {a € RI the equation (1 + 2i)x* — 2(3 + dx + 
(5—4i)x+2a*=0} has at least one real root. Then the value of 
La iS. 

2 2 
18. The minimum value of the expression F = Iz? + Iz -— 3P + 


Complex Numbers 2.47 


If the complex numbers x and y satisfy x° — y* = 98i and 
x—y=7i then xy = a+ ib where a, b € R. The value of 


_(a+ b)/3 equals. 


If x = @— @ — 2, then the value of x* + 3x? + 2x? 
is (where @ is cube root of unity). 


—llx-6 


Let z = 9 + bi where b is non zero real and i? = — 1. If the 
imaginary part of 2’ and z’ are equal, then b/3 is. 


. Modulus of non zero complex number z, satisfying z + z 


= 0 and Izl+ 4zi = 2 is. 


lz — 6i is m then the value of m/5 is. 


Solutions on page 2.80 
Subjective Type 
1. Express 1/(1—cos@+2 isin) in the form x + iy. 


(IIT-JEE, 1978) 
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2.48 


10. 


1. 
12. 


13. 


14. 


15. 


Algebra 


. ifxs=at+b, y= af + by, z= ay + bf where y and f are 


the complex cube roots of unity, show that xyz = a? + b° 
(IIT-JEE, 1978) 


. If x + iy = f(a+ib)/(c+id) » then prove that (@ + y’? 


= (a +b)/(c? +d’) 
(IIT-JEE, 1979) 
It is given that n is an odd integer greater than 3, but 


is not a multiple of 3. Prove that x? + x? + x is a factor of 
(xt lyt-x- 1. (IIT-JEE, 1980) 


. Find the real values of x and y for which of the following 


equation is satisfied: 


d+i)x-2i f 2 —-3i)y +i _ 
3+i 3-i 
. (IIT-JEE, 1980) 


. Let the complex numbers z,, z, and Z, be the vertices of an 


equilateral triangle. Let z, be the circumcentre of the trian- 


gle. Then prove that z? +z} +z;=3z).  (IIT-JEE, 1981) 


Prove that the complex numbers z,, z, and the origin form 


_an equilateral triangle only if “U+G-4m=0. 


. Show that the area of the triangle on the Argand diagram 


formed by the complex numbers z, iz and z + iz is 1/2lzl’. 
(IIT-JEE, 1986) 


. Complex numbers z,, Z,, Z, are the vertices A, B, C, respec- 


tively, of an isosceles right-angled triangle with right angle 
at C. Show that (z, — z,)?= 2(z, - z,) (z, ~ Z)- 
(IIT-JEE, 1986) 


Letz,=10+6iandz,=4 + 6i. Ifzis any complex number such 
that the argument of (z — z)/(z — z)) is 2/4, then prove that 
Iz-7- 9il = 3V2. (IIT-JEE, 1990) 


If iz+2—z+i=0, then show that Iz} = 1. 
(IT-JEE, 1995) 


If Izl < 1, lw < 1, then show that Iz — wl < (al — wip 
+ (arg z—- arg w)?. (IIT-JEE, 1995) 


Find all non-zero complex numbers z satisfying Z = iz’. 
(IIT-JEE, 1996) 


Let bz + bz = c, b # 0, be a line in the complex plane, 
where b is the complex conjugate of b. If a point z, is the 
reflection of a point z, through the line, then show that 
c=7,b+2z,b. (IIT-JEE, 1997) 


Let z, and z, be roots of the equation 2+ pz+q=0, where 
the coefficients p and g may be complex numbers. Let A 
and B represent z, and z, in the complex plane. If ZAOB 
= @#0 and OA = OB, where O is the origin, prove that 


p’ = 4q cos? (6/2). (IIT-JEE, 1997) 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


e 


23. 


For complex numbers z and w, prove that Izl? w — lw? z 
=z-wifand only if z=w or zw=1. (IT-JEE, 1999) 


Let a complex number a, a # 1, be a root of the equation 
zeta — 2P — 77 4+ 1 = 0, where p, q are distinct primes. Show 
that either l+at+a@24+---+oa?"'=Oorl+at+a@t-- 
+ a?-! =0, but not both together. (IT-JEE, 2002) 


If z, and z, are two complex numbers such that lz, < 1 < Iz), 


then prove that I(1 — z,2,)/(z 7 zl <1. (IT-JEE, 2003) 


Prove that there exists no complex number z such that Izl 


< 1/3and Y.a,z" =1wherelal<2. — (IIT-JEE, 2003) 


r=] 
Find the centre and radius of the circle given by 
|(z- az - B)| =k, k#1, where z=x+iy,a=a, +ia,, 
=f, + iB,. (IT-JEE, 2004) 
If one of the vertices of the square circumscribing the circle 


Iz — 11= V2 is 2 + V3i, find the other vertices of the square. 
(UT-JEE, 2005) 
1 
A 
tes 


given by. (This question is part of matrix match question) 
(IIT-JEE, 2011) 


The maximum value of for Izl = 1, z # 1 is 


2iz 
2 


The set re js is a complex number, IzI =1,z=+1} 


is (This question is part of matrix match question) 
(IIT-JEE, 2011) 


Objective Type 
Fill in the blanks 


1. 


4, 


ooo) 
+23) 


the set of all possible values of x is 


is real, then 


If the expression 


(IT-JEE, 1987) 


. For any two complex numbers z,, z, and any real numbers 


aand b, laz, — bz, + lbz, + az! = : 
(IIT-JEE, 1988) 


. If a, b, c are the numbers between 0 and 1 such that the 


points z, =a +i, z, = 1+ bi and z, = 0 form an equilateral 
triangle, then a = and b= 


(IT-JEE, 1989) 
ABCD is a rhombus. Its diagonals AC and BD intersect 


at the point M and satisfy BD = 2AC. If the points D and 
M represent the complex numbers | + 7 and 2 — i, respec- 


- tively, then A represents the complex number 


or (HIT-JEE, 1993) 
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5. 


Suppose Z,, Z,, Z, are the vertices of an equilateral trian- 
gle inscribed in the circle |z| = 2. If z= 1+ iv3 then z, = 
,2,= _.  (IIT-JEE, 1994) 


. The value of the expression 1 x (2 —@) x (2—w*) +2 x @B 


-@) *(3-@’)+-+-+(n-1)* (n- @) x (n- @”), where 
w is an imaginary cube root of unity, is : 
(IIT-JEE, 1996) 


True or false 


1. 


For complex number z, = x, + iy, and z, = x,+ iy,, we 
write Z, MZ, if x, <x, and y,< y,. Then for all complex 
numbers z with 1 ~ z, we have ((1 — 2)/ (1 + 2) N10. 

(IT-JEE, 1984) 


. If the complex numbers z,, z, and z, represent the verti- 


ces of an equilateral triangle such that Iz,! = iz,| = Iz,l, then 
Z,+Z, +z, =0. (IIT-JEE, 1984) 


. If three complex numbers are in A.P. then they lie on a 


circle in the complex plane. (IT-JEE, 1985) 


. The cube roots of unity when represented on Argand dia- 


gram form the vertices of an equilateral triangle. 
(IIT-JEE, 1988) 


Multiple choice questions with one correct answer 


1. 


If the cube roots of unity are 1, w, wo, then the roots of the 
equation (x — 1)? + 8 =0 are 


a,—1,1+2@,1+ 20? b. -1, 1 -2@, 1 - 2w? 


c.-1, -1,-1 d. none of these 
(IT-JEE, 1979) 
. The smallest positive integer n for which [(1 + ’)/(1— DJ" =1is 
aon=8 b.n = 16 
en= 12 d. none of these 


(IIT-JEE, 1980) 


» The complex numbers z = x + iy which satisfy the equation 


|(z — Si)/(z + 5i)| = 1 lie on 

a. the x-axis 

b. the straight line y =5 

c. a circle passing through the origin 


d. none of these (IT-JEE, 1981) 


~ If z= [V3 /2)+i/2P + (V3 /2)-i/2)°, then 


b. Im(z) = 0° 
d. Re(z) > 0, Im(z) < 0 
(IIT-JEE, 1982) 


a. Re(z) =0 
c. Re(z) > 0, Im(z) > 0 


. The inequality lz — 4! < lz — 2! represents the region given 


by 
a. Re(z) > 0 b. Re(z) < 0 
c. Re(z) > 0 d. none of these 


(IIT-JEE, 1982) 


11 


10. 


ry 


12. 


13. 


14, 


15. 


16. 


Complex Numbers 2.49 


. Ifz=x+ ty and w = (1-iz)/(z -i), then lol = 1 implies 


that, in the complex plane 
a. z lies on the imaginary axis b. z lies on the real axis 


d. none of these 
(IIT-JEE, 1983) 


c. z lies on the unit circle 


. The points z,, Z,, Z;, Z, in the complex plane are the vertices 


of a parallelogram taken in order if and only if 
a2, += 2,42, b.z,+%,=%, 4% 


d. none of these 


C2, +2,=2, +2, 
(IT-JEE, 1983) 


. The complex numbers sin x + i cos 2x and cos x — i sin 2x 


are conjugate to each other for 
b.x=0 
d. no value of x 
(UT-JEE, 1988) 


ax=nr 


ax=(nt+ 1/2)x 


. If@ (<1) is acube root of unity and (1 + w)’=A + Bo then 


A and B are respectively 
a. 0, 1 
c. 1,0 


b. 1,1 


d.-1,1 (IT-JEE, 1995) 


Let z and w be two non-zero complex numbers such that Iz| 
= lol and arg z = x — arg , then z equals 
a.@ b. -w 


c.@ d.-@  (IIT-JEE, 1995) 


Let z and w be two complex numbers such that Izl < 1, lal 
<1 and Iz — ial = !z — iol = 2 then z equals 
c. 1 or -1 d.ior-] 


a. | ori b. i or -i 


For positive integers n,, n, the value of the expression 
(+i) +147)" +042)? +1477)”, where i = J-lis a 
real number if and only if 
an, =n,+1 bon, =n,- 1 
c.n, =n, d.n, >0,n, >0 


(IiT-JEE, 1996) 


If i= J-1, then 4+5[(-1/2)+iV3 /2}°4 +3[(-1/ 2)+(iV3 /2) P® 
is equal to 


a. 1 —iV3 b.- 1+ iv3 
ce. i¥3 d.-iJ3  (T-JEE, 1999) 
If arg(z) < 0, then arg(— z) — arg(z) = 
a.z b.-z 
‘8 tu 
5 d. = (IIT-JEE, 2000) 


If z,, z, and z, are complex numbers such that |z,| = Iz,| = Iz,l 
= |(/z,)+(1/z,)+(1/z,)| = 1, then Iz, +z, + z,! is 


b. less than 1 
d. equal to 3 


a. equal to | 


c. greater than 3 


Let z, and z, be n™ roots of unity which subtend a right 


. angle at the origin. Then n must be of the form 
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2.50 Algebra 

a.4k+1 b. 4k +2 

c. 4k +3 d. 4k (IT-JEE, 2001) 
17. The complex numbers z,, z,- and z,_ satisfying 


18. 


19, 


20. 


21. 


22. 


23. 


[(z, -z)4(z -2,)1=[0- iv3)/2] are the vertices of a tri- 
angle which is 


a. of area zero b. right-angled isosceles 


c. equilateral ' d. obtuse-angled isosceles 


For all complex numbers z,, z, satisfying Iz,| = 12 and 
Iz, —3 — 4il = 5, the minimum value of Iz, — z,| is 

a. 0 b. 2 c. 7 d. 17 

If Izi = 1 and wm = (z- 1)/(z + 1) (where z#— 1), then Re(w) 


18 
1 


ay DP 
c. |= : 5 d. v2 - 
zt]ilz+lh lz+I1P 

. (IT-JEE, 2003) 


If @ (¢ 1) be a cube root of unity and (1 + w”)"= (1 + w*)’, 
_ then the least positive value of n is 


b. 3 c. 5 d. 6 


The locus of z which lies in shaded region (excluding the 
boundaries) is best represented by 


A 


a.2 


143,12) arg(z)<-7 


4 
A= 


Cl, 0) 


arg(z) < =| 


(1 + V2, - V2) |o 


Fig. 2.47 
a. zi lz+11>2 and larg(z + 1)! < 2/4 
b. z: lz —1l > 2 and larg(z - 1) < 2/4 


ez iz +11 <2 and larg(z + Ll < 2/2 
d.z: lz- 11<2 and larg(z+ Dl<2/2  (IIT-JEE, 2005) 
a, b, c are integers, not all simultaneously equal and w is 
cube root of unity (w # 1), then minimum value of la + ba 
+ co’l is 
a. 0 b. | eee d. = 
2 2 
(HT-JEE, 2005) 


If a, b, c and u, v, w are complex numbers representing 
the vertices of two triangles such that c = (1 —r)a+ rb and 
w = (1 -r)u + rv, where r is a complex number, then the 


two triangles 
a. have the same area b. are similar 
d. none of these 


(HUT-JEE, 1985) 


c. are congruent 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


If z, and z, are two non-zero complex numbers such that Iz, 
+z! =lz1+Iz,|, then arg z, ~ arg z, is equal to 


1 
bo Se c.0 


a.— 7 2 


a. edi (IIT-JEE, 1987) 


6 
The value of }' Gin (22k /7) — i cos (2#k/7))is 
k=l 


a.—1 b. 0 c.-i 

di e. none (IT-JEE, 1987) 
If w is an imaginary cube root of unity, then (1 + @ — w?)’ 
equals 

a. 1280 b. -128@ 

c. 128@? d. —128* (IIT-JEE, 1998) 


n=l 


13 : 
The value of the sum }(i" + i"*'), where i = J-1, equals 


a. i bi-1 

ai d. 0 (HIT-JEE, 1998) 
6i -3i 1 

If}4 3: -l|=x+ iy, then 
20. 3 i 

a.x=3,y=0 bx=1,y=3 

e«x=0,y=3 d.x=0,y=0. (IIT-JEE, 1998) 


Let w = (—1/2) + i(J3/2). Then the value of the determi- . 


1 1 1 
l 


nant |l -l-@? @?/is 
1 @ @ 
a. 3@ b. 3a@(@ — 1) 
c. 3a d. 3a@(1 — w) (IIT-JEE, 2002) 


If (w — wz)/(1- z) is purely real where w = a+ if, 8 #0 and 
z#l, then the set of the values of z is 
b. {z:z=Z} 


d. {z: Iz=1,z#1} 
(IT-JEE, 2006) 


a. {z:lzl=1} 
ce. {z:z#]} 


A man walks a distance of 3 units from the origin towards 
the north-east (N 45° E) direction. Form there, he walks 
a distance of 4 units towards the north-west (N 45° W) 
direction to reach a point P, Then the position of P in the 
Argand plane is 


a. 3e" + 4 b. (3 — 4i)e'*" 
c. (4 + 3i)e™ d. (3 + 4ie'™ (IIT-JEE, 2007) 


If Iz = 1 and z# = 1, then all the values of z/(1 — z’) lie on 
a. a line not passing through the origin 


- beld= J2 


c. the x-axis 


d. the y-axis (IT-JEE, 2007) 
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33. A particle P starts from the point z, = 1 + 2i, where i= yet: 
{t moves first horizontally away form origin by 5 units and 
then vertically away form origin by 3 units to reach a point 


z,. From z, the particle moves V2 units in the direction of 
the vector i + j and then it moves through an angle z/2 in 
anticlockwise direction on a circle with centre at origin to 
reach a point z,. Then point z, is given by 


b. -7 + 6 
d.—6+7i 


a.6+ 7i 
c.7 + 61 
34, Let z =x + iy be acomplex number where x and y are inte- 


gers. Then the area of the rectangle whose vertices are the 
‘roots of the equation Zz? + zz? = 350 is 


a. 48 b. 32 


c. 40 d. 80 (IT-JEE, 2009) 


Multiple choice questions with one or more than one correct 
answer 


1. Ifz, = a@+ i and z, =c + id are complex numbers such that 


Iz = Iz, = 1 and Re (z,z,) = 0, then the pair of complex 
numbers w, = a + ic and w, = b + id satisfies 
alo l=1 b. lo, | = 1 


c. Re(@,@,) = 0 d. w,@, =0 


2. Let z, and z, be complex numbers such that z, # z, and Iz,| 
= lz,|. If z, has positive real part and z, has negative imagi- 
nary part, then (z, +z,)/(z, — z,) may be 
a. zero b. real and positive 

c. real and negative d. purely imaginary 

(IIT-JEE, 1986) 

3. Let z, and z, be two distinct complex numbers and let 

z=(1 —2)Z, + tz, for some real number t with 0 <t< 1. 
If arg (w) denotes the principal argument of a non—zero 
complex number w, then 


a. iz—zl+lz—-z,l=lz,-z,1 b. (¢-z)=(z-2z,) 


=0 d. arg (z—z,) = arg (z,-£,) 


(IIT-JEE, 2010) 


Comprehension 
For Problems 1-3 


Let A, B, C be three sets of complex numbers as defined 
below: 
Az={z:Imz>1} 


B= {zi lze-2-i=3} 


C = {z: Re((1 — iz) = V2} (IIT-JEE, 2008) 


1. The number of elements in the set A 7 BQ C is 


a. 0 b. i c. 2 d. co 


Complex Numbers 2.51 
2. Let z be any point in AW BO C. Then, Iz+ 1 - i? + Iz —5 
~— i? lies between 


a. 25 and 29 
ec. 35 and 39 


b. 30 and 34 

d. 40 and 44 

3. Let z be any point in A 1 BO C and let w be any point 
satisfying lw — 2 — il <3. Then, zl — lwl + 3 lies between 
a. —6 and 3 b. —3 and 6 
c. —6 and 6 d. —3 and 9 


Matrix-match type 


1. Match the statements in column-I with those I column-II 
[Note: Here z takes the values in the complex plane and 
Im(z) and Re(z) denote, respectively, the imaginary part 
and the real part of z] 


Column II: 


Column I 


a. The set of points z satisfying | p. an ellipse with eccentricity 
Iz-ilzil-iz+ilzi=Ois; 4/5 ; 
contained in or equal to | 


b. The set of points z satisfying | gq. the set of points z satisfying 
Iz+4l+iz-41=10is| Imz=0 
contained in or equal to ; 


| 


c. If | w 1 = 2, then the set of | r. the set of points z satisfying 


points z = @ — (l/@) is} lImzl<1 
contained in or equal to 

d. If | w | = 1, then the set | s. the set. of points z satisfying 
_of points z= @+ I/mis| IRezl<1 


contained in or equal to i 


t. the set of points z satisfying 
Izls3 


Integer type 


2 2 
1. Let wbe the complex number cos = +i sin . Then the 


number of distinct complex numbers z satisfying 


z+] ao |. 
@ z+@ 1 |=Ois equal to. (IIT-JEE 2010) 
o 1 z+o 


2. Ifzis any complex number satisfying lz — 3 - 2i] < 2, then 
the minimum value of I2z — 6 + Sil is. (HT-JEE 2011) 


3. Let w=e'”, and a, b, c, x, y, z be non-zero complex num- 
bers such that 
a+b+c=x 
a+b@+c@=y 
at+b@+cw=z 
laa ell ela? < 
laP +1bP +leP 


Then the value of S. 
(UT-JEE 2011) 


downloaded from jeemain.guru 


2.52 Algebra 


= Subjective Type Saiauum 


1, Given that 


=1+[| 


Ze ne 
ja 2 
lz 
Putting z = re’ => Z = re“®, we have 


=|e®-re4]=V+r 


= 


2 
=a 
lz| 

=> (l-r)cos?6+(1 +r) sin’ 6=(1 +r)? 
=> (1-r) cos? @-(1 +7) cos? 0=0 

=> cos*d=0=> Re(z)=0 

Hence, z is a purely imaginary number. 


A(z) 


,) 


LON 


Bz) C(z3) 
Fig. 2.48 


ANSWERS AND SOLUTIONS 


Let z,, z, and z, represent the vertices A, B and C, respectively, of 


triangle ABC. Now, the triangle is isosceles. 


ZB=ZC 
zaic= +3 
2 2 
ties te= 
2 2 
(xB 
es. St e|e (29) (1) 
23 | 3 
and 
. (az Cc 
a lal G4) 
z |g (2) 
On dividing Eq. (1) by Eq. (2), we get 
2 2 .{ B-C 
ae ee el 
Zz, 12112! 
zy 1z,P e 
=> : ! = positive real number (ZB = ZC) 


ZZ, 12,112! 
=> 2? =kz,z, (where k € R*) 
Hence z,, z, and kz, are in G.P. 


3. Here z— 1 =e" so that 
z=1l+cos@+isind 


=> z=2cos? 2. +i2sin 2. cos 8 
2 2 2 
6, 

> ed oe 

Hence 


e -) 2i 8 i ~i/2 
an = e 


2 z 2 cos@/2 


6.0 
cos— —7S1n—_ 
ae a 


=> tan— -i =-i 


Fig. 2.49 


ZFDA = ZFCA = 90°—A 
ZADE = ZABF = 90° —A 


=> ZFDE=180°-2A=2n-2A 


Simpliarly ZDFE = 27-2C and ZDEF = 2m-2B 
The angles of ADEF are x ~- 2A, x— 2B and a — 2C, respectively. 
Also it is given that (z, —z,)/(z, —z,) is purely real. Hence, 


arg S74 | 0orn 
27% 
=> «a-2A=0orn 
=> A= > or 0 (not permissible) 
Hence triangle ABC is right angled at A. 


5. 
A(a) 


B(b) 


n-O 
C) 


ba ie 


D(d) 
Fig. 2.50 


Let complex number representing point ‘D’ is d and ZDAB = 6. 
So, ZBCD = 2-96 (A, B, C, D are concyclic), Now, applying rota- 
tion formula on A and C, we get 
b-a AB ia and dc _CD jiin-s) ; 
d—a AD b-c CB 
Multiplying these two, we get 


[Poa dne) ABCD on 

d-a)\b-c} ADxCB 
d(b-a)-cb-a)__, (2-2) 
d(b—c)—a(b-c) AB CB 
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2ac —b(a+c) 


Sy gies eee A = cetl-v2 ,-1+ V2] 
at+c-2b ery 
= z=ctiCl+/l—2c—c’), wherece -1-v2 ,-1+ V2] 
os Px+2xti) 9, (2x+id-x’) 
6 PF? In| Tay ayap TPE in 2x—i(1—x2) 9 =a@+z+1=0 (1) 
. F Taking conjugate of both sides, 
Let 2x = rcos @ and 1 — x* =r sin @. Then, above expression ee 
becomes ; az +z+1=0 
net (i) | r(cos@ +isin@) => azy+z+1 =0 
é (_, — ae: =— 
Oe r(cos@ —isin@) a eee ain (2) 
(since Z = -z as z is purely imaginary) 
= (e™ (i) In(e”®) Eliminating z from both the equations, we get 
(@—a)+2(a+a)=0 
eee | Let, 
=e (+4) (210) = 3 78) a=cos@+isin@ ( lal=1) 
= (-2isin 6) + 2(2 cos 0) =0 
Now, 
-~1lt Vj1+4 
(l= (2x => cosd= ——t—— 
g= tan = cot 5 2 
2x 1-x 
bat _ V5-1 
E ~ > 0 when x €(0, o| ~ 3 
2x 
, 5-1 
a if 2x nu “4 Hence, a = cos 6 + i sin 8, where 6 = cos"'| ——~— |. 
= —-~ tan 7 |= > -2tan™x [xe (0, 1)] 2 
2 1-x 2 
10. a. Let 
So, bask 
z=lzl(cos @+ i sin 8) 
1 eal: “1 ~__}| =|cos 0+ isin O-1| 
A= o (x — 4 tan™'x) ra 
7. Leta be the real and if be the imaginary roots of the given equa- = y(cos@ -1)’ +sin?6 
tion. Then . 3 P= 26088. 
a+ ip=-a>a-ip=-a 
= 2a =~(a +2) and 2if = -(a-@) evga ae 
. 4ioB=0-P > 4b=0-7 2 
. . @ 
Alternative solution: = 2jsin 2 
If one root is real and the other is imaginary, their product will be 
imaginary => b is purely imaginary. Let b = ik, so that the equation <2 ; (-: Isin 61 <101) 
x? + ax + ik =0 has one purely real root. Let it be a. Then, 2 - 
@+aatik=0> 0? +aa—ik=0 . = 161 = larg zi (1) 
Hence, b. lz—U=lz-lIzl+t2t- 1 
OS ue SM <Iz—lall + lle — 11 
~ika-iak ikt+ik G—a - 
= I2If =I) +ik— 0 
7 a —2i z 
Le ihe nese ‘awe aus 
a-a a-a <Izl larg zl + Ilzl— il [From (1)] 
ik(a #6) _ 4K ~ab@aaadine dp 11. We have to prove that 
a-a (a-@) llm(z")l < nllm(z)ilzl""! 
8. Put z=a + ib. Then, = ES <nl2—2h hr" 
a? + b? — 2ai + 2b + 2c + 2ci =0 
=> (a+b? +2b+ 2c) + (2c-2aji=0 g-Z" 
7 => —|<nizl" 
=> @+h+2b+2c=0 and 2c-2a=0 2-Z 
mae Now, 
Now, 
b? + 2b + (c? + 2c) =0 28" | lets gre gee eg 
=> b=-14J1-2c-c’ Bb 


é P : -l 
Since b is real, < |<" |+ 
1-2c-c?>0 


2" 2|+|z" 27] +---+12"| 
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n-2 


= kg" + le" z+ 


4 


n-3 


= {z|"" +2" 
= nig"! 
Hence proved. 


12. Given OA = | and lz = 1. 


OP =\z-Ol=lzl=1—=> OP=OA 
OP, = !z, — Ol = Iz,! 


zl 
if 


a-l ant 
+g tet fg fo zl ell 


lef + +fet 


— ig 1/2) = 1/2 


Imaginary axis 


Real axis 
Fig, 2.52 
Casel: P< 1 
yi z=P-lt+iveP—r 
A Po{Zo) 
=> z+-5 Ge Ef eedy 
PC) 2 4 a 
Ad) ‘ 4 : Y 1 
*—G oe => |z+ a Fe ze p+) sletse 
2 2 4 2 2 
Oz Zo) 
AM 
Fig. 2.51 


OQ = lez, — O! = lzz,! = Izl Izl = tz,l 
Also, 


=as( %) =-arg(%) 


1 
=—arg(z%) = val z| 
2 
= arg ues ay ZAOQ 
zz, —0 


PP, =AQ => Iz-z| = Iz, - 1 
13. We have 


ad + be +bz+a=0 
Taking conjugate of both sides, 


az'+bz°+bz+a=0 


=3 
Zz 


Dividing this equation by 
order, we get 


ab 
Zz 


2 
Zz 


+—+a=0 (forz #0) 
Since Eqs. (1) and (2) are identical, 


= Izf=1 > I= 1 


Hence, @ is a root of the given equation, such that lal = 1. 
14. 


z=P-lt yee 


Thus, the triangles POP, and AOQ are congruent. Hence, 


and writing the terms in reverse 


2 
In this case z will lie on the upper half of circle of radius 1/2, cen- 
tred at —1/2, in the Argand plane. 
Clearly, ‘z 


Case II: P>1 > te (-~,-1] U[I1, «) 
Hence, 


is purely real. Also ‘z’ is an even function of t. 


3 _ 
a x9! (4r —2t) 
at avr -2 
2 —_ 
api: 2r(t* —1) 
2./t?(t? -1) 


>0VteE (1,0) 


Hence, ‘z’ will attain all values in the interval [0, 00) (as z is equal 
to zero at t = 1). In this case z will lie on the positive real axis in 

the Argand plane V t € (-00, -1) U (1, &). 
15. 


(1) 


Fig. 2.53 


(2) 


1+z 
> 


= ke? or ke? 
1-z 


where k is a real parameter and its value depends upon the position 
of z. Let, 


1+z 


1—Z 
= Vk eit!4 or vk estl4 
Therefore, a lies on one of the two perpendicular lines. 


16. From figure, it is clear that lz — il < lz + il (as z lies above the 
real axis). Hence, 
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Fig. 2.54 : 
Therefore, a lies within the unit circle which has centre at the 
origin. Now, if z is travelling on the real axis Im(z) = 0, Re(z) 
varies from — © to + ©. Let, 


z=xti0 
: x-i Ix -il . . 
> a=— >la= —=l(askkx-il=lx+ilVxeER 
x +t |x+il 


Hence, a moves on the unit circle which has centre at the origin 


17. Suppose x? + ax + b =0 has roots x, and x,. Then, 


x, +X,=-a (1) 
and . 

x,x,=b (2) 
From (2), 

Ix, 1 lx! = 151 
= Ibl=1 (3) 
Also, 

eal = Ix, + x,] 


=> lal <tx|+lx! 
or 
lal<2 (4) 


Now suppose y’ + laly + lbi = 0 has roots y, and y,. Then, 


= + 2 
YoJr* lalt lal 4lbi 


2 


-lalt(J4-laP ji 


2 


yiah+4-laP _, 


2 


=> lybb,l= 


Hence, ly,| =ly,| = 1. 
18. 


Fig. 2.55 


a 


Complex Numbers 2.55 


Let us take arg [(z+1)/(z— 1)] = 22/3. Clearly, z lies on the minor 
arc of the circle passing through (1, 0) and (1, 0). Similarly, 
arg [(z+ 1)/(z—1)] = 2/3 means that ‘a’ is lying on the major arc 
of the circle passing through (1, 0) and (-1, 0). Now, if we take 
any point in the region included between the two arcs, say P(Z,), 
we get 


Thus 2/3 <arg [(z+ 1)/(z— 1)] <2z/3 represents the shaded region 
[excluding the points (1, 0) and (— 1, 0)]. 


19. 


Clearly, the points lie on the circle |zi = 21\3. And AABC is 
equilateral and its centroid coincides with circumcentre. Hence, 

Z,+2,+2,=Oand z,+z,+7,=0 
Since triangle is equilateral, inradius r= OD = 1/3 . Theequa- 
tion of incircle is 

d= 1/43 
Let P(z) be any point on the incircle. Now, 

AP? = |z—z,!? = Ie? + Iz,P — (zz, + 22) 
Similarly, 

BP? = lel? + Iz,P — (zz, + ZZ) 

CP? = Iz? + lz,P — (zz, + 2z,) 

AP? + BP? + CP? 

= 3heP + Iz P+ ieP + lzP- 22,42, 4+2,)- (2, ++) 

4 1 1 1 Ms 
=3 Reta gag awe 


=5 


20. Given equation of line is 


azt+az+b=0,VbeER 
Let PQ be the segment intercepted between the axes. For real 
intercept Z,, 


Z=Zz 
=> Zfat+a)+b=0 
a _ + 

®  (a+@) 


For imaginary intercept Z,, 
z+z=0 
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= Z(a-a)+b=0 


b 
=> Z=-- 
a-a 
Mid-point is 
z= Zath% 
2 
~bf 1 1 | 
ee + 
2la+a a-a 
(a+a)a—a) 
_ ab 
a’ -(ay 
me ely 15 = b (= real) 
a 
ae 3 2 _ ay 
he rs —(a) -7@) (a) 


=> az+az=0 


ObjectiveType § 


L b. Verify by selecting particular values of a and b. 
Let a =-9 and b = 4. Then, 
Vavb = V-9V4 = (3i)(2) = 6 


From option (a), we have 


=slelb = yicoied & a36"2+6 


From option (b), we have - 


Vialbi= Ji-9lx4 i =6i 


ied Scere ae: 
Ze 593 97 2g 32923 


I 1 1 
+ 


I+i 


Leta=x+yz=3- V2 i (fourth quadrant). Then, 


arg a =-—tan"! v2 
3 
3.d.. 10z?-3iz-k=0 


_ iE Y-9+40k 


=> Z= 20 
Now, D = -9 + 40k. If k= 1, then D = 31. So (a) is false. 


If k is a negative real number, then D is a negative real number. So 


(d) is true. 


If k =i, then D=—9 + 40; = 16 + 40i— 25 = (4 + 5i)?, and the 


roots are (1/5) + (2/5)i and —(1/5 — 1/10)i. So (c) is false. 


If k = 0 (which is a complex number), then the roots are 0 and 


(3/10)i. So (b) is false. 


-4.d. Let z= x + iy, so that Z = x- iy. 


2+z=0 
=> @-y+x)+i2xy-y)=0 
Equating real and imaginary parts, we get 
P-y+x=0 
and 


2xy-y=0=>y=0orx= 


NI] 


If y = 0, then (1) gives x? +x=O0=>x=Oorx=-!] 
If x = 1/2, then from (1), 


ii ge: v3 
ego a: 
Hence, there are four solutions in all. 
5.¢. Given that a? + b? = 1. Therefore, 
l+b+ia (l+b+ia)(1+b+ia) 


l+b-ia — (1+b-ia)(1+b+ia) 


(1+b) —a? +2ia(1+b) 
1+b°+2b+a° 


(I-a*) +2b+b?+2ia(1+b) 
2(1+b) 


2b’ +2b+2ia(1+b) 
2(1+b) 
=b+ia 


6. b. Let, 


2 . 54 
sin — +1cos — =z 
8 8 
8 
_., mt 
1 +sin — + i cos. — 
8 8 


adn” u 
1+ sin — —i cos — 
8 8 


3x.—C~«<«‘(‘ézS‘ 
= | cos — + 12 SiNn.— 
8 8 


= cos 3z=-1 


7a. Let z,=a+ib and z, =c—id, where a > 0 and d > 0. Then, 


Rlazlea@+bPactd 
Now, 


(1) 


(1) 


downloaded from jeemain.guru 


ie : (ad +bc)i 
ate oe 


—(ad + be)i : 
“Pa macred Using I 
Hence, (z,+z,)/(z,—-z,) is purely imaginary. However, if ad + be 
=0, then (z,+z,)/(z,—z,) will be equal to zero. According to the 
conditions of the equation, we can have ad + bc = 0. 
8.a. We have, 


=> arg(z,) —arg(z,)=z 

=> arg(z,) = arg(z,) +2 

Let arg (z,) = 6. Then arg (z,) = + @. 
z,= lz,l[cos (a + 6) + isin (x + 4)] 

= Iz,| (os 0 — i sin 6) 

and 
Z, = lz, (cos @ + i sin ) 
=Iz,I(cosO+isin A) (~ Iz! =Iz,l) 


=-Z, 
=> z73+2,=0 
9.c. Let 


a=cosa+tisina 
b=cosf+isin£ 
c=cosy+isiny 
Then, 
at+2b+3c= (cos a + 2 cos 8 + 3 cos y) 
+ i(sina +2 sin 8 +3 sin y)=0 
=> @+ 8b 4+27c = 18 abc 


=> cos 3a+ 8 cos 36 + 27 cos 3y = 18 cos (a+ B+y) 


and 
sin 3a + 8 sin 3f + 27 sin 3y = 18 sin (a+f+y) 
10. d. 
AY 
Aa Aq (14#2/) 
Xv 
Fig. 2.57 
Let the vertices be z,, z,, .... Z, w-r-t. centre O at origin and Iz! = 


V5. 


Complex Numbers 2.57 


Now AOA,A, is equilateral OA, = OA,= A,A,= V5 
= Iz, Icos 9+ 7 sin @— II 
Perimeter = 65 . 
Ma, lt 1ilbtic)/(1+a) 
1-i 1-i(b+ic)/(1+a) 
_ lt+a-c+ib 
l+a+c—ib 
(1 +a—ct+ib)(1+a+c+ib) 
(l+a+c) +B 
_ 1+2ata’—b*—c’ +2ib+2iab 
~ +a? +0? +b? +2ac+2(atc) 


2a+2a’* +2ib+2iab ie eeeet 
= VO+rPtCcea 
2+2ac+2(a+c) e : 


ata’ +ibtiab 
me l+act+(atc) 
_ aatl)t+ib(at+)) 
(a+1)(c +1) 
at+ib 
ctl 


12. b.If z,, z,, z, are three complex numbers, then 


argz, argz, arg Zz, 
A= |argz, argz, argz, 
argz, argz, argz, 


1 argz, argz, 
= A=(argz,+argz,+argz,) |l argz, argz, 
| argz, argz, 
(Using C, > C, + C, + C,) 
1 argz, argz, 
=> A=arg(z,z,z,) || argz, arg, 
1 argz, arg Z, 
Hence, A is divisible by arg(z,z,z,). 
13.c. z7+iw=0 
=> z-iw=0 
=> z=lw (1) 
arg 7w=7 
=> argit+argw=n 


[Using (1)] 


U 


arg z + arg Lex 
i 
=> argzt+argz—argi=a 


rt 

= 2argz-— =7 
‘ 2 
> 2age= 


=> agz= oe 
4 
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14. c. We have, 
Iz, —2,!° =lz,P + Iz, — 2lz,! iz,1 cos (6, — 9,) 
where @, = arg(z,) and 6, = arg(z,). Given, 


arg(z,-2,) =0 
= l-zP  =lz,P+lzP-2lz,) ral 
= (Iz,1- 12,1)? 
=> lz-z)  =lzl-le,l 
z-Ww —- Z-w 
1a. a= Oa — 
e+ k? + zw 
But zz = ww =k’. Hence, 
RP 
= zw w-Z 
=> a= = =-a 
2 2 = 2 
e roe La wt+k 
Zz WwW 


= Re(a)=0 
16. a. Here x = 4 cos 6, y= 4 sin 6. 
ill — lyll 


= |4Icos 4l — 4 Isin All 
= Alicos 41 — Isin Ali 


= 4/1—2|cosé Il siné |: 

= 4/1-|sin26 | 
Hence, the range is [0, 4]. 

Weoelk+ 2lal2i-k = 1271+ lk 

=> .k, Zand 0+ i0 are collinear 
=> arg(z’) = arg(k) 
= 2arg(z)= 
= arg(z)= aa 


18.b. The given equation is 
Iz = (22 + 2) Id? + 1 
2+ zis real 


(2-Z)(c<+zZ+1)=0 
zezexasz+zt+1#0(¢F#-1/2) 
Hence, the given equation reduces to 


=> 
= L4+zaU +z 
—. 
= 


xia xt + xl? + 1 
=> xb? =-1 
> x=-l 
So number of solutions is |. 


19. c. Observing carefully the system of equations, we find 


EFE 1-i -i_ ot 
2i De “14 
Hence, there are infinite number of solutions. 
20. d. Given, 
3(Z) 
2+ ( ) =0 
lz] 

Let, 

z= red 


= Pre +3re’=0 


Since ‘r’ cannot be zero, so 


re®9 = —3 


which will hold for r = 3 and five distinct values of ‘4’. Thus there 
are five solutions. 


21.¢. 


> 


(1+i)° (1+ 31) Ratan: a ‘eee al 


-2i (- V3 +i) ri0 3 i 

: 2. 2; 
~ Sn 2n nm 19% 
Argument = —— +—- - 7 +37 
4 3 2 6 12 


Therefore, the principal argument is —5x/12. 


22. d. Let f(x) =x° + 4° + 3x¢+2x2+x+ 1. Hence, 


fio) =o + 40° + 30+ 207 +otl 
=14+4@?+30+2+a+1 
=4(w? ++ 1) 
=0 


Hence f(x) is divisible by x — @. Then f(x) is also divisible by 
x — @? (as complex roots occur in conjugate pairs). 


fl-w) = (-w)* + 4(-wy’ + 3(-w)' + 2(-@)? + (-@) + 1 
—4@5 + 30'-20°3-a@ +1 
=1-40?+3@-2-o+1 
#0 


23. c. We have, 


=> 


=> 


(cos 8 + i sin @) (cos 26 +isin 26) -- ‘ 
x (cos nO + i sin n6) = 1 
cos(6 + 20 + 30 + ++ +78) + i sin(O + 26+ - -+ndy=1 


cos "OD zu) a| visi De) = 
2 2 
cos MP6 = land sin 6] =0 


n(nt+l) 


@=2mnt >O= » where me Z 


4mn 
nin +) 


100 
24.c. z=(1 +i V3) = 2 {cos vising 


> 


= 2!00 [cos +i7sin | 


cos isin | 
a -1/2 


5100 


A 
be 


m(z) 3/2. V3 
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> za @ =i’ 
=> Izd=1 

26.4. z =i log(2-.3) 
32 es e log(2-V3) = eo oet2-V3) 

= e — elos(2-N37" = losers) =(2++3) 

ete® (24+V3)+(2-V3) _ 

2 2 
27. b. Let xi be the root where x #O andxe R 


=> cos z= 2 


x— a xi-axv’ +a xita,=0 
=> x—a,xvrt+a,=0 
and 
ax? —a,x=0 
From Eq. (2), 
a,x? —a,=0 
> x= a,fa, (as x #0) 
Putting the value of x? in Eq. (1), we get 


2 2. 
=> 4a; + aa; = 4)4,4, 


a, a,a, 


+ 
a, a, a, a, 
28. b. Let A =x + iy. Given, 


Al=l>xrt+ye=l1 


=> = | (dividing by a,a,a,) 


and 
A+ l=lo(w+1P+y=l 


=> A=orw 
=> (w)"=(1+o)"=(o’)" | 
Therefore, n must be even and divisible by 3. 
29.c. Let z=cosx+isin x, x € [0, 2z). Then, 


1 


{I 


IZ 
IzP 


Icos 2x +i sin 2x + cos 2x —i sin 2x1 
= 2 Icos 2xl 
=> cos2x=+1/2 


Now, 
cos 2x = 1/2 
T 51 Tn ilz 
=> X= > 4,5 ,x,= x = 
6 6° 6 6 
cos 2x = -— 
n _2n 4m 
=> x, = Ps ae Ga ee ae ee 


(1) 


(2) © 


Complex Numbers 2.59 
30.a. @-2u+2=O05uH=121 
(x + a)” —(x+ B)” 
a-B 
— (coté-—H+ +a)" - [cote -1I+ d- iy” 
2i 
(. cot @-1=x) 
_ (cos@ +i sin 6)" ~ (cos @ —i sin 6)" 
sin” @ 2i 
* 2i sin nO 
sin” @ 2i 
_ sin nO 
sin” 0 
3Lb. fQ=e@z-D(ztDNt+aztb,abe Cc 
Given, 
f=izaitb=i (1) 
and 
fiy=1 ti 
=> a-id)t+tb=l+i (2) 
From (1) and (2), we have 
a= 2, b= s +i 
2 2 
Hence, the required remainder is az + b = (1/2)iz + (1/2) +i. 
32. c. We have, 
z,(z; — 323) =2 (1) 
z,(3z?-zj)=11 (2) 
Multiplying (2) by i and adding it to (1), we get 
Br 3222 i(3z7z,-—z3)=2+ Nir 
=> (z,+iz)?}=2+11i (3) 
Multiplying (2) by i and subtracting it from (1), we get 
z = 325 i(3z/z, - zy=2-11i 
=> (z,-iz,P=2-1li (4) 


Multiplying (3) and (4), we get 
(2? + 22 =2?- 121? =44 121 = 125 
=> g+z=5 
33. a. Assuming arg z, = 0 and arg z, = 0+ a, 


ay | be al zle® bile ee 
bz, az, bl zalel@*™. alzle® 


=e"+e%=2 cosa 


Hence, the point lies on the line segment [- 2, 2] of the real axis. 


34.0. 2 4+x4+1=05x=00rv’ 
Let x = w. Then, 


1 1 2 
x+—=0+—=0+0° =-1 
x @ 
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Pe Oe eee eee 37. a. We have, 
x? @ B+2242z+1=0 
3.1 3. 1 => (24+1)4+22¢z+1)=0 
ee age = c+tI)(+z+1=0 
> z=-l,o,@ 
x44 = =o + a =@+@* =—1, etc. Since z = -1 does not satisfy 2! + z! + 1=0 while z= a, ow 
' = satisfy it, hence sum is w + @? =-1. 
: 2 2 2 2 
“ [x+4) fv + (+4) +oa{ 4p] 38. b. Let z, = Iz,|(cos 6, + i sin 6,). Now, 
x x? x : x2? 


gy 


2 2 2 2 2 
= (2) (+) (xt) voi( ated) 
x x x x Also, 


arg(z,z,) = 0 = arg(z,) + arg(z,) =0 


1y i 1 
+ [e+4) +(x°+4] (?+5) => arg(z,) =-, 
x x x 


=> 2, =1z,\(cos6,) + i sin(-0,)) 


=l>lzl=1lz,! 


( eee | J =1z,\(cos 0, -isin 8) =z, 
so#l Xx + 
x er 
=> 2 =(%)=% 
= 18+ 9(22) =54 — eee 
= - : r-l 
See B= 2 (ant bie 39. d. (x-3)3+1=0 
=(a+b)+(2a+b)w + Bat bw? +--+ (nat bo"! = fea ij 
2 n-1 ~ 
=pUt@t@lt+O") 4 a1 4204302 +--+ nw") v1 
zero 3 
; ‘ x-3 = 1,0, w? 
Now, -1 
S=1+20+ 30? ++ +n"! = x+=2,3-0,3-° 
Sw =0 +20? ++ +(n—-Do"-! +no" Hence, the um of complex roots is 6 -(@ + @)? =6+1=7. 
? ; 40. b.x= 3/-1 
S(l-@)= 14-@+0°++-+@" —no" =n (" w" = 1) => ~=-1 
zero => (xP = 1 
=> g=— => -x=1,0,0 
o-| => x=-l,-0, -o’ 
=> F£=—@. _ 1+ J3i 1-~3i 
F a-l = -1, 2 2 2 
36. b. Taking cube roots of both sides, we get AEF AP alaae 
ztab=a(1)" =a, aw, aw? =-l, at a 
where 
| 3 1 3 _ 1, v3 ty V34+V-1 
OS ppt Ba oy Oe eg 8 Sie 
2 2 2 2 
z,=a—ab, z, = aw — ab, 2, = aw — ab 41.d. loz-1-wl=a 
Iz, -z,1 =la(1 -@)I => Iz+ll=aslz-1+2l=a 
1 3 => iz-ll+22=a50<as4 
= lal jl -| -= +i— 
a 42.b, 2-31 >lzP-3 
B => 3led>lzP-3 
= lal |j—-i— = IzP-3lzd-3<0 
2 2 
oe 3421 
y2 => O<ld< 
=Ial 240 = V3 lal , 4 
a 43.b. 12z- il=1z—-2l 
Similarly, aa a eae 
rs 2 
Iz,-z,=Iz,-z,1= V3 lal => 2z-T = lz — 2} 


= (2-1) (27 -1)=(@-2)@ -2) 
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“=> 422 -27-22 +1 =2z - 27-2244 
=> 3lzP=3 
=> Izl=l 
Again, 
Iz, +z. =lz,-at+z,-ft+ar6l 
Siz,-al+lz,-Al+la+t Bi 
<atPrla+f£l 
= 2la + Bi [ a; B>0] 
Z1 +2 


<2 
a+B 


Z, +2, 
at 


<2 Il 


n n=l n—2 i a 
44.a, agz"t+az" +a"? +: +a z+a,=3 
=> [Blalaz’+az'+--+a z+al 
0 t a-l| n 


=> 3 Sila ld +lalidr'+---+la_tlzi+la) 
=> 3 <2 +i +--+ Iz +1) 


3 
=> 1 tieds+ize+--+lz"> 5 


If Izl = 1, the inequality is clearly satisfied. For lzl.< 1, we must 
have, 
n+l 
1-Iz! és 3 
1-!zl 2 
2 —2lzl"*! > 3 — 3lzl 
Qizi"*! < 3lzl—1 


3izl-1>0 


buy 


1 
Izl> ~ 
3 


45. a. 8iz? + 1227 - 182+ 271 =0 
4iz°(2z — 31) -— 9(2z — 3i) =0 


=> (2z2~-3i)(4iz-9)=0 
3i re) 
> = — and 2° =— = 
ae 4i 
3. 4, 9 
=> I|zt=—andlz*l=— 
Zz 9 Zz r 
3 
=> Izl== 
2 


46. a. Iz? + 2z cos al <|z’] + 12z cos al 
= Izl? + 2Izl Icos al 
< Iz)? + 2lzi 


< (V2 -1)7 +202 -1=1 


1 
z+-|2 


z 


47.b. | z|-— 


Hence the least value occurs when | z | = 3. 


n 
dz 


r=l | 


48. c. 


n n n n 
S¥izis Miz,-rl4¢¥r<2d7r 
r=] r=] r=l r=! 


Complex Numbers 2.61 


49. d. Let z=. + iy. Then, 

Iz? — 1 = IzP?+ 1 

I -y?-1y4+ 2igh=P+y +1 
(e-y 1? +42eyr =O? +y? +1? 
x=0 

Hence, z lies on imaginary axis. 


Yud 


50. a. !zl = 1, let a=-1 + 3z 
=> a+1=3z 
=> lat il=3ld=3 
Hence, ‘a’ lies on a circle centred at —1 and radius equal to 3. 


51. b. Let z= x + iy. Then, 


x=A+3andy=—J5-A? 


= (-3P=h ; () 


y=5-72? (2) 
From (1) and (2), 

(x-3P =5-y>(x-3P+y=5 
Obviously it is a semicircle as y < 0. Hence part of the circle lies 
below the x-axis. 


52.¢. 
A(z) 
B(z) : ; C(za) 
Fig. 2.58 
4am tL an 
23 — 2 2 2 
ZCBA = i 
Also, 


Iz, — Z,1 = lz, - 2, 

Hence, AABC is isosceles. 
53. c. Given that 

Iz, -a=lz,-id=Iz,-il 
Hence, z,, z,, Z, lie on the circle whose centre is i. Also given that 
the triangle is equilateral. Hence centroid and cirucmcentre coin- 
cides. 

2 +% +2 _ 

; = 

=> i,+z,4+z1=3 


54. d. 


Fig, 2.59 
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2.62 Algebra 


lz — 41 = Re(z) 


=> Va-4?+y’ =x 


=> -8x+1l6+y=x 


=> y=B8x-2) 


The given relation represents the part of the parabola with focus 
(4, 0) lying above x-axis and the imaginary axis as the directirx. 
The two tangents from directrix are at right angle. Hence greatest 
positive argument of z is 7/4. 


55. d. 
Clearly, 

ZDOB = ZCOD=A 
=> z=qe4and w=ze% 
=> 2=a0=1 
=> w=- 

56. b. 


Fig. 2.60 


(Applying rotation about O) 


(As A and D are on opposite sides of BC) 


A) 


Fig. 2.61 


By the given conditions, the area of the triangle ABC is given by 


(1/2)lz, — z|r. 


57. d. The given equation is written as 


EL when x <2 


arg(z—(1+i))= 


1 
(2,0) 


Re(z)=1 
Fig. 2.62 


Therefore, the locus is a set of two rays. 


58. a. 


Fig. 2.63 


Iz—Zlis the length AB while lzl(argz — argz) is arc length AB. 


Iz-ZI <lzl (argz — argz) 
59. ¢. 


Fig. 2.64 
kz/(k + 1) represents any point lying on the line joining origin and z. 
Given, 
cs +2i| > J2 
k+l 


Hence, kz/(k + 1) should lie outside the circle Iz + 2il > we . So, Z 


should lie in the shaded region. 


t 
-—< <0 
i arg(z) 


60.b. 2 -¥ =lz-1l 
2 


lz-1l 


1 
z-zy =2 
; 


So, locus of z is a circle. 
61. d. 
= iz,,0+ i0 and z, are collinear 


Iz, + iz.) = Iz,1 + Iz,) 


=  arg(iz,) = arg(z,) - 
=> arg(z,) — arg(z,) = > 


B(Z2) 


A(z) 


Let, 


Z, —1Z, 
a ar 


\-i 
=> (-)2z,=2,-i,— 
=> 4-%=1G,-%) 
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ZACB = = 
2 
and 
lz, —Z%!=lz,-z,) 
=> AC=BC 


AB? =AC* + BC 


5 
C= = . AB=5 
> A DB ( ) 


. Therefore area of AABC is (1/2)AC x BC = AC?/2 = 25/4 sq. units 


62. a. 


Fig. 2.66 


Iz + 10+ 101 <5 V3 -5 


5(v3-1) 
> to eer eae 


Point B has least principal argument. Now, 


5(V3 -1) 


AB= 


2 
OA = 5V2_ 
ZAOB = 
12 
5x 
arg(2) =——— 
at +b b+cz 
63.c. z= >t= 
t-c zZ-a 
Now, 
id= 1 
b +cz 
> =1 
z-a 
b 
zt- I 
c 
=> =— (¢.1as Icl F Id) 
z-a| tcl 


=> locus of z is a circle 


64.a. Let z=x + ly. Then, 
Iz—-3-il=lz-9-il 


= y(«-3) +(y-l) = (2-9) +(y-1) 


=> x=6 
Iz—-34+3i=3 


= a(x-3) +(y +3) =3 


Complex Numbers 


For x = 6, y=-3. 
z=6-3i 
65. a. Given, : 
l-a 
zeltatat--+at-'= 
l-a 
eo a 
=> %&%-—=- 
* l-a Il-a 
= fj [- lal < 1] 
*"1-a| Wal 1-2) “lal, 


Hence, z, lies within the circle. 
| 1 
pee 


66.b. 222 +2z+1=0 
Let the roots be z,, z,. Then, 7 


z,+2,=—I and zz, = = 
0, z,, Zz, form an equilateral triangle. 
2+ zg=z2z, 
=> (+2) = 32,2, 
=> |= 34 
2 


> Ge 


67.a. xtiy=l—t+iVe+t+2 


=> x=l-ty=Jete+2 


Eliminating ¢, 


ce 
P=P+t+2=(1-xP+1-x4+2=/]x--} +- 
y +t+ (-xy+l-x4+ ( : 4 


aie ees (-3] = which is a hyperbola 
4 


2 
68.¢. 2 + dll +lz2=0> ff Te +1=0 
z 


hi 2 2 = 450 
> pace >z=olzorz=o' lzl 
Zz 


—] , 3 -1 1f3 
=> xtiy=lel [Si + ores ate tS) 


2 2 


VP oe Ve ey Vey 


1 
> = Izl, y=Izl or 
RE Fig ene gre tee ee a 2 


? 


=> yt V3x=Oory V¥3x=0> y-3r=0 


69. ¢. S,=2z, =—3a, S, = 2z,z, = 3b 
Since the triangle is equilateral, we have 

Xz? = Ezz, 

(2z,)’ — 222,2, = 2z,z, 

(2z,)? = 32z,z, 

(-3a)* = 3(3b) 

9a? = 9b 


@=b 


Yudusydy 


2.63 
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2.64 Algebra 
70. b. 73.b. 
— 
Re 
~ Fig. 2.67 
CA = CB= 2V2, OC =2 Fig. 2.69 
=> OA=OB=2 ; a As AOAC is a right-angled triangle with right angle at A, so 
=> A=2+0i,B=-2+0i : 'z,P+lz,-z, P=1z,P 
Clearly, => 21z,P-z,z,-7,z,=0 
ZBCA = x/2 Se ey eZ, 
- ; => 2z,-7,- z= (1) 
=> ZBPA=n/4 2, 
Similarly, 
en at 2\_ a : = 
“a sneer tee” 2z, -% -—z,=0 (2) 
; 2 
71. a. Subtracting (2) from (1), we get 
a Zi 32 
2% —Z%)=% [E-2] 
4% % 
2r’ (z, — z, fu-Zz 
2r' (47%) =2,9r° a} [- Iz,P = Iz,P =P] 
2125 1 2 
Fig. 2.68 22,2 
8. 2.6 oS gic eee 
When Iz — 11 < iz + Il (orx>0) % + % 
Izl=Iz— 1] 74a. Izl=lzJ=lz,)= 1 
=> xr+y=~-1P+y Hence, the circumcentre of triangle is origin. Also, centroid (Z, 
=> yx=1/2 + z, + z,)//3 = 0, which coincides with the circumcentre. So the 
=> ztz=l triangle is equilateral. Since radius is 1, length of side is a= ./3. 
When lz - Il > Iz + 1] (or x < 0), Therefore, the area of the triangle is (V3 /4)a? = (3V3 7/4) ; 
Izl = Iz + 11 75.0. 
=> 4+ ya(xt1P+ y : D(Za) C(z3) 
=> x=-1/2 
=> 7@+7=-1 
72. b. Let z =x + iy. Then, 
1 A(z) B(z2) 
Re} — |=k : 
z Fig. 2.70 
I The first condition implies that (z, + z,/2 = (z,+ z,/2, i.e., diagonals 
=> Re - } k AC and BD bisect each other. Hence, quadrilateral is a parallelogram. 
aD The second condition implies that the angle between AD and AB is 
; sy 90°. Hence the parallelogram is a rectangle. 
= Rel ie gage pe 76.b. Given that 
es 
1 nu 
<— x os arg Peal beret 
x+y aie 2 
Izl 
=> cer eet and 
k z 
— Zz) =3 
which is a circle. Iz] 


from which we can establish the following geometry. 
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Complex Numbers 2.65 


OP =0C-CP= V2 +2 -1=2V2-1 
So, coordinates of P are (2V2 ~}cos(#/4), 
~(2N2 -1sin(x/4)), ie. (2 -1/V2),-(2-1/V2)). Hence, 


: -fahe-aea 


81. d. Given, 


Fig. 2.71 ee — 
From the diagram, : 2 +cos@ +isind. 
Z__z)=3,1z, l=V9+1=Vi10 => Series 
Zz z z 
77.b. Note that z, = 3+ V3i lies on the line y= (1 / /3)x and z, = 23 ee eases creer Tr 
+ 6i lies on the line y= V3x. ial 
Hence z = 5 + Si will only lie on the bisector of z, and z,, L¢., y =x. ges ; 
Y : 2} 1 
ae C => =— 
a Izl 2 
yrx 


Hence, locus of z is a circle. 


82. d. We have, 


This is possible iff r = m = 0 but for r = m = 0 we get 1 which is 
Fig. 2.72 not an imaginary number. 
Iz-3P +2 ~ $3. b. Let, 
78.a. log,, Tilz23122 >1 S=1+2a+3a+--+na"! 
pare 4 > Gas 2a toa ine ee 
Thien lee < 3 On subtracting, we get 
: Sd -a)=1+[a+a+a"™] -na" 


=> (3t-—8)(t-1)<0(wherelz-3!=f 
=> 1<lz-31< 8/3 = HN) ye 
Hence, z lies between the two concentric circles. l-a@ 
79.c. We have, 1 e-a" ne” 
. 1 an ae > Sion dear ase a” = 1] 
I(x — 2) + iy — 1) = Izl ae a ; 
where @ = arg z. aa 1 i. a-l n_ in 
i l-a (l-ay l-a@ 1-a@ 
a (x-2) +(y-1)" Sy en er, 
which is a parabola 84. a. i + la = 
80. a. We have, 1-ia 
Iz—-2+2i1=1 l+ia 
=> lz-(2-2i)l=1 a. = Izl 
Hence, z lies on a circle having centre at (2, -2) and radius 1. It is F 
evident from the figure that the required complex number z is given sah JOSE 24 
by the point P. We find that OP makes an angle 2/4 with OX and ati 


=> la-il=la+il 
Therefore, a lies on the perpendicular bisector of i and —i, which is 
real axis. Hence all the roots are real. . : 


85.b. For z# 1, the given equation can be written as 


ary 
eA lea 
Z 


a sa 
zti 
z-l 


=> = eck mils 


Fig. 2.73 where k = —2, -l, 1, 2: 
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2.66 Algebra 


If we denote this value of z by z,, then 
erknils +1 


f= vO pee ee 
k 
: e2knils | 


eknils + e ktils 


obi (5... e hr 15 


= <Fcot (HE). n= Aaya 


Therefore, roots of the equation are +i cot (7/5), +icot (2/5). 


86. a. We have, 
log z + log 2? + log 2 + --- + log z"=0 
=> log(z@223--2)=0 


n{n+]) 
=> loglz ? Jo 


a(ath) 
=> z?=l 
2 
=> Z= prard 
3 


= (cos0°+isind°y""*? 


ee 
a(ntl) 


= (cos 2mm + i sin 2mm) ,m=0, I, 2,3,... 
= COs sre a ,m=0, 1,245. 
na(n+1) n(n + 1) 


87. d. The equation z"= (z+ 1)" will have exactly n— 1 roots. We have, 


(2) =1 
z i. 
ztl1 


z 


=1 


= iz+ll=lzl 


Therefore, ‘z’ lies on the right bisector of the segment connecting 
the points (0, 0) and (-1, 0). Thus Re(z) = —1/2. Hence, roots are 
collinear and will have their real parts equal to —1/2. 

Hence sum of the real parts of roots is (—1/2)(n —1). 


= +2, +2i 
z 


The roots are 1, -1/3, (-1/5 — (2/5)i) and (-1/5 + (2/5)i). 


Note that (—1/3, 0) and (1, 0) are equidistant from (1/3, /0) and 
since it lies on the perpendicular bisector of AB, it will be equidis- 
tant from A and B also. 


(-1/5, + 2/5) 
oA 


, 


o—> x 
(-/3,0) (1, 0) 


us, Pos 
C a0 ) y 


Fig. 2.74 


89. d.(z’— 1) =(z-1) (@-z,) @-%) ... @-Z,,) () 
Differentiating w.r.t. x, and then dividing by (1), we have 
nz"! 1 1 1 1 
= + + feet 
z-1 z-1l z-z, 7z7-Z% 2-2-4 
Putting z = 3, we get 
n3"' 1 1 1 1 
=—+ 
3"-1 2 3-z 3-z 3-2, 
1 1 1 n3"' 4 
=> —+ feet = -= 
3-z, 3-z, 3-z_, 3"-1 2 


Multiple Correct Answers Type 


l.a,c. 
Clearly, we have to find it for real z. Let z= x. Then, 


lx — wl = lx — wl = Iw — wl 


222 : |? 
ete he -l+v3i_-I-V3i) 413 
2 4 2 2 2 2 
=> x=1,-2 
2. a, b,c, d. 
PG) Q(z) 
S(z4) R(z3) 


a. PS\||OR=> af aif }o 35 Aig purely real 


me 2 — 2 


b. Since diagonal bisect the angle 


c. Diagonals of rhombus are perpendicular. Hence, (z, ~ z,)/(z, - 24) 
is purely imaginary. : 
d. Diagonals of rhombus are not equal. Hence, | z, — z, | #1 z, —z,. 
3. a, b, d. 
Let z = a be a real root. Then, 
@e+(3+2)a+(-1+ia)=0 
=> (@+3a-1)+i(at2a)=0 
=> @4+3a-1=Oanda =-a/2 


=> @+12a+8=0 
Let f(a) = a?+ 12a +8. 

“. FED <0, f(0) > 0, f(-2) < 0, f(1) > 0 and f3) > 0 
Hence, a € (-1, 0) orae (2, 1) orae (-2, 3). 
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4. b,c. 


Fig. 2.76 
Clearly, the inscribed rectangle is a square. Let the adjacent vertex 
be z. Then, 
34+4i-(2) _ tin 2 


(3 +4i)-(444i) _ 
=> 34 41-z=+i-l) 
=> 722 3+4i+i1=3+Sior3+3i 


5.a,d. 
|z-3—4i| =5 
| es 
eZ pian 
ae 
Fig. 2.77 
We have, 


Iz, = 15, z,-3—4il=5 


Minimum value of Iz, - z,| is AB = OB —- OA = 15 - 10 =5. Maxi- 
mum value of Iz, —z,| is CA = OA + OC = 10+ 15=25. 


6. a,c. 
Triangle ABC is equilateral. Hence, 


2+ (-2? + (1 -zP =2(-z) + 201-2) + 2) - 2) 


=> 3272-22+1=-2 
=> 47?-27+1=0 
sum of roots = 2 


and product of roots is = 


Ale 


7.b,¢. 


(by rotation about center) 


AG) Pi B22) P2 


Fig. 2.78 


Let internal and external bisectors of ZAPB meet the line joining 


A and B at P, and P,, respectively. Hence, 
AP :P B= PA:PB = 3:1 (internal division) 
AP,:P,B = PA:PB = 3:1 (external division) 

Thus, P, and P, are fixed points. Also, 


ut 
2P, PP,= 5 


Thus ‘P’ lies on a circle having P,P, as its diameter. Clearly, B(z,) 


lies inside this circle. 


8. a, d. 


Refer the figure, z lies on the point of intersection of the rays from 
Aand B. ZACB is aright angle and OBC is an equilateral triangle. 


Hence, 


Complex Numbers 


WG tH 
OC =a = 2=4{ cos” +sin | 


Fig. 2.79 
9. a,c. 
Ci)!8 = (P)!4 = i, iw, iw? 
where 
goal +V3i 


2 


Hence roots are i, (-V3 -i)/2, (V3 -i)/2 - 


10. a, b, d. 
x =(x- 1) (x-z,) @-z,) + &—-z,_,) 
ny 
ss — = (x-z,) (@-z) - @-Z,_,) 


Putting x = @, we have 


0, ifn=3k,keZ 
me} o" —1 
Ik@-z)=—=} 1, ifm=3k+LkeZ 
pel a l+@, ifn=3k+2,keZ 
li. a, d. 


If a is a real root, then 

+34) 0-3a-(m+i=0 

8 + 302 -3a—m=Oand o@-1=0 
=> a=lor-l 

a=l>m=1 

a=-l>m=5 


12. ¢, d. 

We have, 
e+xtl=(x—@) x- 0’) 

Since f(x) is divisible by x° +x + 1, f(@) = 0, f(a’) = 0, so 
P(e) + @O(@) = 0 = PCL) + @Q(1) = 0 
P(w*) + @’O(o') = 0 > P(1) + @’Q(1) = 0 

Solving (1) and (2), we obtain 
P(1)=0 and Q(1) =0 


2.67 


(1) 
(2) 


Therefore, both P(x) and Q(x) are divisible by x — 1. Hence, P(x’) 
and Q(x?) are divisible by x? — | and so by x — 1 Since f(x) = P@’) 


+ xO(x*), we get f(x) is divisible by x - 1. 
13. b, ¢. 
amp(z,z,) = 0 => amp z, + amp z, = 0 


amp z, =~ amp z, = amp Zz, 


7 = -— > ea =i = 2 
Since |z,| = Iz,, we get 1z, = 1,1. So, z, = Z,. Also, 2,2, = 2,2, = lz,l 


= 1 because lz,| = 1. 
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2.68 Algebra 
14. a, b- 
eo4si 
Zz 
=> een ee 
\zl 
1 
=> —I<lzli-—<s<1 
Izl 
= —led<le?-1<lezl 


From Izl? — 1 >—Izl, we get 
Iz? +Izl-120 


-14+J5 


2 


= Ize 


From lzi?— 1 <Izl, we get 
iz? —Izl-1 <0 


1=V5 oc ltv5 
2 2 


From (1) and (2), we get 


~14+V5 1+J5 


<Izi< 
2 a 


15. a, b, ¢. 


z" cos 6, + 2"! cos 6, +++ +zZC084_,+cos 8 =2 


=> 2=lz) cos 6,+z3-'cos 6, ++--+z,cos@_,+cos 4 


0 


=> 2<!\z,!" Icos G+ Iz! Icos 1 + +++ +z) cos 81+ Icos 61 


> ln a=| n-2 ies 
=> 28 lal + lel! + le P+ ++ + lel + 1 


which is clearly satisfied for lz,| > 1. If Iz,1< 1, then 


2<14+lzf +z +--+ 12+ +++ 


1 
1-1z1 


2< 


1 
> lZgl> > 


16. a, b, ¢, d. 


Fig. 2.80 


(1) 


Since OQ = 1 and OP = 2, so sin(ZOPQ) = 1/2 and hence ZOPR 
= 2/3. Then ZPQR is equilateral. Also, OM L QR. Then from 
ZOMQ, OM = 1/2. Hence MN = 1/2. Then centroid of ZPOR lies 


on Iz| = 1. 


As POR is an equilateral triangle, so orthocentre, circumcentre 


and centroid will coincide. Now, 
Z +%Z, +2; 
3 


=1 


=> lz, +2,4+2,P?=9 


=> (@,+2,4+2,) @,+2%,+7,) =9 


ZQOR = 120° 


ys - 2)_}e2 s2_4osF 
2 [4] <2 |={5 ey 27, 2) 


> lz -2||z, +z,|=|z, =7/r 


=> |atal=|_-2 
Iz, +z, =Iz, —z, 


a ou 


+1|= 


> kt lies on L bisector of 1 and -1 
rae poate : 
=> — lies on imaginary axis 


=> Ais purely imaginary 


larg (z,) - arg(z,)I = S 


18. a, c, d. 
z= ze" 
2 = ze" 
ZZ =F 


=> 7,z,2 areinG.P. 
Also, 


ems ve se | =2 cos 2a 
z z 


2? +27 =2277 cos 2a 


Z? +27 = 22? (2cos’a — 1) 


wr, 


22477427 = 42 cova 


22+ 77 + 22’2" = 42 cos’a 


(2+2’"P =42 cosa 


'UUTLIYS 


Z+2z"=2zcosa 


(1) 
(2) 
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19. a,c. If p = 4, then equation becomes z = 7’ and it has infinite 
number Of solutions because any z € R will satisfy it. If p # q, let p 


>q, then 2? =z". 
IzP == Izl? 


=> IzP dizP*-1)=0 
= Iz= Oorlzd=1 
l= O>z=0+i0 
d= l>z=e® 
=> getDG=] 


=> ga 1 ern 


Therefore, the number of solutions is p + g + 1. 


20. a, b, d. ; 
z,=5+412i,kzl=4 

Iz, + #zJ Siz l+izl=13+4=17 
lz,.+ Cl +i) zJ2lz!-l1+ dizi 
=13 —4/2 


min (Iz, + (1 + iz,) = 13-4V2 


4 ; 4 
Z,+—| Slz,1+— =441=5 
Zy lz, | 
z +—/21z,l-—— =4-[=3 
2 Iz, | 
Zz f _ 13 
max =— and min 3 
Z, +— 2+ 
2 2 
21. a, ¢. 


pt+tqtr=atbor+ca 
+b+cw+aw? 
+c+ ao + ba’? 


ptqtr=(at+b+c)(l+a+a’)=0 


(1) 


p,q, r lie on the circle Izl = 2, whose circumcentre is origin. Also, 
(p + q+ r)/3 = 0. Hence the cenroid coincides with circumcentre. 


So, the triangle is equilateral. Now, 


(p+ qtr’ =0. 


1 1 
=> peg er=-apar| 2s a 
Peq@r 


at+ba+co* 


1 I 
= -2, + + 
par b+cw+aw* cana 


1 
=-2, 2 2 - 2 a2 2 
o'(a@+bo’+c) w(bw*+c+aw) ct+awt+ba 


-2 | 1 1 
. ce Sai tO 
a@+ boa +cla o 1 


| 


(2) 


Complex Numbers 2.69 


Hence, 
D+qtrP=2(pqtaqrtrp) 
22. a, b, c, d. 


A(z) P21) 


B@2) C@3) O22) 


Fig. 2.81 


RE) 


(l—A)z, + Az, 


ane am Be 


Hence, z, divides the line joining A(z,) and B(z,) in the ratio :(1 — 2). 
That means the given points are collinear. Also, the ratio (1 — 4) 
> 0 (or 0 <A < 1) if z, divides the line joining z, and z, internally 
and wi(1 — 4) <0 (or p< 0 or w > 1) if z{ divides the line joining rae 
z, externally. 

When A, yw are complex numbers, where 1 = H, we have 
z, = (1 — A)z, + dz, and zy = (1 — 4)z/ + 4zj. Comparing the value 
of 2, we have 


, , 
3 7% 


%3 7% 


, , 
Qty 4-2 


io [S2al_ % i and arg| 2% |= arg z a 
%Q- Gl |y-% 2% 2% 
AC PR 


AR - PO and ZBAC = ZQPR 


Hence, triangles ABC and POR are similar. 


23. a, d. 


24, a,c. 

Given, 

2=(z4+ 1S izt=let+ 1" 

Iz" = Iz + 1! > Izl=1z4 1 
=> IzP=lz+ 1? 
= xe+y=(x+ 1)? +y, where z=x + iy 
te fen 

2 


Hence, z lies on the line x = —1/2. Hence sum of real parts of the 
roots is —(7 —1)/2 (since equation has n — 1 roots). 
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2.70 Algebra 


25.a, b,d. 


Fig. 2.83 


Since arg ((z - 1 - i/z) is the angle subtended by the chord 
joining the points O and 1 + i at the circumference of the circle 
lz — 1l= 1, so it is equal to —7/4. The line joining the points z= 0 and 
z= 2+ 01 is the diameter. 


0 is purely imaginary 


a 
We have, 
Baan 0 
ZOPA = — 
2 
2-Z) @ . zZ- AP, 
=> arg}; ——|=—>—=— 
0-z 2 Zz P 
Now in AOAP, 
tan O= aia 
; OP 
Thus 
£7* J itan@ 
z 
26. a, b, d 
oes =m => en ]=Sictu 
ztl 
This shows that the given equation will represent a circle, if m/2 # 1, 
Le., m#2. 
27. a, d. 


Fig. 2.84 


CP =r, OC = 2V3, ZCOP =7/3 


= CP=OCsin a = 23 af =3 
Thus, when r = 3, the circle touches the line. Hence, for two distinct 


points of intersection 3 <r < 23. 


28. b, ¢- 
We have, 
1 1 1 1 
—+t+—|=|—-—} = Iz, +z) =Iz,-2z,] 
Zo, eel Zar FS 


Squaring both sides, we have 


Iz,P + lz, + 2(2,% + Zz) =lz,P +P -2(%% +%2.) - 


> 4(z% % +%Z,) =0 


Fig. 2.85 
That is angle between z,, O and z, is a right angle, taken in order, as 
shown in the above diagram. Now, the circumcentre of the above 
diagram will lie on the line PQ as diameter and is represented by 
C which is the centre of PQ, such that z = (z, + z,)/2, where z is the 
affix of circumcentre. 


29. a,c, d. 
Choice (a) on simplification gives 
dee glee 
tte 1+x 
For x = 0.5, (0.5) > 1 which is out of range, Hence, (a) is not cor- 
rect. From choice (b), 


l-x: ,l-x- 
= +i 


1+ x 
fix) and g(x) € (0, 1) if x € (0, 1). Hence, (b) is correct. From 
choice (c), 

l+x 
~ 1+ x? 


l+x° 


l-x 


i 
1+ x 


= 


Hence, (c) is not correct. From choice (d), 
l-x l+x, 
z= —>z t+ a 
l+x l+x 


Hence, (d) is not correct. 
30. a, b, c. 
Let z =x + iy where x, y satisfy the given equation. Hence, 
(P+ y?) G? —y?) = 175 
=> x+y? =25 and x? — y?=7 (as all other possibilities will 
give non-integral solutions) 
Hence, possible values of z will be 4 + 3i, 4 — 3i, 4 + 3i and 4 — 31. 
Clearly, it will form a rectangle having length of the diagonal 10. 


¥ 
A 


443i 4+3i 
~« a xX 
4-31 4-37 


Fig. 2.86 
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From the diagram, options (a), (b), (c) are correct. _ = @+h4+0-3abc=0 


31. a,b => (a+b+c)(@+bh'+c-—ab—bce-ca)=0 
.a, b. 


=> Flatb+oyl(a—b) +(b~e)* +(c-a)"1=0 


=> (a—by+(b-cY+(c-a’=0 


=> a=b=c [. at+b+c#0, - 2,40, -. Iz}=a#0etc.] 


ZOAP =~ 
aa: 
Z— 2%. Seer 
> ‘is purely imaginary 
0 
hy VE og 
Zo 0 
apices ee = (1) Fig. 2.89 
fy “Fo Hence, OA = OB = OC, where O is the origin and A, B, C are the 
points representing z,, z, and z,, respectively. Therefore, O is cir- 
= Re 4 =1 cumcentre of ZABC. Now, 
0 
From (1), wa(2 ZBOC @ 
ZZy +r = 212, P= 27? z 
32. b., c. z, and z, are the roots of the equation Z2—az+b=0. Hence, : =2/BAC = 2 arg y= Zi Gi) 
Z, + 2,54, 2,2, =) 22 — . 
Now, ° ; 2 
oe 
lz, +z) Siz, + Iz! = arg (4 = A [» ZBOC =2ZBAC] 
2 1 


=> Iz, +zJalal<sl+1=2 (+ Iz =lz,!= 1) 


Also, centroid is (z, + z, + z,/3. Since HG:GO = 2:1 (where His 
orthocentre and G is centroid), then orthocentre is z, + z, + z, (by 
section formula). When triangle is equilateral centroid coincides 
with circumcentre; hence z, + z, + z, =0. 


Also, the area for equilateral triangle is (V3 /4)C, where L 


is length of side. Since radius is lz,!, L = V3 1z,1, hence area is 


Fig. 2.88 (3V3/4)1z,P- 
1 : 
= arg(a)= >[arg(z,) + arg(z,)] 34, a, c, d. 
; C(z) 
Also, | RK 
arg(b) = arg(z,z,) = arg(z,) + arg(z,) 
=> 2arg(a) = arg(b) 
i , 
33. a, b, d. Given, bag 
abe 
bc al=0 (5 —4i) 
28S Fig. 2.90 
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2.72. Algebra 


% ~(-3 + 21) _ BD et Ls 
2 —(3-4i) AD 


= %4+3-2i=iz,-Si-4 
=> 22955) 
= Radius AD = 15 —4i - (2 - 5i)l 
=I7+i 
= /50 = 5V2 


Length of arc = = (perimeter of circle) 


= “(on x 5/2) 


EL 
mer) 
35. a, c, d. 
Let z=c be a real root. Then, 
act+c+a=0 , (1) 
Putting a = p + ig, we have 
(p+ ig’? +c+p-ig=0 
=> pe-+c+p=Oandge?-q=0>5c=4l 
()>at1+4a=0 
Also, 
Icl=1 


Cg #9) 


36. a, b,c, d. 


V5 —12i = (3 -2i)’ = + (3-21) 


V-5=12i = «(2 -3i) = + (2 -3i) 
=> z= J5-12i + V-5-12i 


=-1-i,-5+5i,5-5i,1+i 
Therefore, principal values of arg z are —37/4, 32/4, — 2/4, 2/4. 


Reasoning Type a : 


la. arg(z,z,) = 2a => arg(z,) + arg(z,) = 2a = arg(z,) = arg(z,) =, 
as principal arguments are from —z to z. 
Hence both the complex numbers are purely real. Hence both the 
statements are true and statement 2 is correct explanation of state- 
ment 1. 
2c. 8404+ x=2x00 + x4 1) = x(x -@w)(x- ?) 
Now f(x) = (&« + 1)" — x" — 1 is divisible by x? + x? + x. Then 
FO) = 0, fa) = 0 f(w?) = 0. Now, 
f(0) = (0+ 1)"-0"-1=0 
fl) = (@ + iy" o'—-1 = ( @?)" @" 
=0 (as nis not a multiple of 3) 


1 =~ (@" + o" + 1) 
Similarly, we have ftw”) = 0. 
Hence statement | is correct but statement 2 is false. 


3. a. First, let the two complex numbers be conjugate of 
each other. Let complex numbers be z, = x + iy and z, = x 


— iy. Then, z, + Z, = @ + ty) + @ ~ ix) = 2x, which is real and 
2,2, =(x+ iy) &- by) a=P—- 2? Y =x? + y’, which is real. 


Conversely, let z, and z, be two complex numbers such that their 
sum z, + 2, and product z,z, both are real. Let z, = x, ce iy, and z, =x, 
+ ly,. Then, 


Z,+2,=(,+4%,) + i, + y,) and 2,2, = (x5, — yy.) + xy, 
+ x,y,) 


_Now, z, +z, and z,z, are real. Hence, 
b, +b, =Oand a,b, + a,b, =0 
= b,=—b,andab,+a,b,=0 


[:. zis real => Im(z) = 0] 


=—b, and —a,b, + a,b, =0 

=—b, and (a,—a,) b, =0 

=—b, and a, ~ a, =0 

=—b, and a, =a, 
=> 2,=a,+ib,=a,~— ib, 

=z, 
Hence, z, and z, are conjugate of each other. Hence, statement 2 is 
true. 

Also in statement 1, a = @ and b = b, then a and b are real. 
Thus, z, +z, and z,z, are real. So, 
%=%, 

=> arg(z,z,) = arg(z,z,) = arg (|z,?) =0 
Hence, statement 1 is correct and statement 2 is correct explana- 
tion of statement 1. 


4d. ee 

: x 

=> x-x+1=0 
x=-O, -w? 


Now for x = —@, 


Similarly for x = —w’, P=—1. Forn> 1, 

2" =4k 

2” = 2" = (16) = a number with last digit 6 
=> g=6+1=7 
Hence, p+ q=~-1+7=6. 


5. d. : 
y 
A 
2) + 22 
BG) | al 
AZ) 
x x" 
O 
y 
Fig. 2.91 


From the diagram when Iz, — z,| = Iz, + zl, OAB is right-angled tri- 
angle. Hence orthocentre is 0. 
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6.d. Statement 2 is true as it is the definition of an ellipse. State- 
ment 1 is false as distance between 1 and 8 is 7 but lz— 11+ 1z- 81 = 
5 <7. Hence no such z exists. 

7d. lz, +2,4+2%,) =lz,-at+z,-b+z,-ct+(at+b+o)l 

<lz,-al+lz,-blt+lz,-cl+lat+b+el 
<2lat+bt+cl 
Hence, IZ, + 2, + Z,| is less than 2la + b + cl. 
8. b. Fourth roots of unity are -1, 1,-i andi. 
Car gteatz2=Oandz, +2,+2,+2,=0 

9.a. If roots of ax? + bx+c=0,0<a<b<c, are non-real, then they 

will be the conjugate of each other. Hence, 
2, = 2,3 Iz) =Iz,1 
Now, 


c 
ZZ, = —>1>lz>1 
LE, a ij 


=> Iz,| > 1 
=> Izl>l 


10. a. We have, 
az? +bz+c=0 (1) 
and z,, Z, [roots of (1)] are such that Im (z,z,) # 0. So, z, and z, 
are not conjugate of each other. That is complex roots of (1) are 
not conjugate of each other, which implies that coefficients a, b, c 
cannot all be real. Hence, at least one of a, b, c is imaginary. 


11, b. We have, 

Let x= (cos 0+ i sin 6) 

=> x =(cos 0+isin 6) 

=> x —(cos3@+isin3 6) =0 

= Product of roots = cos 36 + i sin 30 

Also product of roots of the equation x°— 1 = 0 is I. Hence statement 
2 is true. But it is not correct explanation of statement 1. 


12. b. Since lz,| =1z,! = Iz,l, circumcentre of A is origin 


2 4 2 + % 


Also =0 


Centroid concide with circumcentre 
= Ais equilateral 


A()) 


B(22) C3) 


Complex Numbers 2.73 


(z, + z,)/2 is the mid-point of side BC. Clearly, line joining A and 
mid-point of BC will be perpendicular to side BC. Thus, 


Z2 +2, cA 


Hence, statement 2 is also true. However, it does not explain state- 
ment 1. 


13. a. Suppose there exists a complex number z which satisfies the 
given equation and is such that Izl < 1. Then, 


J4742=05 2274725 h2ealt+a 
=>’ 2<lzt4+ lz => 2 <2, because Izl < 1 


But 2 < 2 is not possible. Hence given equation cannot have a root z 
such that Izl < 1. : 
21% 


ee 
|z2. 


Hence, statement | is true. However, it is not necessary that Iz,! = lz,| 
= 1. Hence, statement 2 is false. 


Linked Comprehension Type Him 


For Problems 1-4 
1. b, 2. b, 3. ¢, 4. ¢. 


Sol. Given that 
Iz, +z,P =z, 


14. ¢. \z, + z,|= se 


=> |4+z 


=> lzl=1 


2 


+Iz,P 


4 


2 2 > > ns 2 
=> igP+lzP+7,2,+27,2, =lz,P + lz) 


=> %2,+7,z,=0 (1) 
Zin kin. be ts - 

=> O42 20 (dividing by z, Z,) 
Za Zo ~~ 

=> 44/4) 20 (2) 
Zz \Z 


From (1), z, Z, is purely imaginary. From (2), z,/z, is purely imagi- 
nary. Hence, 


zy a a 
arg | — J=4 — => ar — ar =+— 
g (| 5 g(z,) — arg(z,) 5 


Also, i(z,/z,) is purely real. Hence its possible arguments are 0 and z. 


For Problems 5-8 
5. a, 6. d, 7. c, 8. d. 
Sol. 
7 i—isinO _ (1—isin@)(1—icos@) 
l+icos@ (1+icos@)(1—icos@) 
_ (1~sin@cos@) — i(cos@ + sin@) 
7 (1+ cos? 0) 
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2.74 Algebra 
If z is purely real, then Equations (1) and (2) must be identical as their roots are same. 
cos 6+ sind =0 ce a__b_e¢ 
or a b ¢ 
tan@=-1 => at =ac,ab+ab=Oandbe +bc=+0 


nu Hence; a¢ is purely real and ab and be are purely imaginary. 
=> O=nnt-—,nel 

4 Let z, (purely real) be a root of the given equation. Then, 
If z is purely imaginary, 1 — sin 9 cos 6 = 0 or sin 8 cos 6 = 1, 


Sie : Z,=Z 
which is not possible. el 


and 
ate 3 
ne 1-isin@| _ v1+sin*@ az + bz, +c=0 (1) 
1+icos6| ./ 2 Se ye 
; 1+cos'@ => az +bz,+c¢ =0 
If tz! = 1, then 


2 => G7?>+bz,+7=0 
cos? 6= sin? 6 => tan? @=1=> G=nr+ quel 


=> a2+bz,+7=0 . (2) 
We have, Now (1) and (2) must have one common root. Hence, 
= . — = — vA = pete = vs ey 2 es 
eee tan! feos? +sin@) (ca — ac) =(bc —cb)(ab — ab) 
: (1-—sin@cos@) 
Now For Problems 12-14 
arg(z) = 7/4 , 12. ¢, 13. b, 14. d. 
24 —(cos@+sin®@) _, , Sol. az + bz +c =0 (1) 
_ (-sin@cos@) => azt+bz+e=0 (2) 
=> cos? @+sin? 6+ 2sin 8 cos 8 


Eliminating z from (1) and (2), we get 
= 1 + sin’@ cos’@ — 2 sin 8.cos 0 ; 


_ ca-be 
=> 144 sin @cos 6=1 + sin’6 cos’6 oe bP lak 

= sin?@cos’@— 4 sin 8 cos = 0 If lal # bl, then z represents one point on the Argand plane. If lal = 
= sin @cos Asin 8 cos 9— 4) =0 . . \b| and ac # bc, then no such z exists. Adding (1) and (2), 

=> sin@cosd=0 ("sin @cos 6 = 4 is not possible) (@+b)z+(a+bz+(c+2)=0 

=> O=(2n+1)xorO=(4n—1)x/2,nel This is of the form AZ + Az + B= 0, where B =c + ¢ is real. 


(. -cos 8 — sin@ > 0) Hence locus of z is a straight line. 


For Problems 15-17 
15. a, 16. b, 17. c. 


z=—-Azt Va2-1 


For Problems 9-11 
9. a, 10. d, 11. d. 


Sol. 
I: 
9. Let z, (purely imaginary) be a root of the given equation. Then, its 
= When —1 <A < 1, we have 
2 ek BR <1=2-1<0 


and 
az? + bz,+c=0 (1) z=-Ativl—-A’ orx=-A,y=tVil-W 


Bah pera Te, => ysl-vorrt+y=l 
=> ag +byt+c=0 y y 


ea es Case II: 
=> az +bz+c=0 A>1>22-1>0 
=> az-bz+e=0 (asz,=-z,) (2) z=-AtVd?-1 orxs-AtVd’?-1,y=0 
Now Eas. (1) and (2) must have one common root. 

ia we im Spies Roots are (— 4 + VA? =1, 0), (- A - VA? -1, 0). One root lies 

(ca — ac)’ = (be + cb) (ab — ab) inside the unit circle and the other root lies outside the unit circle. 
Let z, and z, be two purely imaginary roots. Then, Case ITI: 

ZS 229 oy When 4 is very large, then 
Now, g=-A-VA?-1 =-22 

az+bz+c=0 qd) 2 [a2 

i ye cian oi = CATNe Desens Sy 


> re | (CA_VaP -1) 


8 
nN 
nS 
a 
SI 
NI 
4 
S| 
W 
Oo 
— 


(2) ay ay be | 2A 


g 
AQ 

i 
all 
AQ 
+ 
is) 

{I 
OQ 
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For Problems 18-20 
18. d, 19. c, 20.:c. 
Sol. We have, 
az +z+1=0 
=> az +z+1=0 
=> a* —zt+1=0 
[since z is purely imaginary z = — z] 


(1) 


(taking conjugate of both sides) 


(2) 


Eliminating z from (1) and (2) by cross-multiplication rule, 


2 


‘os 2 
(@ —a) +2(ata)=05 (5) 4 OFS 5 


2i 


=1822, = 
=> {=| {552-0 => — sin? 8+cos 6= 


=> cos G=siné 
Now, 
fix) = - 3x? + 3(1 + cos Ax +5 
f'(x) = 3x7 - 6x + 3(1 + cos 8) 
Its discriminant is : 
36 —36(1 + cos 0) = -36 cos 9 = -36 sin? 6< 0 
=> f(x) >0VxER : 


0 


(3) 


Hence, f(x) is increasing V x € R. Also, f(O) =5, then f(x) = 0 has one 


negative root. Now, 
cos 20 = cos => 1-2 sin’? =cos 6 
=> 1—2cos0=cosd 
=> cos 6=1/3 
which has four roots for @ €[0, 4z]. 


For Problems 21-23 
21. a, 22. b, 23. b. 


> xX 


Sol. 
y 
A . 
P(z) 
xX ~€ 
Q@) 
We have, 
4 
1zl-|—} <]z-—|=2 
Zz Z 
Bo spelt 25 


=> Ie+2ie—-420 and Iz? -2ld-4<0 


Complex Numbers 2.75 
=> (d+ I-52 0and (kl 1)? <5 | 

=> (d+1+V5) (ld +1-v5) 20 

and (Id— 14-5) x (lel- 1- V5) <0 

=> enue ieldeds mda Sees) 


> V5 —1<kd<V5+1 


Hence, the least modulus is V5 — | and the greatest modulus is 
V5 + 1. Also, 


= +1 a Cee | 
z 


Now, 
4 5 4Z 
2 lgr* 
Hence, 4/z lies in the direction of z" 
zZ- - = PR = 2 (given) 
We have, 


OP =V5 +1 and OR=V5-1 


(V5 +' + WS - 17 -4 
2(5 — 1) 


= = 1 
26 =0, 2x 

6=0,2 

zis purely real 


boudgd 


z=4(V5+ 1) 
Similarly for {zl = V5 — 1, we have z=+ (V5 -1). 


For Problems 24—26 
24. a, 25. c, 26. b. 


Sol BM=y-0=-l1(x-1) 


x+y=l 


Ju-l=t+i (1-0) 
u=2t+2it(1-24 

x= 2tand y= 2X1 —-2) 
y=x(1 -x/2) 

2y = 2x-x? 


=> (-1¥%= a(>-5] 


which is a parabola. Its axis is x = |, i.e.,7+Z = 2 and directrix iS 
y=l,ie,z-z=2i 
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2.76 Algebra 


For Problems 27-29 
27. «a, 28. b, 29. c. 


Sol. 27. 
C(z3) 


(z)A —_| B(z2) 
233) 
Fig. 2.94 
ABXAC AB AC 
ee eee. 
“Ay IATA 
7) 6 


ZIAB= Py ZIAC 


ir) 


% —% _ 1%, -4! rar 


24-2, 12, -z, 4 

and. 
i 

23-2 _ 1% =a 

24 2 IZ, ay | 
Multiplying, 

%—% 27% _ 1% —-zl lz, -z% I 

% 24 2 ae ap lve 2] 
es (2. ~Z MZ —%),_ ABx AC 


(24 -2,)° IA? 


28. From (1), 


(Z, ~% )(Z; =%) . AD Y (AC (-: AB=2 AD) 
(24-2) IA AD 
- 59 
=> (2,-2)@,-zZ)=(, ay 2c08" sec 6 


= (z, ~ z,)° (cos 6+ 1) sec 8 


29. Keeping in mind that tan 9 = CD/AD and tan 6/2 = ID/BD, We 


have, 
2+ 25 js 248 
= 9 ae 
ya 2 
_ FZ puesto 
2 : 2 
273-2 —Z CD -i> 
aes 37 4 7% . 
Z — 2 AD 


and 
Zz +2 _ ate 
24 ke 7 | 2 
q+ 2 yA+z 
%-*  |z, -S 
2 2 
Peay ee ID iz 
> da OS Pe (2) 


22-2 BD 


Multiplying (1) and (2), we have 


22%, — 2 — 2%, 2%,-z,-2, CD ID 
AD BD 


aban 
2 


Z 2 fy — 


) 
=> (z,—z,)* tan tan = (z, + z, — 22,) (z, + z, = 2z,) 


For Problems 30—32 
30. d, 31. c, 32. ¢. 


Sol. 
30. ZBOD=22ZBAD=A 


ZCOD =2ZCAD=A 


A(z) 


B(z2) C(z3) 


D(z4) 
Fig. 2.95 


_ ,iA 


&q 
<2 


iA £3 
24 


=e (From rotation about the point ‘O’) 


(1) 


=> B=22 
31. Clearly, OD bisects ZBAC of isosceles triangle BOC. 
Thus angle between segments OD and BC is z/2. 


“[es) 


32. See theory. 


Matrix-Match Type Fame 


la—r,s;b—p,q;r—t;d—u,t. 


24 
~z, 


2 


a. If ab > 0, then either a, b both are positive or both a, b are nega- 
tive. Hence z =a + ib lies in either first or third quadrant, then argu-' 


ment of z is tan”! b/a or — + tan”! bla. 


b. If ab < 0, then a and b have opposite signs, then z lies in either 
second or fourth quadrant, then argument of z is -tan"! b/a or x ~ 
tan” |b/al or tan7' bla. 


dd) 


c. If a? +b? =0, then a= b =0, soz=0+ i0 whose argument is not 
defined. 
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d. If ab = 0, then either a = 0 or b = 0 or both are 0, then argument 


is O or z/2 or not defined. 


2.a>s;b —>r;c>p;d—q. 
a. 2-1 =0>2=1=cos0+isin0 > z=(cos0+isin 0) 
=cos0+i sin0 


b7+1=0>52=-1=cosz+tisinz= z= (cosa+i sina)" 


u ee 
=cos— +1Sin— 
4 4 


1/4 
. mn Ln nz .. 
aiZ+1=052=i=cos— +isin— >z=| cos— +isin— 
2 2 2 2 


oa iecege Oe 
=cos— +isin— 
8 8 


; a .. 
d.iz*- 1 SS SSH =a 


3.a>q;b—-s;c—>pjd—r. 
a.lz-1l=lz-il 
Hence it lies on the perpendicular bisector of the line joining (1, 0) 
and (0, 1) which is a straight line passing through the origin. 
b. Iz+zil+iz-zl=2 
=> kl+bl=1 
Hence, z lies on a square. 
c. Let z = x + iy. Then, 


z+ zl=lz-Zl 
=> [2xl = [2iyl 
=> Ixl=lyl 
=> x=sy 


Hence, the locus of z is a pair of straight lines. 


d. Let Z = 2/z. Then, 
2 2 2 


z} izt 1 
This shows that Z lies on a circle with centre at the origin and 
radius 2 units. 


I2| = 


4.a— p,r;b— p,q,r,t;c — p, r,s; d — p,q, Fr, §, t. 


D(a) C(@3) 


\ \ B(zy) 


Fig. 2.96 
In parallelogram, the mid-points of diagonals coincide 
Z, +2,  %+2, 
aa a 
=> %-2%,=2%,~-2%, 


Complex Numbers 


Also in parallelogram, AB||CD. Hence, 


wef BS —*2 } 0 
25h, 


™z-%. 
= 1 — is purely real 
2%, 


In rectangle, adjacent sides are perpendicular. Hence, 


47% ig purely imaginary 
243 7—% 

Also in rectangle, 

AC=BD = kz, -z,! =z, —z,| 


In rhombus, 


AC LBD => 23 


Z ae 


is purely imaginary 


5.a— p,q; b — p,q, r,s, t} er, 8; d > p, q. 


a. I¢-2i+lz—7il=k is ellipse if k > I7i-2ilork>5 
3 
z- 


| =k=> 2-5 => 3kh/2>1>k>2/3 


2z-3 2 
2 
3 


3z-2 


= 


2.77 


ce. Iz—3l-Iz-4il=k is hyperbola, if k <I3 -4 >O0<k<5 


da. lz-(3+4i)l= Sta + az + bl 


klaz +az+bl 
5 213+4i1 


This is hyperbola if k/5 > 1=>k>5. 


=> k-@GB+4)= 


6.a—->s;b—q;c—p;d—r. 


a x-x+1=0 


1+iv3 
x= 
2 


=-0,-@ 


iy 1) 
=> (» +) = (-1)" fo +] 
x @ 


= (a" + ow") 


Now, 


_ 
l+a"+o"= 
l-@ 


=0 forn 4 3p 


n 


o" +o" =—1 forn# 3p 


=2 forn=3p 


Q) 
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2.78 Algebra 
b. En the expression, => -343 + 3(a + bi)7 = 98 
fs 4 => at+ib=21 
ee => a=21andb=0 
sin 6 + i (1+ cos 0) er : 
numerator is 3.11) We have x = @-@ —-2 orx+2=0-@ 


Squaring, 1° + 4x+4=@' + @- 2@'= w+ @-2=-3 


1+cos 6+isin 0 =2 cos 2) cos$ + ising 
: 2 2 2 => x°+4x4+7=0. 


= @ en Dividing x* + 3x3 + 2x? — 11x - 6 by x? + 4x +7, we get 
=2 cos —e 
2 x4 + 3x3 + 2x7-llx —6 = (x? + 4x47) WP -x-1I) 41 
and denominator is ‘ =(0) @-x-1)+1=0+1=1 
—? sin @+i(1 + cos 0) =i [conjugate of numerator] 4.(5) 2=81-b? + 18bi 
g 2 = 729 + 243bi — 27b? - Bi og 
=i2cos— e 2— 3 3 2 
2 2= => 243b — db’ = 18 and 243 - b? = 18 > b= 15 
; ; 4 §.(2) z7+z=0 
N' 1 elf? l aie ( 7 
E=|—- |=|> er | = we ens 
D ie i 
Now Iz)?— 4zi = 2? 
= cos 46+ isin 40 => -2-4zi=2 (from (1)) 
n=4 ; = 2z7=-4i 
c. We know that if z = re®, then z = re. as Oy 
BG) => Izd=2 


6.3) (+riv=s +i) 
=> 143714 37°? 4+ PP =s +) 
=> 1-3° +iBr—-—P)=s-+ si 
=> 1-3P=s=3r-r 
; Hence, 1-3° =3r-Pr 
210 = P-3P-3r+1=0 
= sum of three roots is 3. 


B(z) 


Fig. 2.97 7.(4) We have tz! 1 =2-47=7°-42 
z 


Im@)_rsin@ _ => (2-7) (+2 -4)=0 


1 
tan @=tan —= 2-1 
Req) rcos@ n 


1 u ; 16 
= an stn ns So, =4x 40° + —> 
n Ix 
10 10 —4 
dd. d(r-a) (r-@) = Mtr) Se ae => x=- J2 
r=1 r=! 
=IP+=r+10 ve ze—y2 
. Ize=4 
10x11x21 10x11 
= = +10 8.9) Letz=a + bi. 
6 2 
= 450 => leP=a +b’. 
1 (29 Now z+ lzl=2+ 8: 
=> H{d0r-onr-0} =9 => atbit Vath? =248i 
r=] 


= a+Va?+b? =2,b=8 


Integer Type . : s = at Va? +64 =2 


=> @+64=(2-av=aa—4a+4, 


es _F _24+lli 3-41 _ 504251 | = 4a =- 60, a=-15. 
5 aa ee 3443-46 «25 : Thus, a? + b? = 225 + 64 = 289 
2.(7) We have o id= Ya? +b? = ¥289 =17 
e—y = 985 9.1) Letz=a+ib 
=> (x—y)? + 3xy(x— y) = 98: Given Izl=2 5 @4+b?=4> 4, be [-2,2] 


=> ~-343i + 3(a + ib)(7i) = 98i 
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Complex Numbers 2.79 


N (a+)+ib 14.3) lz-2-2i1<1 
w= ——; 
ow’ (a-Dtib 
sy (a+l)? +b? 
= WT Val +8? 
a+b+2at1  [5+2a ~< 
a+b?-2at1 \5-2a 
4 < 
Wha. = a = 3 (when a=2) _ Fig. 2.98 
denotes the region inside a circle with centre (2, 2) and radius 
5-4 I is 1 
Whaie iage (when a = — 2) ” [2iz + 41 = I2i (z - 2) 
Hence, required product is 1. = 12a Iz—2i1 
= 2Iz-2i] 


lz — 2i] = distance of z from P(0, 2) 
Hence, maximum value is 3. 

15.(5) 13z + 9 — 7il = 13z+ 6-31) + (3-40) 
$13z +6 -3il +13 - 4 


1 +cos 6+isin 0 ] 


10.(4) =| ————___——- 
4) Ee 6+ i(1+cos @) 


4 1+ cos 6+ i sin 6 : 
isin @ + i? (1+ cos 0) 


=3lz+2-i4+5 
r . 4 : = 20 
29 .4.. 9 8 
FOS ee Oe 16.(5)Z, = (8 sin 6 + 7 cos@) + i (sin 6 + 4 cos®) 

~ 29 =. 9 86 Z, = (sin 0+ 4 cos6) + i (8 sin 0+ 4 cos@) 
= | 2cos* —— i2sin—cos— : ; 

L 2 2 2 Hence, Z, =x + iy and Z,=y + ix 

4 where x = (8 sin 9+ 7 cos@) and y = (sin 0 + 4 cos6) 


Z,: Z, = (xy — xy) + iG? + y*) = iQ? + y’) =a + ib 

=> a=0;b=x+y 

Now, x? + y?=(8 sin 6+ 7 cos6) + (sin 0+ 4 cos6)? 
= 65 sin?@ + 65 cos?@ + 120 sin 8. cos@ 


2 4 
= [coe nin) , = 65 + 60 sin 20 
: => Z,-Z,|_ = 125 


he max 


[eee Oe jaa 
2 2 
bese iin 
Road 2 


17.9)A =(1 + 2x3 —2 (3 + i) x74 (5 -—40)x + 2a? = 0 
Let the real root of equation be a 
Then (1 + 2i) o — 23 + i) o+ (5 -4i) a+ 2a’ =0 
equating imaginary part zero, we get 
202 -20°-4a=0 
= or a(oe—a-2)=0 
= a@=O0ora=-1,2 


=cos8 5+ ising =cos40+isin4@>n=4 


Ose e 42 te+et=0 
Sa (2(24+z24+1l)+(2+z24+ 1) =0 
=> (24+z4+)ID(7+1I=0 
‘, z=i,—i, @, @. For each, Izl=1 


12.(5) Roots are 2a, (2 + 3@), (2 + 3@°), (2- @- a) 


2+ 3mand 2 + 3@ are conjugate to each other. Now equating real part zero 


of - 60?+ Sat 2a°=0 

a=0>a=0 

a=-l>a= +/6 

a=2>4a= +,/3 

=> Da? = (0) + 46) +(-V6)" +43" +3)? = 18 


2@ is complex root, then other root must be 2a” (as complex 
roots occur in conjugate pair) 
2- w- @ =2 -(-1) =3 which is real. 
Hence least degree of the polynomial is 5. 
13.(6) We have law+ bl = 1 
=> lawt+bP=1 
=> (a@+b)=1 
=> @+ab (@+0)+b=1 


18.16) Letz=x+iy 
E= zz+(z—-3)(Z-3) + (z— 61)(Z + 67) 


=> @-ab+bh=1 

=> (a-by +ab=1 (1) 
when (a — b)? = 0 and ab = | then (1, 1); (-1, -1) 

when (a — b)? = 1 and ab = 0 then (0, 1); (1, 0); (0, -1); C1, 0) 
Hence there are 6 ordered pairs 


= 3zz -3(z+ Z) + 9+ 6(z—Z)i+36 
= 3(x* + y*) - 6x - 12y + 45 
= 3[x? + y?-2x-4y + 15] 
=3[@- 1% + (-—2) + 10] 

“. E_,, =30 when x = i and y= 2 
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. 2.80 Algebra 


Subjective Type 


Hence, 0 is a zero of p(x). 


p(@) =(@+1)"-@"-1 
= (-wy" —wm'— 1 
=~-(@" +o" +1) [-- nis odd] 


1. rs = | =0 [ @" + @" + 1=0if n ¢ 3m) 
1—-cos@+2isin@ 2sin?@/2+4isin 8/2 cosO@/2 


_ Therefore, w is a zero of p(x). Also, 


| sin @/2 —2icos0/2 p(o)= (@ + Iy"- @*y"- 1 
2sin0/2 


(sin9/2 + 2icos6/2)(sin @/2—2icos 6/2) =(-wy—@-1 
=—@"-@"-1 
a ot [Seer | =—(1 +0" + 0") 
~ 2sin@/2| sin?@/2+4cos” 6/2 = 0 [for n # 3m] 
1 sin /2—4i cosO /2 ; Hence, w? is a zero of p(x). 
= ee err Since 0, w, w? are zeros of p(x), hence x, x — @, x — ow? are 


factors of p(x). Hence, x (x — @) @— @) is a factor of p(x), i.e, x° 
+x? +x is a factor of p(x). 


1 [enelanziecse/? | 


~ sin@/2 5+3cos8 
-( 1 (Pee is (1+é) x—2i : (2-3i) y +i 
5+3cosé 5+3cos@ } , 3 +i 3-i 
=> (44+2)x-6i-2+(9-Ti)y+3i-1= 10 
2. As f and y are the complex cube roots of unity, therefore let B=@ => (4x4 9y—3) + (2x— Ty = 3) = 101 


and y = w’ so that @ + w+ 1 = 0 and w= 1. Then, 
xyz = (a + b) (aw + ba?) (aw? + ba) 
= (a+b) (ao + abo‘ + abo’ + b’o’) 


=> 4x+9y-—3=0and2x-7y—3=10 
On solving, we get x =3, y=—l. 


= (a+b) (@ + abm + abu’ + b’) (Using w* = 1) 6. A(z,), B(z,), C(z,) are the vertices of an equilateral triangle. 
=(a +b) (a + ab(@ + w”) + b’) Hence, 
co 2 2 7 Dies a 
=(a+b) (a? -ab +b’) (Using @ + w? = —1) ate =7,%) +22 + %% 
=0+h 
Now, : 
3. Given: (Z,+% 4% = BtBAG +2Zz, + %% +e) 
x+iy= ou =3(¢ +2, +2%) 
ct+id 
We also have, 
.\2 atib 
=> (x+y y= PREY (1) Z= athe (as centroid will coincide with circumcentre) 
A 2 2 2325 2 
=> (+0) [22 > B+%4+% = 32% 
ctid 
7. We know that if z,, z,, Z, form an equilateral triangle, then 
. 2 > 
=> e+ if = [22 Brett, =2,2, +22, + 2% 
ctid 
Putting z, = 0, we get 
2 2 . 
+b aio 
2 2\2 — 7 = 
> Wry 7 zp t+2; = 2,2, 


=> gt+2-z2,=0 
4. Given that n is an odd integer >3 and n is not a multiple of 3. 
Let, 8. 
p(x) =(xt+ 1y—x"-1 
and 
Gx) =P 4+04X 
=x(x°+x+ 1) 
= x(x — w)(x — w”) 
where w and w? are cube roots of unity. Clearly, 0, @, w” are zeros 
of the polynomial q(x). Now, 
p(0)=t'-0~-1=0 
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Let the vertices of the triangle be A(z), B(iz), C(z + iz). We know 
that iz is Obtained by rotating OA through an angle 90°. Also point 
z + iz can be obtained by completing the parallelogram two of 
whose adjacent sides are OA and OB. From Argand diagram, it 
is Clear that 


Area of AABC = Area of AOAB 


1 
= 3 xOAXOB  [-. it is right angled at point O] 
= Sele 
2 
=k 
2 
9. B(za) 
C(z3) A(z) 
Fig. 2.100 
Applying rotation about point C, 
%2~ £3 pinl2 (1) 
2 %3 
Applying rotation about point B, 
47 22 J2ei/4 (2) 
43° <9 
Applying rotation about point A, 
a eS gs (3) 
ay Sh 


Multiplying (2) and (3), we get 
(2, — 2M — %) =2 
(25 — 2,2, - Z)) 
(z,— zy = — 22, — 2,)(Z; ~%) 
= 2(Z, — Z,) @—%) 
10. 


Zz 


iS 


10+ 67 


4+ 6i 


22% is 
arg | —— |= — 
Ly 4 
Locus of z is major arc whose centre is at z,. Applying rotation at 
Zs we have 


% —(0+6i) _1z9-(10+ 61) 4 
fo (0 
2% —(4+6i) 1% -(4+ 67) | 


Fig. 2.101 


Complex Numbers 2.81 


2 — 10+ 67) os 
Z —(4+6i) 
=> 7 -10-6i=iz,-41+6 
> 4=7+9i 
Thus centre is at 7 + 9i and z is any point on the arc. 
Hence, Iz — (7 + 91) = 110 + 61 — (7 + 91) = 3V2. 
11. Dividing throughout by i, we get 
2-i2+izt+1=0 
2(z-D+iz-)=Oasl=-? 
@-)(2+)=0 
ze=iorZ=—-i 
Izl = tit = 1 or i241 = Iz? = lil = 1 
Izl=1 
Hence, in either case lzl = 1. 


VuuLY 


12. Let z = Izle and w = lwle#. Now, 
Iz — wh = Iz? + lw? - zw—zw 
= (zl — wl)? + 2lzllwt — Izllwle”*-” — Izllwle- @-# 


= (Izl — Iwl)? + Izllwl(2 — 2cos(@ — f)) 


=n 

< (eli +Asne{ SSP ( I< 1, Wwl<1) 
2 

< (ld — Ih)? + (5) 


= (Izl — lwl)? + 4(a — BY 


[." sin 6 < 6 for 6 €(0, 2/2)] 


= (Izl — wl)? + (arg z— arg w)? 


13. Let z=x + iy. Then, 
2 =i2 
=> x-iy=i(e?—y +t 2ixy) 


=> x-iy=i(e—y’) —2xy 
=> x(1+2y)=0 (1) 
and 

v-y+y=0 (2) 
From (1), x = 0 or y =— 1/2. From (2), when x = 0, y = 0, 1 and 
when y=-1/2,x=+ (V3 /2). For non-zero complex number z, 


14. Given that z, is the reflection of z, through the line 
bz +bz=c (1) 


~ xs er 
Brthz=c _ 
a 
. 
. 
. 


Fig. 2.102 
Therefore, for any arbitrary point z on the line, we must have 
g-zl=l—-z,l 


=> k-zP=le-zP 
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2.82 Algebra 


2 2 ee nad 2. i ae 
=> le + lz Pez — z= le + Iz,P -zz, — zz, 
=> (%-Z)2+ @,—z%,)z=lz,? —lz,P (1) 
Comparing (1) with (2), we have 

_ 2 7 [2 

b=z,-2, and c=lz,P —Iz| 


=> Zb+zb =Z(z,-2) +z,G-Z)=kP-kP=c 
15. B(z2) 


Ai) 


O 
Fig. 2.103 


Let z, and z, be roots of the equation 2’ + pz + q = 0. Then, 
2, +2, =P 22, =4 
Also, 


2 : 
42 = pi? z= ze" 


ra 
=> z(l+e")=-p, ze’=q 


2 


4 P 
2 =ge 1 pe ae 
pg +e) 
=> page (1+ e+ 2%) 
= qe + e + 2) 
= q(2 cos 6 + 2) 
0 
= 4q cos? — 
d 2 


16. Given that z and w are two complex numbers. To prove 
Pew-lwPz=z-wez=worgwe=l 
First let us consider 
Iz? w-lwP z=z-w (1) 


=> 21+tlw)=w(1 +z?) 


> - = areal number 


=> Zw =20 (2) 
Again from Eq. (1), 
ZZW-wwz=Z-w 
z(zw-1)-w(wz-1)=0 
2(zw — 1) - w(izw - 1) =0 (Using Eq. (2)] 
=> (zew-l)(z-—w)=0 
=> zwez=lorz=w 
Conversely if z = w, then L.H.S. of. (1) is lw? w — lw? w = 0 and 
R.H.S. of (1) is w— w = 0. Therefore, Eq. (1) holds. Also, if wz = 1, 
then wz = 1. L.HLS. of (1) is zzw — wwz = zzw — wwz = R.HLS. Hence 
proved. 


17,0 vee — wv —774+1=0 


=> #-1I@-)=0 

=> z=(1)'" or (1)! (1) 
where p and gq are distinct prime numbers. Hence both the equations 
will have distinct roots and as z # 01, both will be simultaneously 
zero for any value of z given by Eq. (1). Also, 


1-a? 


(a#1) 


ltat@t+--t+ar l= 


or 


_ at 
i¥erett- tore Oe & (a# 1) 
l-a 
Because of (1), either a” = 1 or a? = 1 but not both simultaneously 
as p and q are distinct primes. 


18. Given that lz! < 1 <z,. Now, 


1= 2,2, ag 


Zs — 2 
=> Il-zzJ<lz,-z 
=> |l-zzP<lz-z? 

> (1-22) (1- 3%) <(z -%) (4-2) 


(1 =Gz,) (1 ey Es (z, -%) (% +7) 


> 
= 1-22, — 22, + 2% B% <%yBA-AW-Bt UZ, 
> 
> 


1+ lz, Piz,P <izP +1z,? 
\ 


(1 Iz?) (1 —lz,P) <0 


which is obviously true as 
Izl< 1 <lz,l 


=> IzP<1<iz?P 
I 2 


= (1-Iz,P)>0 and (1 —Iz,?) <0 


19. Sa, z’ =1 (where la! <2) 


r=] 
> acta?’ra?tt+az=1 
=> laztag?tae?ts-ta z=! (1) 
=> I=laztazrazgt- +a, 2'l 
Sla,zl + la,z71+ +++ +1a,z" 
= la llzl Haylie" + laylle3l +--+ + la, l2" 


<2 [Iz + Iz? + lzP +--+ + Izl"] 


[ete 
[cur 


=> 2[lzl—-Iz"*!]>1-Iel 


(+ la} <2, V rand Iz'l = Iz") 


(. 1-Izl>0 as lz < 1/3) 


20. 
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ay 3G vis eiGen 
2 2 


=> ie tei 
ase ee 


1 
=> do - 
paler 


which is a contradiction. Hence, there exists no such complex 
number. 


z2-G4 
z—-B 


=> iz—al=klz-pl 


,} 


Let points A, B and P represent complex numbers a, £ and z, 
respectively. Then, 

z—al=kiz-£l 
Therefore, z is the complex number whose distance from A is k 
times its distance from B, i.e., 

PA =k PB 


Hence, P divides AB in the ratio k:1 internally or externally 
(at P’). Then, 


P= [Ee ana pra (HB) 
k +1 k-] 


Now through PP’ there can pass a number of circles, but with 
given data we can find radius and centre of that circle for which 
PP’ is diameter. Hence the centre is the mid-point of PP’, and is 
given by 


[Apts Baa) 


k+l k-1 
2 
_ PB +ka-kB-a+k?B-kat+kB-a 
2(k? —1) 
_B-a@ 
k? -] 
a—k’B 
1k? 
: I 
Radius = 3 PP! 


_lyjkBt+a  kp-a 
2) k+1 k-1 


Complex Numbers 2.83 


Like B+ka-kB-a-kB+ka-kB+a 
2 k? -1 

_ kla-Bl 

11—k?| 


21. The given circle is lz - 11 = 2 where 2 = 1 is the centre and 
V2 is radius of the circle. z, is one of the vertices of the square 
inscribed in the given circle. 


(2+iv3) 


Fig. 2.105 


Clearly, z% can be obtained by rotating z, by an angle of 90° in 
anticlockwise sense about centre z,. Thus, 


Za, ~z)e™" 

=> 4-1=(2+iv3 -1i 

> z=i-v341 

=> 4=(1-v3)+i 

Now gz, is mid-point of z, and z, and z, and z, 
Ek Zy 2+ iv3 +2, 


= => ———— = 
pe 2 


> z,=-N3 
and 
% Fey (1-v3)+i+z, =] 
2 2 
=> z4=(V3+1)-i 


Piles es Seete 
1-z u 


=1—=[-4 
u 


=! 


= lu-Ill=lul 
*. Jocus of u is perpendicular bisector of line segment joining 0 
and | 
: a ‘ : 
= maximum arg u approaches 2 but will not attain. - 


2 2i(xtiy) _ 2i (x +iy) 
i a er ara fa, ae 
l-(xt+iy’ 1-(? — y* + 2ixy) 
Using |-x*=y? 
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2.84 Algebra 
Objective Type 
Fill in the blanks 
1. Let, 
aK Ho 
sin — + cos— +i tan x 
se 2 2 
1 +2isin ~ 
2 
4,556 ey, za ao 
sin — + cos — +itanx || 1— 2i sin — 
2 2 2 2 
1+2isin~ |{1-2isin= 
2 2 
sin +cos—-+2sin— tan x +i tan x—2sin? ~—2sin~cos~ 
7 2 2 2 2 2 2 
144 sin?~ 
2 
Now, 


Im(z) = 0 (as z is real) 


=> ane din — Sn cos =0 
2 v2 2 


=> 9% _ 4 sin? (x/2) —2sin(x/2)cos(x/2) =0 
cos x 

—, S2*_(1-cos x)-sin x=0 
cos x 


=> sx| a -1]-[1~coss}=0 
cos x 


OS X 


=> (l1-cos x) [22-ifo 
c 
=> cosx=l>x=2nxortanx=l—o>x=nn+a/4,neZ 


2. laz, — bz,!? + lbz, + az, 
=alzP + Bb Iz,P — 2ab Re, Z) + Biz P+ @ \z,? + 2ab 
x Re (z,z,) 
= (a? + b*) (1z,P + Iz?) 
3. Asz,=a+i,z,=1+ bi andz,= 0 from an equilateral triangle, 
therefore 
Iz,-z,| = Iz, - 2 = Iz, - Z| 


=> lati=ll+bil=la-1)+id-d) 
> @+l=lt+hP=(a-1P+U-by 
=> @=b=a+b’-2a-2b+1 
=> a=b (a, b>0..a#-b) (1): 
and 
b?-2a—2b+ 1=0 (2) 
Solving a* — 2a — 2a +1 = 0, we get 
a—4a+1=0 
a At B 2a Js 
ButO0<a,b<1. 
a=2- 3 andb=2- V3 


D(i+i) C2) 
Fig. 2.106 
Rotating DM about M by an angle 90°, we have 


z-Q-if) __ Iz-@-)!_ 85 
d+)-(2-i) 10+)-(@2-Dl 


——: 2z = (-i- 2) + (4-28) or (i+ 2) + (4 - 2/) 
=> zal- ees 
2 20 
5. Let z,, ZZ, be the vertices A, B and C, respectively, of equilateral 


AABC, inscribed in a circle |z| = 2 with centre (0, 0) and radius = 
2. Given z,=1+ iN3. 


A (21) 


Fig. 2.107 

Rotating OA about O by an angle 27/3, we have 
20 
z—-0 iz-Ol ti 


isiJ3_-0 I+iy3-01. 


ae (+ is){ cos 2 sin 2 


=> 2= (+a are 


=> 7S 


_a+iva? | +i) -iN3) 
2 2 


=> z= i-iv3 or—2 


6. S=1(2—-a)(2-@) + 23-—a)(3-@") +--+ (n- 1)(n—@)(n- @”) 
Here, 
T, = (n= Win - @)(n— 0) 
=n-1 


5 = D(n°-1) 


n=2 
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ll 
o——~ 
= 
S 
el 
3 
—* 
—*< 
3 


n(n? +2n+1)—4n 
4 


ul 


de + 2n? +n-A) 
4 


5 n{n - 1] [ n? +3n + 4] 


iH 


True or false 
1. Let z =x+iy. Then 
IV z=1 <xand0<y (by definition) 
laze (x+y) 
l+z 1+ (x + iy) 
(+x) -iy 
(+x) - iy 


_ (l-4)~-iy © 
(+x) +iy 


_ 1-x?-y* _ lyd-x+1+x) 


~ (+x) +y? (l+x)?+y? 
k 1—x?-y? 7 2iy 
(+x)? +y? (l+ x)? + y? 
Now, 
2 2 
Pe ees a Sei eo 
l+z (+x +y? (+x +y? 


=> 1-x-y <Oand-2y <0 
=> w+y>Ilandy>0 
which is true as x > | and y > 0. Therefore, the given statement is 
true, Vze C. 
2. As lz, = lz,! =1z,|, therefore, 2s 2 Z, are equidistant from origin. 


AQ) 


nates 


B(e) Cle) 
Fig. 2.108 


Hence OQ is circumcentre of AABC. But according to the question, 
AABC is equilateral and we know that in an equilateral triangle cir- 
cumcnetre and centroid coincide. Hence, centroid of AABC is 0. 
Hence, 


a Ay ay 
3 


=> 74+2,+2,=0 
Therefore, the statement is true. 
3. If 2» %y> Z, are in A.P., then (z, + 2,)/2 = z,. SO, Z, is mid-point of 


line joining z, and z,. Hence, z,, Z,, 2, lie on a straight line. Hence, 
given statement is false. 


Complex Numbers 2.85 


4. See the theory of cube roots of unity. The given statement is true. 


Multiple choice questions with one correct answer 


3 
Cbs eat sy 
2 
x-I 


=> — =la,v 


=> x=-1,1-20,1-20? 


2 é +\2 . 
ai er (1+i) ao cee 
1-i (1-i)(1+2) 2 


Now i" = 1. Hence, the smallest positive integral value of n should 
be 4. 


3. a. We know that Iz- z,] =Iz— 2,1. Then locus of z is the line, which 
is a perpendicular bisector of line segment joining z, and z,. 
Hence, 

Z=xt+iy 
=> Iz-Sil=lz+5il 
Therefore, z remains equidistant from z, = Siand z, =~ 5i. Hence, 
z lies on perpendicular bisector of line segment joining z, and z,, 
which is clearly the real axis or y = 0. 
Alternative solution: 

z- 51 

z+5i 


=> Ixt+iy—Sil=lx + iy + 5il 

=> kk+(y-5)il=le+O +4 5)il 

=> 4+ (y-S5P =x? + (y +5) 

> +y~-1l0y+ 25 =x + y? + 10y + 25 
=> 20y=0 

=> y=0 


4.b. a v3 i + ee 
2.2 Ds 32; 
5 5 
xn .. TE se TE 
= | coS—+isin— +] cos ——isin— 
{ 6 | [ 6 4 
Sx... Sx Oi. SIE 
= | COS +rsin +/ COoS-—— —isin— 
( 6 6 6 6 


= gon 
6 


=~ 
= Re(z) <0 and Im(z) =0 
Alternative solution: 


z= yt 


where 


= zis real 
= Im(z)=0 
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2.86 Algebra 


Iz~4l <lz-2l 
I(x — 4) + iyl < Iv — 2) + yl 
(x-4P +y?<@-2P+y 
8x + 16<-4x+4 
4x-—12>0 
x>3 
Re(z) > 3 


nm 


rs Uddddva 


lal = 1 


N 


1l-iz 


“|= 1 
z-i| - 

IW -—izl=lz—il 
Liliz+i=lz-il 


dd gv 


Iz+i=lz—-il 

Hence, z is equidistant from (0, —1) and (0, 1). So, z lies on per- 
pendicular bisector of (0, —1) and (0, 1). i.e., x-axis, and y = 0. 
Therefore, z lies on real axis. 


7. b. If vertices of a parallelogram are z,, z,, Z,, Z,, then as diagonals 
bisect each other as given, 


By t%z Mth 
Pesto 
=> 2 +%4,=%+%, 
8. d. Let z, = sin x +icos 2x; z, = cos x—i sin 2x. Then 

Z,=Z, 

=> sinx—icos 2x=cos x—isin 2x 
sin x = cos x and cos 2x = sin 2x 

=> tanx=1 and tan 2x=1 


u T 
=> x= — andx= — 
; 4 8 


which is not possible. Hence, there is no value of x. 
(l+@)’=A+Bo 
(-w’*)' =A + Ba 
-w=A+Bo 


9.b 

=> 

= 

=> -w=A+ Bo 
=> 

=> 

. de 


(“ 1+@+4@?=0) 


(“ @=1) 
1+@=A+Bo 

A=1,B=1 

We have, 

Iz| = lol and arg z= a —arg w 


Let w = re”. Then 
iT 


10 


=re 


co a 


z= re™ e = (re) (cos m+ i Sin Z) 
o (-l)=-0 
li.c. We have, 

2 =Iz-iol <I + lol 


(2 Iz, +z! Slz,! + Iz,) 


 ldt+lol>2 (i) 
But given that lz! < 1 and lal < 1. Hence, 
=> ladt+lol<2 (i) 
From (i) and (ii), 

Izk=lel = 1 
Also, 


lz + ical =z — ie | 
=> |z-Cio)l =|z- ia | 
Hence, z lies on perpendicular bisector of the line segment joining 
(-iw) and (i@), which is a real axis, as (-iw) and (i@) are conju- 
gate to each other. For z, Im(z) = 0. If z= x, then 


=> -l<x<l 
Wd. 4" +042)" 4+04Py2 +0477)" 
=[a+a"+d- iy" ]+[a+a" +a-0" 
=[U+i" + +i |+ [a +i" +040" | 
= [purely real number] + [purely real number] 


Hence, n, and n, are any integers. 
13.c. E=4+5(@)™ + 3(@) 
=44+50+ 30° 
=1+20+3(1+@+o’) 
=1+(1+ iv3) 
= iv3 
14. a. arg(—z) — arg(z) = arg a arg(-l) =a 
z 
15. a. |z,l = Iz,1 = Iz, (given) 


Now, 
zl=lokP=l= 7y=1 


Similarly, 

2% =1, 2,2, =1 
Now, 

1 1 1 


= IZ+%Z+%b! 
= +2, +z,|=1 


=> lz,+z,4+21=1 
16. d. Let, 
z= (1)! = (cos 2k + i sin 2km)™ 


OO 2 ee ed 


= cos 


Let 


IN 
iT] 
° 
} 
mn 
SOT 
iS) 
a a 
a 
We 
+ 
o 
g, 
5 
rr 
N 
zis 
Wit a 


and 


N 
J 
I 


(7) - [2 | 
cos +isin] —2— 
. n A 


be the two values of z such that they subtend angle of 90° at origin. 
Then, 
2k 2kyt 
nA 
As k, and k, are integers and k, #k,, therefore n =4m, me Z. 


a = A(k, —k,) =n 


Hence, the angle between z, — z, and z, — z, is 60°. Also, 


izn6 


2 


47% 
ZZ, 
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=> Iz, — zl =lz,-2,l 

Hence, the triangle with vertices z,, z, and z, is isosceles with verti- 
cal angle 60°. Hence rest of the two angles should also be 60° each. 
Therefore, the required triangle is an equilateral triangle. 


18. b. .  Iz,1= 12. Therefore, z, lies on a circle with centre (0, 
0) and. radius 12 units. As Iz, -—3-4il =5, so Zs lies on a circle 
with centre (3, 4) and radius 5 units. 


> X 


Fig. 2.109 


From the above figure it is clear that Iz, — Z|, ie., distance between 
z, and z, will be minimum when they lie at A and B, respectively, 


i.e., on diagram as shown. Then Iz, —z,!=AB = OA — OB = 12 - 2(5) 
= 2. As it is the minimum value, we must have lz, — z,| 2 2. 


-1 


=> lo+ll=lo-ll 
Therefore, « is equidistant from (1, 0) and (-1, 0) and hence must 
lie on perpendicular bisector of line segment joining (1, 0) and 
(-1, 0), i.e., imaginary axis. Hence, @ is purely imaginary, i.e., 
Re(@) = 0. 
20. b. ad ide @’)" = 6 + a*)y" 
=> (-@)" = a + o)" = (-w?)" 
=> w= 
Hence, the least positive value of 77 is 3. 
21. a. Here we observe that 
PA=AQ=AR=2 


Q (2-1 12) 
Fig. 2.110 


Complex Numbers 2.87 


Therefore, PRQ is an arc of a circle with centre at A and radius 2, 
Shaded region is outer (exterior) part of the sector APRQA. 


Hence, for any point x on arc PRQ, we should have 
Iz-(-Dl=2 
and for shaded region, 
Iz+1l>2 (1) 
Also, 
tan O= EN v2 = v2 = 
AN (¥2-1)-(-1)_ V2 


=> d=n/4 


and by symmetry, arg(z + 1) varies from —1/4 to 7/4 as it moves 
from Q to P on arc ORP. Hence, for shaded region, we also have 


—a/4 < arg(z + 1) < a/4 


or. 
larg(z + Ll <a/4 (2) 
Combining (i) and (ii), we find that (a) is the correct option. 


22. b. Given that a, b, c are integers not all equal, w is cube root of 


unity # 1. Then 
at fas +i } oe ~iv3 ] 


lat ba+ earl = 5 


2 2 


5 V2a=b =e)? +300) 
= 5 Vac" +b? +c —4ab + 2be —4ac + 3b? +3c’ -6be 
= Va +b +c -ab-be-ca 


= [Lic by +(b-cy +(c-a)y’] 


R.H.S. will be minmum when a = b = c, but we cannot take a = b 
=c as per the question. Hence, the minimum value is obtained when 
any two are zero and third is a minimum magnitude integer, i.e., 1. 
Thus b=c=0,a=1 gives us the minimum value of 1. 


23. b. If a, b, c and u, v, w are complex numbers representing the 
vertices of two triangles such that they are similar, then 


or 


a-Cc i Ww 


= =r 
a-b u-v 


24. c. Let z, = Iz,| (cos @, + i sin @,) and z, = Iz,I (cos @, + i sin @,). 
Also, 
Iz, + 241 = Iz,1 + Iz,l 
=> iz, +z,P = (lzl+ lly? 
=> IzP+lzP + 2Re(z,Z,) =lz,P + Iz,P + 2lz,lkz,! 
> Re(z,z,) = 2iz,llz,I 
=> Alzillz,lcos(@, — @,) = 2lz,!lz,| 
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288 Algebra 
=> cos(#,—4,)=1 
=> @-6,=0 
==> argz,—argz,=0 
25. d. Let z= cos (22/7) + isin (27/7). Then by De Moivre’s theorem, 
we have 
k 2mk . . 2k 
Zz = cos—— +i sin —— 
FT 7 


Now, 

6 {| Q@ntk 2nk Os. 2mk .. 2kn 
sin —— — i cos —— | = —i)| cos—— +isin — 

>( é at x f ak i) 


k=l 


caf =] 
1-z 


[Using z’ =cos 27+ i sin 2x = 1] 


=(p( 122 
v(t] 


=i 
26. d. We have, 
(1 + @— @*)’= (-w? - ’)’ 
= (-2)! (w’)’ 
=-1280"4 
=-128@° 


1-i 
=i-lasit=i 
28. d. Taking —3/ common from C,, we get 
6i | ! 
(. C,=C)) 


=> x=0,y=0 
29. b. Operating R, > R, +R, + R,, we get 


3 0 0 
1 -l-@ | =3{-w'-@° -w*) 
1 @« @ 

= 3(-1 — 2) 

= 3(@* -@) 


= 3a(m — 1) 


30. d. Since (w— Wz)/(1 —z) is purely real, therefore 


Ww-—wz w—wz 
= Lie 

1-Z l-z 
=> w-wrz-w7t+w2z=w-—wz—wzt wz 
= w-w=(w—-wlzP 
=> IzP=1 (. w=a+ if and B #0) 
=> tiId=l1 


Also given z #1. Therefore, the required set is {z:lzl= 1, z# 1}. 


31.d. OP=OA+AP 


Fig. 2.111 


Rotating OA by an angle 45° in anticlockwise direction to get OP, 
we have 


2W0_ 122 0 (where tan 9 = 4/3) 


z—-0O Iz, - 
%-0 5 Pr 

> 374 Sane +isin@) 
Z—-0 3. 4 

=> “a4 5 Boag 


=> ~1=(3+4ie7" 


32. d. Given Izl = 1 and z# +1. To find locus of w = z/(1 — 2”). We 
have, 


(Ce Id=1 > lzP=1 > zz =1) 


Fig. 2.112 


z = (1 +28) 
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z, = (6 + 5i) , 
2, = (—6+7i) 


34.a, Z(Z> + z’) =350 

Puting z= x + iy, we have 
(x? + y?) G@? -y’) = 175 
(2+ y?) -y)=5x5xK7 
x+y? =25 

and 
ey? =7 

(as other combinations give non-integral values of x and y) 

x=+4,y=+3Q,ye D 

Hence, area i* 8 x 6 = 48 sq. units. 


Multiple choice questions with one or more than one correct answer 
l.a, b,c. 
We have, . 
lelzl=loaa’?+bae+P=1 (1) 
and , 
Re(z, Z,)=0 => Re{(a+ ib)(c-id)} =O>ac+bd=0 (2) 
Now from (1) and (2), 


2-9 


a+ Balas =l>@=@ (3) 
Also, 
ac 2 2 
C+P@=l1Sc+ P =l>BP=¢ (4) 
lo l= Yate? = Ja? +b? =1 — [From (1) and (4)] 
and 
loJ= Jb +d =Ja°+b =1 — [From (1) and (4)] 
Further, 
Re (w,@,) = Re{(a + ic) (b - id)} 
=ab+cd — 
ac? . 
=abt+ Ga [From (2)] 
= = a =0 [From (4)] 
Also, 
Im(w,@,) be — ad = be -a BE) SG PE =+10 
7 b b b 


lo) = 1, lo,| = 1 and Re(@,@,) = 0 


2.a,d. Let z,=a4+ib,a>OQOandbe Riz, =¢+id,d<0,ce R. 


Given, 

Iz,) = Iz.) 
=> +P =C+h 
=> @-C=ad-b (1) 
Now, 

z tz, _ (atc) +i(b+d) 

Zn (a-c)+ilb-d) 


Complex Numbers 2.89 


(a —c?)+(b’ —d’)|+i[(a—c)(b+d)—(at+c)(b—d)] 
(a—c)’ +(b-dy’ 


which is a purely imaginary number or zero in casea+c=b+d=0. 


3.a, ¢, d. 
Given z= (1-1) z, + fz, 
(1—1)z, + tz, 
(-f)+t 


=> z divides the line segment joining z, and z, in ration (l—-p:t 
internally asO<t<1 


=> z, 2, and z, are collinear. 
=> arg (z—z,) =arg (z,-z,) 
ene ae 27% 

ZZ TY 
> ae ons =0 

74 7S 

P(2) 
o—______#e__—_——_-® 
A(z,) B(z,) 
AP +PB=AB 


= Iz-glt+lz-z, Fla-z,! 


Comprehension 


Fig. 2.113 


1. b.A is the set of points on and above the line y = 1 in the Argand 
plane. B is the set of points on the circle (x - 2)? + (y- 1 =9 


and 
C=Re(l—1) z=Re((1-4 +79) 
=> xty=V2 


Hence A 1 BC has only one point of intersection. 


2. c. The points (I, 1) and (5, 1) are the extremities of a diameter of 
the given circle. Hence, 
Iz+1—iP +lz—5-— il? = 36 
3. d. Ilzl — Iwil < Iz — wl and Iz - wi is the distance between z and w. 
Here, z is fixed. Hence distance between z and w would be maxi- 
mum for diametrically opposite points. Therefore, 


Iz-—wl <6 
=> -6<Iz-lIwl<6 
=> -3<ld-lWwl+3<9 
Matrix-match type 


aq 
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2.90 Algebra 


—_ is unimodular complex number 
Izt 
and lies on perpendicular bisector of i and -i 


Zz 
= —=tl>z=tli:l 


Izl 
=> zis real number > Im (z)=0. 
bop 
iz+41+iz—-41=10 
z lies on an ellipse whose focus are (4,0) and (4,0) and length 
of major axis is 10 
= 2ae=8 and 2a=10>e=4/5 


IRe(z)I < 5. 
cop,t 


lal=2 => w=2 (cos 6+ isin 8) 


' 
> z= xtiy=2(cosé+ising) — 7 (cosé —isin@) 


2 2 
= 2 ap eines = ; +—— =1 
2 2 (3/2)° (5/2) 
2 9/4 9 16 4 
a — so =]-—=— e=- 
25/4 25: 25 5 


d—q,t 
lal=1=x+iy=cos O+isin 6+ cos O-isin @ 
x + ly =2cos @ 
Re(z)l S$ 1, Im(z) = 0. 


Integer type 
1a 


@ zt@ 1 |=0 
o 1 z+a@ 


Applying (C,> C, + C, + C,) 


1 a) a) 
= zi zt+@’ 1 |=0 
1 1 Z+Q@ 


=> 2=0 
z= 0 is only solution. 


2.5) |z-3-2i1<2 


=> z lies on or inside the circle radius 2 and centre (3, 2) 


(0,0) B(3,0) 


+ A(3,-5/2) 


Fig. 2.114 


2z-6 + Sil in 

= 2-3 + (S5/2)il ai, 

= 2(minimum distance of any point on the circle to the 
point (3, — 5/2) 


= 2(5/2) =5 
3.(0) The expression may not attain integral value for all a, 
; b,c 


If we consider a = b = c, then 
y=a(l+@+@)=a(1+i V3) 
z=a(l+@+o)=a(l+i 3) 

xl? + lyl? + Iz? = 9laP + 4lal? + 4 lal? = 17la? 


IxP+lyP+1zP 17 


laP+lbPtleP = 3 


Note: However if @ = e'°”9), then the value of the 
expression = 3. , ae es 
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CHAPTER) 


_¥ 
Progression and Series 


aduction — OS Harmonic Progression (H.P.). 


» Arithmetic Progression (A.P.) > Miscellaneous Series 
> Geometric Progression (G.P.) ; 
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3.2 Algebra 


INTRODUCTION 


In mathematics, a sequence is an ordered list of objects (or 
events). Like a set,.it contains members (also called elements 
or teryns), and the number of terms (possibly infinite) is called 
the length of the sequence. Unlike a set, order matters, and 


exactly the same elements can appear multiple times at different’ 


positions in the sequence. A sequence is a discrete function. 


The ‘nth’ term is a formula with ‘n’ in it which enables you 
to find any term of a sequence without having to go up from 
one term to the next. 

‘n’ stands for the term number so to find the 50th term we 
would just substitute 50 in the formula in place of ‘n’. 

Thus mth term of A.P. is linear in n. Infact I =a + bn, where 
ne N, 


Real Sequence 


A sequence whose range is a subset of R is called a real sequence. 


Finite and Infinite Sequences 


On the basis of the number of terms, there are two types of 
sequences. 
(i) Finite sequences: A sequence is said to be finite if it has 
” finite number of terms. 
(ii) Infinite sequences: A sequence is said to be infinite if 
it has infinite number of terms i.e. sequence of all even 
natural numbers (2, 4, 6, 8, ...). 


B2cleueicemes, Write down the sequence whose n™ term 
isa. 2"/n and b. [3 + (-1)"J/3". 


Sol. 
a. Let ¢, = 2'/n and put n= 1, 2, 3, 4, .... We get 
t=2,1,=2,1,=8/3,t,=4 
So, the sequence is 2, 2, 8/3, 4, .... 
b. Let ¢, = [3 + (-1)")/3” and put n = 1, 2, 3, 4, .... 
So, the sequence is 2/3, 4/9, 2/27, 4/81, .... 


_Example 3 vq Kind the sequence of the numbers defined 


2, when n is odd 
n 


-—, when # is even 
n 


Sol. We have a, = 1, a,= Saye ae 
eB 
1 1 
and a,= -—,a,= a= : 
2 4 4 6 6 
Hence the sequence is 1, ——, i. ae Ly oh ht 
3 4 OS 6 


Write the first three terms of the sequence 
2a, +3 


a,+2 


defined by a, = 2,a 


n+l 


2a, +3 


n 


Sol. Putn=lina,,= , we have 


nt 
. un 


_ 2a,+3 _ 2(2)+3 7 


a =a 


tT Gg eo Oya A 
2a, +3 
Put n = 2, then we have a,,, =a, = & 
a,+2 
of 2) +3 
4 26 


Sol a,=l>a+b+c=1 (i) 
a,=5 => 4a+2b+c=5 (ii) 
a,=11,>9a+3b+c=11 (iii) 

Now from (ii) — (i), we have 3a + b=4 (iv) 

From (iii) — (ii), we have 5a+b=6 (v) 


From (v) — (iv), we have 2a = 2 ora=1 
= b= 1 (from (iv)), and c = -1 (from (i)) 
Hence a, =n? +n-1 , 

Hence a,, = 100 + 10-1 = 109 


Series 


By adding or subtracting the terms of a sequence, we get an 
expression which is called a series. If ,, Gy, Ay ..., @ iS a 
sequence, then the expression a, + a, + a,+ +++ +4, is a series. 
For example, 

Gj) 14+24+34+4+4+-+-4n 

Gi) 2+44+8+4+16+-- 


Progression 


It is not necessary that the terms of a sequence always follow a 
certain pattern or they are described by some explicit formula 
for the nth term. Those sequences whose terms follow certain 
patterns are called progressions. 


ARITHMETIC PROGRESSION (A.P.) 


A.P. is a sequence whose terms increase or decrease by a fixed 
number. This fixed number is called the common difference. 
If a is the first term and d is the common difference, then A.P. 
can be written as 

a,at+d,a+2d,...,a+(n—-1)d,... 


aterm: T,=a+(n~1)d =I (last term), where d= DT 
n"™ term from end: T.’ = 1 -(n- 1)d. 
The n' term of A.P. is linear in n. 


Cluildiememe Show that the sequence 9, 12, 15, 18, ... is 
an A.P. Find its 16" term and the general term. 
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Sol. Since (12 — 9) = (15 — 12) = (18 — 15) = 3, therefore the 
given sequence is an ALP. with common difference 3. First term 
is 9. Therefore, the 16" term is 


@,6=4+(16—-1)d [- a, =a+(n-Wd] 
=a+ 15d 
=9+15x3=54 


> a4, 
The general term (n" term) is given by 
a, =a+(n-I1)d 
=9+(n-1)x3=3n+6 


> Clulelienem, Show that the sequence log a, log (ad), 
log (ab), log(ab°), ... is an A.P. Find its n term. 


Sol. We have, 
ab 
log(ab) — log a= toe 2 @). logb 


ab’ 
— |=logb 
ab ) : 


ab’ 
log(ab’) — log(ab?) = log ay =logb 


log(ab’) - log(ab) = log 


It follows from the above results that the difference of a term 
and the preceding term is always same. So, the given sequence 
is an A.P. with common difference log b. Now, 
a, =at+(n-1)d 

=loga+(n-1)logb 

= log a+ log b"! 

= log(ab’"') 


B= culdiewae Find the sum to x terms of the sequence 


(a, ), wherea =5-6n,n EN. 
Sol. We have, 

a,=5-6n>a4,,,=5-6(n+ 1) =-1-6n 

4,4, 74, = (1 — 6n) — (5 - 6n) =-6, for allne N 
Since a,,, — @, is constant for all n € N. So, the given sequence 
is an A.P. with common difference —6. Putting n = 1 in a, 
=5-6n, we get a, =~1. So, the sum S, to n terms is given by 


= (n/2)(a, + a,) = (n/2)(- 1+. 5 - 6n) = n(2 — 3n) 


How many terms are there in the A.P. 3, 


Sol. We know that last term a,=a+(n—-1)d 
Where d = common difference = 4 
and a = first term =.3 
407 =3 + (n—-1)4 
=> n=102 
Hence there are 102 terms in A.P. 


_Example 3.9 _ 
value of a — 4b + 6c — 


m Ifa,b,c,d,e arein A.P., then find the the 
4d +e. 


Sol. E= (at+e)4 (b+d) + 6c. 
Now b,c, din AP. > b+d=2c 
Again a, c, e are also in A.P. 


Progression and Series 3.3 


ate=2c 
E=2c A(2c) + 6c =0 


Cluldcemie In a certain A.P., 5 times the 5" term is 
equal to 8 times the 8 term, then prove that its 13" term 
is 0. 


Sol. 5T, = 8T, 

=> S(at+4d)=8(a+7d) 

=> .3a+36d=0 

=> at+12d=0 

= T,,=0 

series 25, 


f Find the term of the 


1835, 
4 


25, 20-, which is numerically the smallest. 
Sol. The given series is an A.P. a = 25, d=—9/4, 


T =at+(n—-l)d= [2542 )-2n 
n 4 4 


Now T will be —-ive if ees n<Qorn> 12 Z 
“ 4 4 9 
Above shows that T,, will be first -ive terms and hence os 


will be smallest +ive terms. T, =~-2, T= £ is numerically 
smallest 4 


-Example 3.12 § 


conetanencrats 


Given two A.P.’s 2, 5, 8, 11, ...... » 1, and 


35:55 75 9p seseecc T,,. Then find the number of terms which 


are identical, 


Sol. 2,5, 8, 11, ..., 7 T= 2+ (60 - 1)3 = 179 
3,5, 7,9, ... Toy => T,) = 3 + (50 -1)2 = 101 

Hence, Jast common term < 101. 
Now common difference of first A.P. is 3 and common differ- 
ence of second AP. is 2. 
Hence common difference of A.P. formed by common terms is 
L.C.M. of 3 and 2 which 6. Also common terms are are 5, 11, ... 
For last term let 101 =5 + (n—1)6 

=> n=l17 
Hence 10] is the actual last common term. 


Consider two A.P.s: 


Example 3.13 § 
S,: 2, 7, 12, 17, ... 500 terms 
and S,: 1, 8, 15, 22, ... 300 terms 


Find the number of common terms. Also find the last 
common term. 


Sol. S,:2, 7, 12, 17,... 500 terms 
=> Ty) = 2 + (500 - 1)5 = 2497 
S, 1,8, 15, 22, ... 300 terms 
> T. = 1 + (300 - 1)7 = 2094 


300 
Common differences of S, and S, are.5 and 7 respectively. 


Hence common dificieite of common term series is 35 
A.P. of common terms is 22, 57, 92, ... 
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3.4 Algebra 


Let least term is 2094 => 22 + (n— 1)35 = 2094 > n = 60.2 
But 7z is natural number => n = 60 
Then actual last common term = 22 + (60 — 1)35 = 2062 


Xe } If p“, g™ and r® terms of an A.P. are 
a, b, CG, respectively, then show that 

a- aq -r)+b(r-p)+c@-qg)=0 

b. (a-b)r+(G-c)p+(c-—agq=9 
Sol. Let A be the first term and D be the common difference of 
the given A.P. Then, 


a=p"tem=>a=A+(p-1)D _ (i) 
b=q"tem>b=A+(q-1)D (ii) 
c=r"tem=>c=A+¢(r—-1)D (iii) 


a. a(q—r)+b(r—p)+cp—q)= {A+ (P- 1)D} (q-r) 
+ {A+(q-1)D} (r—p) + {A+ (r—1)D} (P-q) 
_ [Using (i), (ii) and (iii)] 
=Al(q--n) + (& - p) + (ep - OD} + D{p - I) 
@-nN +@-)l)¢=p)4+¢-1l)@=-9))} 
=Ax0+D {(p(q-r)+qr—-p)+rp-4q) 
=(¢-1) -(t-p)- (@=4@)) 
=Ax0+Dx0=0 
b. On subtracting (ii) from (i), (iii) from (ii) and (i) from 
(iti), we get 


a-—b=(p-—q)D (iv) 
b-c=(q-nD (v) 
=(r—p) D (vi) 

Now, 


(a—b)r+(b-c)p+(c-—a)q 

= (p - q)Dr + (q—r)Dp + (r-p)Dq 
= D[(p — g)r + (q—r)p + (r—p)q] 
=D.0=0 


Some Important Facts about A.P. 


1. If a fixed number is added or subtracted to.each term of a 
given A.P., then the resulting series is also an A.P., and 
‘jts common difference remains the same. an 
2. If-each term of an A.P. is multiplied by a fixed constant 
or divided by a fixed non-zero constant, then the result- 
" ing series in also an A.P. 


3. fx, +x, +x,+-- andy, +y,+y, +++ are two A.P.’s, 


then x, ty,, x,t y,,x,+y,, ... are also A.P.’s. 
4. Three terms in an A.P. should preferably be taken as 


‘a—d,a,a+d and four terms as a —3d,a—d,a+d,a 


+ 3d. 
a, +4, 
5. nAP.,a= ,fork<n. 
6. Ita,a,,a,,...a,arein A.P. Thena, +a =a,+ a, =4, 
5a ea ine a 
Example: EAbee If (b+c-a)la, (c+a-b)/b, (a+b-chle 


are in A.P., then prove that 1/a, 1/B, I/c are also in A.P. 


. that 


b+c-a cta-b at+b-c 


Sol. : ‘ are in A.P. 
a b c 
{Prerta gl fren? o} farboe, ol ere 
a b .€ AP. 
_ [Adding 2 to each term] 
asl) eroee. atbt+ec eee 
a b Cc 
Lot 4 
> = ae are in A.P. [Dividing each term by a+ b +c] 
a 


mm lfabce R+ — an A.P., then prove 
1/(bc), B- rf 1/(ac), c + 1/(ab) are also in A.P. 


Sol. a, b, c are in A.P. 
l 


1 1 
—,—,— arealsoin AP. 


ae [Dividing by abc] 


c+ ee will also be in A.P. 
ab 


[ Sum of two A.P.’s is also an A.P.} 


eculdceneas (Ifa, b,c are in A.P., then prove that the 
following are also in A.P. 


a. @(b+c), (c+ a), Ciatb) 
1 1 


1 


(3 1) (! | (: *] 
ce a}—+-—],b| -—+—],c] -+— 
boc c a a b 


Sol. 
a. Let a(b +c), b-(c +a), c?(a + b) are in ALP. 


=> P(cet+a-a(b+c=c(atb)-b(c+a) 
=> c(b’—a’)+ab(b—-a) =a(c*? — b*) + be(c—b) 
=> (b-a) (ab+ be +ca)=(c-—b) (ab+ be + ca) 
=> b-a=c-b 
=> 2b=at+ec 
= a,b,carein AP. 
=> @&(b+c), b(c +a), (a+b) are in AP. 
1 I l 
b. L oS ; in A.P. 
7 Vb+Vce° Ve+Va ae 
26 | | 7 l l 
Ve+Va Vb+Ve Vatvb Ve4+Va 
= Vo-Va We -vb) 
(Ve + Va)(vb + Ve) (Ja +Vb)\ve + Va) 
as Vb -Va = Vvc-<Vb 
Vb+Vce JVa+vVb 


b-az=c-—b 
2b=at+ec 
a, b,c are in ALP. 


1 L 1 
Vb+Ve° Ve+Va’ va +b 


Youu 


are in A.P. 
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c. a,b, careinA.P. 


Cs, 5 Oa oe 
abc abc abc 


[On dividing each term by abc] 


1 1 
> hd ee a. 
bc ca ab 
ab+bc+ca ab+bct+ca abtbc+ca ; 
=> ’ ’ areinA.P. _ 
be ca ab 


[On multiplying each term by ab + bc + ca] 


ab+bc+ca ab+bcet+ca-. ab+bc+ca 
—_—— -1, ———__- |, ————-1 are 


be ca . ab 
in A.P. [On adding —1.to each term] 


=e ab+ac ab+be bc+ca 
bo’ ca’ a 


= «(4+}, i(4+4), {4+3) aein AP. 
bc Cc oa a b 


Bechelisemicas, The sum of three numbers in A.P. is -3 
and their product is 8. Find the numbers. 


Sol. Let the numbers be (a — d), a, (a + d). Therefore, 
(a-—d)+a+(at+d)=-3 
=> 3a=-3 
=> a=-l 
And 
(a —d) (a) (a+d)=8 
=> a(a’-d) =8 
=> (-1)(-a@)=8 
=> & =9 
> d=3 
If d= 3, the numbers are -4, —1, 2. If d =—3, the numbers are 2, 
~1,-4. So, the numbers are —4, -1, 2 or 2, —-1, -4. 


are in A.P. 


[-. a=-l] 


aa culeycemem, Divide 32 into four parts which are in 
A.P. such that the ratio of the product of extremes to the 
product of means is 7:15. 
Sol. Let the four parts be (a — 3d), (a - d), (a + d) and 
(a + 3d). Then, 
(a—3d)+(a-d)+(at+d)+(a+ 3d) =32 

=> 4a=32 

> a=8 
Also, 
(a-3d)at+3d)_ 7 

(a~d)\(a+d) 15 


= a -9d° eet 
a -d’ 15 
a 64-9d? aye 
64-d* 15 
=> 128d@=512 
=> d@=4 


Progression and Series 3.5 


=> d=12 
Thus, the four parts are 2, 6, 10, 14. 


B2cuidcewsme, The digits of a positive integer, having 
three digits, are in A.P. and their sum is 15. The number 
obtained by reversing the digits is 594 less than the original 
number. Find the number. 


Sol. Let the digits at ones, tens and hundreds place be (a — d), 

aand (a + d), respectively. Then the number is 
(a+d)x100+ax 10+ (a-—d)=11la+ 99d . 

The number obtained by reversing the digits is, 
(a-—d)x100+ax10+(a+d)=11lla—99d 

It is given that 
(a-—d)+at+(atd)=15 (i) 

and 
llla-99d = 11la+ 99d -—594 (ii) 
3a = 15 and 198d = 594 

= a=Sandd=3 
So, the number is 111 x 5+ 99 x 3 = 852. 


Sum of n terms of an A.P. 


The sum S, of n terms of an A.P. with the first term ‘a’ and the 
common difference ‘d’ is 


S,= 5 [2a+(n-1) dlorS,= = [a+ 


where / = last term = a + (n— 1) d. 


Proof: S,=a,+a,+a,+--+a,,+a, +4, (i) 
SG. 8, a, ga ae, And (ti) 
Adding corresponding terms in (i) and (ii), we get 
2S, =(a,+4,)+(a,+ a, ,) + (a, + a, 
+(a,_,+a,)+(a,+a,) 
=(a,+a)+(a,+ a) + (a, + a) + 
+(a,+a)+(a,+ a,) 


n-2 


=n (4, + a) 


[a +4 =4,+4 for k= 2, 3,..., n] 


n~-k+1 


= S$ = 5 @,+4) 


=" {a +a,+(n-1)d} 
a [~ a, =a,+(n~1)d] 


5 (2a, + (n~ 1 


>Cluildsewam: If the sum of the series 2, 5, 8, 11, ... is 
60100, then find the value of n. 


Sol. Here first term is a = 2 and common difference d = 3 
Hence sum of v terms of A.P. is, (n/2)(4 + 3G@7 — 1)) = 60100 
=> 3n*+n—-120200=0 
=> (n—200) 3n +601) =0 
=> n=200 


Example 3.22 | In an A.P. if S 17 Tr, + r, - r, rises f, 
(n odd), S,=7T,+7T,+T,+---+T7,_,, then find the value of 
S/S, in terms of n. 
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3.6 Algebra 


1 . 
terms with 


Sol. .S, is an A.P. of n terms, but S, is an A.P. of oe 
common difference 2d 


T, | (1) 


CERSe Prove that sum of nm number of terms of 
erent A.P.s can be same for only one value of n. 


Sol. According to the given condition 
F [2a +(n-l)d]= RA +(n-1)D] 


[2a + (n-1)d]=[2A +(n-1)D], from this we get one 


integral value of n or no value of n. 


Example 3 Eye, In an A.P. of 99 terms, the sum of all the 
odd numbered terms is 2550. Then find the sum of all the 99 
terms of the A.P. 


Sol. Given la + yy | = 2550 


=> 4 +4,= 102 
Now sum of all the terms is 


ha ayy |= x 102 = 5049 


Example 3.25 | 


xame Find the degree of the expression (1 + x) 
(1+ x) (1+x")., 


(1 +x"), 


Sol. The degree of the expression is 1 + 6+ 11+ --- + 101 


' which is an A.P. 
Now 101 =145(n-1)7=21 


= 14+64+11+...+101 


= Sfi+101]-21x51=s071 


a le 3.26 i 


Sete 


Find the number of terms in the series 20, 


9, 182, ... the sum of which is 300. Explain the answer. 


Sol. The given sequence is an A.P. with first term a = 20 and 


the common difference d = —2/3. Let the sum of n terms be 300. 
Then, 


= 3005 5 (2a+(n—Wd]= 300 


= ener 


n’—61n+900=0 
(n — 25) (n — 36) = 0 


Uy 


=> n=25 or 36 
So, sum of 25 terms is equal to sum of 36 terms, which is equal 
to 300. 

Here the common difference is negative, therefore terms go 
on diminishing and the 31* term becomes zero. All terms after 
the 31" term are negative. These negative terms when added to 
positive terms from 26" term to 30" term, they cancel out each 
other and the sum remains same. Hence, the sum of 25 terms as 
well as that of 36 terms is 300. 


Find the sum of all three-digit natural 


Example 3.27 
numbers, which are divisible by 7. 


Sol. The smallest and the largest numbers of three digits, 
which are divisible by 7 are 105 and 994, respectively. So, the 
sequence of three digit numbers which are divisible by 7 is 
105, 112, 119, ..., 994. Clearly, it is an A.P. with first term a 
= 105 and common difference d = 7. Let there be » terms in this 
sequence. Then, 
a, =994 

=> at+(n-1)d=994 

=> 1054+(n—-1)x7=994 

=> n=128 

Now, required sum is 


5 (2a+ (n—1)d] 


= F12x105+(128-x71 


a2 culueesme Prove that a sequence is an A.P. if the 
sum of its 2 terms is of the form An? + Bn, where A, B are 
constants. 


Sol. Let S, be the sum of n terms of an A.P. with first term a 
and common difference d. Then, 7 


S =“ [2a+(n-1)d] 


an 2 


i 
aS 
aS 
caf 
= 

re) 

+ 
aa 

Q 

I Ns 
NIX 
Nee” 

3 


=An? + Bn 
where A = d/2 and B=a—-d/2. 
Thus, the sum of 7 terms of an A.P. is of the form An? + Bn. 
Conversely, let the sum S, of n terms of a sequence Ay, Ay) Ags oo 
.. be of the form An? + Bn. 
Then, we have to show that the sequence is an A.P. We have, 
S = An’ + Bn 


=> S$, =At- 1? +B(n-1) [Onreplacing n by (n- 1)] 
Now, 
a, = S, = a 
= a ={An?+Bn}-{Am-—1/P+Bin-1)} 
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= 2An+(B-A) 
> 4,5 2A(n+1)+(B-A) [Onreplacing n by (n+ 1)] 
=> a, —4,={2AM+ 1) +B-A} — {2An+(B—A)} =2A 
Since a, — 4, = 2A for all n € N, so the sequence is an A.P. 


with common difference 2A. 


Bp cuudkseeeee if the sequence a,,a,,a,,...,a,,... forms 
an A.P., then prove that 
2 2 2 ae 2 Oy 2 2 
a, -@,+4;- a, + +a,,.,~- a, (a; - 4;,) 
2n-1 
Sol. Let d be the common difference of the A.P. Then, 
d= 4,-4,=4@,-4,=4,-@,=-"=4,,—@,, , 
Now, 
2 2 2B aot is Doe (eer 
a Te a + a, a, + + 1 Qn, 
=(a, +4) (@,-4,)+@,+4,) @—a)+-+G,_,+4,,) 
. x (a,_,- G,) 
=—d(a,ta,t+a,++-+a,) 
2n 
=—d —(a,+a,) 
2 eal 
2 
= —dn (a, a>,) 
a, ~ Ay, 
_ dnla -a,) 
G,, = a, 


—* (a? -a@,) [Using a, =a, + (2n-1)d] 
2n-1 : 7 


| Find the sum of first 24 terms of the A.P. 


= 


.--) if it is known thata,+a,+a,,+4,,+a@,+4,, 


Sol. We know that in an A.P. the sum of the terms equidistant 
from the beginning and end is always.same and is equal to the sum 
of first and last term, ic.,a, +a =a,+a,,=a,+a_,=- 
So, if an A.P. consists of 24 terms, then : 
q, az ay, = as + ax 
= 4+ 45 
a,+a,+a,+4,,+4,,+ 4,,= 225 
(a, + 4,,) + (a, + @,,.) + (@,, + 4,,) = 225 


= 3(a, +4,,) = 225 


l 


20; 10 


225 F 
=> ais ae ace (i) 


24 : n 
O54 = 5 +d) |Using S,= 3 +4,) 


= 12 (75) 


= 900 


[Using (4)] 


Ex f If the arithmetic progression whose 
common difference is non-zero, the sum of first 37 terms is 
equal to the sum of next ” terms. Then, find the ratio of the 
sum of the first 27 terms to the sum of next 2” terms. 


Progression and Series 3.7 


Sol. 
S3y : Sh 
| ty t2,..., fn, | tamet, ..., 830, Bt, ..,t4n_!| 


Son S'on 
Fig. 3.1 
Given, 
S;, az Ss = S, n S;, 


2S,, = Sin 
22 (2a + (3n—1)d) = = (2a + (4n -1)d) 


12a + (18n — 6)d = 8a + (16n —4)d 
4a = (-2n + 2)d 
2a =(1—n)d : (1) 


PY 2 fw 


Y 


. Ss 
Now we have to find —“. 
2n 


2 Qa-+(Qn=1)d) 
a +(4n—-1)d] - 72a +(2n-1)d} 


2d 2 n)d +(2n—-1)d] 
7 4[(1—n)d + (4n—1)d]-2[(1—n)d + (2n-1)d] 
2nd _ | 


10nd 5 


‘Arithmetic Means 


If between a and b, two given quantities, we have to insert n 
quantities A,, A,,...,A, such that a, A,, A,, ...,A, b forms an 
A.P., then we say thatA tp Aggietan A, are arithmetic means between 
aand b. 

For example, 15, 11, 7, 3, -1, -5 are in A.P. It follows that 
11, 7, 3,1 are four arithmetic means between 15 and —5. 

If a, A, b are in A.P., we say that A is the arithmetic mean 
between a and b. 


Insertion of n Arithmetic Means Between a and b 
Let A,,A,, ...,A, be n arithmetic means between two quantities 
aand b. Then, a, A,, A,, ...,A,, bis anA.P. Let d be the common 
difference of this A.P. Clearly, it contains n + 2 terms. 

b=(n+ 2)" term 


=> b=at+(n+I1)d 
b-a 
n+l 


Now, 


b— 
Asard—A,=[a+ “| 
n+l 
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3.8 Algebra 


n+1 
(b —a) 
n+1 


These are the required arithmetic means between a and b. 


2(b — a) 
A,=a+2d>A,=|a+ 


Ajsatnd-+A,=(a4n 


An Important Property of A.M.’s 


The sum of n arithmetic means between two numbers is n 
times. the single A.M. between them. 


Proof: 


Let A,, A, nents A, be’ n arithmetic means between a and b. 
Then, a,A,,A,, .-.,A,, is an A.P. with common difference 
b.-a 
= at 
Now, 
A, +tA,+° +A, 
: 
= iA Ad 
n 
= —[a+b ey 
aL ] ; 
[- a,A,,A,,....A, disan AP. «.a+b=A,+A)] 


ae 


=n (AM. between a and b) 


Insert three arithmetic means between 


Example 3.32 
3 and 19. 

Sol. Let A,, A,, and A, be three A.M.’s between 3 and 19. Then 
3,A,,A, A, 19 are in A.P. whose common difference is 


19-3 
~ 34] 
. A,=3+d=7 
= A,=3+2d=11. 
A,=3+3d=15 


Hence, the required A.M.’s are 7, 11, 15. 


2cluldceeem if eleven A.M.’s are inserted between 28 
and 10, then find the number of integral A.M.’s. 


Sol. Assume A,,A,,A,,...,A,, be the eleven A.M.’s between 28 
and 10, so 28,A,,A,,...,4),, 10 are in A.P. Let d be the common 
difference of the A.P. The number of terms is 13. Now, 
10=7,,=T7, + 12d = 28+ 12d 
10-28 18 3 


12 12 2 
Here integral A.M.’s are 


wan) 


28-8 = , 28-10 a 
2 2)° 
Thus, the number of integral A.M.’s is 5. 


Between 1 and 31 are inserted m arith- 


metic means so that the ratio of the 7 and (m — 1)™ means 
is 5:9. Find the value of m. 


A, _be m arithmetic means between 1 and 31. 
aa 31 is an A.P. with common difference 


Sol. Let A,,A,, .. 
Then, 1, A,,A,, .. 


_3i-1_ 30. using a=" ‘| 
m+l m+tl +1 
Now, 
A,=1+7d 


7x30 m+211 
m+] mt+i 
A .=l+(m-l)d 


“mel 


> A,=1+ 


=1+——(m-1) 
+1 
_ 3lm—-29 
m+1 
It is given that 
Ay 3 
A, -1 9 
m+2t1 5 
SS Se 
3lm-29 9 
=> 9m+ 1899 = 155m —- 145 
= 146m = 2044 
=> m=14 
Be cluliememe, For what value of n, (a) + bya" + 5") 


is the arithmetic mean of a and b? 


Sol. Since A.M. of a and b is (a + b)/2, we have 


ql) 4p"! _atb 
"45" 2 

=> 2a! 4b") = (a+ b") (at b) 
=> 2a 4+2b =a"! + a"'b + b'at+ bm 
=> a+b™=a"bt+ bra 
=> a'(a—b)=b" (a-b) 
> a'=b" 
> = =| 


Cae 

S/S 
Vy NY 
i 

— 
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Concept Application Exercise 3.1 


. Ifthe p" term of an A.P. is g and the g" term is p, then find 
its 77? term. 


. Ifx iS a positive real number different from |, then prove that 


1 1 

5 ,... are in A.P. Also find 
—x l-vx 
theix common difference. 


1 
the mumbers : 
‘ le vx I 


. Ina certain A.P., 5 times the 5" term is equal to 8 times the 
8" term, then find its 13" term. 


n(n—1) 
2 


. If “- =nP+ Q, where S, denotes the sum of the first 


_nterms of an A.P., then find the common difference. 


1 J 
. Find the first negative term of the sequence 20, 197) 18— 


2 
3 
| eee eee 
4 


. Solve the equation (v+ 1)+ (++ 4)+(4+7)4+-:: 
+(x +28) = 155. 

. The p"™ term of an A.P. is a and q" term is b. Then find the sum 
of its (p + q) terms. 

. The sum of n, 2n, 3n terms of an A.P. are S,, S,, S,, respec- 
tively. Prove that S, = 3(S, — S,). 

. The ratio of the sums of m and n terms of an A.P. is m?:n?. 
Show that the ratio of the m'* and n" terms is (2m — 1): 
(2n — 1). 

. Find the number of common terms to the two sequences 17, 
21, 25, ...,417 and 16, 21, 26, ..., 466. 

. Ifa, b,c, d are distinct integers in an A.P. such that 
d=a’?+b? +c’, then find the value ofa+b+c+d. 

. Let S, denote the sum of first 7 terms of an A.P. If S 
then find the ratio S, /S, 

. Find four numbers in an A.P. whose sum is 20 and sum of their 
squares is | 20. 


> 


=38,, 


2n n 


3n 


. Divide 28 into four parts in an A.P. so that the ratio of the 
product of first and third with the product of second and fourth 
is 8:15. 

. If (b-c), (c— a), (a— bY are in A.P. then prove that 

1 1 1 ; 
; : are also in A.P. 
b-c c-a a-b 

. If n arithmetic means are inserted between 2 and 38, then the 
sum of the resulting series is obtained as 200. Then find the 
value of n. 

. Ifa, b,c, de, fare A.M.’s between 2 and 12, then find the 
sumiatb+cetdtetf. 

. nm arithmetic means are inserted between x and 2y and then 


between 2x and y. If the r" means in each case be equal, then 
find the ratio x/y. 


GEOMETRIC PROGRESSION (G.P.) 


G.P. is a sequence of numbers whose first term is non-zero and 
each of the succeeding terms is equal to the proceeding terms 
multiplied by a constant. Thus in a G.P., the ratio of successive 
terms is constant. This constant factor is called the common 


Progression and Series 3.9 


ratio of the series and is obtained by dividing any term by that 
which immediately proceeds it. 

If a is the first term and r is the common ratio, then G.P. can 
be written as a, ar, ar, ar, ar’, ..., ar". 


T 
n term: T, = ar"! =/ (last term), where r= ae 


n-1 


aol 


l 
n® term from end: T’ = —~. 


Increasing and Decreasing G.P. 


For a G.P. to be increasing or decreasing, r > 0. Since if r < 0, 
terms of G.P. are alternately positive and negative and so nei- 
ther increasing nor decreasing. 

If a > 0, then G.P. is increasing if r > J. and decreasing if 0 < 
r<1.Ifa<0, then G.P. is decreasing if r> 1 and increasing if 0 
<r< 1. The above discussion can be exhibited as follows: 


a>0 | a<0 


O<r<l | r>1 O<r<l 


Result | Increasing | Decreasing | Decreasing 


Which term of the G.P. 2, 1, 1/2, 1/4, .... 


Increasing 


_Example 3.36_ | 
is 1/128? 
Sol. Clearly, the given progression is a G.P. with first term 


a = 2 and common ratio r = 1/2. Let the mn" term be 1/128. 
Then, 


> n=9 


Thus, 9" term of the given G.P. is 1/128. 


a2 culdeeree ‘The first term of a G.P. is 1. The sum 
of the third and fifth terms is 90. Find the common ratio of 
the G.P. 


Sol. Let r be the common ratio of the G.P. It is given that the 
first term is a = 1. Now, 


a,+a,=90 
=> ar?+ar4=90 
=> rt+r?=90 


= ri+r?-90=0 
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3.10 Axigebra 

=> #v*+10r?-9r?-90=0 
= Cr?+10)(r2-9=0 
=> ¢?-9=0 

Ss pf at3 


Bact cece ‘Fifth term of a G.P. is 2. Find the prod- 
uct of its first nine terms. , 
Sol. t, =a =2 

Product of its first 9 terms is 

(ar) (ar?) + (ar¥) = abr +248 

2 o a + 8) 
~ g 6 
= (ar) = 2° =512 


Bo cee ©The fourth, seventh and the last term of 
aG.P. are 10, 80 and 2560, respectively. Find the first term 
and the number of terms in the G.P. 


Sol. Let a be the first term and r be the common ratio of the 


given G.P. Then, 
a,= 10, a, = 80 = ar = 10 and ar® = 80 
6 
=> BT pe OU eae 


ar 10 


Putting r = 2 in ar = 10, we get a = 10/8. 
; Let there be n terms in the given G.P. Then, 


a, = 2560 = ar’! = 2560 
> 10 gmt) = 2560 
8 
=> 2"+=256> 2" =28 


=> n-4=8>n=12 


Three numbers are in G.P. If we double 


_Example 3.40 | 
the middle term, we get an A.P. Then find the common ratio 
of the G.P. 


Sol. Let the three numbers in G.P. be a, ar, and ar”. By the 
given condition, a, 2ar, and ar? are in A.P. Hence, 
4ar=a+ar? 
=> 4r=l4er 
=> r’-4r+1=0 


= radtvi6~4 945 
2 


B2cluidcememe If p,q, andr are in A.P., show that the 


p", q and r*” terms of any G.P. are in G.P. 

Sol. Let A be the first term and R the common ratio of a G.P. 
Then, a,= AR?", a,= AR‘! and a, = AR™'. We have to prove 
that as,» and a, are in G.P. For this, it is sufficient to show that 
(ay =44,. We have, 

(a, = (AR"'Y 


= A2 R22 
=A? R*? [-0.p,q,rarein AP... 2g =p +r] 
= (AR”') (AR™) = a4, 

Hence, a4, and a_are in G.P. 


SSC oemewe: (Ifa, b,c, and dare in G.P., show that 
(ab+ bet+cdY =(P74+P4+A(BP4+C+H). 
Sol. Let r be the common ratio of the G.P., a, b, c, d. Then 
b=ar,c =ar'and d=ar. 
L.HLS. = (ab + bc + cd? 
= (aar + arar + ar-ary? 
=P(1+r+ry 
R.H.S. = (a? + Bb? +c?) (b? +c? + a) 
=(7 4+ 0°? +P) (CP +0 +77) 
=H=M?1+P+ AP +rP+7) 
=a@r(l+r+ry 
L.H.S. = R.HLS. 


SS Cluucememe Three non-zero numbers a, b and ¢ are 
in A.P. Increasing a by 1 or increasing c by 2, the numbers 
are a in G.P. Then find db. 


Sol. a, b, and c are in A.P. Hence, 
2b=at+ec » 
Again by the given condition, a + 1, b, and c are in G.P. and a, 
b,c, and + 2 are in G.P. Hence, 
be=(a+1)c (2) 
and 
b?=a(c +2) (3) 
By (2) and (3), 
(a+ l)c=a(c +2) 
=> ac+c=act+2a 
=> c=2a 
Equation (2) gives b? = (a+ 1) 2a 
Also, Eq. (1) gives 


2b=a+2a=3a 
3a 
=> b=— 
2 
= 2 2(a+1)2a 
9a 
=> —=at+l 
8 
=> a=8 
=> c=2(8)=16 
=> 2b=8+16=24 
=> b=12 
oh aetamae. ‘Three numbers are in G.P. whose sum is 


70. If the extremes be each multiplied by 4 and the means by 
5, they will be in A.P. Find the numbers. 
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Sol. Let thre numbers be a, ar, and ar. Then, 
a(l t+r+r’)=70 qd) 
It is given that 4a, 5ar, and 4ar? are in A.P. Therefore, 
2 (Sar) = 4a + 4ar? 
=> S5r =24+2r? 
=> 2P—5r+2=0 
= (Qr—1)(r-2)=0 
=> r=2orr=1/2 
Putting r= 2 in (1), we obtain a = 10. Putting r = 1/2 in (i), we 
get a= 40. Hence, the numbers.are 10, 20, 40 or 40, 20, 10. 


m portant Facts about G.P.. 


-L If each term of a GP. is multiplied or’ divided by s some 
» fixed ni on -Zero number, then the resulting sequence is also. 
aG. Pe Ne en re ; : 


DUE x, ys as 


. and y,, Vor Yeiee 


are two GPs, thes XY, 
xy, As ». and “1, 223. are also'G.P.’s.. 
ae : ve yp” ¥3 : 
3. If x, x5 , x, ... 1s. a GP. of positive. terms, then log xy 
log. x, fog. Xqy o0s 1S an/A-P. and vice versa, 


4. Three terms of a G:P. can be taken as. afr, a,-ar “and foun 

_terms in G.P. as‘a/r alr, ar, ar’. This presentation is useful . 
. . if the 2 ‘oduct of terms is involved in the apis In other : 
, terms should be taken as 4, ar, ar’, . 


>chieleememe If the»continued product of three 
numbers in a G.P. is 216 and the sum of their products in 
pairs is 156, find the numbers. 
Sol. Let the three numbers be a/r, a, and ar. Then, product 
= 216. Hence, a/r x ax ar=216 > a =216=>a=6 Sum of the 
products in pairs is 156. Hence, 


a a 
—a+aar+—ar = 156 
r r 


= @(terti)= 156 


i) 


2 
sof 2786 
: 


30° +r+1)=13r 
3r— 10r+3=0 


Yu 


Br-D(r-3)=0 
1 
> r=-orr=3 
3 
Hence, putting the values of a and r, the required numbers are 


18, 6, 2 or 2, 6, 18. 


Sum of n Terms of a G.P. 


The sum of v terms of a G.P. with first term ‘a’ and common 
ratio ‘r’ is given by 


S =a\2 =H orS =a poe ,ré#l 
an r-l1 n l-r 
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Proof: 
Let S denote the sum of n terms of the G.P. with first term ‘a’ 
and common ration ‘r’. Then, 

Saker 1 eaeens (1) 
Multiplying both sides by r, we get 

rS =art+ar+--+ar'+ar (2) 
On subtracting (2) from (1), we get 

S, -—Fr S, =a-—ar" 

=> Sd-n=ail-r) 


> § sates 
w l-r 


The above formulas do not hold for r= 1. For r= 1, the sum of 
n terms of the G.P. is S = na. 


E [Eee Determine the number of terms in a 
GP., if a, = 3, a, = 96 and S_ = 189. 


Sol. Let 7 be the common ratio of the given G.P. Then, 
a,=96 
=> a,r"'=96 
=> 3r™!=96 
=> r™'=32 (1) 
ow 


S, = 189 
Len | 

a(! = 189 
r-l 
n-l = 

(my ne 
r-1 


Qr-I 

= 3( 225") = 189 [Using (1)] 
nee 

= 32r—1=63r-63 

=> 


iu 


l 


31r= 62 
=> r=2 
Putting r = 2 in (1), we get 
232 
=> 2r!=2 
=> n-1l=5 
=> n=6 


B2Cuildcemiae Find the sum to x terms of the sequence 
(xe + Ux), 02? + 1x2), (0 + 1), | 


Sol. Let S| denote the sum to n terms of the given sequence. 
Then, 


2 2 2 2 
S= fa {2+5] {7+5] es 
x x x x 
1 
x 
6 1 2" I 
+) x +e +2]te4+ oe 
x 
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3.12 Algebra 
HOP ttt xo tee + x77) 
1 | 1 1 
+] Sta tate ts ]t+(24+24+-) 
(= x! x? x ( n times 


(x) =1 wees (1/x?)" -1 oes 
x -) x’ | (1/x?)-1 


2n 
; }: 2n 


a) 
a 
Gea Lo ON AM ee 
& |e 
Nw} 2 
ty 
— | 
Ne 
: a 
tad 
vni— 
3 
[eo 
| I 
oe LS 


Prove that the sum to 7 terms of the 


Example 3.48 
series 11 + 103 + 1005 + --- is (10/9)(10" — 1) +n’. 


Sol. Let S, denote the sum to 1 terms of the given series. 
Then, 
S, = 11+ 103 + 1005 + --- ton terms: 


=(10+ 1) + (10? + 3) + (10° + 5) + ++ + {10" + (2n-1)} 
=(10+ 10? +--- +10") + {14+345+4-+-+(Qn-1)} 


1010" - 1) 


n 
= (10-1) 4 tee) 


10 
—=(10" -1)+n° 
9 | ) 


B>Cusuercae, Find the sum of the following series: 5 
+55 +555 ++: ton terms. 

Sol. We have, 

5 +55 +555 + °-- ton terms 

=5[1+11+1114+--- ton terms] 


39+99+999+ -*+ ton terms] 


= a((o~1)+(0 —1)+(10° —1)+-- +10” —D] 


i 


(10-107 +10° +---+10")-—(14+1+14---ntimes)] 


= Sf 0x00 | 


9 10-1 
5{ 10 

= —|—(10"-1)-n 
5| 2a0'--n] 


_ > 10" 10-97] 
81 


‘Important Result 
e a'—b" is divisible by a—b for anyne N. 


sCuckChnGe 
= a" | 14—4)—] t)—] tet] 
a a a a 
=q'"~'+4+ ba'-? + b’a'=3 peep pro! : 


e q' +b’ is divisible by a + b for odd positive natural 
numbers. 


2 3 n-l 
(Gh Ber Gl) 
a a a a 


=q'"'! —bq'-? + b2q'-3 iz veot(—])-! bro! 


Example 3.50 (MBIWJ)R3¢ Rp aatr se caer ee Ga ae 
+ ++ +x") is a polynomial in x, then find possible values of 


: 1—x*" l-x 1+ x" 
mh PO)= 137 1- x’ . 1+x 


As p(x) is a polynomial, x = -1 must be a zero of } + x" = 0, 
i.e., 1 + (—-1)"= 0. Hence, n is odd. 

Sum of an Infinite G.P. 

The sum of an infinite G.P. with first term a and common ratio 
r-l<r<1,r#0 or O<Iril<bisS=a/l1-r) 

Proof: , 

Consider an infinite G.P. with first term @ and common ratio r, 
where 0 <|r|< 1. The sum of x terms of the G.P. is given by 


s-a(ia"} - a ar’ (1) 


: l-r 


Since 0 <! r1< 1, therefore r” decreases as n increases and r” 
tends to zero as n tends to infinity, i.e., r’? ~ 0 asn > ~. 


downloaded from jeemain.guru 


nW 
r 
@ >0asn 500 


l1—r 


Hence, from (1), the sum of an infinite G.P. is given by 


2 Hine Sim ee ee 
noo " noe \l—r J|-r l-r 


Sol. a. The given series is a geometric series with first term 


a= J2 +1 and the common ratio 
- T = 2 —1 = V2 _ 
V24+1 W2+DW2-1 
Hence, the sum to infinity is given by © 
a 


S= iy 


241 
= 1S Q2=1) 
oat 
of 21 
J262 =) 


(V2 +1)" 
= J26/2:=DGD 41) 


S46 909 
~ 2 

4+3V2 
2 


b. We have, 


[State )*(getgtgee 
De Oe 198 a Ca 38 


(1/2), (1/37) 
= UToty 2) 1-(1/37) 
ye 
—+- 
3 8 
19 


24 


ifO0<Irl<1 


: then the suin of an infinite GP. tends to infinity. 
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Ce emeyae If each term of an infinite G.P. is twice 


the sum of the terms following it, then find the common 
ratio of the G.P. 

Sol Let a be the first term and r the common ratio of the G.P. 
Then, ; 


a=2[a..+a.,+a.,+-:-°],foralne N 
n ntl nt+3 


n+2 
[Given] 
=> ar! =2[ar' tar! +++: 9] 
2ar" 
=> ars 
l-r 
l-r 
1 
> r= — 
3 


2c cemeeee Ifx=atalr+alr ++ 0, y=b-— bir 
+ bir? — +++ 0 and z= c+ clr’ + c/r* + ++» oo, then prove that 
xy/z = able. 


Sol. We have, 


a ar 
x ere mee 
jis 
= 
eS eee eee 
1-(-4) i+r 
; 
cn, LE oe 
em 1 Pei 
r 
-( ar I br F abr’ 
YN r-iflrel) PI 
abr? 
eS legion Ragusa 
Z cr’ c 
r—-l 


S2cuudceenes Prove that 6'7 x 6! x 6% --- 0 =6. 


Sol. We have, 


6'2 x 64 x GIB... co 
= 6112+ 4+ 18 + 10%] 


= 6(02/1-12)1 = 6 = 6 


aecuildcemeg Sum of infinite number of terms in G.P. 
is 20 and sum of their squares is 100. Then find the common 
ratio of G.P. 


Sol. a+ar+ar?+---tow=20 


eer ae (1) 


@+@r-+a@r*t+-: tow= 100. 


=> 
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3.14 Algebra 
=> —=100 (2) 
ap 
Squaring (1), we have 
7 — =400 (3) 
d-r) 
Dividling (3) by (2), we get 
a 
d=ry _ 400 
a 100 
1l-r 
{- 2 
> if y=4 
d-ry 
l+r 
=> = 
l-r 
=> Il+r=4-4r 
=> 5r=3 
=> =. 
5 


Geometric Means (G.M.’s) 
Let a and b be two given numbers. If n numbers G,, G,, ..., G 


n 


are inserted between a and b such that the sequence a, G,, Gy 
»G, bisaG.P., then the numbers G,, G,, fo, are known as 
n G.M.’s between a and b. 

If a single G.M. G is inserted between two given numbers a 
and b, then G is known as the G.M. between a and b. Thus, G is 
the G.M. between a and b. 

= a,G,bareinGP. 


@ G=sabeG= Vab 
For example, the G.M. between 4 and 9 is given by 
G=Vy4x9=6— 
The GM. between ~9 and -4 is given by 


Note: /f a and b are two numbers of opposite signs, then 
geometric mean between them does not exist. 


Insertion of n G.M.’s Between Two Given Numbers a and b 


Let G,, G,, wy G be n G.M. between two given numbers a and 
b. Then, a, G,, G,, ....G,, bis a GP. consisting of n + 2 terms. 
Let r be the common ratio of this G.P. Then, ' 


b= (n+ 2)" term = ar"*! 
b 
=> ritle- 
a 


1 
ay pa(bi ay +A) 


: p ler 
= G,=ar=a 4] 
a 


2/aely 
G,=ar=a 4 
= a 
ni(n+l) 
b 
G =ar=a\|— 
4 a 


An Important Property of G.M.'s 


_ If n G.M/’s are inserted between two quantities, then the 


- product of n G.M?s is the n' poe of the. Pat GM. 
‘between the two quantities. : sods 


Proof: | : 
Let G,, G,, G,,..., G, be n G.M.’s between two: quantities 
a and b. Then, a, G,.G, ,G, bisa GP. Let r be the 
common ratio of this GP. Then, r= (blay""Yand G,= = ar, 


G, =ar, G, =ar, 4G, = ar’. Now, 
G, G, G, Ean) (ar *) (ar?) ++-(ar") 
n (n+l) 
=q' r 2 


n@thy 


n/2 
= Q" (*) =.qr? pr2 
a . : 


= (ab y" 


= G' 
where G=~Vab is the single G.M. between a and b. 


If G be the geometric mean of x and y, 


Example 3.56 j 


then prove that 1/(G? - x”) + 1(G’ - y*?) = 1/@. 
Sol. Given, G = 


Insert four G.M.’s between 2 and 486. 


Sol. Cannioh ratio of the series is given by 
1 


ol 
r=l— 
a 
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| 
6 (Sy) 
aa her 
= (243)! 
r= 3 


Hence, the four G.M.’s are 6, 18, 54, 162. 


means bet ween 4 and 1/4. 


3 
Sol. Product of n G.M.’s is (Jab )" = i) =] 


| Find two numbers whose arithmetic 
and the geometric mean is 16. ° 


mean Is 


Sol. Let the two numbers be a and b. Then, 
a+b 


A.M. = 34> =34>5a+)=68, 
G.M. = 16 
=> Jab = 16> ab=256 (1) 


(a— bP =(a+ by —4ab 
=> (a— by = (68) —4 x 256 = 3600 
=> a-—b =60 (2) 
On solving (1) and (2), we get a = 64 and b = 4. Hence, the 
required numbers are 64 and 4. 


Be clidcenaae, Ifthe A.M. and G.M. between two num- 
bers is in the ratio m:n, then prove that the numbers are in 


the ratio (7+ Vm? —n?):(n—Vm? ~n’*), 


Sol. Let the two numbers be a and b. Let A and G, be, respec- 
tively, the arithmetic and geometric means between a and b. 


Then, 
A= ao and G= Vab 


a+b=2A and G=ab (1) 
The equation having a, and b as its roots is 
r—(atb)\x+ab=0 


or 
x —2Ax+G=0 [Using (1)] 
2A+ 4A? —4G 
x= —_—_—. 


2 
> x=ALVA-G 
So, the two numbers are a=A+V A? -G° andb=A-—VA’°—G?. 


It is given that A:G = m:n. Therefore, A = Am and G = An for 
some A Substituting the values of A and Gina=A+JA?-G? 


and b=A-—VA’—G’, we get 


a AmtvV VM? -V rv? 
5b Am-VV mM -V 
a. m+ Var —w 


> = 


ee 2 
b Mm—-NInN —i 
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=> ab =(m+\m* —n’):(m— Vm’ —n*) 


2 culucensee If a is the A.M. of 5 and c and the two 
geometric means are G, and G,, then prove that G; +G} 
= 2abe. 


Sol. It is given that a is the A.M. of b and c. So, 


a= 2 bec= 0 . (1) 


Since G, and G, are two geometric means between b and c, so 
b, G,, G,, c is a G.P. with common ratio r = (c/b)"3. 
} = b’c and G} = be? 
=> G+G=b'c + be? 
=> G)+G}=be(b+c) 
=> Gi+G}=2abe [Using (1)] 


Concept Application Exercise 3.2 


. The first and second terms of a G.P. are x~ and x’, respec- 
tively. If x* is the 8" term, then find the value of n. 

2. AG.P. consists of an even number of terms. If the sum of 

all the terms is 5 times the sum of the terms occupying odd 

places, then find the common ratio. 


ntl 


, then find the 


3. If the sum of nv terms of a G.P. is 3 — 
common ratio. 


4. Prove that (666-6) + (888-8) = 4444-4. 


n digits 2n digits 


4" 


n digits 


5. Find the sum (x + y) + (2 + xy + y?) + (8 + 2y + xy? + y?) 
+:+:-n terms. 


Find the sum of » terms of the series 4/3 + 10/9 + 28/27 + --- 


- Ina geometric progression consisting of positive terms, each 
term equals the sum of the next two terms. Then find the 
common ratio. 

8. Ifa, b,c, dare in G.P., then prove that (a° + by! (b+ Ay!, 
_(8+aY' are also in G.P. : : 

9. If the sum of the series bas Irl <1, is s, then find the sum of 

. — 2n n=0 
the series >, r 3 


n=0 


10. Let 7 denote the r* term of a G.P. for r = 1, 2, 3, .... If 
for some postivie integers m and n, we have T,, = \/n? and 
T= I/m’, then find the value of T, 


(ntn)i2" 


11. Ifa, 6, and in G.P., th that >—3 z 224 
a, b, and c are in en prove tha Hoe Bo ae 


12. Find the value of (32) (32)" (32)! -+- co, 

13. Ifa, b, and c are, respectively, the p", g" and r” terms of a 
G.P., show that (q — r) log a + (r—p) log b + (p—q) loge = 
0. 

14. Ifa, b, c,d and p are distinct real numbers such that 
(a+ + c)p?—2(ab + be + cd)p + (P+? + a@) <0, then 
prove that a, b, c, d are in G.P. 

15. The product of three numbers in G.P. is 125 and sum of their 


products taken in pairs is 87/2. Find them. 


n+] atl 


16. For what value of x, ue 


aand b? 


is the geometric mean of 


a" +p" 
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3.16 Algebra 


: 2 1 =#41 2ac 
Ifa, &, c, are in H.P., then —=—+— orb=—_, 
bae atc 


called harmonic mean of a and c. 


here D is 


HARRMONIC PROGRESSION (H.P.) 
A SseQUUence 4, A), Gy, 14, As of non-zero numbers is called a 
harmonic pineieesionl or a harmonic sequence, if the sequence 
l/a,, 1/a,, Va, :.., l/a,, ... is an arithmetic progression. 
Ifa, b,c are in H.P., then 

2 1 1 2ac 


—=-+—-— => b= 
bae 


atc 
Hence b is called harmonic mean of a and c. 


n* Term of aH.P. 

The 7 term of a H.P. is the reciprocal of the nth term of 
the corresponding A.P. Thus, if a,, a,, a,, ..., @, is a H.P. 
and the common difference of the corresponding A.P. is d, 


ie., d= 1/a,,, — 1/a,, then the n™ term of the H.P. is given by 
1 
—+(n-l)d 


I : 
In other words, the n" term of a H.P. is the reciprocal of the n™ 
term of the corresponding A.P. 


elueiseneeae The 8" and 14" term of a H.P. are 1/2 
and 1/3, respectively. Find its 20° term. Also, find its gen- 
eral term. 


Sol. Let the HP. be 1, 1 J 1 


a’ a+d at2d ‘at+(n-)d 
Then 
L. 
ag Mee 
1 1 1 1 1 
= > and => Nn 
at7d 2  atl3d 3 at+(n—l)d 
=> a+7Td=2andat 13d=3 
— Pe 
6 «6 
Now, 
1 1 1 
fo“ a+19d 5,19" 4 
6. 6 
and 
ee 
on a+in—ld 
ae 
“5 1 
—+(n-1)xX— 
go ee 
6 


n+4 


Sol. Let the H.P. be é 


Example EReME If the 20" term of a H.P. is 1 and the 30" 
term is -1/17, then find its largest term. 


Sol. Let the H.P. pes : : l 
a atd at2d at+3d’ 


1 
yy = 1 and Ay = “7 


--, We have, 


Oe ee ee ee 

a+19d_ a+29d 17 | 

=> at+19d=1 anda+29d=-17 
176 9 


ao fase 
>a 5 5 


Let n' term be the largest term. We have, 
1 
a =—— 
" at+(n-Dad 
1 


cone) 


= os 

~ 176 -9(n-1) 

jo. 8 

~ 185-9n 
Now, a, is the largest term if 185 — 9n is the least positive 
integer. 

Clearly, 185 — 9n attains the least positive integral value, if 

n = 20. Thus, 20" term of the given H.-P. is the largest term 
which is equal to 1. 


cuuldcenee ifa,b,c,anddarein H.P., then prove that 
(b+c+d)a, (c +d +a)/b, (d+a+b)/c, and (a+b +c)/d, are 


in A.P. 


Sol. a, b, c, and d are in H.P. 
1 41 141 


—, —, —, —areinA.P. 
a bed 
at+tb+ctd atb+c+d atbtct+d at+bt+ct+d 
a , b ; C : d 
are in A.P. 
b+c+d at+c+d at+b+d at+tbt+c 
=> 1+ +1, +1, +1 
a b c d 
are in A.P. 
b+cetd atctd at+b+d atbt+ec ; 
are in A.P. 


> > . 


a b c 


The m* term of a H.P. is n and the n'* 


Example 3.65 | 


term is m. Prove that its r™ term is mn/r. 


1 1 
aat+d'a+2d 
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Then, 
a= nanda =m 
1 1 
=> A En aad —————_ = 
a+ (m—-l)d a+(n—l)d 


1 1 
> at (m-I)d=— anda+(n—1)d= — 


mM - 
1 1 
=> {at (m-1)d}-{at+(@—1)d}=—--— 
A Mm ; 
par [On subtracting] 
=> (m—nd= 
mn 
1 
=> = — 
mn 
1. 
Putting d= —ina+(m-1)d=-, we get 
mn 
(m-1) 1 
a+ = 
mn n 
J 1 1 
=> at—--—=- 
no mn on 
i 
=> a4=—7—_ 
mn 
Now, 
1 
i at+(r-ld 
_ 1 
1, ¢=) 
mn mn 
mn 
~1+r-1 
_mn 
r 
_Example 3.66 Ifa>1,b>1,and c>1 are in G.P., then 
1 
Se ed |... in H.P. 
show that 1+log, a’ 1+10g, 6 an 1+ log, c are in 


Sol. It is given that a, b, c are in G.P. Hence, 
b? = ac 
= 2log, b=log,a+log.c 
= log, a, log, b, and log, c are in A.P. 
= 1+log,a,1+ log, b, and 1 + log care in A-P. 
| | d 
1+ log, a’1+log, oa 1+ log, ¢ 


e 


are in H.P. 


| Ifa,b,andc beinG.?. anda +x,b+x,and 
en find the value of x (a. 4, and ¢ are distinct 


_Example 3. 
e+x in HP. 
numbers). 


Sol. a+ x,b+.x, andc+.x are in H.P. 
2(a+x)(C+Xx) 
=> b+x=—, 
(a+x)+(C+x) 
=> (b+x)(atet+2x) =2(a4+x) (c+) 
=> (at+ct 2b)x + 2x?+ ab + be = 2ac + 2x(a +c) + 2x 


Progression and Series 3.17 


x(c + a— 2b) = be + ab —2ac 

x(c +a-—2b)=bce+ab-2b’ (. 
x(c +a—2b) = b(c + a—2b) 

x = b, (as a, b. c, are G.P. and distinct hence a, b, c, 
cannot be in A.P.) 


a, b, c are in G.P.) 


Yuu 


ZClilsusename ‘if first three terms of the sequence.1/16, 
a, b, 1/6 are in geometric series and last three terms are in 
harmonic series, then find the values of a and b. 


Sol. 1/16, a, b are in G.P. Hence, 
b 7 - 
@= — or l6a=b qd) 
16 


a, b, : are in H.P. Hence, 


(2) 


From (1) and (2), . 
2a 
6a+1 


a 24 (80- | )=0 
6at+1 


=> 8a(6a+1)-1=0 
48a7+8a-1=0 (° a#0) 
“=> (4a4+1)(12a-1)=0 

1 1 

4°12 

When a = — 1/4, then from (1), 


iy 
=16f-5)) 24 
? (-7] 


When a = 1/12, then from (1), 


b= 16( =) =z. 
12 9 


Therefore, a=-1/4, b= 1 ora=1/12, b= 1/9. 


16a? = 


l 


a=- 


Harmonic Means 
Let a and b be two given numbers. If n numbers H,, H,, ..., A 


are inserted between a and b such that the sequence a, H_, H,, 
H,, ..., 1, bisaH.P., then H,, H,, ..., H, are called n harmonic 
means between a and b. Now, a, H,, H,, ...; H, b are in H.P. 
Hence, 

a J , uN Sccat oe a are in A.P. 
a H, &, H, b 


Let D be the common difference of this A.P. Then, 


1 
— =(n+ 2)" term 
b 


n 
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3.18 Algebra 
=> LAE ree 
boa 
7 a-—b 
— (nt Dab 


Thus, if 2 harmonic means are inserted between two given num- 
bers ‘a and b, then the common diference of the corresponding 
AP. is given by 


a-—b 
P= (n+!) ab 
Also, 
Jas + D, = = bs + 2D, ..., se ae +nD 
H, a H, a H, a 


On putting the value of D, we can obtain the values. of H,, H,, 
Harmonic Means of Two Given Numbers 


If a and b are two non-zero numbers, then the harmonic mean 
of a and b is anumber H such that the sequence a, H, and bis a 
H.P. Now, a, H, and b is a H.P. Hence, 


Thus, the harmonic mean H between two numbers a and D is 
given by H = (2ab)/(a + b). 


d=2 22} 
5 

ee se Hee 
H, 2 2 5 
13497 w=? 
H, 2 2 7 
Ramee ee or is 
H, . 2 2 ia oe 
43g Mg yd 
H, 2° 2 11 


a 


1 #1 
Sol. ote van 


_ 2PQ PEO. 2 


| P+O PQ 


PCUvacewAMe. (If nine arithmetic means and 9 har- 
monic means are inserted between 2 and 3 alternatively, 


then prove that A + 6/H = 5 (where A is any of the A.M.’s 
and H the corresponding H.M.). 

Sol. Let H,, H,, ..., H, be nine harmonic means between 2 and 
3. Then 2, HH. A, 3 are in H.P. Therefore, 1/2, /H,, 1/ 
H,, «++, 1/H,, 1/3 are in A.P. with common difference 


aie 


2-3 cel pgp Gao 
~ 941)x2x3 ~~ 60 (n+1)ab 


oer. + iD; i=1,2,3,...,9 . 
H, 2 
1 1 i 
So eee 
H, 2 60 
6 i 
=> —=3-— 1 
A, 10 (1) 
wee Ay be 9 A.M.’s-between 2 and 3. Then, 2, 4,, Ay 
. A,, 3 are in : P. with common difference 
_ 322 1 Eee 
9+1 10 n+l 


A,=2+ id; i=1,2,...,9 


= AS Ser (2) 


From (1) and (2), we have 


Pera Pen mee sea Ne 
ae 10 ioe 


Concept Application Exercise 3.3 


. If the first two terms of a H.P. are 2/5 and 12/13, respec- 
tively. Then find the largest term. 


. Ifa, b,c areinG.P. anda—b,c—aandb—careinHP., 
then prove that a + 4b + c is equal to 0. 


. If x, y, and z are in A.P., ax, by, and cz in G.P. and a, b, c in 


H.P., then prove that : +— 


a 
. Ifa, b,c, and d are in H.P., then find the value Pe 


that x, pz are in H.P. 


ira Ya 8 ae & O2= DOs wher 


n=0 
a,b, andc arein A.P. andlal<1, lbl<l,andici<1, 
then prove that x, y, and z are in H.P. 


. Ifx, 1, and z are in A.P. and x, 2, and z are in G.P., then 
prove that x, and 4, z are in HP. 
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8. Ifa, A, 4), a ..-.d,,, 6 are in A.P. and 4, 8,. 8, 845-1 85, D 
are in G.P. and is the H.M. of a and b, then prove that 
a + Go, a ay + Qoy_1 a, +a 2n 


bee fp 2 ntl 
§:82n $28 2n-1 


, Bn8n+i ~h 


. Ifthe (m + 1)", (n+ 1 and (r + 1)" terms of an A.P. are in 
G.P. and m, n, r are in H.P., then find the value of the ratio of 
the common difference to the first term of the A.P. 

. If the sum of the roots of the quadratic equation ax? + bx + 
c = O is equal to the sum of the squares of their reciprocals, 


a b Cc 
then prove that —, — and — are in HP. 
ca b 


Properties of A.M., G.M. and H.M. of Two Positive 
Real Numbers 

Let A, Gand H be arithmetic, geometric and harmonic means of 
two positive numbers a and b. Then, 


+b 
2 _G=Vab andH= 2ab 
2 a+b 


These three means possess the following properties. 
1A2G2H 
Proof: We have, 


A= 


b 2ab 
Be Gea an aun 
2 a+b. 


=> A- on ttl ee way 


=> AG (i) 


Ga eign 22: 


atb 
= Jap j2+4=20| 


at+b 
Jab 


A= 


bY 20 


= GlH (ti) 
From (i) and (it), we getA > G2>H. 


Note: The equality holds in the above result only when a = b. 
A.M., G.M. and H.M. of n positive quantities, 


@,,4,, d,, ...,@, 18 given by 

An Ath tG tt, 

n 
I/n 
G= (4,4, 4,-:-a,) 
dH n 
an = 
1 1 1 1 


Progression and Series 3.19 
A2 G2 Halso holds here. 


2. A, G, and H form a GLP., i.e., G? = AH. 
Proof: We have, 


a+b. 2ab 
2 a+b 


=ab=(J/abY=C 
Hence, G*? =AH 


3. The equation having a and b as its roots is x? - 2Ax + G? =0. 


AH = 


Proof: The equation having a and b as its roots is 


fv A= * and G = Jab 


4. If A and G be the A.M. and G.M. between two positive num- 
bers, then the numbers are 4 + ./ 4’ — G’. 
Proof: The equation having its roots as the given numbers is 


—~2Ax+G=0 


Z 
_ 2A+ 44? - 44 


2 


=AtJ/24+G4 


5. IfA, G, and H are arithmetic, geometric and harmonic means 
between three given numbers a, b and c, then the equation 
having a, b, and ¢ as its roots is 


x -(at+b)x+ab=0 
=> -2Ax+G@=0 


3 
x 3Ax? + 2: ag 
H 


Proof: We have, 
atbt+e 


A= ——.,, G= (abc)", 
3 
Bg A yok 

i -~-a@ 6b c¢ 
Ht 3 

+b+ 3A, abe = G 

and 

3 

3G =ab+bc+ca 


The equation having a, b, and c as its roots is 
e-(atb+c)x+(ab+be+ca)x-abc=0 


=> Patera sey —~G=0 
H 


a2culdceneee The A.M. and H.M. between two num- 
bers are 27 and 12, respectively, then find their G.M. 


Sol. Let A, G and H denote, respectively, the A.M., G.M. and 
H.M. between the two numbers. Then, A = 27 and H = 12. Since 
A, G, and H are in G.P. Therefore, 

G@=AH 
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3.20 Algebra 
=27x 12 
= G=18 


Example 3.73 If the A.M. between two numbers 
exceeds their G.M. by 2 and the G.M. exceeds their H.M. by 


8/5, find the numbers. 


Sol. A-G=2 (1) 
G -H=8/5 (2) 
G =AH j 
=(G+2)(G— 8/5) 
=> G=8 
=> ab=64 , (3) 
From (1), ; 
A=10 
=> atb=20 (4) 


Solving (3) and (4), we get a = 4 and b = 16 ora= 16 and 
b=4. 


Concept Application Exercise 3.4 


If the arithmetic mean of two positive numbers a and b (a> b) 
is twice their geometric mean, then find the ratio a:b. 


2. The A.M. of two given positive numbers is 2. If the larger 
number is increased by 1, the G.M. of the numbers becomes 
equal to the A.M. of the given numbers. Then find the H.M. 


3. The harmonic mean between two numbers is 21/5, their A.M. 
‘A’ and G.M. ‘G’ satisfy the relation 3A + G* = 36. Then find 
the sum of square of numbers. 


MISCELLANEOUS SERIES 


Arithmetico-Geometric Sequence 


‘Let a, (a + d)r, (a + 2d)r, (a + 3d)r, ... be an arithmetico- 
geometric sequence. Then, a + (a + d)r + (a+ 2d)r + (a+ 3d) 
+--+ is an arithmetico-geometric series. 


Sum of n Terms of an Arithmetico-geometric Sequence 


Sum of n terms of an arithmetico-geometric sequence a, 
(a +d)r, (at 2d)r’, (a + 3d)r’, ... is given by 


_. plol 2s aH 
7 pape 2 eee Cad EL , whenr #1 
Sx l-r (l-r) 1l-r 
5 2a+ (nal, whenr=1 


Proof: 
Let S, denote the sum of n terms of the given sequence. Then, 
S =at(atd)rt(a+2d)r+-- + {at+(n—1d}r"' 
(1) 
+f{at(n—2)d}r"! - 
+{at(n—-l1)d}r’ (2) 


= rS =art+(atd)rt+-- 


Subtracting (2) from (1), we get 


§ -rS,=a+ [dr+ drt: +dr'j-{at+(@-—l)d}r 


rl 

=> sa-nearer Het m-nar 
-r 

a -, 1-r""' 


. " _fa+(@—Nay" 
n|-r (l-ry 


l-r 


(3) 


Note: Generally we dont use this formula to find sum of n 
terms infact we-use ‘the mechanism by which we derived this 
formula. 


ace EWL@| Find the sum of the series 1+ 3x + 5x? 
+P + ton terms. 


Sol. The given series is an arithmetico-geometric series whose 
corresponding A.P: and G.P. are 1, 3, 5, 7, ... and 1, x, x?, 
respectively. The n term of A.P. is [1 + (n-1) x 2] =(2n—-1). 
The n'™ term of G.P. is [1 x x*"] = x"!. So, the n'" term of the 
given series is (2n — 1)x’"'. Let S, denote the sum of n terms of 
the given series, Then, 
SS =1 + 3x + 5x2 + 78 ++ + (2n — 3) x? + (2n — 1x"! 
(1) 
J XS =x4+ 30 + 5x8 te + (2n—-3) x"! + (2n-1)x" (2) 
Subtracting (2) from (1), we have 


S—xS,= 1+ [2x4 2x? + 2x? + + 2x1] - (2n-D" 


- n-] 
=> sc =1 +1 )-en—ne 
—x 
_ n~l st n 
si ig 1 £340 x eC 1)x 
" |-x (l-x) l-x 


_Exampl by Find the sum of n terms of the series 
1+ 4/5 + 7/5? + 10/5° + 

Sol. Clearly, the given series is an arithmetico-geometric series 
whose corresponding A.P. and G.P. are, respectively, 1, 4, 7, 
10, ... and 1, 1/5, 1/5’, 1/5°, .... 

The n" term of A.P. is [1 + (n—1) x 3] = 3n-2. 

The n' term of G.P. is [1 x (1/5)""] = A/S)". 

So, the n term of the given series is (3n - 2) x (1/5 ""') 
=(3n—2)/5""'. Let, 


6 ae Oe pote eee 
a 5 57 53 ; gi 5 d) 
1 LA 7 (3n- Dy 3n-2 

=S, = —+ beet 

5 5 5° 5S 5 1 5" (2) 


Subtracting (2) from (1), we get 
Ss =5, = f2edrdenn oe 


downloaded from jeemain.guru 


n=I+-— 


5 (1-3) o 
5 
[ba 

a eae) 


: 143{1- 2, - Ga 
4 srl 5" 


ai 5-515 ‘) (3n—-2) 
"4°16. 5? 


4(5""') 
Sum of an Infinite Arithmetico-geometric Sequence 


If Irl< 1, then 7’, r-' > 0.as n 5 © and it can also be shown that 
nr' > 0 as n> ©, So we have 
a 


S > —+ 
" l-r 


as n — oe 


dr 
(l-r)?’ 
In other words, when Irl < 1, the sum to infinity of an arithmetico- 
geometric series is 


Example 3.76 | 


13x + 5x24 7x34 


Find the sum to infinity of the series 
++ co when Ixl < 1. 


Sol. Let S|. denote the sum of the given infinite series. Now, 
S =1-3x4+5x°- T+ +++ 00 
=14+3(-x) + 5x)? + 7x)? + 
Here, a =1, r=—x and d = 2. Hence, 


oe 23 2(-x) 
“ t-Gx) l-CaP 
1 2 
“14x (14x) 
l-x 

~ (4x)? 


Sum to Infinity of the Series Reducible to 
Arithmetico-geometric Series 


. Veweae ‘Find the sum to infinity of the series 
Peet PEE G 


Sol. The given series is not an arithmetico-geometric series, 
because 17, 2?, 3’, 47, ... are not in A.P. However, their succes- 
sive differences (2? — 1°), (3? — 27), (#4 — 
form an A.P. So, the process of finding the sum to infinity of 
an arithmetico-geometric series will be repeated twice as given 
below. Let, 


i) Saeery cs es at eee 


Progression and Series 3.21 


S, =P4+2x+ 3°? + 44 ++ 0 (1) 
=> x8 = Pet 22x? + 32x + «+ 00 (2) 
Subtracting (2) from (1), we get 
(1-x)S_ = 1? + (2?- 12)x + (3? - ao + (47 — 3*)x3 + 
=> (1-8 ,=14+3x4+5°+ 7+: 3) 
This is an arithmetico-geometric series in which a = 1, 
d=2,r=x. 


(1-28 = 1 é 2x +x 
"= 1-x (1-xy (l-xy 
Ez, seis. aes 
7 ay 


Summation by Sigma (2) Operator 


Properties of Sigma Operator 
AL yr. =T,+7,+7,+--°+T, hee T_is the general term. 
rst : — : 


of the series. 
2. Sir. +7! r) = x T+ Y T! (sigma operator is distributive 


ral r= ee ee 


over addition and subtraction) by BOSS a 
wie # [Ez] En} em (sigma operator is is not distribu om 


ely Ose rel Meret 


“ 


tive over multiplication) 
JE 


pe 
r=1 


4 “Ti? ‘ae (Sigma operator is not dstibuve over 
Ps ral 


division) 


5. pele ve 


ntimes =n 
r=) : 


“6. Sar, = adr, ice ais conten 


r=l- 


y S. fT, = ( T. Ve T. | (here i i anid} jare re independent 


j=l i=l 1 


x 


a 


Sum of the Squares of the First n Natural Numbers 
Let the sum be denoted by S; then S = 1° + 27+ 3°4+.--- +77. 
We have, n° — (n — 1° = 3n? - 
n—1, we get 
(nek) 
(e2) > 


3n + 1; and by changing n to 


(n—2P =3 (n—-1)?-3(n-1)+1 
(n- 3) = Ce ee a 


337-27=3x3°-3x341 
2~12=3x2?-3x2+1 
1?7-0?=3x1?-3x14+1 
Hence, by addition, 
wm =3(1?+274+3°+--4¢n7)-3(14+2434+-: 
3n (n + I) 
———— +n 


+n)tn 


= 3S - 
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3.22. Algebra 


=> 35 =n 22+) 


=e ine) 
2 


n(n+1)(2n +1) 
6 
Sum of the Cubes of the First n Natural Numbers 
Let the sum be denoted by S; then S = 13+ 23+ 3? +--- +73. 
We have, 
nt ~(n-1)* = 4n3 — 6n? + 4n-1 
(n—1)*-(n-2)* = 4(n - 1° - 62-1 + 4-1) -1 
(n -2)* —- (n-3)* = 4(n — 2)? — 6(n — 2)? + 4(n -2 ) -1 


=> S= 


34 24=4x 33-6x 374+4x3-] 
2*-14*=4x2?>-6x2?+4x2-1 
14#-0*=4~x 13-6x17+4x1-1 
Hence? by addition, 
m=48-6 (242 4+--4¢m)4+4(1424+---4+n)—n 
4Santtn+6(12?4+2?4+---+n?)-4(1424+--- +n) 
=n'+nt+n(nt1)(2n+1)-2n(nt 1) 
=n(nt+1)(W?-n+14+2n+1-2) 
=n(nt+1) (+n) , 
_w(n+ly  fa(nt)) : 
° 4 -{ a2 


Thus, the sum of the cubes of the first n natural numbers is 
equal to the square of the sum of these numbers. 


S 


_Exampl 3.78 | Find the sum to 7 terms of the series 
1x2*x3+2x3x44+3x4x5t+-, 


Sol. 7, = n(n + 1)(n+ 2) 
Let S$, denote the sum to 7 terms of the given series. Then, 


S,= iT, = K+ (K+2) 
k=l k=} 


= (kK? +3k? + 2k) 
k=l 


= [Se Joa Se }+-2{ Se 
7 (needy 3a tNQn +l), 2n(a+)) 
2 6 2 


= need ae ; Qn+1+2| 


2 


= MOD en edn e244) 


= 2a? +5 +6) 


_ nnt+Y(nt 2)(n+ 3) 
A 
MC ceeeee ‘Find the sum of the series 1 x n + 2(7—1) 


+3 x (n—2)+ -+4+(n-1)x24+nx 1. 
Sol. Let Tbe the r” term of the given series. Then, 
_T.=rx {n-(r—-1)} 
=rn—-rt1) 
=r{(n+1)-r} 
=(n+1)r-Pr 


n(nt+l1) _ n(n+1)(Qn+1) 


= n+] 
eS ears P 
_ n(nt+ lyst 2) 
6 
B2cldceeate Find the sum of the series: 
YP 42? +2743? 
— ————— +n terms, 
1 142 14+2+3 
P42? 4-477 
Sol.) “T= 
s 14+2+--+r 
_ r(rt)2r+)2 
6r(r +1) 
= 1 ar4t) 
3 


1 n 
—n(n+i)+— 
3 ( ) 3 


n(n+2) 
3 


Find the sum of the series 31° + 32° 


Example 3.81 
+o + 503, 


Sol. S= (134 234 --- +50)— (13+ 23 +++: + 30%) 


(S2e51) _[20s2 ‘ 
a e 


os Sn = [aed 3) | 


= (50x51~30%31)(50x51+30%31) 


= 1409400 
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# Find the sum of first ~ terms of the series 


B+3x27+P+3x4+5+3x 6 +++ when 
a.nis even 


b.nis odd 
Sol. a. 7 is even. Let n= 2m. 
§ =S, = LQr-I +3 ry 
- r=l r=l 


ut 


(87? —3(2r)? +3(2r)—D]+ >} r 


r=l 


r= 


= 2m (m+1)~4+3m(m+1)-—m 
= m2? + 4m? + 5m +2] 
Put 2m = nor m=n/2. 


S.= git’ +4n? +10n +8) (i) 


Ni 


b. If nis odd, then n + 1 is even. Now, 
S, = Set a tary (ii) 
Sis obtained from (1) by replacing n by n+ 1 andT = 


n+] ut 


(n + 1)" even term = 3( + 1)*. Hence from (ii), 
S, (nodd) SG +1) +4(n +1)? +10(n +1) +8] -3(n 41) 


S = ae +7n° —3n-1] (iii) 


a 


Equations (i) and (iti) give the required results. 


_Example 3.83 _ 
P-2 437-445? -67 4-5, 


Find the sum to # terms of the series 


Sol. Clearly, ~ term of the given series is negative or positive 
accordingly as 7 is even or odd, respectively. 
a.nis even: 


127-2?4+43°?-445°-674---+(n-1)-— nr’ 

= (127-22) + (32-4) + (82-62) + + ((n— 1-2) 

= (1 —2)(1+2)+ (3-4) 3+4) + (5-6) (5 +6) 
$uet(=1)=-(@)) (= 14a) 

=-(1+24+34+4+---+(n-1)+n) 


n(n + 1) 
2 


b. n is odd: 
(17-27) + (37 -#)4---4+ {2 -2P-(n—- 1} 49? 
=(1-2)(+2)+3-434+4+-:: 
+{(n-2)-(a-1)) [(M@-2)+( 
=-(1+2+34+44---+(-2)+(n-1)) +7 


I] +7? 


Progression and Series 3.23 


es (n-)@-1+), 
: 2 

_ nat) 

er oa 


Getting n Term T, from Sum of n Terms 


EECERLME If 7, = n(2n’ +9n+13), then find the 
sum z T 
r=l1 


Sol. S,= 7, =n(2n? + 9n+ 13) 


r=l 

= Z = 5-84 
=r2r + 9rt+ 13)-(r—1) Q(r- 1) + or 1) + 13) 
=6r° + 12r+6=6(r+1) 


= VI. = Jor+1) 
= Yh = Vedir+n 
- 62) 


2 


3 2 
= j= +3 
5 (n n) 


Example 3.85 | 


If z T, =(3" -1), then find the sum of 
n 1 ral ’ 
by 


IT 


Sol. vr =3"-] 


r=l 


=> T=(3°-1-G3'-)=3'G-1)=23"7' 


{ 
|W 
rs 
_ 
| 
oe oN 
Wile 
— 
NY 
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3.24 Algebra 

Sum of Series by Method of Difference = T =5+("'-1)=44+3" 
Sometimes, the n'" term of a series cannot be determined by the a A sf T, 

methods discussed so far. If a series is such that the difference "fel 

between successive terms are either in A.P. or in G.P., then we : 

deterrmine its n" term by the method of difference and then find the = > (44+ 3h ) 

sum of the series by using the formulas for Xn, Zn? and Xn*. The k=l 


method of difference is illustrated in the following examples. 


# Find the sum to n terms of the series 


=4n+(1+34+3?+---+3"') 


3415 +35+63 4-5 


Sol. The differences between the successive terms are 15 — 3 =4n+1x (= +] 
= 12, 35-15 = 20, 63 — 35 = 28; ...: Clearly, these differences 3-1 
are in A.P. Let T, be the n™ term and S, denote the sum to n : 
terms of the given series. Then, ae eee [ =) 
S=3 1495 +6344 eT (1) 
5 = 341543546347 _,+T, (2) 
ve = 5i3" +8n-1 


0 =3+[12+20+28+---+(n—1) terms] — 
: (Subtracting (2) from (1)] 


=> T =3++— ne ) [2x 12+ (n-1-1) x8] Sum of Some Special Series 


au 


Consider the series 
=34+(n-1) (12+ 4n-8) 


1 1 1 
-=3+(n—-1)(4n+4 4 $+ 
: - NEES) a(atd) (a+d\(a+2d) (a+2d)(a+3d) 
= 4n* — . 
n , ates 
=> § = ber (a+(n—2)d)(a+(n-ld) 
k=l : 
In order to find the sum of a finite number of terms of such 
a s( 4k? -1) series, we write its each term as the difference of two terms as 
k=l given below: 
n ; “ ] x ] ] _ ] 
a =e aiatd) d\a at+d 
_ {nat DQn+)) anal Lt cael 
a 6 ot (a+d)(a+2d) d\at+d at+2d 
n SiGe 
gpl +6n-I) (a+2d)a+3d) d\at+2d a+3d 


and so on. Therefore, 


a2 clisiseeeae Find the sum of the following series to n 


terms 5+7+13+31+85+-" l i 1 


+ fet 
a(at+d) (a+d)(at2d) (a+(n—2)d)(a+(n—ld) 


Sol. The sequence of differences between successive terms is 


2, 6, 18, 54, .... Clearly, itis a G.P. Let 7, be the n® term of the ew Mes ck e | Pe 

given series and S. be the sum of its n terms. Then, dila atd at+td a+2d 
S,=5+7+134+31+--+7_,+T7, (1) ¥ 1 1 
Si= 5+74+134314--+7 +7, (2) a+(n-2)d a+(n-\)d 
0 =5+[2+6+18+---+(n—- 1) terms] — 1/1 1 

{Subtracting . from (1)] — ¥ a eee 
od any 
=> 0 =5+2 OT) Fe ze y 


Gai Pi a(a+(n—1)d) 
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_Examp = 
WL x 2) U(2 x 3) + 1/3 x 4) ++ + Inn + 1). 


Sol. Let 7, be the 7" term of the given series. Then, 


T= , r= 
r r(r+l) 


Hence, the required sum is 


S2Cutenccae, Find the sum to n terms of the series 


UA x 3) + Bx 5) + US xT) +. 
Sol. Let 7. be the r" term of the given series. Then, 


T. = eee eae Jr 
: (2r -1)(2r +1) 


aad 
~ 2\2r-1 2rtl 


Hence, the required sum is 
eek Be lil + iol f- om 
fal 2{\1 3 3 5 Sf 
, 1 1 
fee] ————— — ——— 
ce =| 


=1,2,3,....” 


Hn 1 
“ (ar+b)(ar+at+b)° 


Find the sum 


Example 3.90 _ 


n 1 n ] 1 1 
ae Lia) ~ abe sas] 


r= 


i] 


si 
a‘ \art+b ar+at+b 

1 | ee re od 
= bllatb 2a+b)} \2at+b 3a+b 


como 
nat+b (n+)lat+b 


Progression and Series 3.25 


1f 1 1 
~ ala+b (n+la+b 


Hh 
~ (a+by((n+la+b) 


2c ceeaee Find the sum to n terms of the series 3/ 
(1? x 2?) + 5/(2? x 3?) + 7/(3? x 47) +--+. 


Sol. Let T, be the r™ term of the given series. Then, 


Hence, the required sum is 


‘ “| 1 1 
St Sam 


r= r=l 


-(3-#)+(2-3}+- es 
a ac eB? n (nti)? 


Find the sum to # terms of the series 
3 
+ +—————__ tom, 

14V4+1° 14+274+2' 14+37+3° 


Example 3.92] 


Sol. Let T, be the " term of the given series. Then, 
r 
T = ——,,r=1,2,3,...,n 
, +r 4+r' 
, 
(Pe +r4ly(r?—rth 


hl ] 1 
Be arel feel 


Therefore sum of the series is 


‘ Pi 1 ] : 

T=- 
2 ; [S{(a45 aa) 

l 1 1 1 1 

1 +) --= HI -- 
( | E | ; | ' 

1 l 
ae 
nw—n+l1 w4ntl 
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3.26 Algebra 


fi 
~ 2(n? +n+1) 


f Find the sum 
jae = ae, 
14243447 


1 feet 


+—— + 
142 14243 


Sol, = —————- = =2|+-— 
Oe 14 2434—4r (rel) lr ort 


le 3.94. | Find the sum 
> 1 
r=ir(rt+1)(r+2)(r+3) 


1 
Sob T= rare 


Here factors in determinator are in A.P. In such cases we 
multiply 7. by difference of last factor and first factor 


r+3-r 


= 1 Sean eT 


1 1 i 
7 ia eciws | 


Il 


-SV)-Ver-D) 


1 1 
= Aer +1 ¢2)(r +3) 


-5(m)-V0)] 


il i 
~ 316 (n+)(n+2)n+3) 


n 


Find the sum x where 1! 


_Example 3.95 


r 
= 1.2.3 fn. (r+1}t 


So. T= (r+)! 


r+1-l 
= (r+i)! 


cr! (r+D! 


(11 
3(4- a) 


1 1 
r} 


Se Chiseeyee. Find the sum E r(r+1(r+2)(r +3): 
Set eee a 


Sol. T= r(r+ 1) (7+ 2) (r+ 3) 


Here factors are in A.P., we multiply T. by difference of factor 
after r + 3 and factor before r. 


=>T= arr +1)(r +2) +3)r+4-(r-)] 
= air +1)\(r+2)(r+3\r+4)- 
-—(r-Dr(r+ Dr +2)(r+3)] 


VnHkra))| 


r(r t+ ))(r+2)(r +3) 


n 
r= 


[V(n)-V(0)] 


n(nt+1)\(n+2)(n+3)(n+4) 


Note: Also we have 


S r(r +r + 2)(r + 3\(r + 4) 
| 


(= Em +N + Nat NW DNS) 
SH eer +2) ae 


r=] ‘ 


= n(n +)(an+ 2+ 3) ete. 


Find the sum 


Example 3.97 _| 


14 23 34 n’ 
a + i —  —— — 
1x3 3x5 5x7 (2n-1) (2n+1) 


4 
Sol, T= 1 16x‘ =141 
"16 (4-1) 
Sen 
16 (2n—1)(2n+)) 


1 oe 1 
Pa [ae oye = 
"= 76! | oon ma 
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Now putting n = 1, 2,3, ....n and adding, we have 


esa it 
= —[4En’ +n] + —]}] 1-< [4+] —-= }. 
Pages all ;] (; | 


1 1 
feet a 
(ni s]| 


A ym@tDQn+) 1 af, 1 
16 6 16 32 


2 sel snr taney 2D de nea 


SoBe vy Cees J 
16 3(2n-+1) 


= | Senne DQn dene 


n(n+1) An? +4n+4 
8 3(2n+1) 


n(n+1)(n? +n +1) 
6(2n +1) 


Pelmemsme Find the sum of the series 


360 


1 
x; k+l ‘ak 


2n+1 


Sol. T,= 
Vk fk +1 TUES 1] 
_ vk t+ =k 
Vk Jk +1 
PaaS. 
vk Ok +1 
360 
a ae eee 
k=l k k+1] 
= ee 
361 
apuct. 238 
19 19 
Find the sum of the series 
1 Diese Lek oot, 
+l 442 5743 67 44 
Sol. T = where nv = 3, 4,5... 


op aise 
ne +(n-2) = (n+2)(n-1) 


Progression and Series. 3.27 


| Fl id Gio 11 6+4+3 = 13 
S= +—+—|=— 
31/2 3 4] 3 12 36 


Find the sum of firs 100 terms of the 


series whose general term is given by a,=(k+1)k! 
Sol. a,=( +1)k! 

=(kK(kK+1)-(k-1))k! 

Hk(k+1)!-(k-)k! 
so kK(K+1)!-(kK-1)k! 


a,=1.2!-0 
a,=2.3!-1.2! 
a,=3.412.3! 


yy =100 .101 1-99.10 ! 


a,+a,+---+a,, = 100. 101 ! 


Sum of the Series when ij andj are Dependent _ 


Consider sum of the series _ 22 


OSi<jen 


yj . In the given summation, 


i and j are not independent. In the sum of series wy 7 


{(S)]} 


there are three types of terms, those when i <j (upper triangle), i 
>Jj (lower triangle) and i = j (diagonal) as shown in the diagram 
below. 


i=! j=l 


Here / and j are independent. In this summation, 


+ Xn 
2XN¢ 2X2 2X3 + + 2XKNI 


+ 3XN 


nx] +nx2+nx34+ 


Fig. 3.2 
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3.28 Algebra 


Also, the sum of terms when i <j is equal to the sum of the 
termms when i>/ as terms in both the triangles are symmetrical. 
So, in that case 


> oy ij =Sum of térms in upper triangle + sum of terms 
i=l j=l in lower triangle + sum of terms in diagonal 


=2>) d+ dd (-. sums of terms in upper and 


O<i<jEn- lower triangles are same) 
SdG- DDI 
—=> MOLE i=l j=l t=j - 
Osi<jsn 2 
aD Rips 
i=l j=l f=] 
2 
nat) n(ntl)_ n(n+)(2n+)) 
2 2 6 


2 


When f(i) and f(/) are not symmetrical, we find the sum by list- 
ing all the terms. 


Consider the sum pps 


OSiSj<n 
In this sum, we have to find the sum of the upper triangle and 
the diagonal of the above square. Hence, 


non 


yi Do 


O<isj<n = a ai Ppa) 
i=j 
n n 
Dal 22H 
— (=) f=1 
2 


Alternative method: 


(14+24+34+44+--4n7=(174+274+3794+--4+n)42 DyDi 


OQSi<jsn 


(aad). APOE) 5 sso 
= 6 l] 


2 OSi<jsu 

Ga n(nt+1)(2n4+1) 

Syn Dupe Seed en 
O<i<j<n 2 = 


Find the sum of the products of the ten 
numbers +1, +2, +3, +4, and +5 taking two at a time. 


Sol. We have, 
(d-1+2-2+- a SP =P? 4+ 1242? 4+ 2 4 -- + 5? 
, $524.25 
where S is the required sum. Hence, 
0 = 2(1° + 27+ 374+ 474+ 57) +28 
= S=-55 


Example 3.1 


i= gir t Dent 2\(n+3), then 
r=l 


r=l fp 


Find the sum > me j 


OSi<jSn 


2. Find the sum 2 + 2 Baar 


3. Ifthe sum to infinity of the series 


34 B 40+ G+2d)Gt~0 is then find a 


. Find the sum of the series 1° + 32+ 5? + -+- ton terms. 


. Find the sum up to 20 terms. 


145 42)45(4243) +2 (1424344) 4 


. If the sum of the squares of first n natural numbers exceeds 


their sum by 330, then find n. 


. Find the value of 117 + 12? + 13? +---+ 20°. 
8. Find the sum 1? + (1? + 22) + (1? + 2? + 32) + -- up to 22% 


term. 


. Find the sum 2+5+10+17+26+-: 


. Find the sum 1+4+13+4+40+ 121+--- : 
. If the set of natural numbers is partitioned into subsets 


S, = {1}, S, = {2, 3}, S, = {4, 5, 6} and so on, then find the 
sum of the terms in S.,. 


. If 7, =r(F— 1), then find SS 


ary 
I t l 


re ms +++ to infinity, then find 
1x3x5 3x5x7 5x7x9 


the value of [36S], where [-] represents the greatest integer 
function. 


. Find the sum of the series 


14+20—-xy+30-—x)(1l-2x)+--- 
+n(1—x) (1-—2x) (1-3) --- [1 -@—1) x] 
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| Subjective Type pe 


1. 


10. 


11. 


12. 


13. 


14. 


15. 


__ Solutions on page 3.43 


For a, x > 0 prove that at the most one term of the G.P. 


la —x, vx, Va+x can be rational. 
If the terms of the A.P. Ya—x wV¥x.VJa+x,--. are all inte- 


gers, where a, x > 0, then find the least composite value of a. 
Find a three-digit number such that its digits are in increasing 
GP. (from left to right) and the digits of the number obtained 
from it by subtracting 100 form an A.P. 

Along a road lies .an odd number of stones placed at intervals 
of 10 m. These stones have to be assembled around the middle 


‘stone. A person can carry only one stone at a time. A man 


carried the job with one of the end stones by carrying them in 
succession. In carrying all the stones, he covered a distance of 
3 kim. Find the number of stones. 


If the first and the n" terms of a G.P. are a and b, respec- 
tively, and if P is the product of the first n terms, prove that 
P? = (ab)". 
Let x= 1+3a+6a?+ 10a?+--, lal<1. 
y=1t+4b+ 10h? + 20b' ++, Ibl< 1. 
Find S = 1 + 3(ab) + 5(ab) + --- in terms of x and y. 
2n+1 ( 2n+k i} 
+3 
2n-1 2n-1 
2n+l 

+5 In_1} 1 is 36, then find the value of n. 


If the sum of n terms of the series 


2 3 
Find the sum Sots] +ox(d) ++ ton 
ferns 1x2. 2 2x3 \2 3x4 \2 


If S,,5,,S,. -..,5,, are the sums of n terms of m A.P.’s whose first 
terms are I, 2, 3, ..., #2 and common differences are 1, 3, 5, ..., 
(2m — 1), respectively, show that 


Sh Ses, = 7 (nn +1) 


If S,, S, and S, be, respectively, the sum of n, 2n and 3n terms 
of a G.P., prove that S\(S, - S,) = (S,- S|). 

Find four numbers in a G.P. whose sum is 85 and product is 
4096. 

There are (4n + 1) terms in a certain sequence of which the 
first (2n + 1) terms form an A.P. of common difference 2 and 
the last (2n + 1) terms are in G.P. of common ratio 1/2. If the 
middle term of both A.P. and G.P. be the same, then find the 
mid-term of this sequence. 

Let there be a,, 4, 4,, ..., a, terms in G.P. whose common ratio 
is r. Let S, denote the sum of first k terms of this G.P. Prove 
S= Ee aay: 


Poicj 


that S 


ml 


Find the sum of n terms of the series whose n'" term is 


T(n) = tan—— xX sec = . 
an gr 
oo co oo 1 


Find the value of —_—.. 
a > > 313/38 
(i# jk) 


EXERCISES 


16. 


Objective Type @ 


Progressions and Series 3.29 


Let a,, 4,, .... 4, be real numbers such that 


a, +.fa,-1+,Ja,-2+---+Ja,-(@-1) = 


- 100 
)= “_ Compute the value of ¥.a, . 


i=| 


n 


1 
my (a,+a,+..4+4 


Solutions on page 3. 46 


Each question has four choices a, b, c and d, out of which 
only one is correct. 


1. 


If log,(5 x 2* + 1), log,(2"* + 1) and 1 are in A.P., then x 
equals 
a. log, 5 b. 1-log, 2 
c. log, 2 d. none of these 
If three positive real numbers a, b, c are in A.P. such that 
abc = 4, then the minimum value of b is 
a. 2'8 b. 278 
¢ 2!" d. 23” 
: é 1 2 ; 
The maximum sum of the series 20 + 195 + 18s, tes is 
a. 310 b. 300 
c. 320 d. none of these 
The largest term common to the sequences 1, 11, 21, 31, ... to 


100 terms and 31, 36, 41, 46, ... to 100 terms is 


a. 381 b. 471 

ec. 281 d. none of these 

If the sum of m terms of an A.P. is the same as the sum of its n 
terms, then the sum of its (m +) terms is 

a. mn b. -mn 

ce. I/mn d. 0 

If the sides of a right angled triangle are in A.P. then the sines 


of the acute angles are 


34 a fe 
a. 3°75 b. G? 3 
c. 1 N38 d. none of these 
Deo id 
If the ratio of the sum to n terms of two A.P.’s is (5n + 3): 
(3n + 4), then the ratio of their 17" terms is 
a. 172:99 b. 168:103 
ec. 175:99 d. 171:103 
150 workers were engaged to finish a piece of work in a cer- 


tain number of days. Four workers stopped working on the 
second day, four more workers stopped their work on the third 
day and so on. It took 8 more days to finish the work. Then the 
number of days in which the work was completed is 

a. 29 days b. 24 days 

e. 25 days : d. none of these 

In an AP. of which a is the first term, if the sum of the first p 
terms is zero, then the sum of the next q terms is 


a(p+q)p 
ptl 


és _a(p+4q)p 
qtl 
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3.30 


10. 


11. 


12. 


13. 


14. 


15. 


Algebra 


c. Meta d. none of these 
p-l 
If S| denotes the sum of first ‘n’ terms of an A.P. and 
Sin = Snot = 31, then the value of 7 is 
Soy oz Son] 
a. 21 b. 15 
c. 16 d. 19 
If a, b, and c are in A.P. then a + c? — 85° is equal to 
a. 2 abc b. 6 abc 
ec. 4 abc d. none of these 


The number of terms of an A.P. is even; the sum of the odd 
terms is 24, and of the even terms is 30, and the last term 


exceeds the first by 10/2, then the number of terms in the series. 


1S 


a. 8 b. 4 
c. 6 d. 10 
1 1 1 ‘ . ; 
If a,, e° cand —,q, — form two arithmetic progressions of 
P r 
the same common difference, then a, q, c are in A.P. if 
a. p, b, rare in A.P. b. oa 2. . are in A.P. 
pobr 
c. p, b, rare in G.P. d. none of these 
Suppose that F(n + 1) = BEET for n = 1, 2, 3, ... and 
F(1) = 2. Then, F(101) equals 
“a. 50 b. 52 
c. 54 d. none of these 


If the sum of n terms of an A.P. is cn (n -1), where c #0, then 
sum of the squares of these terms is 


a. cn(n+ 1p b. Sen (n= 1) Qn—1) 


2 


2 
Cc. = n(n+1)(2n+1) d. none of these 


16. Consider an A.P. @,, @,, dy, ... such that a, + a, + a, = I] and 


17. 


18. 


19. 


a, + a, =—2, then the value ofa, +a, +a, is 
b. 5 
d. 9 


If a,, a, 4,,... are in A.P., thena,a,a_are in AP. if p, g, r 
1 2 7 p g r 
are in 


a. -8 
c. 7 


b. GP. 


a. AP. 
c. H.P. d. none of these 
@ +a, + +4, 
Let a, a,, a,, ... be terms of an A.P. If ———~———_2 
: a +a, +--+ +4, 
2 . 
= = p#q, then me equals 
q Q) 
a. 41/11 b. 7/2 
c. 2/7 d. 11/41 


If S| denotes the sum of first n terms of an A.P. whose first 


Six 
term is a and ec is independent of x, then S, = 


x 


20. 


21. 


22. 


23. 


25. 


26. 


27. 


28. 


29. 


30. 


b. p’a 
d. a 


a. p? 
c. pa? 
Three numbers form an increasing G.P. If the middle number 


is doubled, then the new numbers are in A.P. The common 
ratio of the G.P. is 
b 2+ J 


a. 2-V3 
ce. ¥3-2 d. 3+V2 


If a,, a,, a, (a, > O) are three successive terms of a G.P. with 
common ratio r, the value of r for which a, > 4a, — 3a, holds is 
given by 

b. 3 <r<-l 

ce r>3orr<1 d. none of these 


Let Sc (0, 2) denote the set of values of x satisfying the equa- 


tion gl + loos x1 + cos” x +leos? X1te (O00 4a 3 Then, S= 


a. {7/3}. b. (2/3, -22/3} 
ce. {-2/3, 22/3} d. {2/3, 22/3} 
If lal < 1 and [bl < 1, then the sum of the series 1 + (1 + a)b 
+(Ltat+@)h+(l+a+a@+a)b>+--- is 
ot ee eee 
(l—a)(Q-b) (iJ—a)(1-ab) 
C. sar el ——— d. 7 
(1—b)(1-ab) (1—a)(1— b)(1- ab) 
If (p + q)" term of a G.P. is ‘a’ and its (p — g)" term is ‘b’ 
where a, b € R*, then its p™ term is 


a fe 
a. > b. 2 
c. Jab d. 


If the sides of a triangle are in G.P., and its largest angle is twice 
the smallest, then the common ratio r satisfies the inequality 


a O<r< V2 b. l<r< 2 
ae l<r<2 d. none of these 


al<r<3 


none of these 


iit 
log” tot te. 
The value of 0.2 als 8-16 is 


a. 4 
e. log 2 


b. log 4 
d. none of these 


If (1 +x) (1 +2) (1428) (1 48) = X*, then n is equal 
to : 

a. 256 
ce. 254 
If x, y, z are in G.P. and a° = b’=c", then 

b. log b= logc 
d. none of these 


b. 255 
d. none of these 


a. log, a= log.c 
c. log,a = log b 
The geometric mean between —9 and —16 is 

a. 12 b. -12 

ce. —13 d. none of these 

If S denotes the sum to infinity and S, the sum of x terms of the 


; ? 1 
series 1 + Pe ceielties. Bas that S— S$ < —., then the 
2 4 8 " ~ 1000 


least value of 7 is 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


b. 9 
d. 11. 


a. 8 
e 10 


The first term of an infinite geometric series is 21. The second 


term and the sum of the series are both positive integers. Then 
which of the following is not the possible value of the second 
term 


a. 12 b. 14 

c 18 d. None of these 

The sxumber of terms common between the series 1+ 2+4+ 
8+.-- to 100 terms and 1+4+7+10+..- to 100 terms is 

a. 6 b. 4 

ce 5 d. none of these 

After striking the floor, a certain ball rebounds (4/5)" of height 
from which it has fallen. Then the total distance that it travels 
before coming to rest, if it is gently dropped from a height of 
120 m is 
a. 1260 m 
ce. 1080 m 


b. 600 m 
d. none of these 


-The sum of an infinite G.P. is 57 and the sum of their cubes is 
9747, then common ratio of the G.P. is 


b. 2/3 
d. none of these 


a. 1/3 
c. 1/6 
If a2 + Bb’, ab + bc and b? + c’ are in G.P., then a, b, c are in 

a. A.P. b. GP. 

c. H.P. d. none of these 

Consider the ten numbers ar, ar’, ar’, ..., ar'®. If their sum is 18 
and the sum of their reciprocals is 6 then the product of these ten 
numbers, is 

a. 81 b. 243 

c. 343 d. 324 

Leta =111... 1 (55 digits), b= 1+ 10+ 10? + --- + 10%, 
c=14+10°+ 10+ 105 +--+ 10%, then 

a a=bt+e b. a=be 

d. c=ab 

Let a, be the n'" term of a G.P. of positive numbers. Let 


c b=ac 


100 : 100 
Yay, =a and }'a,,_,= 8, such that a # f, then the 


n=] n=l 


common ratio is 


a. AB b. fla 


« ja/p ad. /B/a 


The sum of 20 terms of a series of which every even term is 2 
times the term before it, and every odd term is 3 times the term 
before it, the first term being unity is 


2 10 3 10 
a. (3 he -b b. (3 | 1) 


3 
es (2 Jo -1) d. none of these 


In aG.P. the first, third and fifth terms may be considered as 
the first, fourth and sixteenth terms of an A.P. Then the fourth 
term of the A.P., knowing that its first term is 5 is 

a. 10 b. 12 

c. 16 d. 20 


41. 


42. 


43. 


44. 


45. 


46. 


47. 


48. 


49. 


50. 


Progressions and Series 3.31 


If the p", g", and r* terms of an A.P. are in G.P., then common 
ratio of the G.P. is 

pr r 
a 7 b. — 

q P 

+ —_ 

a ae a, 22" 

ptq P-q 


If the p", g®, r” and s® terms of an A.P. are in G.P., then 
P-4.9-",r—Ss are in 


a. ALP. b. GP. 

c. HP. d. none of these 

If a, b, c, dare in G-P., then (b—c)* + (c—a)* + (d— by in equal 
to 

a. (a—dy b. (ad) 

c. (a+ dy d. (a/d)? 

If a, b, c are digits, then the rational number represented by 


O.cababab ... is 
a. cab/990 
c. (99c + 10a + bV/99 


b. (99c + ba)/990 
d. (99¢ + 10a + b)/990 


The sum of an infinite geometric series is 162 and the sum 
of its first n terms is 160. If the inverse of its common ratio 
is an integer, then which of the following is not a possible 
first term? , 


a. 108 b. 144 
c. 160 d. none of these 
Let f(x) = 2x + 1. Then the number of real number of real 


values of x for which the three unequal numbers f(x), f(2x), 
(4x) are in G.P. is 


a. | b. 2 
ce. 0 d. none of these 
Concentric circles of radii 1, 2, 3, ..., 100 cm are drawn. The 


interior of the smallest circle is coloured red and the angular 
regions are coloured alternately green and red, so that no two 
adjacent regions are of the same colour. Then, the total area of 
the green regions in sq. cm is equal to 


a. 10007 b. 50507 
ce. 49507 d. 5151z 
Let {t,} be a sequence of integers in G.P. in which 1,:t, = 1:4 


and t, +1, = 216. Then f, is 
a. 12 b. 14 
c. 16 d. none of these 


If x, 2y, 3z are in A.P., where the distinct numbers x, y, z are in 
GP., then the common ratio of the G.P. is 


; 1 

a. 3 b. 3 

1 

ec. 2 . d. > 
If S denotes the sum of the series 1 + r? + r? +++. toco and 5, 


the sum of the series | — r? +r? —r¥ +--+ to 0, Irl < 1, then 
S +s interms of S, is 
P Pp 2p 


a. 25, b. 0 
1 l 
c 32 d. —5 Sap 
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3.32 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


Algebra 


If x, y, z are real and 4x° + 9y* + 1622 — 6xy — 12yz — 8zx = 0, 
then <x, y, z are in 
a. A.P. 
c. H.P. 
If a,, ,,...,@, are in H.P., then 


b. G.P. 


d. none of these 


ai & eee Gy 


Gy +0, +4, a, +a;tF4,) | a +a, tt, aan 
a. AP. b. GP. 
c. HP. d. none of these 
IfH,, A,, ..., Hy be 20 harmonic means between 2 and 3, then 
Ayt+2 Y Hy) +3 a) 

H,-2 Hy —3 

a. 20 b. 21 
ec. 40 d. 38 


Let a,,4,,@,. a, and a, be such that a,. 4, and a, are in A.P., @,, 
a, and a, are in G.P., and a,, a, and a, are in H.P. Then log,a,, 
log,a, and log,a, are in 


a. GP. b. AP. | 
c. H.P. d. none of these 
If a, b, c are in A.P., then Ean i : 2 will be in 
be oc 
a. ALP. b. G.P. 
c. H.P. d. none of these 
If x, 2x + 2, and 3x + 3 are first three terms of a G.P., then the 
fourth term is 
a. 27 b. -27 
ce. 13.5 d. —13.5 


Sum of three numbers in G.P. be 14. If one is added to first 
and second and | is subtracted from the third, the new numbers 
are in A.P. The smallest of them is 

ac2 b. 4 

c. 6 d. 10 

If a, b, and c are in A-P., p, q, and r are in H.P. and ap, bq, and 


. | eee 
cr are inG.P., then ~ + e is equal to 
7 


ac aic¢ 
a —- b. — tT 
c oa c oa 
bq b q 
GSS = 
g 6 gq. <b 


Ifa, b, and c are in A.P. and b-a,c-—b and a are in G.P., then 
a:b:c is 

a. 1:2:3 b. 1:3:5 

ec. 2:3:4 d. 1:2:4 : 
Let a € (0, 1] satisfies the equation a°*—2a+ 1= Oand S=1 
tatat.. +a. Sum of all possible value(s) of S, is 

a. 2010 b. 2009 

c. 2008 d. 2. 

Let a, BER. If a, & be the roots of quadratic equation x° — px 
+1=0and of, B be the roots of quadratic equation x —qx+8 


= 0, then the value of ‘7’ if . be arithmetic mean of p and q, 
is 


62. 


63. 


64. 


65. 


66. 


67. 


68. 


«69. 


70. 


71. 


72. 


a. —nd 


a. 83 b. 83 
ae | 3 a, & 
8 4 


a, b, c,d € R* such that a, b, and c are in A.P. and b, c and, d 
are in H.P., then 
a. ab=cd b. ac = bd 


ce. bc =ad d. none of these 


If in a progression @,, @,, @,, .-., etc., (a,-4,, ) bears a constant 
ratio with a_Xa,,,, then the terms of the progression are in ~ 


r+l? 


a. A.P. b. GP. 

ce. H.P. d. none of these 

If a, b, and c are in G.P., then a + b, 2b, and b + c are in 
a. AP. b. GP. 

ce. H.-P. d. none of these 


If a, x, and b are in ALP., a, y, and b are in G.P. and a, z, b are 
in HP. such that x = 9z and a> 0, b > 0, then 

a. ly | =3z b. x=3lyl 

ce. 2y=xt+zZ d. none of these 

Let n € N,n>25. Let A, G, H denote the arithmetic mean, 
geometric mean and harmonic mean of 25 and n. The least 
value of n for which A, G, He (25, 26, ...,n} is 


a. 49 b. 81 
c. 169 d. 225 
The 15" term of the series yee aah gh s BOs HS 
2 13° 9 23 
10 10 
a. 39 b. y 
c. at d. none of these 
23 


If a, b, and c are in G.P. and x, y, respectively, be arithmetic 
- 


a - 
means between a, b and b, c, then the value of — + — 1s 
x y 


a. | b. 2 

c. 1/2 d. none of these 

If a, b, and c are in A.P. and p, p’ are, respectively, A.M. and 
GM. between a and b while q, q’ are, respectively, the A.M. 
and G.M. between b and c, then 


a p+ g=p?+q” b. pq=p'q’ 
0 p-G=p"-q° d. none of these 
If a), d, ., a, are in A.P. with common difference d # 0, 


then sum of the series sin d[sec a, sec a, + Sec a, SeC a, + °° 
+seca, , seca,] is 
a. COSseC a, — COSEC a b. cot a,—cota 


c. sec a, — Sec a, d. tana, —tana, 


The sum of the series a ~ (a +d) + (a + 2d) - (a+ 3d)+-* up 
to (2n + 1) terms is 
b. a+ 2nd 


ce. atnd d. 2nd 


1 1) 
The sum to 50 terms of the series 1+ 2) 1+— |+3\1+— 

ate 50 50 
+--+ is given by 


b. 2550 
d. none of these 


a. 2500 
ec. 2450 
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73. 


74. 


75: 


76. 


77. 


78. 


79. 


80. 


81. 


82. 


The sum to 50 terms of the series 2 + a + pnllewen 
poe 48 Po +2* P+2°+3 
<0 4 180 

17 17 
c. eae d. Bu 

51 17 

epee ee Laapree eeeg en en 
If 12 2 32 to co = 6° then P 32 52 
equals 
a. 70 7/8 b. 27/12 
ce. 70 7/3 d. 77/2 
Coefficient of x!8 in (1 +x 4+ 2x7 + 3x3 + +--+ 18x'8)? is equal to 
a, 995 b. 1005 
ce. 1235 d. none of these 

. i r F 

lim > is equal to 
neo fay 1x3x5xX7xX9x--x(2rt+}) 

1 3 
a 3 b. 2 

1 
c.: 3 d. none of these 


30 
Greatest integer by which 1 + }.r xr! is divisible is 


r= 
a. composite number b. .odd number 


¢. divisible by 3 d. none of these 


n 4 n = 4 
If ar =1(") then Lr ” is equal to 


a. [(2n) —I(n) b. [(2n) — 161(n) 
c. 1(2n) - 81(n) d. /(2n) — 41(1) 


1 1 l 1 
Value of |1+—||14+— || l+= | l+a| 2° is equal to 
sl 7 a 3) ? 


3 Db . 
a. 5 
3 
c. 2 d. none of these 
If x,, 4, .++) Xyq are in H.P. and x,, 2, X45 are in G.P., then 
19 
DY Xa = 
r=l 
a. 76 b. 80 
c. 84 d. none of these 


n 
The value of & (a+r+ar)(—a)" is equal to 
r=0 


a. (-1)" [@ + Ia™! -a] b. (-1)'" (n+ Da™! 


, at Da"! 


na" 
ze | n 
5 ale 


ec. (1) 
Hn n n : n 

If b,=1-a,na= zy nb= & b,, then % a,b, + 2 (a,-ay = 
i=l iz isl 


a. ab b. —nab c. (n+ lab d. nab 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 


Progressions and Series 3.33 
. xe 1 x 1 . a 
The sum of the series te 47 3 + °° to infinite 
: : — l-x l-x 
terms, if lxl < 1, is 
es 1 

a jx b. ie 

l+x 
CG yy d. 1 
If d,, Ay, Gy, +++3 Ayu) AE in A.P., then 
Qo.) -4 a, -4 Qn42—4n . 

2n+1 Ly 2n 2 ces nt Big equal to 

Q2n+1 + Qa Ayn AE ay On42 te a, 

nintl) | a—-a n(nt+l 
es. 4 


2 nel 
ce. (n+ 1) (a,—-4,) 


2 
d. none of these 


The sum of i— 2 — 3i+4--- up to 100 terms, where i = V-1 is 


a. 50 (1-7) b. 257 
ce. 25(1 +7) d. 100(1 - 7) 
Ai ta | 
Let S= 19192 193 up toe. Then S is equal to 
a. 40/9 b. 38/81 
c. 36/171 d. none of these 
1 1 3 5 99 
IfH, = ry eae , then value of S = 1+ Big ha 
is 
a. H,,+50 b. 100-H,, 
c. 49 + H,, d. H,,+ 100 
If the sum to infinity of the series 1 + 2r+ 3° +4r +--- is 9/4, 
then value of r is 
a. 1/2 b. 1/3 
ce 1/4 d. none of these 
The sum of series ee ere 20 1§ 
5, S75 
a. 7/16 b. 5/16 
d. 105/64 d. 35/16 
3 3453 3459343 
ine ue 40 oie +-+- to 16 terms is 
1 14+3 14+3+5 
a. 246 b. 646 
c. 446 d. 746 
The sum 1+3+7+15+31 +--+ to 100 terms is 
100 99 
a2 —102 b. 2 —101 
101 
c. 2™ —102 d. none of these 
In a sequence of (4n + 1) terms the first (2n + 1) terms are in 


AP whose common difference is 2, and the last (2n + 1) terms 
are in GP whose common ratio is 0.5 if the middle terms of the 


AP and GP are equal then the middle term of the sequence is 


neon! 


2" -1 


a. 


cn. 2" 


niet! 


b. Qen =] 


d. none of these 


The coefficient of x’ in the product (x - 1) (x-3) ++: @- 99) is 


a. —997 
ec. —2500 


b. | 
d. none of these 
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94, 


95. 


96. 


97. 


98. 


99. 


100. 


101. 


102. 


103. 


Algebra 
“The sum of 20 terms of the series whose r“* term is given by 
2 
T(n) = (-1)" nitntl is 
n} 
us ae 
70) 20! 
21 
c — d. none of these 
20! 


Consider the sequence 1, 2, 2, 4, 4, 4, 4, 8, 8, 8, 8, 8, 8, 8, 8, .... 
‘Then 1025" term will be 
a. 2? 
ec. 2!° 


b. 2" 
d. 2'? 


1 
Ift = qe ICE) for n= 1, 2, 3, ..., then 


a 1 
—4+—4+—4--+— = 
ho& & t003 
4006 4003 
a: 3006 b. 3007 
4006 4006 
Pp idctied i. 
3008 3009 
The sum of 0.2 + 0.004 + 0.00006 + 0.0000008 + «++ to © is 
200 2000 
a 891 9801 
1000 F nth 
Cc. R801 .» none of these 


noi 


J 
The value of x x 2! = 220, then the value of n equals 
t=1ly= = 


a. {1 b. 12 


c. 10 d. 9 
If 12 + 2? + 3? + +» + 20037 = (2003) (4007) (334) and 
(1) (2003) + (2) (2002) + (3) (2001) + --- + (2003) (1) 
= (2003) (334) (x), then x equals 


a. 2005  b. 2004 

c. 2003 — d. 2001 

If £, denotes the n" term of the series 2+3+6+ 11+ 18+-:- 
then ¢,, is : 

a. 497-1 b. 49? 

c. 507+ 1 d. 49° +2 


The positive integer n for which 2 x 274+3X27+4x2*4---+ 
nx 2"=2"'° js : 


a. 510 b. 511 

c. 512 d. 513 

If 1—- i t elas : hee hen yalieore =: 
3 5 7 9 Ti 4’ 1x3 

+ : + ! ++ ig 

5x7. 9xll 
a. 1/8 b. 2/6 
c. 1/4 d. 2/36 


The coefficient of x'° in the polynomial (x — 1) (@—2)(x- 2) + 
(x — 2°) is , 
a. 279-2" 
C2” 


b. 1 — 27° 
d. none of these 


104. 


105. 


106. 


107. 


108. 


109. 


110. 


111. 


2001 


Ifb,,,= qe for n 2 | and b, =5,, then 2 bag equal 
to . 
a. 2001 " b. —2001 
c. 0 : d. none of these 
2 
If (24) + (2-1) + + 1) = ME) then sis 
equal to 
a. n? b. 2n 
c. n?-2n d. none of these 
If ax? + bx? + cx + dis divisible by ax’ + c, then a, b, c, d are in 
a. AP. b. GP. 
c. HP. d. none of these 
If +34+54+--tp)+Ud+34+54+--4+QMah+345 


+++. +r) where each set of parentheses contains the sum of 
consecutive odd integers as shown, the smallest possible value 
of p + q +r (where p > 6) is 


a. 12 b. 21 

c. 45 d. 54 

In a geometric series, the first term is a and common ratio is r. 
If S, denotes the sum of the n terms and U, = }'S, then 
rS,+(1-n U, equals nel 

a. 0 b. n 

c. na d. nar 


The line x + y = 1 meets x-axis at A and y-axis at B, P is the 
mid-point of AB; 

P, is the foot of the perpendicular 
from P to OA; 

M, is that of P, from OP; 

P, is that of M, from OA; 

M, is that of P, from OP; 

P, is that of M, from OA; and so 
on. 

If P, denotes the n foot of the 
perpendicular on OA; 

then OP, is 


d. none of these 


If (1 —p) (1 + 3x + 9x? + 27x73 + 81x4 + 243x°) = 1 -p’, p #1, 


P 
then the value of z is 


Nile wl 


ABC is aright-angled triangle in which 2B = 90° and BC =a. 
If n points L,, L,, ..., L, on AB is divided inn + 1 equal parts 
and L,M,, L,M,, .... L,M, are line segments parallel to BC and 
M,,M,, ....M, are on AC, then thé sum of the lengths of LM, 
L,M,, ..., LM, is ° 

a(n +1) a(n —1) 
as b jy 

2 2 
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an 
oe d. none of th 
¢c 2 : none of these | 
112. Let 7), and S be the r" term and sum up to * term of a series | 
respectively. If for an odd number n, S,=nand T= Jct : 
n 


then JZ (m being even) is 


m 


2 . b 2m? 
1+m ; Lan? 
(m+1y 2(m +1) 
2 + (m4)? a. T+ (m+? 


113. ABCD is a square of length a,a¢ N,a> |. Let L,, L,, Ly, ».. be 


points on BC such that BL, =L,L,=L,L,= ++. =1 and M,,M,, 
M,, ... be points on CD such that CM, =M,M,=M,M,=---=1. 


a-l 
Then > (AL, +L,M?) is equal to 


n=l 


a. 5 ata 1y° b. + (a- 1)(2a — 1)(4a ~ 1) 
c ~ a(a— 1)(4a- 1) d. none of these 
114, If x, y, and z are in G.P. and x + 3, y + 3, and z+ 3 are in HP., 
then 
a y=2 b. y=3 
ac y=1 d. y=0 


115. If x, y, and z are distinct prime numbers, then 
a. x, y, and z may be in A_P. but not in G.P. 
b. .x, y, and z may be in G.P. but not in A.P. 
c. x, y, and z can neither be in A.P. nor in G.P. 
d. none of these 


Multiple Correct Answers Type [Kyyonenaen page 3.59 


Each question has four choices a, b, c and d, out of which one or 
more answers are correct. 


1. For the series,.S = 1+ (l+2)? + ite (1+2+3) 


(+3) (1+3+5) 


+————__(1+24+34+4)* 4... 
(+3+5+7) 
a. 7" term is 16 


b. 7'* term is 18 


: . 505 
c. sum of first 10 terms is we 


d. sum of first 10 terms is a5 


2. Ifsum of an infinite G.P. p, 1, I/p, Ip, ... is 9/2, then value of 


pis : 
a. 2 b. 3/2 
c. 3 d. 9/2 


3. If Si r(rt+ Dr +3) = ant + bn + cn? + dnt e, then 


r=l 8 


a a-—b=d-c 
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b. e=0 
c. a, b— 2/3, c— 1 are in A.P. 
d. (b + d)/ais an integer 
4. The terms of an infinitely decreasing G.P. in which all the terms 


are positive, the first term is 4, and the difference between the 
third and fifth term is 32/81, then 


a. r= 1/3 b. r= 2J2/3 
cS =6 d. none of these 

- 5. The consecutive digits of a three digit number are in G.P. If the 
middle digit be increased by 2, then they form an A.P. If 792 
is subtracted from this, then we get the number constituting 


of same three digits but in reverse order. Then number is 
divisible by 


a. 7 b. 49 

ce. 19 d. none of these 
6 IfS =P -2°4+3?-445°-6+---, then 

a. S,, =- 820 b. S,,>S,,.5 

c. S., = 1326 - d. S$, >S,,_, 


7. Given that x + y + z= 15 when a, x, y, z, b are in A.P. and 
eee when a, x, y, z, b are in H.-P. Then 
x y z 3 
a. G.M. of a and b is 3 
b. one possible value of a + 2b is 11 
c. A.M. of a and bis 6 


d. greatest value of a —b is 8 


8. Let a), @,, 4,, ....a@, be in G.P. such that 3a, + 7a, + 3a, — 4a, 
= 0. Then common ratio of G.P. can be 


2 b. > 
a. a) 
5 eon 
yale) 25 
1 1 1 


St SS Yt abr i 
9, Yr+J5 e448 Ve+Vil + n terms, is equal to 
Ele Sy aetp) n 
2 b, ————= 
3 oan +2 


c. less thann d. less than ie 


10. Ifa, b, and c are in H.-P. then the value of 
(ac + ab — bc) (ab + be — ac) _ 


(abcy = 

(a+c) (3a-—c) 2, 
a 4a°c? “be Bb 

otine she d (a-c) (3a+c) 
“be at ° 4a? 

Lt x? txt peep x20? 
ll. Ifp@)= l+x+x24..-4 x"! iS a polynomial in x, then n 

can bi 
a. 5 b. 10 


c. 20 d. 17 
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12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


Algebra 


For an increasing A.P. GQ), A, -., @, if a,+4,+a,=-12 and 
a,a,a, = 80, then which of the following is/are true? 

b. a,=-1 

d. a,=+2 


a. a,=~10 
c. a,=—-4 
If n > 1, the values of the positive integer m for which n+ 1 
dividesa=1+n+n?+--- +n® is/are 
a. 8 b. .16 
c. 32 d. 64 
If p, g, and r are-in A.P. then which of the following is/are 
true? 
a. p", g® and r** terms of A.P, are in A.P. 
b. p", g and r* terms of G.P. are in G.P. 
c. p,q" and r* terms of H.P, are in H.P. 
d. none of these 
If 1+ 2x4+3x°+43+--- 00 >4 then 
a. least value of xis 1/2 
b. greatest value of x is 4/3 
c. least value of is x 2/3 
d. greatest value of x does not exists 
1 1 


1 
Dia tahoe Then, 


b. E> 3/2 
If the sum of n terms of an A.P. is given by S, =a+bn+ cn’, 
where a, b, c are independent of n, then 

a. a=0 

b. common difference of A.P. must be 2b 

c. common difference of A.P. must be 2c 

d. first term of A.P. isb+c 


a E<3 c. E>2 d. E<2 


15.5533 
If x7 + 9y? + 2527 = xyz Se ae , then 


y z 
1 1 1 
a. x, y, and z are in H.P. b. > — 7 arein AP. 
x y Z 
; 1 1 1 : 
c. x,y,z are in G.P. d. x yz are in G.P. 


If a, b, c, and d are four unequal positive numbers which are in 
A.P., then - 


ote. Sa 4 tele ha 
a+d “ad bee 


The next term of the G.P. x, x? + 2, and x? + 10 is 


ee b. 6 
16 


c. 0 d. 54 
In the 20" row of the triangle 


a. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


Reasoning Type 


a. last term = 210 b. first term = 191 

c. sum = 4010 d. sum = 4200 

If A,,.A,; G,,G,; and H,, H, are two arithmetic, geometric and 
harmonic means respectively, between two quantities a and b, 
then ab is equal to 


a. AH, b. A,H, 
c. GG, d. none of these 
Let S|, S,, .... be squares such that for each n 2 1, the length of 


a side of S| equals the length of a diagonal of S_,. If the length 
of a side of S, is 10 cm, then for which of the following values 
of n is the area of S, less than 1 sq. cm? 


a. 7 b. 8 

ec. 9 d. 10 
1 % 1 eile 

If b-a b-c a ¢ then 


a. a, b, and c are in H.P. 
b. a, b, and c are in AP. 
ce b=at+ec 

d. 3a=b+c 


If a, b, and c are in G.P. and x and y, respectively, be arithmetic 
means between a, b and b, c, then. 


aoc 
a, —+—=2 pb. “+555 
x y x y a 
2 

112 d —+—=— 
x y b x y ac 


2 
a, 

nl for all n 
Gy _2 
2 3, terms of the sequence being distinct. Given that’a, and a, 
are positive integers and a, < 162 then the possible value(s) of 


Consider a sequence {a,} with a, = 2 and a, = 


a, can be 
a. 162 b. 64 
c. 32 d. 2 


Which of the following can be terms (not necessarily 


consecutive) of any A.P. 
b. V2, ¥50, ¥98 


a. 1,6, 19 
a. ¥2,V3,V7 


c. log2, logl6, 1og128 
The numbers 1, 4, 16 can be three terms (not necessarily con- 
secutive) of 
a. no AP 

c. infinite number of APs d. 


b. only one GP 
infinite number of GPs 


. Solutions on page 3.63 


Each question has four choices a, b, c and d, out of which only 
one is correct. Each question contains STATEMENT 1 and 
STATEMENT 2. 


a. 


b. 


Both the statements are TRUE and STATEMENT 2 is the cor- 
rect explanation of STATEMENT 1. 

Both the statements are TRUE but STATEMENT 2 is NOT 
the correct explanation of STATEMENT 1. 

STATEMENT 1 is TRUE and STATEMENT 2 is FALSE. 
STATEMENT 1 is FALSE and STATEMENT 2 is TRUE. 
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ad 


10. 


11. 


12. 


Statement 1: The numbers //2 , Rew V5 cannot be the 
terrms of a single A.P. with non-zero common difference. 
Statement 2: If p, q, r (p # q) are terms (not necessarily 
consecutive) of an A.P., then there exists a rational number k 
such that (r— qg)(q —p) =k. 

Statement 1: In a G_P. if the (m +n)" term be p and (m—n)" 
terrn be q, then its m" term is  Pq- 

Statement 2: Tan Line Logg ME in G.P. 

Statement 1: There are infinite geometric progressions for 
which 27, 8 and 12 are three of its terms (not necessarily 
consecutive). 

Statement 2: Given terms are integers. 


15 5 3 

Statement 1: If x? + 9y? + 2527 = xyz (2 te ;) , then x, y, 
: x y Zz 

zare in H.P. 

Statement 2: If a? +al+-+a?=0,thena =a,=a,=-- 

=a =0. 


Statement 1: Coefficient of x!4 in (1 + 2x + 3x7 + ++» + 16x)? 
is 560. 


n 2 
n(n* —1) 
Statement 2: Lna-n =e 
Statement 1: x = 1111---91 times is composite number. 
Statement 2: 91 is composite number. 
Let a, re R—- {0, 1,— 1} and 7 be an even number. 


Statement 1: a x ar x ar +. ar™! =(a@ ry”. 


Statement 2: Product of i" term from the beginning and from 
the end in a G.P. is independent of i. 


Statement 1: Sum of the series 1° — 23 + 33-47 +--- +11 


= 378. 


Statement 2: For any odd integer n 2 1, n?-(n- 1% + --- 


+(-1y' Bs a (2n —1)(n +1)’, 


. Statement 1: If an infinite G.P. has 2" term x and its sum is 4, 


then x belongs to (—8, 1). 


Statement 2: Sum of an infinite G.P. is finite if for its common: 
ratio r,O<In< 1. 


Statement 1: Let p,, p,, ..., p, and x be distinct real number 
n-l n-l n 
such that [S07] + (¥ PP} + ¥ p; $0, then p,, 
r=] r=l r=2 
Py» «+» Pp, are in G.P. and when ay +a; +a; to ta =0, 
a, =a, =a, =: =a, =0 
P Pn 
Statement 2: If Po Se ost ~~ _ , then p,, p,, ..., p, are 
in GP. P| P2 Pn-i : 
Statement 1: 1°° + 2% + --- + 100” is divisible by 10100. 
Statement 2: a” + b" is divisible by a + b if n is odd. 
Statement 1: If the arithmetic mean of two numbers is 5/2, 


geometric mean of the numbers is 2, then the harmonic mean 
will be 8/5. 


Statement 2: For a group of positive numbers (G.M.)? = (A.M.) 
x (H.M.). 
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Linked Comprehension Type - Solutions on page 3.64 


Based upon each paragraph, three multiple choice questions have 
to be answered. Each question has four choices a, b, c and d, out of 
which only one is correct. 


For Problems 1-3 
Sum of certairi consecutive odd positive integers is 57? — 13?. 


1. Number of integers are 


a. 40 ’ b. 37 
ce. 44 d. 51 
2. The least value of an integer is 
a. 22 b. 27 
ec. 31 d. 43 
3. The greatest integer is 
a. divisible by 7 b. divisible by 11 


ce. divisible by 9 d. none of these 


For Problems 4-6 
Consider three distinct real numbers a, b, c in a G.P. with a? + b? 
+c =f anda+b+c= at. Sum of the common ratio and its recipro- 


cal is denoted by S. 
1 
=3 
». [£3 


d. [-~ :) UG, ) 


4. Complete set of a? is 


a. (3.3) 
Cc (5-3} — {1} 


5. Complete set of S is 


a. (-2, 2) 
ec (-1, 1) 


b. (- ©, -2) U (2, ~) 
d. (~~, -1) U (1, ~) 


6. If a, b, and c also represent the sides of a triangle, then the 
complete set of a? is 


a. (3.3] b. (2, 3) 
1 V5 +3 
aay! 

c. E | d. 5 3] 


For Problems 7-9 
In a GP., the sum of the first and last term is 66, the product of the 
second and the last but one is 128 and the sum of the terms is 126. 


7. If an increasing G.P. is considered, then the number of terms in 


GP. is 
a. 9 b. 8 
ce. 12 d. 6 
8. If the decreasing G.P. is considered, then the sum of infinite 
terms is 
a. 64 b. 128 
ec. 256 d. 729 
9. In any case, the difference of the least and greatest term is 
a. 78 b. 126 
ec. 126 d. none of these 


For Problems 10-12 
Four different integers form an increasing A.P. One of these numbers 
is equal to the sum of the squares of the other three numbers. Then 
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10. The product of all numbers is 


a, -2 b. 1 
c. 0 d. 2 
11. The sum of all the four numbers is 
a3 b. 0 
c. 4 d 2 
12. The common difference of the four numbers is - 
a. | b. 3 
c. 2 d. -2 


For Problems 13-15 


Consider the sequence in the form of groups (1), (2, 2), (3, 3, 3), 
(4,4, 4,4), 6, 5,5, 5, 5), .-.. 


13. The 2000" term of the sequence is not divisible by 


a. 3 : b. 9 

C57 d. none of these 
14. The sum of first 2000 terms is 

a. 84336 b. 96324 

c. 78466 d. none of these 


15. The sum of the remaining terms in the group after 2000" term in 
which 2000" term lies is , 


a. 1088 b. 1008 
ec. 1040 d. none of these 
For Problems 16-18 


There are two sets A and B each of which consists of three numbers in 
A.P. whose sum is 15 and where D and d are the common differences 


us 
such that D — d= 1. If aa where p and gq are the product of the 
numbers, respectively, and d > 0 in the two sets. 


16. Sum of the product of the numbers in set A taken two at a time is 


a. 5] b. 71 
c. 74 d. 86 

17. Sum of the product of the numbers in set B taken two at a time is 
a. 74 b. 64 
c. 73 d. 81 

18. Value of g- pis 
a. 20 b. 30 
ce. 15 d. 25 


For Problems 19-21 

Let A,, A,, A,, .... A,, be the arithmetic means between —2 and 1027 
and G,, G,, G,, .... G, be the geometric means between 1 and 1024. 
The product of geometric means is 2* and sum of arithmetic means 
is 1025 x 171. 


19, The value of XG, is 


a. 512 b. 2046 

c. 1022 d. none of these 
20. The number of arithmetic means is 

a. 442 b. 342 

c. 378 d. none of these 


172 are 1n 


21. The numbers 2 A,,,, G?,+ 1, 2A 


a. A.P. b. G.P. 
c. H.P. d. none of these 
For Problems 22-24 
Two consecutive numbers from 1, 2, 3, ---, # are removed. The arit 


metic mean of the remaining numbers is 105/4. 


22. The value of n lies in 
a. [45,55] 
c. [41, 49] 


b. [52, 60] 
d. none of these 


23. The removed numbers 

a. lie between 10 and 20 ‘+b. are greater than 10 
c. are less than 15 d. none of these 
24. Sum of all numbers 

a. exceeds 1600 b. is less than 1500 


c. lies between 1300 and 1500 d. none of these 


For Problems 25-27 : 
Two arithmetic progressions have the same numbers. The ratio of the 
last term of the first progression to first term of the second progression 
is equal to the ratio of the last term of the second progression to the 
first term of the first progression and is equal to 4, the ratio of the sum 
of the n terms of the first progression to the sum of the n terms of the 
second progression is equal to 2. 


25. The ratio of their common difference is 


a. 12 b. 24 

c. 26 . d. 9 
26. The ratio of their nth term is 

a. 6/5 b. 7/2 

c. 9/5 d. none of these 
27. Ratio of their first term is 

a. 2/7 b. 3/5 

c. 4/7 d. 2/5 


For Problems 28-30 
The numbers a, b, and c are between 2 and 18, such that 
(i) their sum is 25 
(ii) the numbers 2, a, and b are consecutive terms of an A.P. 
(ili) the numbers b, c, 18 are consecutive terms of a G.P. 


28. The value of abc is 
a. 500 
c. 720 

29. Roots of the equation ax? + bx + c = O are 


b. 450 
d. none of these 


a. real and positive 

b. real and negative 

c. imaginary 

d. real and of opposite sign 


30. Ifa, b, and c are roots of the equation x* + gx? + rx +5 =0, then 
the value of r is 


a. 184 
ce. 224 


b. 196 
d. none of these 
For Problems 31-33 


Let T,, T,, T,, ..., T,, be the terms of a sequence and let (T,-T,)=T 
(T,-T,) = Ty ery Cees Saar as Sim 


, 
~ 
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Case I: 

If 7), T%, . , T’_, arein A-P., then T, is quadratic in ‘n’. If T; — 73, T% 
-—T), ....are in "A. P., then 6 is cubic i inn. 

Case II: 

fT, T),..-,7)_, are notin A.P., but in G.P., then 7 = ar" +b, where 


ris the corramon ratio of the G.P. T{, Tj, Ti, ... anda, be R. 
Again, if 77, T3, .... T’_, are not in G.P. but Tp=T 7, 2 Th, 
T’_, are in G.P., then 7, is of the form ar’ + bn +c and ris the common 
ratio of the G.P. T)-T),T,-T},T,-T,, ... anda, b,ce R. 
31. The sum of 20 terms of the series 3+ 7+ 144+244374---- 
is 
a. 4010 b. 3860 
ce. 4240 d. none of these 
32. The 100" term of the series 3 + 8 + 22 + 72 + 266 + 1036+--- 
is divisible by 2", then maximum value of n is 
a. 4 b. 2- 
e 3 d. 5 


33. For the series 2 + 12+ 36+ 80+ 150 +252 + --- , the value of 


coe hi 
lim 3 is (where T is n term) 
noo FL : n 
a. 2 b. 1/2 
c 1 d. none of these 


Solutions on page 3.67 


Matrix-Match Type @ 


Each question contains statements given in two columns which 
have to be matched. Statements a, b, c, d in column I have to be 
matched with statements p, q, r, s in column II. If the correct 
matches are a—p, a—s, a—q, b-r, cp, cq and d—s, then 
the correctly bubbled 4 x 4 matrix should be as follows: 
p q T S 

QOOO® 
IQ™QOO® 


OOO® 


p 


Ss 


1. 


Column I 
a. If a, b, c are in GP., 
log, 10, log 10 are in 


Column II 


then log, 10, 


b. If a+be _dbtce _otde : 
a~be* b-ce* c—de* 
a, b, c, d are in 


then 


ce. Ifa, b,c arein A.P.; a,x, b are in GP. and 
b, y, c ace in G.P., then x’, b?, y? are in 

‘d. If x, y, z are in G.P., a‘ = b = c*, then 
log a, log b, log c are in 


s. none of these 


2. 
Column I Column Ii 
a. If Xn = 210, then Zn? is divisible by the |p. 16 


greatest prime number which is greater 
than 


b. Between -4 and 2916 is: inserted .odd 


.  thGM. is divisible by greatest odd i integer a) 
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number (2n +1) G. M’s. Then the (n +1). 


which is less than | 


‘more than . 


In.a certain progression; four consecutive 
terms are 40, 30, 24, 20. Then the integral 
part of the next term of the progression is 


aa 
* tO co = Ag 


Integer Type 


1. 


10. 


11. 


12. 


13. 


 H.CF(a,b) = 1, then a—b is less than 


. The value of the }) aun 


5 Let a,, 4, yy vere 


Solutions on page 3.68 


If the roots of 10x? — nx?~ 54x — 27 = 0 are in harmonic progres- 
sion, then ‘n’ equals. 


The difference between the sum of the first & terms of the series 
134234334 ...... + nm and the sum of the first k terms of 1 + 2 
+ 3+.....+nis 1980. The value of k is. 


co 


is equal to. 
n=0 
201 


are in G.P. with a,,, =25 and Sa, = 625. 
i=l 


Qi) 
201 1 
Then the value of a equals. 
i=] 4; 
9999. 1 
LetS= > , then S equals. 


Bal (ednaa) dn eee 


. The 5" and 8" terms of a geometric sequence of real numbers 
o 


are 7! and 8! respectively. If the sum to first 2 terms of the G.P. 
is 2205, then n equals. 


Let a, b, c, d be four distinct real numbers in A.P. Then half of 
the smallest positive value of k satisfying2(a — b) + k(b-—c) + 
(c- a) =2(a—d) + (b-d)? + (cd) is. 


Number of positive integral ordered pairs of (a, b) such that 6, a, 
b are in harmonic progression is. 


For a, b > 0, let Sa — b, 2a + b, a+ 2b be in A.P. and (b + 1)’, ab 
+ 1,(a—1)° are in G.P., then the value of (a7! + b-') is. 


The coefficient of the quadratic equation ax? + (a + d)x + (a 
+ 2d) = 0 are consecutive terms of a positively valued, increas- 


ing arithmetic sequence. Then the least integral value of @ 
such that the equation has real solutions is. o 


Letat+ar,+ar?+. . tee anda +ar,+ ar, +... + be two 
infinite series af positive numbers with the same fink term. The 
sum of the first series is r, and the sum of the second series is ry. 
Then the value of (r, +1,) is. 


If the equation x* + ax? + bx + 216 = 0 has three real roots in 
G.P., then b/a has the value equal to. 
Let a, = 16, 4, 1, ....be a geometric sequence. Define Pas the 


1 
product of the first n terms. Then the value of — 
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14, 


15. 


16. 


17. 


18. 


Algebra 


The terms a,, a,, a, form an arithmetic sequence whose sum is 
18. The terms a, + 1, a, a, + 2, in that order, form a geometric 
sequence. Then the absolute value of the sum of all possible 
common difference of the A.P. is. 


Given a, b, care in AP., b,c, dare in G.P. andc, d,e are in 
HLP.Ifa@=2 ande = 18, then the sum of all possible value of 
“c’ is. 

Let sum of first three terms of G.P. with real terms is = and 


their product is —1. If the absolute value of the sum of their 
infinite terms is S, then the value of 75 is. 


Let S denote sum of the series 3 + Zs + a + 


Pray Tee 
2 243 28.3. 27.5 ° 
Then the value of S” is. 
The first term of an arithmetic progression is 1 and the sum of 
the first nine terms equal to 369. The first and the ninth term of a 
geometric progression coincide with the first and the ninth term 
of the arithmetic progression. If the seventh term of the geomet- 
ric progression is T,, then the value of T,/9 is. 


Solutions on page 3.70 


Subjective Type 


1. 


The harmonic mean of two numbers is 4. Their arithmetic mean ; 
A and the geometric mean G satisfy the relation 2A + G? = 27.’ 
Find the two numbers. (IIT-JEE, 1997) . 


The interior angles of a polygon are in arithmetic progression. 
The smallest angle is 120°, and the common difference is 5°. 
Find the number of sides of the polygon. (IIT-JEE, 1980) 
If a,, dy ---, @, are in arithmetic progression, where a, > 0 for all 
i. Show that 


n-l 


I 1 1 
V4 + Ja, Vay + Ja, he 1 + Ja, Ja, + Ja, 
(UT-JEE, 1982) 
Does there exist a geometric progression containing 27, 8 and 
12 as three of its terms? If it exists, how many such progressions 
are possible? (IIT-JEE, 1982) 
Find three numbers a, b, and c, between 2 and 18, such that 
(i) their sum is 25 
(ii) the numbers 2, a, b, are consecutive terms of an A.P. and 
(iii) the numbers b, c, and 18 are consecutive terms of a G.P. 
(IT-JEE, 1983) 


The sum of the squares of three distinct real numbers, which are 


1 
in GP. is S?. If their sum is aS, show that a € (z. uaa» 
(IIT-JEE, 1986) 


. If log, 2, log, (2" — 5), and log, [2 -i) are in arithmetic 


(UT-JEE, 1990) 


Let p be the first of the n arithmetic means between two numbers 
and q the first of n harmonic means between the same numbers. 


progression, determine the value of x. 


2 
n+l 
Show that g does not lie between p and (4) P. 


(IT-JEE, 1991) 


9. 


10. 


i. 


12. 


13. 


14. 


16. 


If S,, S,, S,, ..., 5, are the sums of an infinite geometric series 
whose first terms are 1, 2, 3, ..., 2 and whose common ratios 
111 1 


its a respectively, then find the value of 
n+ 


SP4SS+S$t- +534, (IIT-JEE, 1991) 


The real number x,, x,, x, Satisfying the equation x* — x? + Bx 
+ y =O are in A-P. Find the intervals in which Band y lie. 


(IIT-JEE, 1996) 


Let a, b, c, and d be real numbers in a G.P. u, v, w, satisfy the 
system of equations 

u+2v+3w=6 

4u + 5v + 6w = 12 

6u+9v=4 


1 


Show that the roots of the equation (+ + 1 + ) x? +[(b-cy 


u y w 
+(c-ay+(d—b)]x+utv+w=Oand 20x" + 10(a-d)x-9 
= 0 are reciprocals of each other. (IIT-JEE, 1999) 


The fourth power of the common difference of an arithmetic 
progression with integer entries is added to the product of any 
four consecutive of it. Prove that the resulting sum is the squares 
of an integer. (UIT-JEE, 2000) 


Let a,, a,, ... be positive real numbers in a geometric progres- 
sion. For each n, let A,, G,, H, be, respectively, the arithmetic 
mean, geometric mean and harmonic mean of a,, @,, ..., @,. Find 
an expression for the geometric mean of G,, G,, ..., G, in terms 
of A,,A,, --.A, HH, ... >A, (UT-JEE, 2005) 


Let a,-b be positive real numbers. If a A,, A,, b be are in 
arithmetic progression, a, G,, G,, b are in geometric progres- 
sion and a, H,, H,, b are in harmonic progression, show that 
HH, H,+H, Sab 


»” 


(IIT-JEE, 2002) 


If a, b, c are in A.P. and a’, b’, c? are in H.P., then prove that 


c 
either a=b=cora,b,— =z formaGP. (UT-JEE, 2003) 


2 


3 3 3 ; n-1 3 ; 
eg gt Oe ind Se, 


then find the least natural number 7, such that b >a, Vn2n,. 
(IIT-JEE, 2006) 


Objective Type 


Fill in the blanks 


1. 


> 


The sum of integers from | to 100 that are divisible by 2 or 5 
iS : (IIT-JEE, 1984) 


The sum of the first 7 terms of the series 1? + 2 x 274+ 3° +2 
«42 452742x64--- isn (n+ 1)/ 2, when n is even. When n 
is odd, the sum is (IIT-JEE, 1988) 


Let the harmonic mean and geometric mean of two positive 
numbers be in the ratio 4 : 5. Then the two numbers are in the 


ratio (IIT-JEE, 1992) 
For any odd integer n 2 1, n -(n-1P +--+ + Cly-' B 
s : (IIT-JEE, 1996) 
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5. 


Let x be the arithmetic mean and y, z be the two geomet- 
; ye 


ric means between any two positive numbers. Then ae 


= . quT-J EE, 1997) 


Let p and q be roots of the equation x? — 2x + A = 0 and let r and 
s be the roots of the equation x’ - 18x+ B=0.Ifp<q<r<sare 
in arithmetic progression, then 


A= (IIT-JEE, 1997) 


Multiple choice questions with one correct answer 


1. 


If x, yy and z are p", g" and r* terms respectively of an A.P. and 
also of a G.P., then ~~ y** z"? is equal to 

b. 0 

d. none of these 


a. XYZ 
ce. 1 


The third term of a geometric progression is 4. The product of 
the first five terms is 


a. 4° b. 4 
c. 44 d. none of these 
(IIT-JEE, 1982) 
The rational number which equals the number 2.357 with recur- 
ring decimal is 
2355 2379 
™ 1001 D7. 
~ 2355 
c. “999 d. none of these 
(IIT-JEE, 1983) 
. Ifa, b, and c are in G.P., then the equations ax’ + 2bx + c = 0 and 
dx? + 2ex +f =0 have a common root if “ - f are in, 
a. A.P. b. G.P. 
c. H. P. d. none of these 


(IIT-JEE, 1985) | 


Sum of the first terms of the series ; + 7 + Z + 


is equal to ty 
a, 2"-n-1 


« a+2"-) 


15 
—+ts 
16 
b. 1-2" 


d. 2"+1 (HIT-JEE, 1988) 


Find the sum (x + 2)""'! + (x + 2)"? (+ I) + (e+ 2)"7 Ft 1? 
tetas lyr! 

a. (x + 2)'" ~ (x + 1)" 
c. (x+2)"-—(x+ 1)" 


b. (x + 2y"'-@t bh"! 
d. none of these 
(IT-JEE, 1990) 


If In(a +c), In(a—c), and In(a — 2b + c) are in A.P., then 
b. a’, b,c? are in A.P. 
d. a, b, c are in HP. 
(IT-JEE, 1994) 


a. a, b,c are in A.P. 
c. a,b,c are in GP. 


Let a,, @, ..., a, be in A.P. and h,, h,, ..., Ay, be in HLP. If 
a= h= 2 and a,,=h,)= 3, then a,h, is 

a. 2 b. 3 

ce. 5 d. 6 (IIT-JEE, 1999) 


The harmonic mean of the roots of the equation (5 + “5. x 


—(44J5)x +8425 =0is 


10. 


11. 


12. 


13. 


14, 


15. 


16. 


Progressions and Series 3.41 
a. 2 b. 4 
c. 6 d. 8 (IT-JEE, 1999) 


Let the positive numbers a, b, c, and d be in A.P. Then abc, 
abd, acd, and bcd are : 


a. not in A.P./G.P./H.P. 
ce. inG.P. 


b. in A.P. 


d. in HP. (UT-JEE, 2001) 


Consider an infinite geometric series with first term a and 
common ratio r. If its sum is 4 and the second term is 3/4, then 


4 3 a 
a. a= =e db. ae aaa 
eee 1 
c. aa as d.a=3,r= 7 
(IIT-JEE, 2001) 


Let a, and f be the roots of x? - x +p =0 and yand 6 be the 
root of x —4x+q=0. If a, B, and y, dare in G.P., then the 
integral values of p and q, respectively, are 


a. —2, -32 b. -2,3 

c. -6, 3 d. -6, -32 

If the sum of the first 2n terms of the A-P. 2, 5, 8, ..., is equal to 
the sum of the first n terms of A.P. 57, 59, 61, ..., then n equals 
a. 10 b. 12 

ce 11 d. 13 


Suppose a, b, and c are in A.P. and a’, b’, and c? are in GP.., if 


3 
a<b<cand a+b+c=~, then the value of a is 


(IIT-JEE, 2002) 


An infinite G.P. has first term as a and sum 5, then 
b. -l0<a<10 
d. a> 10 


a. a<-—l0 


c. O<a< 10 anda#5 (IIT-JEE, 2004) 


In the quadratic equation ax? + bx + c = 0, A = b’ — 4ac and 
a+ B,a?+ B?, a) + Bare in GP. where a, fare the roots of 
ax? + bx+c=0, then 
a. A#0 

c cA=0 


b. bA=0 


d. A=0 (IIT-JEE, 2005) 


Multiple choice questions with one or more than one correct answer 


1. 


If the first and the (2 — 1)" terms of an A.P., a G.P. and a H.P. 
are equal and their n" terms are a, b and c respectively, then 


b. a2b2c 
d. ac-P=0 


a. a=b=c 
c at+tb=b 

(IIT-JEE, 1988) 
For 0 < @< 7/2, if 


x= >,cos”" 6, y= sin” 6, and z= > cos”” gsin™" @ then 
n=0 n=0 n=0 : 

a. xyZ=xzt+y b. xyz=xy+Z 

c. xyz=xty+zZ d. xyz= yztx 


(IIT-JEE, 1993) 


downloaded from jeemain.guru 


3.42 


Algebra 


Let n be an odd integer. If sinn@ = 6, sin’ 9, for every value 


of 6, then a 
a. b,=1,b,=3 
b. b,=0,b, =n 


ec. b,=-1,b,=n 


d. b,=0, b, =n’? -3n+3 (IT-JEE, 1998) 
0 1 


Let Tbe the r® term of an A.P., for r= 1, 2,3, .... If for some 


4. 
I 
positive integers m, n, we have Tn = = and T, sie then Tin 
equals ' 
. Wed 
ae b. —+— 
mn m n 
c. | d. 0 (IT-JEE, 1998) 
‘ 1 
5. Ifx>l,y>1,and z>1areinGP., then ———, >and 
I 1+Inx 1l+Iny 
are in 
1+Inz 
a. AP. b. HP. 
c. GP. d. none of these 
(IIT-JEE, 1998) 
ate bel 1 
6. For a positive integer n, let a(n) =1+-+—-+—---+ F 
Then, 2.3589 I= 
a. a(100) < 100 b. a(100) > 100 
c. a(200) < 100 d. a(200) > 100 
(IIT-JEE, 1999) 
Comprehension 


For Problems 1-3 


Let V, denote the sum of first r terms of an arithmetic progression 
(A.P.) whose first term is r and the common difference is 2r— 1. Let T. 


= Vii 


1. 


3. 


-V,-2andQ =T,,-T.forr=1,2,.... 
. (HIT-JEE, 2007) 


The sum V+ V, +--+: + V, is 


a. S nln +1) Gn? =n +) 
1 2 

b. pe +nt+2) 
Ln +1) 

nee —n 

hey 


d. ; (2n? — 2n +3) 


T. is always 
a. an odd number b. an even number 


c. a prime number d. a composite number 


Which one of the following is a correct statement? 
a. Q,, Q,, Q,, «. 
b. 2, Q,,Q;,.- 


. are in A. P. with common difference 5 
. are in A. P. with common difference 6 


c. O,,Q,, Q,, ... are in A. P. with common difference 1] 


d. 0,=0,=0,=-" 


For Problems 4-6 


Let A,, G,, and H, denote the arithmetic geometric and harmonic means, 
respectively, of two distinct positive numbers. For n 2 2, let A,_, and 
H__, have arithmetic and harmonic means as A., G,,, H,, respectively. 


(IT-JEE, 2007) 


4. Which one of the following statements is correct? 
a. G,>G,>G,>-- 
b. G.<G,<G,<-- 
ec. G,=G,=G,=-": 
d. G,<G,<G,<---andG,>G,>G,>-- 
5. Which one of the following statements is correct? 
a. A, >A,>A,>-- 
b. A, <A,<A,<-- 
c. A,>A,>A,>--- andA,<A,<A,> 
d. A, <A,<A,<---andA,>A,>A,>-°° 
6. Which one of the following statements is correct? 
a. H,>H,>H,>-- 
b. H,<H,<H,<--: 
c. H,>H,>H,>--: and H, <H,<H,< tt 
d. H,<H,<H,<---andH,>H,>H,>--- 
Integer type 
1. Let S,,k=1, 2, ..., 100, denote the sum of the infinite geometric 
series whose first term is oo and the common ratio is aS ; 
k! k 
(7 100 5 
then the value of + ¥ (ke —3k +1)S, is. 
100!) x=) 
(IT-JEE, 2010) 
2. Let d,, a,, a, ..., @,, be real numbers satisfying a, = 15,27 — 2a, 
aQ+ae+ +a, 
>Oanda,=2a, ,-a, ,fork=3,4,..., 11. If -_*____+ = 99, 
then the value of &7& 4°74 7 He Suh ig equal to. 
_ CIT-JEE, 2010) 
3. Let a,, @,, 44, ..., @,) be an arithmetic progression with a, = 3 


P 
and S= Ya,,1 <p $100. For any integer n with 1 <n < 20, 
i=l 


S 
let m=5n. If —* does not depend on n, then a,is. 


n 


(IT-JEE, 2011) 
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1. Va— x,Vx,Ja+x are in G. P. 


> x= a’-x 


=> P= a-x* 


=> 


P 
= V2 1 q_ which is irrational. 
Pp 
Similarly, atx = V2 +15 


2. Va-x, vx, Va+x arein A.P. 
= 2Jx = Va-x + Vatx 


=> 4x=a-xta+x+2Va*-x’ (squaring both sides) 


3 
=> wx-a=wva-x 


=> a= 


Now, x must be a perfect square as vx is an integer. Hence, 
x= 1,4, 9, 16,..., etc. For x = 1, a =5/4 (rational number). For x = 4, a 
= 5 (prime number). For x = 9, a = 45/4 (rational number).For x = 16, a 
= 20 (composite number). Hence, the least composite value of a is 20. 


3. Let the three digits be a, ar and ar. Each of the three quantities 
must lie between | and 9, and r must be rational. The three- 
digit number so formed can be written as 100a + 10ar + ar’. 
Now, from the given condition, the digits of the number 
100a + 10ar + ar? — 100 = 100(a — 1) + 10ar + ar?,i.e., a—1, ar, 
ar? are in A.P. Therefore, 


2ar=a-—1+ar? 
=> alr?+1-2n=1 


=> ar-lP=1 


Progression and Series 3.43 


ANSWERS AND SOLUTIONS 


=> r-l=t— 


1 
va 
Since (r— 1) is rational, +1/Ja must also be rational.Further- 


more, 1 <a—1<9so that2 <a< 10. Sincea <9, we get2<as 
9. 


_ The only integer a between 2 and 9 such that 1a is rational 
is 4 or 9. 


Thus, r = 3/2 (rejecting r = 1/2, 2/3, 4/3). Hence, the required 
digits are 4, 6 and 9 forming the number 469. 


4. Let there be 2n + 1 stones. Clearly, one stone lies in the middle 
and stones on each side of it in a row. Let P be the mid-stone 
and let A and B be the end stones on the left and right of P, respec- 
tively. Clearly, there are n intervals, each of length: 10 m on both 
the sides of P. Now, suppose the man starts from A. He picks up 
the end stone on the left of mid-stone and goes to the mid-stone, 
drops it and goes to (n ~ 1)" stone on left, picks it up, goes to the 
mid-stone and drops it- This process is repeated till he collects 
all stones on the left of the mid-stone at the mid-stone. So, the 
distance covered in collecting stones on the left of the mid-stones 
is 

10xn+2[10x(n—-1)+ 10x (n—2)4+---+10%2+ 10x 1] 


After collecting all the stones on left of the mid-stone, the man 
goes to the stone B on the right side of the mid-stone, picks it up, 
goes to the mid-stone and drops it. 


Then, he goes to n" stone on the right and the process is repeated 
till he collects all stones at the mid-stone. 


Distance covered in collecting the stones on the right side of the 
mid-stone is 
210 xn+1O0x(m-1)+10xX(H#—-2)4+---+10X2+4 10x I] 
Therefore, total distance covered is 
10xn+2[10x (n—- 1) + 10x (n-2)4+---+10X24+10x 1] 
+2{10xn+10x(n—1)+---+10x24+10x 1] 
=4f10xn+10x(n—-1)4+---+10%2+10x1)-10xn 


=40[1+2+34+---+n}—10n 


_ 40| 2+] 10% 


= 20n (n+ 1)— 10n 
= 20n? + 10n 

But the total distance covered is 3 km, i.e., 3000 m. 
20n? + 10n = 3000 

=> 2n+n-300=0 

=> (n—12)(2n+25)=0 

=> n=12 _ 

Hence, the number of stones is 2n + 1 = 25. 
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3.44 Algebra 


5, Let 7 be the common ratio of the given G.P. Then, 


1 
b b yr 
b=n"term=ar™! >r™!=—->r=|— 
a a 
Now, product of the first n terms is 
P =axarxar?--ar™ . 
=q" plt243+ vee +(n-1} 


n(n-l) 
=a"r & 
2 


n(u-}) 
2 


MT] Il 
a 8 
a = 
Q |e Co, 
x y a |e 
=. Ney: 
Nv 7 |- 


- qr? br? 


= (aby? 
P? = [(aby?P = (ab)" 


6. x =1+3a+t 6a? + 10a + 
=> ax=at3a?+ 6a + 
Subtracting (2) from (1), we have 
x(1-a)=1+2a+3a?+40 + 


2 E 19494 ease 


2| 


Equation (3) is an arithmetico-geometric series. Therefore, 


eee ree 
=~ 1-R (1-R)’ 
a 1 
= Py tear ees 
1 
eoars ar 


=> (l-ap=x'! 


=> a=l-x 


Similarly, 
b=l1-y'4 
Now, 
S= 1+ 3(ab) + 5(ab) + --- infinity 
l ___ 2ab 
~ 1-ab (1—aby* 
_ itab 
(1—aby 


2n+1 


7. Let =r. Then, the given series is 


2n-1 


S=r4+3r+5P4+74+---+(2n-1)r" 


(1) 


7S = 72 +373 + Set + + (Qn 3)r" + (Qn Lr! 


Subtracting (2) from (1), we get 


(—-r)S=r42r?42r34+---4+2r"—(2n-1)r™! 


‘ 2r?d—r"') 


=f, 


=> 36(1 -rn= —(2n -1)r* 
=> 36(1 — r)* =p— p24 2p2— Dp 


=rtr?—(2n4l)r"*! + (2n—-1)r’? 


(2n -1)r™*! + (Qn —1)r"? 


= pet (2n of 2, nti 1] 
2n-1 
=r¢r— (2n—H[ rr — - rv] 
=r(14+)r) 
)_2nt1P _ Qn+if, Qn 
oF Oe aaa | Dead ae 
2 
—2 _ 2n+1) 4n 
=e 20 Ga | = atonal 
=> 36=n(2n+1) 
=> n=4 


8. = tt? x (F) 
° "n(n+)) 2 


_ Anti)—-n . (=) 
n(n+)) 


uw 
i 
M 


~ (nt) 2" 
9. We have the following: 


First term Common Sums of 2 terms 
difference 


(2) 


fs [850 x 2+(n-1)x 3 


ee =512 x34+(n-1) x5] 


S = slam +(n-1)(2m-))] 
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Progression and Series 3.45 


Hence, S, + S,+-+° +5), Let r+ l/r = t. Hence, (1) becomes 
= 7 i2x14+(n-D x4 22x 240-1) x3] 4 81° - 16-85 =0 (2) 
= 2 Putting 2¢ = y, we have 
5l2m + (n “1)(2m —1)] y—8y-85=0 
ys => (y-5)(y? + 5y+17)=0 
a EX ee ony ae eae on ea) => y=2t=5 . 
nn m m 1 
= Bieta e mera) en) => 2 [r+t}=s (3) 
a [m(m +] +m? (n—- )] The other factor gives imaginary values. From (3), 
2 2P —5r+2=0 
mn 
- ZF onn +) => (r—2)(2r-1)=0 
10. Leta be the first term and r the common ratio of the G.P. Then, => r=2 1 anda oe 
r"-] reel rn] 2 
S,= 4 Sete l? S,=a ae and S,= a a Hence, the four numbers are 1, 4, 16, 64 or 64, 16, 4, 1. 
12. d=2,r=1/2 
Now, : , 
re] pra] ny There are 4n + | terms. Then the mid-term is (2n + 1)" term. T,,, and 
S,(S,-S,) = 4 a —a t,, are mid-terms of A.P. and G.P. 
a eee -1 r-l r-l ‘i 
T,,,=atnd=at+2n 
2 n n 
a n 3n 2n 1 J 
= r"-D{(r" -)-(r" -)} =AR = Beal (ee il 
(r =, 1? ( tat AR Toya x 2 @ + 4n) 2 
2 By given condition, 
= a 5 (r" a 1" 7 rer) Y& 
(r = 1) Tas = Tiel 
1 
, +2n=(a+4n) — 
a (r” ea} Dr" (r" 1) => a n=(a n) > 


-1/ i 7 i 
=> (2"-lha=4n-2nx2 


2 
: r' -] 5 4n —n x 2"* 
—|ar oe 
= r—l aio a4 


Hence, the mid-term of the sequence is 


2 
2n n 
F rn =] r“—] 4n- grt 
(S,-S,)° = a }-o{ 3) ethane ————_¥4n 
2" -1 ; 
2 : n+l nti 
= a in A —nx 2" +2nx2 
ces 0 ay eS 
(r-)) pra 
2 ntl 
= rr" 1)? 2 ARO" 
(r-1)° 2” -1 
rot f 13. We have, 
- | ar" 5 2 i2 2 
r-l (a,ta,+--+a, P= a ta, t--+a, + 2(a,a, + a,a; + +) 
S\(S,-S) = (S,-5,)? a 
2 
a(1—r") ad-r") m 
11. Let the four numbers in G.P. be oS ae and ar’. The product = 7 + 24,4; 
is por l-r l-r i<j 
2 my? 2 2m 
a* = 4096 = 8* < a (l-r a d-r™") 
2) a4a:2=— 
=> a=8 = 2 ea i 
The sum is 7 
2a 
l lt ze 1 [r—r™ saypnitl +77") 
(jttee = 85 (—r)?(1+r) : 
2r d—r™')|}ad-r") 
1 1 = Bit es 8 Pd Sc 
> a(r +t }+9[) *|-85=0 = fa t—r l-r 
r+1e 
— 


3 , 
=> aa, =S xs 
e284 seo % VS 9a 5, %5, 
r Fr Fr 
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3.46 Algebra 


14, T= tan=;sec ad 


ar! 


( 1 1 
sin ae es x 
Z 2 2 


x x 
cOS— X cCoS—— 
2 


ar| 
7 x ‘ x 
sin yl ee ar. gin 7 x cos yo 
- x 
CP ape ary 
x 
= tan FE] TA 


7 x x x 
= ST, =tan->-tan— = tan x-tan— 
r=l 2 2 2" 
1s: de 

(i#j#k) 


= sum when i, j, k are independent 


~ 3 x (sum when any two of i, j, k are equal) 
+2 xX (sum when i =j =k) 


35 S05 


I 
izok=0 93 j=0 27' 


(is) “(Sr lbs) xr 
~ i093! i209 )\ kao 3* i027! J 


16. Let fa, =); 


a,—-1 =b,; 
a,—-2 =)b,; 
a, ~(n—-l) =b, 
b+ By + ee +b,= 
Ir,> n(n —3) 
ple + Gi D+ +2)4-- +O) +a] 1 


I 
¥, = Slel +8; + by +---+b?)+ 


(1424+34+---+(n ye 
n(n—-1) n(n—3) 


2 2 


=> 236 =3b7+ 


=> 230) = b? +n 


Le? ~ 25a, +E1 =0 
= Sw -1?=0 
i=} 


6,-1l=0 => bfP=a=1 
b,-1=0 = bf=a,-1=1 > a,=2 

b3-1=0 = b2=a3-2=1 => a,=3andsoon 
Hence a,=n . 

100 

Ma, =14+24+3+......+ 100 =5050 


i=l 


Objective Type Jinn . 


1, d. The given numbers are in A.P. Therefore, 
2 log, (2'* + 1) = log, (5x 2° +1) +1 


2 . 
= 2 log. (2+) = log,(5 x 2* +1)+log, 2 


=> toe, ( = +1] = log,(5x 2* +12 


2 
> log,{ 2 +1) = log,(10 x 2* + 2) 


= 241) =10x242 
2* 


2G = 10y + 2, where 2* = y 
y 


10y?+y-2=0 
(Sy — 2) (2y + 1)=0 
y= 2/5 ory =-1/2 
2* = 2/5 or 2* =—1/2 
x = log, (2/5) 
x= log, 2 —log, 5 


[-.. 2* cannot be negative] 


YUUUTUSY 


x=1-log,5 

2. b. Since a, b, c are in A.P., therefore, b- a =dandc—b=d. 

where d is the common difference of the A.P. 
a=b-dandc=b+d 


Now, 
abc=4 
= (b-db(b+d=4 
=> b(b?-d*)=4 
But, 
b(b?-d*)<bxb? 
=> bb-d)<b 
> 4<h 
=> bB>4 
=> b>? 


Hence, the minimum value of b is 2”. 


3. a.n' term of the series is 20 + (1 — 1) (-2/3). 


For the sum to be maximum, 


n” term > 0 


’ 
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2 
> 20+ [2 }>0 
=> nv Bl 


Thus, the sum of 31 terms is maximum and is 


3 aosa0(-2}]=31 
2 3 


4. d. 100 term of 1, 11, 21, 31, ... is 1 + (400 ~ 1)10 = 991. 
100" term of 31, 36, 41, 46, ... is31 + (100 — 1)5 = 526. 
Let the largest common term be 526. Then, ‘ 
526 = 31+ (-1)10 
=> n=505 


But n is an integer; hence n = 50. Hence, the largest common term is 
31 + (50 -1)10=521. 


5. d. Let a be the first term and d be the common difference of the 
given A.P. Then, 


S,=S,5 5 [2a +(m=ld]= S(2a+(n—Nd) 


2a(m —n) + {m(m—1)-n(n—1)} d=0 


=> 
= 2a(m—n)+ {(m-n*)-(m-n)}d=0 
=> (m—n)[2a+(mt+n-—1)d] =0 
=> 2a+(m+n-1)d=0 [- m-n#0] (1) 
Now, 

Sa me" [2a+(m+n-Dd]= mer x 0=0 — (Using(1)] 


‘6. a. Let ZC = 90° being greatest and B = 90°- A. 
The sides area—d,aanda+d 
We have (a + d) = (a-dy’+a@? A 
(using Pythagoras Theorem) 
. 4ad-@=0>a=4d 
Hence the sides are 3d, 4d, 5d a atd 
BC _a-d _ 3d _3 


Clearly, sin A= —— = == 
AB atd Sd 5 


dame 2o 2 2 e285 oe C aoe = 
AB at+d 5d 5 Fig. 3.4 
n Dd 
sei 5 Ce)» ont 
“@a’+(n-1d’y 4 
+(2n-2)d: 2n-1 
a Qa+( id) _ 5(2n-1)+3 (replace n by 2n -1) 


Qa’ +(2n-2)d’) 3(2n-1) +4 


(a+(n-Vd) 10-2 
(@’+(n-la’) 6n+1 


@+(I7~d) _ 168 
(a’+(17-Da’) 103 


8. c. Suppose the work is completed in n days when the workers 
stopped working. Since four workers stopped working every day 
except the first day. Therefore, the total number of workers who 
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worked all the n days is the sum of n terms of an A.P. with first term 
150 and common difference -4, ie., 


5 l2x150+(n ~1)x-4] = n(152 —2n) 


Had the workers not stopped working, then the work would have 
finished in (n — 8) days with 150 workers working on each day. 
Therefore, the total number of workers who would have worked 
all the n days is 150 (n - 8). 
n(152 —2n) = 150(n — 8) 
=> nw—n-600=0 
=> (n-25)(n+24)=0 
=> n=25 
Thus, the work is completed in 25 days. 
9. c. Given, S, = 0. Therefore, 


—2a 


© [2a+(p-Dd}=0 =>d= (1) 


Sum of next g terms is sum of an A.P. whose first term will be 
T =atpd. 


pl 


S= F12a + pd) +(q—-1)d] 


= Fi2a+(p—Dd +(p+4)d] 


a poate [Using (1)] 
3n 
10. b. S,,= =[2a+Gn—Nd] 
S45 " [2a+(n-2)d] 


= 5,-8.2 1[2a3n—n+0)]+ “f3nGn ~ 1) ~(n~ 10-2) 


5[2at2n +1) +a8n? -2)] 

a(2n + 1) + d(4n? — 1) ¢ 
= (2n+ 1) [a + (2n— 1)d] 

S,,-S,,,=T,, =at+(Qn-l1)d 


2n 2n-t — “2n 
53, = Sai -_ (2n fs 1) 
So, = Soy) 
Given, 
S3n = Snot =%l>n=15 
So, Se: Son 


Wl. d. 2b=a+ce 
8b =(a+ch=atec+3ac(at+c) 
8b3 = a3 +c + 3ac(2b) 


=> @&+0-8b=-6abe 


U 


tl 


12. b. Let the series have 2n terms and the series is a,a+d,a+2d,..., 
a+t(2n-l)d. 
According to the given conditions, we have 
[a+ (a+ 2d) + (a+ 4d) +--- + (a+ (2n-2)d)] = 24 
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=> 524 +(n—1)2d]=24 


=> nlat(n-l)d} =24 . (1) 
Also, 

(a+ d)+ (at 3d) +--+ +(a+(2n-1)d)| = 30 
—> 5 L2ta +d)+(n—1)2d]= 30 


=> n{(at+d)+(n-1)d] =30 (2) 
Also, the last term exceeds the first by 21/2. Therefore, 
a+(2n-1)d-a=21/2 


=> (2n-l)d=21/2 p (3) 
Now, subtracting (1) from (2), 
nd =6 (4) 
Dividing (3) by (4), we get 
2n-1_ 21 
n 12 
=> n=4 
13. b. Since a, g and c are in A.P., so 
2qzatec 
3, Se 
pr ob 
111 . 
=> phe are in A.P. 


14. b. Given, 


Faxhe oe 


=> Fa+l)-F(a)=1/2 
Hence, the given series is an A.P. with common difference 1/2 
and first term being 2. F(101) is 101% term of A.P. given by 
2 + (101-1)(1/2) = 52. 
15. b. Ift_ be the r® term of the A.P., then 
t=S-S_, 
=cr(r—1)-c(r—1) (r-2) 
=c(r- I)(r—r+2)=2c(r—- 1) 
We have, 


tpttit tt? =4c? 0? + 1274224 +--+ (0-1) 


=4e2 (n-1)n@n-l) 
6 


c7n (n— 1) (2n- 1) 


wld 


16. c. Given that 
a,+a,+a,=11 
= at+2d+at+4d+a+7d=11 
=> 3a+13d=11 (1) 
Given, 
a,+a,=-2 
=> a+3dt+atd=-2 
=> a=-l-2d (2) 
Putting value of a from (2) in (1), we get 
3(-1- 2d) + 13d= 11 > 7d= 14> d=2 anda=-5 


=> a,t+ata,=7 


oe5 


17. a. Ifp,g,rareinA-P.,theninanA.P.orG.P. oranH.P.a,,4,,a,,. 
etc., the terms A,» G,, 4, are in A.P., G.P. or H.P., respectively. 


18. d. Given, a,, a,, a,, ... are terms of A.P. 
atajyt-+a, p? 
Qta,t+4a, 
Pi2a+(p-Dd] 2 
2 _P 

= =e 
52a +@-ld] 7 


2a +(p-d_ p 


7 2a +@-ld gq 
= [24,+(-1)d]q=[2a,+(q-1)d] p 
=> 2a, (q—p)=4dl(q- 1) p-(p- 14] 
= 2a, (q-p)=d(q-p) 
=> 2a =d 

a _ a4t5d _atl0a ii 


a, a +20d a,+40a, 41 


7 ia +(nx—l)d] 


-_— 
© 
oa 

5 
| 


x 52a +(x—1d] 


7 n[{(2a — d)+nxd} 
~  (2a—d)+xd 
For San to be independent of x, 


x 


2a—-d=0 >2a=d 


Now, 


« 


S,= [2a+(p-Ddl= p?a 


20. b. Let the three numbers be a/r, a, ar. As the numbers form an 
increasing G.P., so, r > 1. It is given that a/r, 2a, ar are in A.P. 
Hence, 


a 
4a = —-+ar 
‘ 


=> r—4r+1=0 
> r=22v3 
ren ky [ss 


21. c. Leta,, a,, and a, be first three consecutive terms of G.P. with 
common ratio r. Then, 


r>]] 


a,=a,randa,=a,r? 
Now, 
a, > 4a, — 3a, 
= ay >4ar-—3a, 
=> r>4r—3 
=> r-4r+3>0 
=> (r—-1)(r-3)>0 
=> r<lorr>3 
22. d. We know that 
—-l<cosx<l 
=> Icosxlsi 
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But, 


xe S>xe(0,2) > Icosxt<1 


Now, 


=> 


=> 


24. 


uuu ye 


git lcosat+-cos” x+tleos? XI+ + 10 0 — 4B 
gici-leosxly— 92 
1 


1— Icosx| 


1 
lcosal = — 
2 
1 
cos x= +— 


x= 1/3, 2n/3 
S= {n/3, 22/3} 


. We have, 


1+ +a@b+(lt+a+ab?+(lt+ata2t+a)b3 + --- 00 


= Diiltata’?t--+a™ yor"! 


n=l 


= 1—a’” | 
é —— |b” 
= s(2) 
oe a'b""! 
n=! l-a 
_ 1 Spr 
1—a@nay 
1 2 a 2 
= [i+ b+b* +.-- ec] -——[1+ab+(ab)* + -.. 0] 
‘l-a l-a 
Batt oe B 
(1—a)(1- ab) 


Pry pr! 
=> 


n=l l-a 


28 Y (aby""! 
1 Anz 


~ (—aby(1—b) 

c. Let ‘A’ be first term and ‘r’ be the common ratio. 
We have, 

a=Are!, b= Aree 

ab = A?x 7??? 

Vab =Ar?' =p" term 

b. Letthe sides of the triangle be a/r, aand ar, witha>Qand 
r > 1. Let a be the smallest angle, so that the largest 
angle is 2a. Then a is opposite to the side a/r, and 2a 


is positive to the side ar. Applying sine rule, we get 
alr ar 


sina  sin2a 
sin2a 


harsh 


Hence, 1 <r< 2. 


26. 


a. We have, 


1 1 1 
+—-+—+ 
4 8 16 


Hence, 
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1 
—2logs— 
=(5) 2 
a (508s 4 
=4 
27. b. Degree of x on L.HLS. is 
14+2+4+4+.---+ 128 
=14+24+2?+-.-427 
eg 
2-1 
= 255 
c. x, y, and z are in G.P. Hence, 
Yaxz 
We have, 
a‘ = bY =c* =) (say) 
= xloga=ylogb=zlogc=loga 
logaA loga log aA 
~ logb loge 
Putting the values of x, y and z in (1), we get 


loga ; _ loga loga 
logb 7 loga loge 


28. 


Pe 


= (log bP =loga loge 
= log,a=log.b 


29. b. Required G.M. is —./-9 x —16 =-12. 


30. d. We have, 


S=——=2 
ee 
2 


52 aft = )=2- L 

» G=1/2) 2" 2" 
i eee 

S~S.< 1000 = 2" *To00 


= 2”'> 1000 
=> n-1210 
=> nati 


Hence, the least value of n is 11. 


31. d. Let the series be 21, 217, 217%, ... 


21) bios de 
Sum = aS is a positive integer 
-F 


also 21r is a positive integer 


3.49 


(1) 
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_ 220 
~ 21-2Ir 
also 21r< 21 


hence 21 — 21r may be equal to 1, 3, 7 or 9 
i.e.must be a divisor of (21)(21) 

hence 21-2lr=1lor 3 or 7 or 9 
21r = 20, 18, 14 or 12 


32. c. ForGP.,t,=2"'; for A.P.,T =1+(m—1)3 =3m—2. 
They are common if 2”"' = 3m — 2. For G.P. 100" term is 2°. For 
AP. 100" term is 1 + (J00 -1)3 = 298. Now we must’ choose 
value of m such that 3m — 2 is of type 2”-'. Hence, 3m — 2 = 1, 2, 
A, 8, 16, 32, 64, 128, 256 for which m = 1, 4/3, 2, 10/3, 6, 34/2, 22, 
1 30/3, 86. Hence, possible values of m are 1, 2, 6, 22, 86. Hence, 
there are five common terms. 


as 21r € N hence 21 — 21r must be an integer 


33. c. Initially the ball falls from a height of 120 m. After striking the 


floor, it rebounds ae goes to a height of 5 — x (120) m. Now, it falls 


from a height of 3 —'x (120) m and after ere goes to a height 


4 
of 5 =(120) m. This process is continued till the ball comes to 


rest. 


Hence, the total distance travelled is 


4 2 
ova] c2o+(4 J 20)+- - 


4 420) 
=120+2|5 


nae 
5 


34. b. Let a be the first term and r the common ratio of the G.P. 
Then, the sum is given by 


= 1080 m 


a 


=57 (1) 
l-r 
Sum of the cubes is 9747. Hence, 
@O+0r+arro+ +» =9747 
wy 
=> = =9747 (2) 


-r 
Dividing the cube of (1) by (2), we get 
a (l-r) (579 


d-ry a” 9747 
alae 

a oe 
ltrer =19 

7 “a-r * 

= 18r-39r4+18=0 

= (3r—2)(6r-9)= 

=> r=2/ 0rr=3/2 


= 2/3 ['- r# 3/2, because 0 < Irl < 1 for an infinite G.P.] 


35. b. 2+, ab+ be, b? +c arein GP. 
=> (ab+bcy =(a@ + b’) (b? +c?) 


=> @F4+RP+2abc=eb + act bc? + bt 


=> b'+a@c?-2ab’c=0 
=> (b-acYr=0 
=> b=ac 
= a,b,andcareinGP. 
10 
56 Given 2 255 (1) 
r-1 
1 1 
ala] 
Also 7 =6 
]-— 
i 
1 (7? 
=> i v ui = 6 
ar r-1 
1 ar(r° -1) 6 > 
> rl ao : (2) 


From (1) and (2), 
—— -18=6 
> ar'=3 


Now P = a!°P5 = (@r!!' = 35 = 243 


37, b. a=14+104 10° +--+ + 10 
IP he sh Ae ay . 
“10-1 10-1 10-1 


38. a. Let a be the first term and r be the common ratio of the given 
G.P. Then, 
100 
a= Ya, Saz=a,ta,t-- +a 


n=l 


200 


+ ar! 
be 98) 


=artar+-- 
sar(l+re¢er+-. 


100 
B= Ya, = B=a,+a,++- +a). 


n=l 
=atar+-. 
=a(l+r+--- 
Clearly, a/B = r. 
39. c. The series is 
1424+2x3+4+2?x342?x 3?42)x 374 
=(14+4+2x3+2?x3? 


+ ar! 
+ 7'38) 


‘+ to 20 terms 
+'--- to 10 terms) 
+(24+2?x 3423x374 
- 1(2!°3! =4) Fs 2(2!03! zi} 
6-1 6-1 


3 \ Ato 
= OM -—1 
(2) ) 


a=5,ar =a+3d,ar'=a+ 15d 

5r°=5 + 3d, 5r4°=5 +4 15d 

ri=14+3d 

25r4 = 25+ 75d 

(5 + 3d)? = 25 + 75d 

25 + 30d + 9d* = 25 + 75d 
—45d=0 

d=5,0 


-- to 10 terms) 


5 
ry 


CUUULY 
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(=> T= a+3d=5+415=20 
41. d. p", g", r* terms of A.P. are 


at+Cp-ld=x (1) 
a+(q-l)d=xR (2) 
a+(r-Vd=xR? (3) 


where R is common ratio of G.P. 
Subtracting (2) from (3) and (1) from (2) and then dividing .the 
former by the later, we have 


q-r = xR? — xR =R 
'p-@q xR—-—x 
42. b. Given that 
a+(p-lDd=A 
at+(q-lDd=AR. 
at+(r-—-1)d=AR 
at+(s-1)d=AR3 
where R is common ratio of G.P. Now, 


A-AR (4-4) 


Clearly, p — 4, q2 r,r—sarein GP. 
43. a. Let r be the common ratio of the G.P., a, b, c, d. Then, 
b=ar,c=ar andd=ar' 
(b- c)? + (c-a)y?+(d—by 
= (ar — ar) + (ar? —a) + (ar — arp 
=a? (1-1? +a(P- 12 + ar? — 1) 
=a@(r6-2r+1) 
=a(1-ry 
=(a—ary 
=(a—d) 
44, d. Let P =0.cababab ... 
= 10P =c.ababab... (1) 
and 
1000P = cab.ababab... (2) 
Subtracting Eq. (1) from Eq. (2), we have 
990P =cab-—c 
or 


_ 100c+1l0a+b-c _ 99c+10a+b 
990 7 990 


=> r'=—or (+) =81 (1) 
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Now, it is given that 1/r is an integer and n is also an integer. 
Hence, the relation (1) implies that 1/r = 3, 9 or 81 so that n =4, 2 or 1. 


1 ] 1 
= 162}1-—- 162} 1-— 162} 1-— 
a ( ;| or ;) or ( a 


= 108 or 144 or 160 


46. d. f(x) =2x+1 
=> f(2x) =2(2x)+1=4x4 1 and f(4x) = 2(4x) + 1 =8x4+1 
Now, f(x), (2x), f(4x) are in G.P. Hence, 
© (4x41) = (2x4 1)(8x + 1) 
=> 2x=0 
Hence, f(x), f(2x), and f(4x) is equal to 1 which contradicts the given 
condition. Hence no such x exists. 


47. b. 


Fig. 3.5 


mf —P) +02 FP) +--+ (no) | 
En[r ttre rte trl hon enn, 
Se Tig ag 1) 
=n{l+24+34-+-4r 
= 5050x sq. cm 


ool 


3 
40a 41 oo! 2 peqarer 
te 4 ar 4 


t,+1,=216 
=> art+ar+=216 
=> at8&a=108 
=> az=12(whenr=2) 
49. b. x, y, and z are in G.P. Hence, 
y=ar,z=xr 
Also, x, 2y, and 3z are in A.P. Hence, 
4y =x +3z 
Axr =x + 3xr? 
3r-4r+1=0 
r-1)(r-1) =0 
r=1/3 (r#1 is not possible as x, y, z are distinct) 
1 1 “I 


Ss. = ——_ 
Par? Pgh? 2 ye 


YUU 


50. a. S = 
Pp 


Clearly, 
S +s = a = 28S. 
P P 


1-r?? sd 


51. c. Multiplying the given expression by 2 and rewriting it, we 
have 
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(2x — 3y)? + By — 42)? + (42 - 2x7 =0 
=> x=3y=4z 

1 1 

3 aes are in A.P. 

x yz 


=> X,y,zarein HP. 


52. ¢. a,,a,,...,a, are in HP. 
1 1 1 
=> —,—,°,— arein AP. 
a a a, 
ere ata, +a,+--+a, 4+a,+a,+--+4, . 
a ’ i 27 
+A) +A, t+ 
Gy Pg Og TE On, eee RD 
a, Z 
es ppOEar ere, pare they 
a a 
1p BE Tt nt ore in AP. 
7 a, 
= Gy taste tdy Abas tn tay 
a a, 
+4, +--+ 
Ota TF Srl ein AP. 
a, 
ep eo: eg en EoD 
a, +a,+--+a, ata,t-ta, 
a, - 
are in H.P 
a; +a, +a; 
53. ¢. 
iti, tt 
H,+2 Ay +3 2 H, 3. Ag 
H,-2 Hy-3 bisa bel 
2 H, 3 Hy 
eed ee, 
2522-2 433 
1 1 1 1 
-d +d- 
2 2 3 3 
2 
eg —-d 
= 2 43 
-d d 
$-1 
SS 
d 
1 ol 
=2x21-2 f[asalso, —-=—+2la] 
eee 
=40 
54. b. We have, 
a), 4,, a, are in A.P. => 2a,=4a,+4a, (i) 
dy, @,, a, are in G.P. > a, =a,a, (2) 
2 
a,, a, a, are in HP. => a, = (3) 
° ° a, +4; 
: a,t+a,; 2034, . 
Putting a, = 5 and a,= —+— in (2), we get 


a,+4s 


ata 2asas. 
q?= 4 Bcf As 
: 2 a, +4; 

=> a=aa, 

Hence, a,, a,, and a, are in G.P. So, log,a,, log,a, and log,a, are in 
AP. 
55. d. a, b, and c are in A.P. Hence, 

2b=a+c (1) 


a 2 ate 2. 


be b be c 


2 
> folie Ms are not in A.P. 
be c 


be b 2bc+ab 
— +— =——_ #ce 
a 2 2a 
Hence, the given numbers are not in H.P. Again, 
a2 2a 1 
Pa 


Therefore, the given numbers are not in G.P. 
56. d. x, 2x + 2, 3x +3 are in G.P. Hence, 
(2x + 2)? = x(3x + 3) 
=> 424 8x+4= 3x? + 3x 
=> +5x+4=0 
=> x=-l,4 
So, the G.P. is -4, -6, -9, ... (considering x = —4, as for x =—1, 2x + 
2 =0). Hence, the fourth term is -9 x 1.5 =-13.5. 
57. a. Let the numbers be a, ar, ar’. Then, 
a+ar+ar? = 14 (given) (1) 
Now, 
at+l,ar+l,ar?-1areinAP. 
> 2Aart+l)=atlt+ar-1 
=> 2ar+2=atar (2) 
From (1) and (2), 
2ar+2=14-ar 


=> 3ar=12 


=> ar=4 (3) 
From (1), 

a+4+4r=14 
=> at+4r=10 (4) 


From (3) and (4), 


16 
a+— =10>a=2,8 
a : 


Hence, the smallest number is 2. 


pir ptr (ptry-2pr 


58. b. -+— = 
rp pr pr 
4p r oe are in H.P 
> —2pr “ p,q, r are in F.P. 
i Ge _._ 2pr 
pe a ptr 
2 
ile eee 
ac 


[» ap, bq, cr are in AP. = b’q? = acpr} 
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(atcy 
ais -2 [a, b,c arein AP. => 2b=a+c] 
ae 
=-+— 
c oa 
59. a. We have, 
Ib= ate 


(c- by=(b-aja 
2b=at+c>b-a=c—b] 


=> (b- ay=(b-aja 
=> b=2a 
=> c=3a [Using 2b=a+c] 
3S abc =1:2:3- 
60. a. Let a=1, then S, = 2008 
2008 4 
Ifa#1thenS= 
a-l 
but a8 = 2a—1, therefore, S,= ue = =2 
ae 


S=S,+5S,=2010 
61. b. For the equation x°- px+1=0, 
the product of roots, af? = 1 
and for the equation x? — gx + 8 =0, 
the product of roots o°B = 8 
Hence, (arf?) (o?B) = 8 
> @OP =8>aP=2 ; 
«From af = 1, we have B= 5 and from c@ . B= 8, we have @ 
=4 
Hence, from sum of roots = -- , we have 


1 17 1 33 
=a+ P=4+ —=— andg=o+ B=16+ — = — 
PEO RE erg. Ge oer ae 


| ake : : 
ri is arithmetic mean of p and q 


Liens ee 5 
a 2 
17 
=> ra4prg=4 (242) -17+65=83 
62, ESE aee 2. 
a3 Pppmsiay ere 
= (at+c)d=c(b+d) [as2b=a+t+c] 
=> ad+cd=bcr+cd 
=> bc=ad 
63. c, 22 —%+1 =k (constant) 
Qa, Gy 4) 
1 
> ee =k 
Aya, 
> ae ees ,— arein AP. 
ay 0) a, 
=> 4,4,,4,,..., arein HP. 


Pera 3? 
64. c. Leta=1,b=2,c=4 Then, 

a+b=3,2b=4,b+c=6 
EM gg Ged 

4 3 12 
Hence, a+ b, 2b, b +c are in H.P. 
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65. b. xis A.M. of a and b, y is G.M. of a and J, z is H.M. of a and 8, 
y=x2 
Also given, 
x=9z 
=> x=9yx => Wy =P > x=3Blyl 


50n 
25+n 
As A, G, H are natural numbers, n must be odd perfect square. Now, H 
will be a natural number, if we take n = 225. 


; . 
66. d. A= 2" G =5An, H = 


67. a. Reciprocals of the terms of the series are 2/5, 13/20, 9/10, 
23/20, ... or 8/20, 13/20, 18/20, 23/20, .... Its n'"" term is 
8+(n—-1)5 _ 5n+3 
20 20 
Therefore, the 15" term is cal I a. 
78 39 
a+b b+e 


68. b. Given, b? = ac and x = - y= “pe Therefore, 


ac _ 2a 2c 

~ a+b bte 

_ 2a(b+c)+2c(a+b) 
~  (a+by(b+ce) 


2ac+ab+be 
ab+ac+b? +be 
ss 2act+ab+be 
~ “ 2ac+ab+be 
=2 
69. c« 2b=at+c 
a, p, b, q, ¢ are in A.P. Hence, 
a+b bte 


=“ and g= —— 
ae a7 oe 


Again, a, p’,b, q’, and c are in G.P. Hence, 
p= V4> and’ = be 


a (a-—c)\ate+2b) 


=> p-@ 5 
=(a-c)b 
= ab — be 
=p?-q” 
70. d. Asa,a,,a,,....4@,_,,q, are in A.P., hence 
d=a,-a,=4,-d,='"=4,-a,_, 


sin d[sec a, sec a, + sec a, seca, +--- + seca,_, seca] 


—a,-1) 


cosa,,_, Cosa, 


_ sin(a, — 4a) ae sin(a4,-4@) |, sin (a, 


COSa, COSA, | COSA COSA; 


) 


= (tan a, — tan a,) + (tan a, — tan a)tot (tan a, - tan a 


n-4 
=tana,—tana, 
71. c. S=[a-(a+d)] + [(a+ 2d) -(a+3d)]+-~ 
+ [(a + (2n—2)d)] —-a+ (2n—1)d] + (a+ 2nd) 
= [(-d) + (-d) + --- +n times] + a + 2nd 
=—nd+a+2nd 
=a+nd 
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3.54 Algebra 
72. a. Let! +1/50=x. Let Sbe the sum of 50 terms of the given series. 
Then, 
S=14+ 2x 4+ 3x? + 403 + -- + 49x48 + 50x” () 
xS=. 0 x27? 4+3x34-- + 49x*9 + 50x? (2) 


(l-dS=1 4x4 x2 4x3 + 00 + x9 — 50x? 


[Subtracting (2) from (1)] 
1— x5 


=> SIl-ry= — 50x°° 


=> S(-1/50) = -50(1 — x*°) — 50x" 


=> 4 .§='59 
50 


=> $§=2500 


73. a. Let T be the r" term of the given series. Then, 


2r+i 


ie a se 
P42? 4-47? 


r 


_ 6(2r+1) 
~ (r\(rtD2r+1) 


So, sum is given by 


50 6s 1 1 
xT, > rir ort 


8. Beep 


_f{l 1 1 1 1 1 1 1 1 1 
= qe 52 gh gh gh ge ge = grag gee’ 


75. b. Coefficient of x! in (1 + x + 2x? + 3x3 +--+ 18x!8) 
= Coefficient of x'® in (1 + x + 2x7 + 3x7 + - + 18x'8) 
xX (1444+ 2x? + 3x3 +--+) + 18x!8) 
=1x18+1x17+2x164+--°-+17x1+18x1 


17 
= 36+ ¥ r(8—-r) 
i 


r= 


17 17 
= 36418) r- Sr’ 
r=) 


r=] 


= 1005 
a 
1x3x5x-+-x(2r+1) 


2rt+1-1 
"21x 3x 5---(2r+1)) 


76. c. T(r)= 


1 1 1 
a; X3x5--Qr-l 1x3 onan 


-S1V0)-Vor-D) 


= S70) 


r=! 


-5V(n) -V(0)) 


_4y 1 
2b 1x3xK 5x x (Qnt1) 


re 
nmer=l1X3xX5X7XK9X+-x(2rt]) 


1 1 
= lim —} 1 ——————— WX“ ea 
neo 2 1x3x5Sx--x(2nt+])) 9 


77. de rxrt=(r+1-1)xr! 
=(r+1)!-7'! 
= V(r) - V(r -1) 
30 
= rr!) =VveB1)- V0) 


r=] 
=(31)!-1 
30 
=> 1+ ¥rirt) =31! 


r=l 

which is divisible by 31 consecutive integers which is a prime 
number. 
78. b. [(2n) = 14+ 24+ 3+ --- + (2n—-1)* + (2n)* 

= [(1* + 344 544 --- + (Q2n—1)*) + 24(14 + 244 344 444 --- nn’) 

= (2r—1)4 +16 x I(n) 

r=l 
=> Yr-p* =M2n)- 16K(n) 


r=} 


79. c. Consider the first product, 


rledfedlees ees ee 
Gym aa ators 
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Progression and Series 3.55 


1 1 1 1 = na — X(a,— a) - Xa? - 2a X(a,—a) 
(i- at at s}-{ts | => Lab,+ X(a,- a) =na - na? — 2a(na — na) 
= : : : : Eb, = Lb- La, 
(i-) hey ; “nb=n-na 
: a aa ora+b=1 
I 2nel 83. a. The general term of the given series is 
-_ 1-|— gn-t gu-l 
( = 1) 3 x = l+x —] 
3 t 1- gat (1 + x") (i = x") 
gntl 1 1 
es 1- 2 ® t, > n-l n 
= 2 3 1- x? Saxe 
Now, 


Cele Nae | +L). infinit : 

=> = => oe al ee = 

3 32 34 38 y Ss, 2h 
3 


ee 
a: 
1 1 
80. a. Clearly, +,1, | wittbein AP. Hence, a ee 
x X2 %9 : ; 
Therefore, the sum to infinite terms is 
Bo To) al ae 
a ene) —-—=--=A (say) lim ie 1 24 
XX Mz Xp Xa ap aaa cle, ae 
x, — x, 
= oi“ iy a x i di 
ea Ty «(bY lim 0, asl x1 <1] 
=> x24,> ; (x,,,-%,) 84. a. The general term can be given by 
a = Pansior 7 Gl = 0), 1, 2, nl 
Qonsi-r a G41 


49 ee 
=> YX, Xa = Gh rt —x,) 
oe = _ a +(2n —r)d—{a, + rd} 


= -$(99~ %) a, + (2n—r) d + {a, + rd} 
Now = Mand 
; 1 i a, +nd 
—=—+19/A Therefore, the required sum is 
%20 0 n-l 
9 5, = >} t+ 
= A219) = 
X\%29 n-| (n = r) d 
19 = _ 
=> DY x,x,4, = 19x, = 19x 4=76 r=0 a, tnd 
rs] 
(-: x, 2,x,, are in GP., then x,x,, =4) Z E eat) eal ee manok ‘i 
81. b. T. =r (-a)'+ (r+ 1) aay a, + nd 
=r (cay -(rt 1) Cay"! _n(ntljd 
S 7 < - oi a 24,4 
O, , : n(n+l) a-a [ d aA 
2 —————— oO a =2. =— 
XT. 7 2 as 2 Qn +t iene) 
se : 85. a. Let, 
=O Met 
=—-(n + 1) (-a)"! S=i-2-3'4+445i+--- + 1007) 
82. d. Lab. =Xa(i-a) =i+ 2? +32 + 474+ 5P + --- + 1007! 


iS=? +229 + 3/4 +--- +.99i% + 1007! 


=na-— a? 
: S-iS=[i+ PtP + t+ --- + 1] — 1007 


=na—X(a,-a+ay ee 
= na —Z[(a,- a) + a? + 2a(a, - a)] S-i= iG -l) | 100;!9! 
: i-1] 


dy 
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3.56 Algebra 
=—100i'°! 
=> S= rae = -S50i(1 + i) = -50(i-1) = 5001-1) 
-i 
g6.b: S244 (1) 
- 19 19% 19 
1 4 44 
=> —S=—+-— + 2 
19° 19? 19° (2) 
Subtracting (2) from (1), we get 
18 4 40 400 
—S=— +— 7 + + 
19 19 19% 19 
A 
Peake, 
;-10 
19 
= 4/9 
=> S = 38/81 
87. ae en eee eee 2 
s 2 3 50 
aye esa seh ee ee 
2 3 50 
= 100-H,, 
88 b. S=14+2r4+3r+4r3+--- 
rS=r+2r?4+3r344ri+-- 
= (l-nS=1l+r+ertrtes 
aah 
l-r 
Pre 
ime 
Given, S =9/4 => ane = 9/4 
=> Papaee 
3 
=> r=10r5/3 
Hence, r= 1/3 as0<lA <1. 
89. d. Let, 
gargs rho 
Then, 
5 5 §* 5 
= 1 
=> §|l-=}=1+3 5 ears eo 
wg Te 1S. 22 Jobe. F 
1-(1/5) 4 4 
> eEee 
1 
P4243 440° 3 
el rey ete Geer 
pe coetaae pl2xt+(n-12] 
2 2 
EN Ar fone (1) 
4 n 4 


S = “cn +25n +n) 


4 6 2 


= *[2n? +3nt+1+6n+6 +6] 
24 


= —[2n? +9n +13] 
24 
Putting n = 16, we get 


16 
Sy = 54121256) +144-+13] 
= 5 (669) = 446 


91. c. Here the successive differences are 2, 4, 8, 16, ... which are in 
GP. 
S=1434+74154+314+--+T yy 
S =(2'-1)+ (2-1) + (2-1) +--+ (2!- 1) 
= (2+ 27+ 234 --- +2!) — 100 


100 
=2 : Ae 100 
2-1 
=2'1_ 102° fan : 
92. a. Series isa,a+2,a+4,...+a+4n, (a+ 4n)0.5, (a+ 4n)(0.5), 
wees (a+ 4n)(0.5)""! 
The middle term of A.P. and G.P. are equal 
=> at2n=(at4n)j(0.5)" 
=> a2"+2"*'n=a+4n 
4n—n2""" 
a= ———. 
2" -1 
= The middle term of entire sequence 


4n— n+l 
n—n2 van} 


n2rt! 


2 = 9! -] 


=(a+4n)0.5 = 


Paes = 

93. c. Here, number of factors is 50. Therefore, the coefficient of x® is 
-1-3-5---- ~99 =~ +99) = ~—2500 

r+rti 


94. b. 7 =(-1) 
r} 


‘ r 1 1 
= fear Cop 4] 


| 1 1 1 ql 
=(-l) + + +— 
(r—2)! (r-l)! (r-D! or! 


|. (-1)" + Cis, NSD | 
r! (r-D)! (r—-t)! (r-2)! 


fede Ee HG) sey 
r! (r-D! (r-l! (r—2)! 


=V(r)-V(r-1) 


n _ 7 7 (-1)" (-"! a 
YT. =V(n) vo-|" or 1 


r= 


Therefore the sum of 20 terms is 


downloaded from jeemain.guru 


Progression and Series 3.57 


95. c. Let the 1025" term fall is in the n'" group. Then : g(2"-2 —1) 
142 4440-42" < 1025 <14+244 4-42" =8+ = ee 
= wl < 1026 <2"! 
=> n= 10 =8 + ntl = 8 —nx Qnrl = Deel = (n) Qn 
th H 40 
=e SNOZS reste? => 2 =%n-2=n=513 
; 1 
96. d. Let 4. = ———————~-. Then 
"  A(n + 2)(n + 3) 102. a. We have, 
Lage Serer mee a Cee fee 
ht fk £2903 4 | 3 S77 t ite nO uae 
1 1 1 1 : 
=4 + + feet 2 > 2 
3x4 4x5 5x6 2005 x 2006 a ee 
1x3 5x7 9xi 
= pee 
“ah fea 2006 En Se ee 
, 2003 _ 4006 1x3 5x7) 9x1 8 
3(2006) 3009 103. b. The coefficient of x"? in the polynomial (x — 1) (w— 2)(@—- 2?) +: 
2); 
97. d. S= ey eieg We Pe to 2 (1) . ae 
10. 10° 10° 10 5004 
(1424224 --+2")=- 
a 2x{ 1] net 2-1 
= 10 pL A = 1-22 
ie (1-z] ! 
10 104. b b, = =. 
20 200 l 
_ 20 , 200 1 1 1h. Jbl 
9 9801 fo 2 Se he 
9 3 1-5, Foe des -b, b, 
_ 2180 1-b, 
9801 23 ; 
b,=b, => b -b +1=0 
98. c. The sum equals AEE 220 i 
ae => b=-o of w=>b,=——~ =-@ OF w? 
which is true for n = 10 > 1+@ 
99. a. S = (1) (2003) + (2) (2002) + (3) (2001) + --» + (2003) (1) F201 ns 7B a)20! 
2003 ae Nee 
= & r(2003-(r-1) - 
: = -¥1 
2003 : aay 
= r(2004 —r 
2 : = -—2001 
2003 2003 2 ; 1 
= ¥ 2004r- Yr : 105. d. (2-1) +g) te OP) = 5 m1) 
r= r= 
_ OE so rena Sige pe pea BPA ce git 
1 2 
= 2003 x 334 x (6012 - 4007) a a ea 
= 2003 x 334 x 2005 
x x a A(nt+)) Qn+)) _ s,=2 n(n? -1) 
Hence, x = 2005. 6 3 
vail? 2 2 2 +] 
100. d.24+3+6+11+18+ (0? + 2) + (1? + 2) + (2?+2)+@ se ae ) fan +1-2@@-DI 
+2) fee n 6 
Hence, ty = 49? + 2. . 
, n(n +l) 
101. d. We have, = —— = [a +1 -2n +2] 
WO = 2x P+3x Bax 2+ tnx 2" 
nmi) 
=> 202") =2x 243K 24+---+(n-1) x2" +nx 2"! = ; 


Subtracting, we get 
2" = 2% 22423424042" x DH = Sy _ “eo 
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3.58 Algebra 
a= 7, = 8,-5.4) > 


106. d. Since ax? + bx’ + cx +d is divisible by ax’ + c, therefore, when 
ax? + bx? + cx + dis divided by ax’ + c the remainder should be 
zero. Now when ax? + bx* + cx + dis divided by ax” + c, then the 
remainder is (bc/a) — d. 


ae —-d = 
a 
e => be =ad 
b d 
= =e 
a c 


Hence, from this, a, b, c, d are not necessarily in G.P. 


107. b. We know that 1+3+5+---+(2k—1)=k. Thus, the given 
equation can be written as 


= 2 
pti : qt+l a =) 
(221) (2) ( 2 

= (pt+lP+g+1P=(r+1P 


As p >6,p+1>7, we may take p+ 1=8,¢+1=6,r+1=10. 
Hence, 


=> (r 


=> (r-l) U,=rS,—an 
= rrS+(1-r)U,=an 


109. b. We have, 


(OM,_,? = (OP, + (PM, 
= 2(OP,)? 
= 2a? (say) 
Also, 
(OP, = (OM,_,)° a iM 
= a, = 2a; * =O," 
= G,, FZ On 
Bs Al tify 
= OP, = sa = Piece = 32 Ont oS pu ~ 2 


110. b. (1 —p) (1 + 3x + 9x7 + 2723 + 81x4 + 2432°) = 1 — p® 
6 


> 143x492 42743 + 81x! + 24325 = <= 
-p 
=> 143x490 +2704 8144243 = li ptptpt+pi+p 


Comparing, we get p = 3x or p/x = 3. 


111. ¢. 
: A 
Ly -N4 
In 2 
Ly 
Ly M,, 
= C 
Fig. 3.6 
AL, _ LM, 
AB BC 
1 
Ee _ LM, 
n+1 a 
=> LM =— 
n+] 
AL, _ 1M, 
AB BC 
2 L,M. 2 
= = + >LM,= Pe gle: 
n+] a : n+1 


Hence, the required sum is 


a 2a 3a he: na 
n+1 n+l. n+l 


n+l 2 2 
112.d. S-S,_,=2 
=> T,4+T_,=2 
Also, 
1 
T, + Ts = ae Ds =2 
a et 2n* 
as b+ 1 ol+n 
n 
So, 
_ _2(m+/P 
™ 14(m+l)? 
113. c. 
A a B 
Ly 
Ly 


D M,-;M, M © 
Fig. 3.7 


(AL, + (LM, = (a? + 12) + ((a@—- 1) + P} 


(AL, + (L,M,)? = (@? + 22) + {(a- 2) +27} 


(AL, P+(L,_M,_)P=a%+ (a—13)4 {124 (a- 14} 


Therefore, the required sum is 
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(a —la? t+ {224+ 2 4-4-1) 42(P 42 4---4(a 
- 1} 
(a—lNa(2a-1) 

6 


2a-1 
-l 
ala as ; 


S(a —1)(4a-1) 


= (a- lja’+3 


114, b. x, y, z are in GP. Hence, 
~Hx 
Now, x +3, y+3,z+3 are in H.P. Hence, 
vase 2(x + 3)(z +3) 
(x+3)+(z+3) 
_ 2fxz+3(x+z) +9] 
[(x+z)+6] 


_ By? +3(x+z2)49] 
"Ex +z2 +6] 
Obviously, y = 3 satisfies-it. 
115. a. x, y, z are in G.P. 
& yaxz 
; <> «x is a factor of y (not possible) 
Taking x = 3, y=5, z= 7, we have x, y, z are in A.P. Thus x, y, z may 
be in A.P. but not in G.P. 


Multiple Correct Answers Type fm 


1. ave 
1 


(1+3) 

1 
+ ee 
(1+3 +5+7) 


The r"" term is given by 


(1+2 +3)" 


S=1+ (1+2)* + 


(1 +3 +5) 


(1+2+34+4)+-- 


T= Sis? tet? 
r 


_ 1 fretyy’ 
r? 2 


r? +2r 41 


s 
rT 
= 
2 
i=) 
Q 
nH 
rT 
a 


= 7 {SO eeeDensD 0) (10 +p+i0| a2 
4 6 ; 
2. b,c. 
We have, 
ne aa, « 19) 
l-l/p ~2 
=> 2p-9+9=0 
=> p=3/2,3 
3. a,b, ¢, d. 
an'+ bn? +cr+dnt+e 


Progression and Series 3.59 


= a3 rr +1) (r+2)-S (rt) 


r=l r= 


Fal +1 (n+2)(n+3) ~5 (n+) (n+2) 


<r! +16n?+27n? +14n) 


4. a,b,c. 
Given that a = 4, T, — T, = 32/81. Hence, 
a(r’ — r+) = 32/81 


or 
r—P+8/81=0 
or ; 
817 - 81° +8=0 
or 
(9r - 8) (9F -1)=0 
r= 8/9, 1/9 
Therefore, the value of r is to be +ve since all the terms are +ve. 
For r= 1/3, 
G28 2 Fi OO 
i eo eer eae 
3 
Similarly, we can find S_ when r = 22/3. 
5. a,b,c. 


Let the three-digit number be xyz. According to given condition, we 
have 
Y=xZ (1) 
y+ 2=xtz (2). 
100x + 10y + z— 792 = 100z + 10y + x 
=> x-z=8 (3) 
Squaring (2) and (3), and subtracting, we have 
4xz = 4(y + 2)? - 64 (4) 
y=(y+2)- 16 [Using (1)] 
y=3 
x+z=10 
x=9,z=1 
Hence, the number is 931 = 7*x 19. 
6. a,b,c, d. 
Clearly, n" term of the given series is negative or positive accord- 
ingly as n is even or odd, respectively. 


[Using (2)] 


Vudy 


Case I: When n is even: In this case, the given series is 
§,=P-24+3-P4:--4(-1P-n? 
=(1?-27) + (3?- 47%) +--+ ((n—- 1) —n’) 
=(1-2)(1+2)+G3~-4)3 +4) 4+---+((n- 1) n)\(n-1 +) 
=-(14+2+34+44+--+(n-J]) +n) 
nat) 
a (1) 
Case II: When n is odd: In this case, the given series is 
S,= (1? - 2?) 4+ (BP -#) 4-4 ((n-2P -(—-1P)} 4+? 
=(1-2)1+2)+3-4 (344 +---+((H-2)-(n—-1)) 
X((n-2)4+(n—1)) +r 
=-(14+24+34+44+---+(n-2)+(n-1)) +r? 


__@-N@-1+) meth 
2 2 

[Using (1)] 

[Using (2)] 


(2) 
=> S,,=— 820 

_S,, = 1326 
Also, 
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3.60 Algebra 
5, > Sans [From (1)] 11. a,d. 
Sone? Sous [From (2)] we |=?" l-x )_1+x" 
7, ayb,d. . aes 1-x? 1—x” l+x 
at+b 
x+y+zZ= { 5 ) As p(x) is a polynomial, x = —1 must be a zero of 1 + x". Hence, ! 
+ (-1)" =0. So, n must be odd. 
at+b 
=> 15 =34 - ) 12. a,c,d. 
=> atb=10 () a, +4, +a,=-12 
atat+2d+at+4d=-12 (d>0) 
(2 i] a+2d=—4 | (1) 
il ee a,a,a, = 80 
Soe 2 2 ala + 2d) (a + 4d) = 80 
5 _ 3(a+b) _ 3x10 or 
3 2ab 2ab (-4 = 2d) (-4 + 2d) =-20 > d= +3 
=> ab=9 ; (2) Since A.P. is increasing, so d = +3; a = —10. Hence, : 
From (1) and (2), a= 9, b= 1 or a= 1 and b = 9. Hence. G.M. @==t0sayees 
= Jab =3,a+2b=I1lor 19. ay=a+2d=-10+6=-4 
8. b,d. a,=a+4d=-10+12=2| 
Given, 
3a, + Ta, + 3a, - 4a, =0 13. a, b,c. , 
=> Ta,+a,+4a,)=4(a, +a, +4,) get za 
=> TWl+rtry=41+P+7) n-| 
=> 724r-r+) =(n+1) (+1) (n+ I + D (al? + 1) (n+ :1) 
=> 4r-4r+1=4 1 ie 
=> (2r-l1p=4 ecient _ 
,q, rarein A.P., : ‘ i 
=s pa feo If p, g, rare in A.P., then p", g" and r* terms are equal distant terms which 
= r=3/2 - ? are always in the same series of which they are terms. 
15. ad. 
9. a,b,c. Sa 142x 43x24 4x3 4 ---0° 
=> xSHxt 2+ 3x t 4b + 
l ] ] 
st Ot tn terms - eee Se eh 
V2 +5 V5 +8 V8 +11 => (l-x»S=1l4ex4r? 40: eae 
l 
_ 5-2  V8-V5 5H 03 ~ 2+ = 03 (=x) 
3 3 3 Now, 
1! 
_ aa, eee oy Ber ara >4 
3 
> (wlIlys zd 
3n+2-2 4 
~ 3(/3n+2 +2) sh el eat 
2 2 
Se Rigas 
V3n+2 +2 = <8 5 Also 0 <Ixl <I 
- < n <n l 1 
= -—< 
J2+3n + V2 3n “= 2 SS 
16. 5 
10. a,b. 6. Bet 
Vale ae ie Pes yy MU fed ae ae 
bc atc a b}) \b c b che b c (12) (2)G) 
} 1 1 
= 14/1-—]/+}/—-—]+---=2 
-(2 plea [ 5 a 3) 
“le bJ/b be Bb 1 \ 


>1+—— +—_ += 
(2)3)  3)(4) 


(a+c) Ga-c) 


Also by eliminating b, we get the given expression El 1 


2 
4a°c 


1+(2-2}[ 


3 
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17. a,c, d. 
Sy = 5 [20' + (n—Nd]= a+ bn + on? 


; -1 
> na’ sD a= abnor? 


2 
nd 2 
a’ -—— |nt+—=atbn+en 

= [ ) 2 


On cormmparing, 


a =0, Fee mece eae =>d=2c 
2 2 ‘ 


18. a,b. 
x? + Oy? + 2527 = 15yz + Szx t+ 3xy 


=> (x) + ByY + Sz)? — @) Gy) -— By) 5z)— @) Gz) =0 


aS = (ee~ By + Gy ~ 5a) + (- Seh]=0 
=> x—3y=0,3y—-5z=0,x-5z=0 

Pee ee 

" et 

Xe LS 

eam 


Therefore, |/x, 1/y, and I/z are in A.P. and x, y, and z are in H.P. 


19. a,c. 


Lettb =a +p,c=a-+ 2p, d =a + 3p (where p is common 


difference). Then, 


11 1 1 
ee ie 
a d__4@ at3p 
~ 1 1 
—+- + 
Cc at+p at+2p 
_ (a+pya+2p) 
a(a+3p) 
2 2 
_4 a si 
a’ +3ap 
A,isit 
ad be 


ra 
el 
+ 
a [= 
i eae 
eS 
+ 
& 
HT] 


at+p at+2p 


_ _ (Qat3py 
- @ +3ap+2p? 


2 


ae eee alee 
a +3ap+2p~ 
20. a,d. 
x, x" +2, x* + 10 are in G.P. Hence, 
x + 10)=0? + 2P =x + 444 
=> 4¢-10x+4=0 
=> 2x°-5x+2=0 
> pelo 
2 
The 4" term of G.P. is 


2 
ae ior 0+ 10)[4 2) 


x 


es) 
+ (a+a+t3p) 
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54 when « =2 


= 4729 1 
— when x =— 
16 2 


21. a,b,c. 
Last term in 7" row is 


[42434 tn=Saln4) () 


As terms in the n' row forms an A.P. with common difference 1, so 
First term = Last term — (n—1) (1) 


1 
—n(nt+l)—-nt+1 
Bok )-n 


ul 


s(n? —n42) | . (2) 


ine oe hg 
ft = =n|—(n -n4+2)4+—( t+ 
Sum of terms 5 n E (n° —n+2) 5 (n n| 


sn +1) (3) 


Now, put 7 = 20 in (1), (2), (3) to get required answers. 


22. a,b,c. 
Since A,, A, are two arithmetic means between a and b, therefore, a, 
A,, A, 6 are in A.P. with common difference d given by 


d= De Os = [using = a 


2+1 n+] 
Now, 
A vatdeae 2-2 zila 
3 3 
and 
4,za+2daa+2(P=8) 24% 


It is given that G,G, are two geometric means between a and b. 


Therefore, a, G,, G,, b are in G.P. with common ratio r given by 


i i 
[Gk Pea 
r= | — =|— eS | — 
a a : a 


and 


2/3 
G,=ar=a (=) = ql" 5°? 
a 
It is also given that H,, H, are two harmonic means between a and 
b, therefore, a, H,, H,, b are in H.P. Hence, I/a, 1/H,, 1/H,, 1/b, are 
in A.P. with common difference D given by 


- a-b _a-b on. 478 

~ (2+lab  3ab (n+Dab 
Now, 

vhs _ Loy 7 bast = at+2b 

H, a a 3ab 3ab 
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3ab 
H = 
<< orp 
1 1 
—=— +2D 
A, oa 
1 2a- 
ies (a-b) 
a 3ab 
_ 2atb 
~  3ab 
3ab 
H= 
a 2 2atb 
We have, 
2at+b 3ab 
A,H,= a ee = ab, 
a 3 2at+b 
2b 3ab 
BS oe, 
= 3 a+2b 
GG, = (a8 513) (a"3 5?) = ab 
A,H,=A,H, = GG, = ab 
23. b,e,d. 


We have, length of a side of Sis equal to the length of a diagonal of 


S., ... Hence, 


n+ 


Length of a side of S, = J2 (Length of a side of S_,) 


Length of a side of S 1 


= seeome Se Baek es for alli > 1 


Length of side of S,, V2 


Hence, sides of S,, S,, ..., 5, form a G.P. with common ratio 2 


and first term 10. 


Side of S = 10 i< ae 
1de oO i V2 SE 
2 
. 10 100 
= AreaofS = (side)? = al, = Sit 
2 2 
Now, area of S. << l=>n=b, c,d. 


24. a,c. 


ee ee eee 


b-a c a b-c 


c-~b+a_b-c-a 
c(b-a)  a(b-c) 


l 
c(b-a) o a(c—b) 


=> b=atec or be-ac=ac-—ab 


=> c-b+a=0O0or 


= b=at+ec or b= eee 
atc 
25. a,c. 

a, b, c are in G.P. Hence, 
be =ac 
xis A.M. of a and b. Hence, 
2x=a+t+b 
yis A.M. of 6 and c. Hence, 
2y=b+e (3) 
ae 2 ; 
She aX +c [Using (2) and (3)] 


ab+actact+be 
abt+ac+b? +be 


=2 [Using (i)] 


1 1 2 2 
—+—-— = + 
x sy atb bte 
2(a+c+2b) 
ab+ac+bh'? +be 
2(atc+2b 

_ 2a e ) eP=de 
ab+2b*° +be 
2(at+ec+2b) 


b(a+c+2b) 


a, Riki ed on 


26. a,c. Given a,=2;— = 


27. 


Gy) Gy-2 


> 4,4, 4, a, .. in G.P. 
Let a, =x then for n = 3 we have 


Pe 
=> a= 
: 2 
2 3 4 
Ko. ox ; : x 
ie. 2,x, —, —, —,... with common ratio r= 2 
4 2 
4 
given ae < 162 


=> x<1296< x<S6 
x! 
Also x oe and are integers 


4 
x . ; 
= x must be even then only 2 will be an integer. 


hence possible values of x is 4 and 6. (x # 2 as terms are 


distinct) a ; 44 64 
hence possible value of a, = ce is 2° 


a,b,c. Let a, b, c are pth, gth and rth terms of A.P. 
thena=A+(p-1)D,b=A+(qg-1)D,c=A+(r—1)D 


r-qg _c7b 


is rational number. 
q-p b-a 


Nowe bio sees 
q-p 6-1 

~q _V¥98-V50 _ 742 -5V2 

-p fs0-J2 sV2-J2 


a : 
a 3 is rational number. 


is rational number. 


For 2, J50, J98 . ; 


For log2, log16, log128, 


rq _ logi28 —log16 2 7log2—4log2 


= lisrational number. 


q-p \ogl6—log2 4log2 —log2 
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But for pee oe ae 


d is not rational number. 
q-p 


28. c,d. 4=14+(-1)d, 16=1+(m-lda= 


n-l_m-i 


i 5 = p = positive integer. 


. n=p+1,m=5p+1. So,am have infinite pairs of values. 
Also, 4=1.r',16=1.7° > rm" =4=r'.So,m—n=n 


Le =q = positive integer. So, m, m have infinite pairs of 
2 1 
values. 


Reasoning Type 


1. a. Let p,q, r be the /, m'" and n'" terms of an A.P. Then 
p= (at+(l-1)d,q=at+(m-—1)dandr=at(n-1)d 
Hence, r — g = (x —m)d and g — p = (m—J)d, so that 


r—q_(n—m)d_n-m 


p-q (m-Dd m-l eee) (1) 


Since /, #71, n are positive integers and m ¥ L, (n — m)/(m — 1) is a ratio- 

nal number. From (1), using p = afd q= 3, r= V5, we have: 

. V5 —V3 _n-m 
3. a5) ~ m= 


Hence, J2 oan V5 cannot be the terms of an A.P. 


2. a. Statement 2 is true as it is a property of sequence in G.P. 
Now?,,,7,andT,, areinG.P.(-- 7 fromT, andT, from T 


mn? "im mtn an m+n m 


are at same distance) 
feT 


m mn” nitn 


=> r, = vPa 


3. b. Let, if possible, 8 be the first term and 12 and 27 be mm" and n'" 
terms, respectively. Then, 


12 = ar" = Br", 27 = Bre 


cae 
3 {3 4 = 
=> = r™ i = r! 1 = pin 1) 


(which is not possible.) 


2 2 
=> n-—1=3m-30r3m=n+2 
> me ak (say) 
mak,n=3k-2 


By giving & different values, we get the integral values of m and n. 


Hence there can be infinite number of G.P.’s whose any three 
terms will be 8, 12, 27 (not consecutive). Obviously, statement 2 
is not a correct explanation of statement 1. 


4. a. x? + Oy? + 252? = xyz & + = + 3) 
x y Z 
x7 + 9 + 252 - I5yz — 5S5xz- 3xy =0 
2x? + 18y? + 502° — 30vz — 10xz - 6xy =0 
(x — 3yP + Gy —5z)?+ (5z-xP = 
x ~3y=0, 3y—5z=0, 5z—x =0 
x = 3y =5z=k (say) 
x=k, y=k/3,2=k/5 
Hence, x, y, z are in H.P. Hence option (a) is correct. 


Uuuuds 


dl 


5. a. Coefficient of x4 in (1 + 2x + 3x? + --- + 16x) 
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= Coefficient of x in (1 + 2x +4 3x24 --- + 16x) + 2x 
+ 3x? +--+ + 16x!5) 


=1x154+2x144+---+15~x 1 
15 
= Yrdl6-r) 
r=] 
Also, 


n-l n-1 n-~] 


Yra-r = Yar->yer 


r=] r=l r=l 


e n(n—1) _ n(n—1)(2n—-1) 


2 6 
= MA) an (n=) 
6 
= n(n? —1) 
~ 6 
1515? -}) 


= 560 


> ¥ (16 —r) 
r=] 


Hence option (a) is correct. 
6. b. x= 1111---91 times 
=1+10+10°+ 10° +--- +10” 


_ 100°! =) 

~ 10-1 

_ (g's? = 1) 

SP 044 

_ (0'*)’ -1) do -) 

10° -1 10-1 

=(1+ 10% +4 10% +--- +107) x (1+ 104 10? +--+ 10!?) 

= composite numbers 
But statement 2 is not a correct explanation of statement | as 111] 
has | digit 3 times, and 3 is a prime number but 111 =3 x 37 isa 


composite number. Hence (b) is the correct option. 
7. a. We have, 
ndil) 
axarx...xar™=arx perro a"r 2 
Hence, statement 1 is true. 
Also, (a x r‘') (ax r"“*) = a? x r*', which is independent of 
k. Hence, statement 2 is a correct explanation for statement 1, 
as in the product of a, ar, ar, ... ar”', there are n/2 groups of 
numbers, whose product is a?r""'. Hence (a) is the correct option. 
8. d. For odd integer n, we have 


Sa -(n-1pte tly 


= fF ~2433-gVy... 473 : 
= [P+ 254334 +--+ (2-18 +17] -2[B +446 ++ 4+(n-1)] 


2 2 — 
nai tt (n+1) 2x2 roven(4 " | 


4 
? 2 
n-l)fn-] i. 
+1 
[ JI 2 


ra n(n+1)? > 

4 4 
a n(ntl) (a-1P(n4+1)° 
oad 4 


= HD Tn] 
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= =(2n -D(ntiy 


Now, putting n = 11 in above formula, S,, = 756. Hence statement | is 
false and statement 2 is correct. 
x/r face : 
9, d.- Sum = —— =4 (where r is common ratio) 
ars 


x=4r(1l-n=4(7-P) 
For ré (-1, 1) — {0} 


5 I 
r-re (-2.4}- 10 


= xe (-8,1)- {0} 
10. b. The given inequality is 
(p2 + 2+ + PL) 2 + UP Py + P2Ps + + PPX + (Pz t+ 
p2) <0 
=> (pxtp,) + (p.xtpy t+ (p,,2+P,) $0 (1) 
But each one of the terms on the L.HLS. is a perfect square and hence 
is positive or zero. 
Therefore (1) holds only if 


PX + Py =O= Py X + Py = PX + Py="" = Pai X +P, 
=> Se at 2S: Segue Sn 
Py P2 Py-i 


Hence, p,, P,P, are in G.P. 


11. a. Statement 2 is true as 


qa! +p" a’ —(—b)" 7 5 
= —— =q''- a'?b + aoe? ere es n=] br} 
a+b a-(-b) i 
Now, 
1° + 2% 4 +. + 100% = (1% + 100%) + (2% + 99%) + + 


+ (50° +51”) 
Each bracket is divisible by 101; hence the sum is divisible by 
101. Also, : 
199 + 2 +L +++ 100° = (1 + 99%) + (2” + 98”) 
+++ + (49% + 51%) + 50° + 100° 
Here, each bracket and 50” and 100” are divisible by 100. Hence 
sum is divisible by 100. Hence sum is divisible by 101 x 100 = 
10100. 
12. a. For two positive numbers (GM) = (AM) x (HM). 


Linked Comprehension Type 


For Problems 1-3 


lc, 2.b, 3.d. 
Sol. Let the odd integers be 2m + 1, 2m +3, 2m+5, ... and let their 
number be n. Then, 
57? — 132 =(n/2) [202m + 1) + (2-1) x 2] 
= n(2m +n) 
=2mn +9? 
= 57-13=(nt+my-n 
=> m=13andn+m=57 
= n=57-13=44 
Hence, the required odd integers are 27, 29, 31, ..., 113. 


For Problems 4-6 
4.¢, 5.¢, 6.d. 


Sol. 4. a, b, c are in G.P. Hence, a, ar, ar? are in G.P. So, 


at+artar' = r 1 


(atartar’y at a 


pe Ptr 
r—rtl 

Let a?=y. 
rP+rtl 
7 Part 

(y-l) r-rgyt+)+O-1)=0 
For real r, 
(y+1P-4Q-17%20 


=> teys3 
3 
But y#1/3,1,3 (+ r#1,-1,90) 
—<y<3 and y#l 
we I, — {1} 
3° 
5. sopue 


r 
Se (—«, —2) 7] (2, ow) 
6. Letb=ar,c=ar?andr>0. 
As sum of two sides is more than the third side, we have, 


cn a 
fe |S | a7) 


2 2 


ee gp El BGAS 21) 
: 


retrtl 2 
AS @=79 I + i 
mats r+—--l 
r 
2 jn) 
2 


For Problems 7-9 
7.d, 8.b, 9.d. 
Sol. Let a be the first term and r the common ratio of the given G.P. 
Further, let there be n terms in the given G.P. Then, 
a, +a,=66>a+ar"'=66 (i) 
a,Xa,, = 128 
=> arxar"?=128 
=> &rl=128 


128 
=> ax(ar™)=128 > ar"'= 


Putting this value of ar”"' in (i), we get 
128 


a+— =66 
a 


=> @-66a+ 128=0 
=> (a-2)(a-64=0 
=> a=2,64 

Putting a = 2 in (1), we get 
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2+ 2Xr"'=66>r"! = 32 
Putting @ = 64 in (1), we get 


I 
4 + 64. nl = 66 => a-l = 
6 r r 39 


For an increasing G.P., r> 1. Now, 


S i= 126 
ny 
> {2 J=126 
r-1 
ay ees 
r—l 
n—-l A 
= IES Seal 
r-l 
= 32r-1 _ 6 
r—l 
=> r= 
rel = 325 2"'=32 =F man-1l=5oan=6 


For decreasing G.P., a = 64 and r= 1/2. Hence, the sum of infinite 
terms is 64/{1 —(1/2)} = 128. 
For a= 2, r = 2, terms are 2, 4, 8, 16, 32, 64. For a = 64, r= 1/2 
terms are 64, 32, 16, 8, 4, 2 Hence difference is 62. 

For Problems 10-12 

10. c, 11.d, 12.a. 


Sol. Let the four integers be a—d, a, a+ d and a + 2d, where a and d 
are integers and d>0. Now, 


a+ 2d=(a-dyY+a@+(at+dy 
=> 2d?-2d+3a-a=0 (1) 


d= 5 [ts vi + 20 60? | (2) 


Since d is a positive integer, so 


1+ 2a-6a>0 
=> 6a?—2a-1<0 
1—v7 1+ V7 
<a< 
6 6 
=> a=0 (“ ais an integer) 


Hence from (2), . 


d=1or0 
But since d> 0, 
d=1 


Hence, the four numbers are —1, 0. 1, 2. 


For Problems 13-15 
13. d, 14. a, 15.b. 
Sol. 1, 2, 2,3, 3,3, 4,4, 4,4, ... 
Let us write the terms in the groups as follows: 1, (2, 2), (3, 3, 3), 


(4, 4, 4, 4), ... consisting of 1, 2, 3, 4, ... terms. Let 2000" term 
fall in x" group. Then, 


(n—I)n <2000< n(n +1) 
2 2 


=> n(n-1)<4000<n(n+ 1) 
Let us consider, 

a(n — 1) < 4000 
=> n?~n-4000<0 


1+ 16001 
2 


> n< =>n<64 
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We have, 
n(a t+ 1) => 4000 = nr? + n~ 400020 > n> 63 
That means 2000" term falls in 63 group. That also means that the 


2000" term is 63. Now, total number of terms up to 62™ group is (62 
x 63)/2 = 1953. Hence, sum of first 2000 terms is 


62(63)125 


174+2?+--- +62? + 63(2000 
= 84336 
Sum of the remaining terms is 63 x 16 = 1008. 


1953) = +6347 


For Problems 16-18 
16. b, 17. a, 18: c. 
Sol. Letnumbers in setA bea—D,a,a+D and these in set B be b—d, b, 
b+d.Now, 
3a =3b=15 
=> a=b=5 
SetA = {5-—D,5,5+D} 
Set B= {5-d,5,5+d} 
where D=d+ 1 
Also, 


p_5(25-D*) _7. 

q 5(25-d?) 8 
=> 25(8-7)=8 (d+ 1)-7d? 
=> d=-17,lbutd>0>d=1 
So, the numbers in set A are 3, 5, 7 and the numbers in set B 
are 4, 5, 6. 

Now, sum of product of numbers in set A taken two at a time 

is3x5+3x7+5x7=71. The sum of product of numbers in set 
B taken two at atime is4x5+5x6+6x4=74. Also, 


p=3x5x7=105andg=4x5x6=120 
=> gq-p=15 


For Problems 19-21 
19. c, 20. b, 21. a. 


Sol. 19. G,G, + G,= (f1x1024)" = 2" 
Given, 
2" = 2% > n=9 
Hence, 
] 
941 
r= (1024) =2 
=> G, =2,.7=2 
_ 2x(2?-1) 
; 2-1 
20. b. A,+A,+A,+--°+A, +A, = 1025 X77] 
—2 +1027 
>m 5 = 1025 x 171 
=> m= 342 
21. a. We have, 
Ajy, + Aj =— 2 + 1027 = 1025 
2Aiz, + 2Aj79 
2 


= 1024-2 = 1022 


=> G+tG,t+--+G 


= 1025 


Also, 
G,=1%x2°=32 
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=> G?=1024 
= G2+1=1025 
=> 2A,,,G?+1,2A,,, are in AP. 


For Problems 22-24 

22.a, 23.¢, 24.b. 

Sol. [et m and (m + 1) be the removed numbers from 1, 2, ..., 1. 
‘Then, sum of the remaining numbers is n(n + 1)/2 - (2m + 1). 
From given condition, 

n(n+1) 


105 —(2m+ 1) 


A ey 
=> 2n-103n-8m+206=0 


Since n and mare integers, so n must be even. Let n = 2k. Then, 


4k? +103 (1 —k) 

4 
Since m is an integer, then 1 — k must be divisible by 4. Letk=1+ 
At. Then we get n= 87 + 2 and m = 167° — 951+ 1. Now, 


m= 


lsm<n 


= 1816P-95t+1<8t+2 
Solving, we get t = 6. Hence, 
n=50 and m=7 
Hence, the removed numbers are 7 and 8. Also, sum of all numbers 
is 50(50 + 1)/2 = 1275. 


For Problems 25-27 

5. c, 26.b, 27. a. 

Jol. Let the first term a and common difference d of the first A-P. and 
the first term b and common difference e of the second A.P. and 
let the number of terms be n. Then, 


a+(n-l)d_ b+(-—Ne 


b =4 (1) 
"a+ (n-1)d] 
ETE, (2) 
aie rade 
From (1) and (2), we get 
a-4b+(n-1)d=0 (3) 
b—4a+(n-lhe=0 (4) 
2a —4b+(n-1)d-2(n-l)e=0 (5) 
4 x (3) + (4) gives 
-15b+4(n-1)d+(n-le=0 (6) - 


(4) + 2 x (5) gives 

-~7b+2(n—-1)d-3(n-be=0 (7) 
Further, 15 x (7) — 7 x (6) gives 

2(n- 1) d-52 (n- 1) e=0 
or 

d=26e 


dle = 26 

Putting d = 26¢ in (3) and solving it with (4), we get 
a=2(n—-le,b=7 (n- le 

Then, the ratio of their n" terms is 


Ce n> I) 


2(n—Net(n—-1)26e 7 
Tn—-Ner(n—Ne 2 


For Problems 28-30 
28. d, 29.c, 30. b. 
Sol. We have, 


at+b+c=25 : (1) 
2a=b+2 (2) 
C= 18b (3) 
Eliminating a from (1) and (2), we have 
ea ees 
3 


Then from (3), 


2c 
C= 1s(16-%] 


=> (+12c-18x 16=0 

=> (c-12)(c+24=0 

Now, c =—24 is not possible since it does not lie between 2 and 18. 

Hence, c = 12. Then from (3), b = 8 and finally from (2), a =5. 
Thus, a = 5, b =8 and c = 12. Hence, abc =5 X 8 x 12 = 480. 

Also, equation ax? + bx + c = 0 is 5x? + 8x + 12 = 0, which has 
imaginary roots. 

If a, b, c are roots of the equation x° + qx? + rx + s = 0, then sum 
of product of roots taken two at a time is r=5 x 8+ 5x12+8x 12 
= 196. 


For Problems 31-33 

31. c, 32. ¢, 33. ¢. 

Sol. 31. Clearly, here the differences between the successive terms are 
7-3,14-7,24-14,..., ie. 4,7, 10, ... which are in A.P. 
T =art+bnt+e 


n 


Thus, we have 


3=atbt+e 
7=4a+2b+c 
14=9a+3b+c 


Solving, we get a = 3/2, b =-1/2, c = 2. Hence, 
T= 1 Gn? —n +4) 

2 

eer 
S = 5 3B" —in +4n| 


+] +1 +1 
1 a2 @”+lh@nt+l n@ N45 
2 6 2 


n 
=— (W+nt+4 
a ) 


= S,,=4240 
32. The first differences are 5, 14, 50 194, 770, .... 
The second differences are 9, 36, 144, 576, .... 
They are in G.P. whose n™ term is ar"! = a4". 
Therefore, T, of the given series will be of the form 
T, =a4"'+bnt+e 
T, =a+bt+ce= 3 
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T, =4a+2b+c=8 : re 2 

T, =16a+3b+c=22 > 
Solving, we have a= 1,b=2,c=0. 


(logb)? — logaloge 


. At 49 Hence, log a, log b, log c are in G.P. 
= HW 
" 2, a>p,q,r,s; b> r,s; e>p,q;3 drys, 
—49 be 
= Tigo a ta a. En=210 
= 2! + 23x 25 


=> n(n+1)=420 

=> (n-20)(n+21)=0 
=> n=20 

Hence, 


= 8(2!% + 25) (which is divisible by 8) 
33. Given Series is 2+ 12 + 36 + 80+ 150 + 252 +4--- 
The first differences are 10, 24, 44, 70, 102, .... 
The second differences are 14, 20, 26, 32, ... which are in A.P. 


Hence, general term of the series is =n? =o @t+l@ntl) 
T, =an>+br?+cn+d 


= 2 
12 =8a+4b+2c+d 
36 = 27a+9b+3c4+d = (10) (7) (41) 
80 = 64a + 16b+4c4d Hence, the greatest prime number by which =n’is divisible is 41. 
Solving for a, we geta=1. b. 4,G,,G,, .... G4) ++) Gy» G,,,,, 2916 
T : boc gd G,,, will be the middle mean of (2n + 1) odd means and it will be 
lim, es = lim{1+ et a equidistant from the first and last terms. Hence, 


4, G,,,, 2916 will also be in G.P. So, 


Bae, alts: ore => G? =4x 2916 
=4x9x4x8l 
=> G,,=2x3x2x9=108 


Hence, the greatest odd number by which G. ,, is divisible is 27. 


1. ao q; bor; cop; dr. 
a. a,b, c are in G.P. Hence, 


b’ = ac c. Terms are 40, 30, 24, 20. Now, 

= 21og,,b=log,,a+log.c 1 coal 
ee een ; 30 40 120 
log,10 log,10  log.10 I I 6 1 
=> — = a, 

21 gal 24 30 24x30 120 

Yo and 
Hence, x, y, z are in H.P. 1 1 4 1 


at+be* _b+ce* _c+de* 20 94 


‘ 2 ie 2024 20x24 120 
a—be" b-ce" - c~de* Hence, 1/30, 1/24, 1/20 are in A.P. with common difference d = 
2a 2b 1 2c i 1/120. Hence, the next term is 1/20 + 1/120 = 7/120. Therefore, the 
> _o = Tania x 0 
a—be b—ce c—de next term of given series is > = 72. Hence, the integral part of 
a—be* b-ce’ c-—de* it is 17. 
a; = = 
a b c 
c d. 4 7 10 
— —e* =|-—e* =] —-—e* d. S=1+—+—4+— 4+°:-© 
=> 1 . e =l ES 1 : e ; 5» 5 
—_ 4 
ar b_¢c_d => ee pre 
a be 5 a “<5 
Hence, a, b, c, d are in G.P. 1 1 
=> S{l-gZ]Hl4+3/2+a+a+-% 
c. Given, 2b=a+c, x =ab, y= bc. Now, 5 5 5 
eP+y=b(at+c)=b2b=2h 4 1 
has ero | ee ee ee pee ee pee 
=> vr+y=2h 5 1-1/5 4 4 
Hence, x’, b’, y? are in A.P. 35 
d. xlog a=y log b=z log c =k (say) = aa 
Also, => az=35andb=16 
y? =XxZ => a-b=19 
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3.68 Algebra 


Integer Type § 


1.0) 10x? — nx? - 54x — 27 = 0 has roots in H.P. 
put x= 1/t 
278 + 54? + nt—-10=0 


This equation has roots in A.P., let the roots are a—d, aandat+d 
54 2 
>a 


10 
Al - + d)= — 
so (a—d)a(a+d) om 


2 4 7 lO. 4 P pele 
3\9 27 9 9 


f=i—>d=t1 


For d = 1, roots are ce eae i>-, ates ‘i 
3 3 3 3 3 


ford= ae pe Pee +1> aes 
3° 3 3. 3 


n 10 5 2 


i 
*3 
n ae. 


279 


2779 «9 «9 
=>n=9 


seco) BE) reas 
2 


2.9) 5 


=> kk+1) (RP +k-2)=1980x 4 
=> (k- 1) kk+ 1) (kK +2) =8.9. 10. 11 
. k-1=8>5k=9 


3.(6) We have S= 345 275 2345 — + 5 
n=l 3 n=l 3 nel 3 


cae ‘t : + hago a [On subtracting] 


1 
Ss = _ 
2 if (73) 


zu 
2 


Hence, $S=3 + eae = 6. 
2. 2 


4.(1) Let a be the first term r be the common ratio of G.P. 


= 625 . . (1) 


1 625 1 
=— x — x —— [from (1 
= XX ag [from (1)] 


625 625 625 


¥ 1 
uh (Jn+ n+1)({n +4n+1) 


_ 7 ae Fa] 
i (Vn+davi)(dn+dnst) (Yanai 


9999 


>y ((n + i" - ns) 


n=l 


! ! { ae aE fl, 
= (#- }o[2-28]o[4-2*]ofeno sn conn] 


1 
= (10*)4-1 =9 


5.(9) Given S = 


6.(3) Let a, ar, ar’, ar, ... are in G.P. 
Now ai = 7! and ar’ = 8! 
.. On dividing, we getr=8 >r= 2 
Hence, a . 24 = 5040 


“a5 aust = 315 
16 


So 315, 630, 1260, ... are in G.P. 
. $,=2205 = n=3 
7.(8) Since a, b, c, d are in A.P. 


. b-a=c-—b=d-—c=D (let common difference) 


=> d=a+3D 
=> a-d=-3Dandd=b+2D 
=> b-d=-2D 


Alsoc=a+2D = c-az=2D 
.. Given equation 2(a — b) + k(b — cP + (c — a = 2a - dd) 
+ (b- dy +(c-d)} 


becomes — 2D + kD? + (2D) = -— 6D + 4D’ — D® 
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> 9D? +(k-4)D+4=0 

Since Z is real = (k — 4)? - 4(4) (9) = 0 

=> Pe —8k-12820 => (k-16)(k+8)20 
1 ke (,- 8] U[16, ©) 

Hence, the smallest positive value of k = 16. 


8.(7) 6, a, & in HP. 
1 


=> ds are in A.P 
6 ab 
2 1 
> — =-—+- 
a 6 b 
1 2 1 
> .—=--> 
b a 6 
1 12-a 
=> —— 
b 6a 
6. 
b= —— . 
12-a 


ae {3, 4,6, 8,9, 10, 11} 


9.(6) 10 For the given A.P., we have 2(2a + b) = (5a — b) + (a + 2b) 
=>b=2a (i) 
Also for the given G.P., we have (ab + 1)? = (a— 1)? (6+ 1)? (ii) 

“. Putting b = 2a from (i) in (ii), we get a = 0, — 2 or + 

Buta >0,soa= = and b=2a= A 

4 2 


Hence, (a'+b')=2+4=6. 
10.(7) ax? + (a+ d)x + (a + 2d) =0 
a,a+d, a+ 2d are in increasing A.P. (d> 0) 
for real roots D20 
= (a+ d)-—4a(a+2d)2>0 
= d — 3a’ -6ad2=0 
= (d— 3a)’ — 12a?>0 
= (d-3a- V12 a(d-3a+ Vi2 a)20 


an [2 -(6+243)| E (s-243)| >0 


4 
=3+42y3 

Min 

=> least integral value = 7 


a 


e 
a 


11.(1) | and 


=r 


= 15 


ly, 1-1 


Hence, r, and r, are the roots of =r 


-r 
=> P-r+a=0 


>rtr=l 
a : 
12.(6) Let —, a, ar be the roots. 
- 
 @=-216 


a 
Again — +@r+oe=b 
r 


(i) 


Progression and Series 


oe [1+r+4) =b 
r 


and a[1+r+4} =-a 
r 


On dividing (2) by (3), we get 


Pa 
From (1) and (4), (4) =216. 
a 


13.(8) | Forthe G.P. a, ar, ar, ... 


P =alar\(ar) ... (ar) = a" pine 


s= D4, = 
n=l 


y apt-DI2 


n=| 


~ -)/ 
Now, Yar" =all+ vr +7r+ INI +++ +00] = 


n=l 
Given a = 16 and r=.1/4 
= 16. =3 
1-(1/2) 

14.) Leta,=a-d;a,=a,a,=a+d 
“ 3a=18>a=6 
Hence, the number in A.P. 
6-d,d,6+d 
a,+1,4,,4a,+2in GP. 
ie. 7-d,68+dinGP. 
“. 36=(7-d)(8+d) 
36=56-d-# 
&#+d-20=0 
Hence, the sum of all possible common different is —1. 


Oy 


atc 


15.(0) a,b,c arein AP. => b= 
b,c, dare inG.P. > c? = bd 


and c, d,e areeinH.P. > d= ace 


Cre. 


Nowc?=bd => 5 


i= 


3.69 


(2) 


(3) 


(4) 


(1) 
(2) 
(3) 


: eta (se) ea [using (1) and (3)] 
ct+e 


“ C+ce=aer+ce 
=> C=ae 
Now given a=2 ande= 18 


. @Czae => c=2x18=36 = c=6 or -6 


16.(4) Let po , a, ar be three terms in G.P. 
r 


-. Product of terms = a? = —1 (Given) 
=> a=-l 
a 13 : 
Now, sum of terms = — +a+ar= D (Given) 
; r 
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3.70 Algebra 
a} 13 2A + G* = 27 (given) 
=> — -l-r=— . . _ 5 
; 12 “ 6A=27 [. G@ =4A] 
= 12P +25r+12=0 . => A= > 
* (3r+4) (4r+3)=0 z ath 9 
4 — = 
>r=—, = 2 2 
3 4 => at+b=9 
Bierce Now, G? = 4A and A = 9/2 > G?= 18 = ab = 18. The quadratic 
3 , equation having a, b as its roots is : 
; x—~(at+b)x+ab=0 
Se pete ed Pee (ice aes ey eee -|4 am => -9x+18=0 [- a+b=9 and ab= 18] 
a ( :) ee) eee => x=3,6 
4 4 Hence, the two numbers are 3 and 6. 
17.(2) Let S= ¥ us +2 2. Let there be n sides in the polygon. Then by geometty, sum of all 
22 Uri td n interior angles of polygon is (# — 2) x 180°. Also the angles are 
- in A.P. with the smallest angle 120° and common difference 5°. 
— 5 2tDar Therefore, sum of all interior angles of polygon is 
ra 2" er (r +1) 7 
— [2x 120+(n-1)x5] 
_< 1 {2 1 2 
» mvp pt] Thus, we must have 


nh 


| 


[2 x 120+ (n- 1) 5] = (n—2) x 180 


2 

of |} 1 

5 "Pr as 

i Gresutesrs +(a5-s5) 
2). 27.2 2.2 23 23 24.4 


magtitiaihs teak = kt 
2n 2" n4h 


Ns 


[Su + 235] = (n — 2) x 180 


5n? + 235 n = 360n — 720 
5n? — 125n + 720=0 

n? -25n + 144=0 

(n- 16) (n-9)=0 


it} 
iE 
LN 


VUNUY J 


n= 16,9 : 
ro he 1 But if n = 16, then 16" angle = 120 + 15 x 5 = 195 > 180° which is 
= Lim —_— : 
noel 2 244] not possible. Hence n = 9. 


3. Given, a,,a,...,a, are in A.P., Va,>0. 


S= 3 “ @,-@,=4,-a,=-=a,,-a,= d (a constant) 
Now, 


Hence, S'=2. 


9 1 1 1 
18.(3) 369= 5 2+ 0-Ndl ; ede Dn Ga 
, 82 =2+ 8d ; 
a ; Va Ve , va - Ja, va, og Manat = Van 
a, 


=10 
Now ar =at+8d=1+8x 80=81 
= A281 = =q [Va - as | 
Sess a,—a 
= ar =1x (3)6 =27 © =d( fa; + Ja, ) 


a, — ay ay — ay Qy 1 


_— (ald. 

xs ilar lo 
. . , > n—-] 

Subjective Type 7 oe 

1. Let a and 6 be the two numbers and let H be the harmonic mean 4. Sce problem 3 in Reasoning Type section. 
Sere con ent inate (given). Since A, G, H are in G-P., 5. See problems 28-30 in the Linked Comprehension Type section. 
Bi 6. Let the three distinct real numbers be a/r, a, ar. As sum of squares 
Stes ; of three numbers is S?, 


=> a 2 
a 

But 2 ote tar =? 
. r 
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2d4+r¢r') 
gee -() 


a 
Sum of numbers is aS. Hence, 


a 
—+ A@+ar=aS 
. 


al +rt+r) a 
r 


aS (2) 
Dividing Eq. (1) by the square of Eq. (2), we get 
oe dtr ary. oo ae: 
r eC (dtrter?y @@s? 


d+ 2r+ry-r 1 
ad trary a 


(d+rt+r)d-re+r)_ 1 
(+r¢r°y a 

> @P-Aar+aal+ert¢P 

=> (@-1)P-(@+1)rt+(@-1)=0 


l+q 
=> prt fee r+1=0 (3) 


=> 


For real values of r, 
Dz2=O — \ 


2\2 
l+a 
[ie -4>0 
=> 14+2a?+a'-4+8a?—4at>0 


=> 3at- 10a?+3<0 
=> (3a?— 1) (@~3)<0 


ae Bb 
= |a 3 (a ~3)s0 


Clearly, the above inequality holds for 1/3 <a? <3. 
But from Eq. (3), a #1. 


we (+ i Ud, 3) 
3 ” 
7. Given that log, 2, log, (2* - 5), log, (2*— 7/2) are in A.P. 
Hence, 


amet 
2 log, (2-5) = log, [2 -3| + log, 2 


4 
=> or sp=2(2" = 3 


=> (2°? ~10x 2°+25-2x2§+7=0 
=> (2P-12x2"'+32=0 

Let 2* = y. Then we get 

y?- 12y + 32=0 

(y- 4) (y-8) =0 

y=4or8 

2* = 2? or 23 


YuudL 


x=2or3 
But for log,(2' — 5) and log, (2 — 7/2) to be defined, 


7 
2?-5 >Oand 2*~ 5 >0 


Progression and Series 3.71 


=> 2*>5and2'*> ; 
=> 2>5 
=. 242 
and therefore, x = 3. 
8. Let a and b be two numbers and A,, A,, A, ..., A, be n A.M.’s 


between a and b. Then, a, Ay, Agyeeey A, ‘b are in A.P. There are 
n+ 2 terms in the series. Now, 


b-a 
n+] 


at+(n+1l)d=b>d= 


b-a__an+b 


n+1 n+] 


(1) 


=> A,=p=at 


The first H.M. between a and b, when n H.M.’s are inserted 
between a and b can be obtained by replacing a by 1/ a and b by 
1/b in Eq. (1) and then taking its reciprocal. Therefore, 


| (a +1) ab 
— — 2 
# | 1 bn+a 2 
a b 
n+] 


Substituting b=p (n+ 1) —an [from (1)] in Eq. (2), we get 
ag + ng [p(n + 1)— an] = (n+ 1) a [p(n + 1)-an] 


=> an(n +1) + alg —n?2) -p (n+ 1] +npq(nt+ 1)=0 
=> na —[(n+1)p+(n—-1) gla+npq=0 
=> D20(-~ ais real) 
=> [m+1]1)p+(n-1) gP-4n pqg20 
=> (n-1P@ + (2H? - 1) -4n*} pqt (n+ 1p? 20 
> #2 Te wae (Bt) peo 
(n-1y° n-1 = 


n+l ‘ 
=> |77~P\ > 7] | f¢-pl20 


[On factorizing by discriminent method] 


Hence, g cannot lie between p and p * ia j : 
n- 


9. According to the question, we have 


eoqoels ot EN a iet), Jy 
H we sal (er a = 


2 
‘ 2 
5-242 1 +2x(3] tr 00m ——_ =3 
3 1 
aes 
3 
2 
1 1 3 
S,=3+3x —+3x]—] +---0=——_=4 
4 1 
fae 
4 
1 2 
S =n+nx +nx +005 =(n+1) 
¥ ntl atl ee | 


Slt SZ +SZ4+e4S2 | 


=P? 43744 4-4 (n+ 1) 4+ + (2n) 
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3.72 Algebra 


(f} 


2 2n (2n +1) (4n+ I) 
6 


|? 


_ nQn+l)4nt)-3 
= ; 


10. Since x,, x,, x, are in AP., let x, =a-d,x,=a and x,=a+d. 
And x,, X,, x, are the roots of x7 —x° + Bx+y= 0. Now, the sum 
of roots is 

Ya=a-dtatat+d=\1 (1) 
Sum of product of roots taken two at a time is 

Laf=(a-data(at+d)+(a-d) (at+d) 

=f (2) 
Product of roots is aB y = (a—d)a(a+d) 

sy (3) 
From (1), we get 

3a=1>a=1/3 
From (2), we get 

3a - da? =B 
= 3(1B"%-@#?=8>13-f=a 


=> 5 ~f20(~ d?20) 


1 
=> BS 3 
=> Pe, 1/3] 


_ From (3), 
a (a -d’) = -y 


j 
sa 
Hence, f € (—~, 1/3] andy € [- 1/27, ©). 
11. Solving the system of equations, u + 2v + 3w = 6, 4u + 5v + 6w 
= 12 and 6u + 9v =4, we get 
u=—1/3,v=2/3,w=5/3 


-utv+ws2and bg bth ees 
uovow 10 
Let r be the common ratio of the G.P. a, b, c, d. Then, b = ar, 


c=ar,d=ar. Then the first equation 


1 1 1 
(2 ris x4 [(b- cP + (ca + (d-bY] x+ ut+v+w) 


=0 becomes 
= <3 + [(ar—ary + (ar — a) + (ar - ary] x+2=0 


=> 97-10a (1-4 +27 + 3r + 2r4 1) x-20=0 

=> 92-102 (1-rP(trtr’yx-20=0 

=> 9-10a7(1-r7? x-20=0 (1) 

The second equation is 

20x? + 10 (a-ary?x-9=0 

=> 20x? + 10a? (1-ryx-9=0 (2) 
Since (2) can be obtained by changing x to 1/x, so Eqs. (1) and (2) have 
reciprocal roots. 


12. Leta—3d,a—d,a+dand a + 3d be any consecutive terms of an 
A.P. with common difference 2d. Hence, 


P =(2d)* + (a - 3d) (a—d) (a+ d) (a + 3d) 
= 16d‘ + (a? — 9d”) (a? - d*) 
=(@-5d’P 
which is an integer. 


13. G,=(a,a,°°° a,)\" 


= a, (7 42 ot GED Uk 
k=l 
=a yp 2 (1) 
ete a +a, t+ ay 
; k 
_ a (trt +r") 
. k 
_ ar ~1) . ; 
~ (r-1I) Xk (2) 
k 
ees 1 1 1 
Gq a ay 
pet.) ar 
= ] + 1 St a ee, 
“ pel 
ak (r—1) 1X! 
ae ay ee (3) 
: r-] 
From (1), (2) and (3), we get 
G,= (A, H,)'” 


n 


> II G, = Il (A.A)? 


k=l k=) 
ia I/n 
=> fics =(A,A,-+ A, HH, + A)! 


14. Clearly, A, + A, =a+ 5. Now, 
1 1 i 1 
+ 


A Hy a b 
H, + H, 
=> —“€O“ = 

Hi, A, ab 


a+b A +A, 
GG, 
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and 


H, +H, 3ab ( ; + : ) 
2b+a 2at+b 
_ (2b +a) (2a +b) 
7 ab 
15. Given that a, b, and c are in A.P. Hence, 
2b =atec 
a, b?, c are in H.P. Hence, 
1 1 1 1 
ae aa cae ; 
(a—b)(at+b)_ (b-c)(b+Cc) 
ba? 7 bc? 
act +be=@b+acl a-b=b-c] 
ac (c-a) + b(c-a)(c+a)=0 
(c — a) (ab + bc +ca)=0 
c—a=Oorab+bc+ca=0 


Vudu 


For c = a, from (1), a=b=c. For (a+c)b+ca=0, from (1), 


2b? +ca=0 


> p=a(>] 
2 


Hence, a, b, —c/2 are in G.P. 


3 (2 )+(3 3 s (2) 
16. a,=2-\4 ese an 


| 
| we 
Gea 

= 

| 

| 
A] wW 
——-< 
er 


Now, 6, = 1-4, and b, >a, forn 2 n,. 


l-a >a>2a <1 
ny A 


=> (- 3y1 < Del 


() 


Progression and Series 3.73 


For n to be even, inequality always holds. For n to be odd, it holds 
for n > 7. Therefore,the least natural number for which it holds is 


6. 


Objective Type 


Fill in the blanks 
1. The sum of integers from 1 to 100 that are divisible by 2 or 5 is 


S = sum of integers from 1 to 100 divisible by 2 


+ sum of integers from 1 to 100 divisible by 5 
— sum of integers from 1 to 100°divisible by 10 


=(24+44+6+4---+100)+(5+ 104+ 15+-: + 100) 
— (10 + 20 + --- + 100) 


-2 [2x2+49x2] + : [2x5+19x5] - [2x10+9% 10} 


= 2550 + 1050 — 550 = 3050 


2. When nis odd, last term is n?. Hence, the required sum is 


S=(P242x24+342xKP4+---4+2x(n-1lP] 4+ 


-_ 2 
oor +r [Using sum for ( — 1) to be even] 
_ w(ntl) 
2 
3. Let a and b be two positive numbers. Then, H.M. = a 
at 
and G.M. = Vab. According to question, H.M.:G.M. = 4:5 
2ab 4 
(a+b)Vab 5 
2Vab _4 
are a+b 5 
= a+b+2Vab 5+4 
at+b-2VJab 5-4 
2 
> va +vb =9 
fi alb 
a (Ja+Vb) _,_, 
Ja-Je ~” 
= 2Ja _3+1 -3+1 
2Jb 3-1 -3-1 
=> ae er ee 
dbo a hs 
= aib=4:1 or 1:4 
4. Since nis an odd integer, (— 1)"'! = | andn-l,n-3,n—5, ... are 


even integers. The given series is 


wW—(n-1P2 + (n-2-(M—-3P +--+ C1"! B 
=[n4+(n—-1P +2) +--+ P= 2 [@— 18 + -3 + +27] 


~ [ey i f5S4)(5t a] 
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3.74 Algebra . 
2A mw (n+ 1-16 (n-1" (n+ 1/ Se ee eee. 
= = ~f'0: —1) (q-r) D+ (q-1) (rp) D + Ur- 1) (p-g) D 

4 16x4 = A° Reba (q-1) rp) (r-l) (p-4) 
1 =A°R°= 
a (a+ 1) [n? Xn -1)] 2. b. Given 
arP=4 | 
= — (n+ 1) (2n-1) => axarxarxar xar=aa r°=(arpah 
3. ce. 2.357 =2 + 0.357 + 0.000357 + +++ 2 
5. Given that x is the A.M. between a and b and y, and z are the ig BOE SOF ae is 
G.M.’s between a and b where a and b are positive. Then a, x, b 10° 10° 
are in A.P. So, 357 
rei =2+ 10 
a, y, z, b are in G.P. So, {= aa 
b 357 = 2355 
y =ar, and z= ar’, where r= fb Also, yz = ab. Now, - — = —. 
a 999 999 
343 eorta srs Alternative solution: 
: +b Let, a3 
78 abl < x=2357 | 
2 = 1000x = 2357.357 
b? On subtracting, we get 
a@x—+ax-> 9355 
= a 999x = 2355 > x= 
; (¢ + 2) 999 
a 
2 4.a. For first equation D = 4b? - 4ac = 0 (as given a, b, c are in 


2(a? b + ab’) 
ab + ab’ 
=2 
6. Let p and q be roots of the equation x? — 2x + A = 0. Then, 
p+q=2,pq=A 
Let rand s be the roots of the equation x? — 18x + B = 0. Then, 


G.P.) 
=> equation has equal roots which are equal to ee each. 
a 


Thus it should also be the root of the second equation. 


2 
Thus, (=) +2{=2). f=0 
a 


a 


r+s=18,rs=B 
b be = 
And it is given that p, g, r, ands are in A.P. Let p=a-3b,q=a-d,r = ot 
=a+dands=a+3d. Asp<qg<r<s, we have d>0. Now, ee 
2=ptqza-—3d+a-—d=2a-4d = d5-2-+ f =0 (as b’ =a0) 
=> a-2d=1 dd). a - 
and iia d ape at 
18=r+s=atd+at3d ac a 6 
=> at+2d=9 (2) 5.c. Let, 
Solving (1) and (2), a=5,d=2 eu I 3 7 15 
p=-1,q=3,r=7,s=11 at a te. n terms 
Therefore, A = pq =-3 and B=rs=77. 
1 l l ] 
={I-s|t[i-g]+[- gt [i- 7g] + terms 
Multiple choice questions with one correct answer ( ee ee | 1 
; =(1+1+1+---ntimes)— | 5 * 3577 ir aa 
1. c. Given that x, y, z are the p", q” and r terms of an A.P. dan ay aa oe 2 
x=A+(p-l)D 
y=A4+(q-DD +(1- 3] 
z=A +(r-1)D spe = SA hao 
=> x-ys(p-g)D je 
y-z=(q-nD 2 
z-x=(r~p)D 6.c. We have, 


where A is the first term and D is the common difference. Also x, y, z 


are the p", g"" and r* terms of a G.P. 
x= aR", y=aRt',z=aR"! 
Ey = (aR ply (aR rlyex (a Reyes 


(x +2)" —(x +1)” 


= Dyer! Qyr2 ] 
Grea (x+ 2)! + +2)" &+ 1) 


++ 23 tlre +t ly 
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Hence, the required sum is 
(xt 2)"-@4+D"[- @4+2)-@4+)D=1) 
7. d. InCa +c), In(c - a), In(a — 2b + c) are in A.P. Hence, a +c, 
c-a, a-—2b+c arein GP. Therefore, 
(c— ay =(a+c) (a-2b+0) 


=> (c—ay’=(atc)—-2blatc) 
=> 2b Catc)=(atcyY-(c-ay 
-= 2b Cat+c)=4ac 

2ac 
=> = 
at+c 


Hence, a, }, and c are in H.P. 


8. d. a, =h,=2,a,=h,,=3 


3=a,=2+9d>d=1/9 
a,= 2+3d=7/3 


Also, 
3=h peed 2a 
NB tage a 
3 tl 
roe oad 

Lh sey 
hy 2 9 18 

7_ 18 

By ag eS 


10. d. a, bi and c, d are in A.P. Therefore, d, c, b and a are also in 
A.P. Hence, 
d c b a 
abcd’ abcd,’ abcd’ abcd 


Eyes cos eee 


abc’ abd’ acd’ bcd 
=> abc, abd, acd, bcd are in H.P. 


are also in A.P. 


11. d. Sum is 4 and second term is 3/4. It is given that first term is a 
and common ratio is r. Hence, 


A ndtare yi ep eee 


l-r 4a 
Therefore, 
a 4a? 
2 Be 4a -3 
4a 


=> a-—4a+3=0 
=> (a-1)(a-3)=0 
=> az=lor3 
When a = 1, r= 3/4 and when a = 3, r= 1/4. 


12. a. a, fare the roots of x — x +p =0. Hence, 
a+fpa1 . (1) 
a fp=p (2) 


Progression and Series 3.75 


y, 6 are the roots of x? - 4x + g = 0. Hence, 

ytd=4 (3) 

yd=q (4) 
a, 8, y, 6 are in G.P. Let a=a, B=ar, y=ar, d= ar’. Substituting these 
values in Eqs. (1), (2), (3) and (4), we get 


at+ar=1 (3) 
ar =p (6) 
ar+ar=4 ; (7) 
ar=q (8) 


Dividing (7) by (5), we get 


ar’ Qtr) _45ps45/7=2,-2 
a(l+r) 1 . 
(5)>a= : ee a or— 1 
I+r 142 1-2 3 
As pis an integer (given), ris also an integer (2 or —2). Therefore, from 
(6), a # 1/3. Hence, a =—1 and r=-2. 


p=(-1%x(-2)=-2 
q=(-1Px (2) =-32 


13. c. Given, 
24+54+8+4+--- 2n terms =57+59+61+---n terms 


=> SE d+ Qn— 1) 3) =F (114 + n— 12 
=> 6n+1l=n+56 

=> S5n=55 

=> 


n=1i1 


14. d. Given that a, b, and c are in A.P. Hence, 

2b=art+ec 

But given, 
atb+c=3/2 

= 3b=3/2 

=> b=1/2 

Hence, 
atc=l 

Again, a’, b’, c? are in G.P. Hence, 
b=ac 

=> b=tac 


=> ie Bape Mandpee et qd) 
As od 


Now, 
1 
at+c=landac=— 
4 


=> (a-cY=(a+cyY—4ac=1-1=0 
> a=c 
But a # c as given that a < b < c. We consider a + c = | and 
ac =—1/4. Hence, 
(a-cP=1+1=2 
=> a-c=+ V2 
But 
a<c=ma—c=—J2 (2) 
Solving (1) and (2), we get 
1 1 


2 fo 


15. « S = “25 @iven) 
l-r 
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3.76 Algebra 
But co 
o<irl <] z= > cos” ¢ sin" ¢ 
n=0 z 
> O< 5-4). = 1+ cos? dsin? ¢+ cos* d sin’ O + +++ 00 
: : 
= —______— (3) 
= 2 +2: 
=> aie f <landa#5 1—cos'¢ sin’ ¢ 
Substituting the values of cos? @ and sin’ 6 in (3), from (1) and (2), 
=> -5<5-a<Sanda#5 we get 
=> -10<-a<Oanda#5 1 
= 10>a>Oanda#45 rr a 
=> O<a<10anda#45 1-—— 
é xy 
16. c. a+f,a7+f?, a? +B? are in GP. Hence, 9 
2 22 3 3 > 7=— 
(a?7+B°y=(a +P) (a? +B?) xy-1 
Sait pi+2aBr=at+Ppit+aBi+pa> => xXyZ-Z=Xy 
=> af (a?+P?-208)=0 - AE ee 
A F 
=> of (a-fy=0 oe, 
= a=Oora-f=0 xX+ytZ= pe tt Seca te ee 
cos’ @ sin-@ 1-cos @sin’ ¢ 
=> cla=Oora=f 
—> c=0orA=0 (equal roots) sin? @ (1— cos’ ¢ sin? 6) +cos @(1 — cos? ¢ sin” @) +cos’ ¢ sin* 
cA=0 ; ~ cos ¢ sin? @ (1 — cos” @ sin’ @) 
ae 2 2 +2 2 2 
Z : - : _ (sin’ @ + cos’ @) (1 — cos’ @ sin’ @) + cos” @ sin 
Multiple choice questions with one or more than one correct ra (ng os coos eee 
: cos’ @ sin” @ (1 — cos’ @ sin” @) 
answer é 
1. b,d. Let x be the first term and y be the (2n — 1)" term of A-P., = Ooo eT 
G.P. and HP. whose n" terms are a, b, c, respectively. Now cos’ @ sin’ @ (1 — cos’ @ sin’ 9 
according to the property of A.P., G.P. and H.P., x, a, y are in Thus, (b) and (c) both are correct. 
P.; x, b, in G.P. and x, c, in H.P. ; : 
ALP.; x, b, y are is G.P. and x, c, y are in H Hence 3. b. Putting 0 = 0, we get b, = 0. 
_ x+y _ n 
a =e. .. sinnO= >, b sin’ @ 
: r=] 
b= =G.M. ; u 
xy =» sin nO = > b (sin dy" 
2xy sin@  r=1 
es =H.M. . Par) ' 
x+y =b, +b, sin6 +b, sin’ 6 +--+ +b, sin" 


Now, A.M, G.M. and H.M. are in G.P. Hence, Taking limit as 6 > 0, we obtain 


Bb? =ac lim anh ab bn 
~ 
Also, A.M. 2 G.M. > H.M. Hence, ae 
a2b2c 4. eT =at(m-1)d =1n 
T,=at+(n—1)d=I1/m 
2. b,c. We have, for 0 < @< a/2 => (m-—n)d =1/n—llm=(m-—n)lmn 
ge y cos?” @ => d =1/mn 
n=0 1 
_ 2 a => a4 =>— 
= 14+ cos? @+ cos'g + + 0 fait 
- — : oT, =at(mn-1)d 
l1-—cos” @ 1 1 
1 =— +(mn-— 1) — 
= Gd) mn mn 
sin? uy) - 9 = 1 
y= ¥ sin?” @ mn mn 
n=0 
| 
es o42 ond cb 
he dae 5. b. Ifx, y, and zare in GP. (x, y, z> 1), then log x, log y, log z are 
= i in A.P. Hence, | 
1=sin® d 1 + log x, 1 + log y, 1 + log z will also be in A.P. 
pe! (2) | will be in HP. 


~ cos’ 1+logx 1+log y' 1+ logz 
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Progression and Series 3.77 


6. a,d. We have For each r, 7, has two different factors other than 1 and itself. 
bid. ode i Therefore, T_is always a composite number. 
a(n) =lt+e-+e+—4+24+--4+—— r 
2° 3° 4°95 2"-1 
: 3. b. SinceQ.,. -O =6(r+ 1) +5 -6r-—5 =6 (constant), therefore, 
1 1 PP e 1 1 1 re els : ; 
= P+) —toit]—t+tetctsitfote tote ta Q,, Q,,Q,, ... are in A.P. with common difference 6. 
2 3 4 5° 6 7 8 15 2"-1 2 
4. c. Given, 
1 1 1 1 1 1 
1 + j+j—5+—2+<+ atb 2ab 
E | [ 5 6 4) A,= ,G,= Vab,H, = = 
a+b 
1 reas 1 s Also, 
ua a | 
A= An-1 + A, 
< 1l+lt-e-t+len " 2 
Thus, G, = A,-s A. 
a(100) < 100 paee ye fe 
Also, ; : A,-1 BE A, 
1 (1.1 Lote Ret 1 5 
=]4+o—4+)—+—Jft+]otrtotcltot > 2?=AH >AH =A_,H 
a(n) a 5 (2 :] (2 6 7 8 3" -| aps n von won n=l oat 
Similarly, we can prove 
a ee 1 + _ + E + e + : fee pe ! A.A, =A, H,, =A,, A, = a A.A, 
— 2 Yea 2 eh 2 2" "+1 => AH, =ab 
Pe eS = GaG Hoye SGis a 
>1+—+-t-4+- Ss = 
2 4 8 2 2 => G, =G,=G,=--=Vab 
12,4 erat | 
Pog tat OF 5. a. We have, 
-1+ ie oe eee at A = Ao t An 
22. 2 2). 2 " 2 
A, + H,- 
=1+4-4-{ -z)+3 A,-A, = Ae 
2 a gt 2 2 
H,,—A 
Thus, = ieee RS <0(-A,,>A,,) 
= A,<A,,orA,,>A, 


n-l 


Hence, we can conclude that A, >A, >A,>°°- 


i.e., 
a(200) > 100 6. b. We have, 
Comprehension AH, =ab => H,= “ 
1. b. VitVit-- 4+, 1 1 n 
n <— 
= XV, A, —1 Atte <A, 
ie H,<H,<H,<-* 
n r < E, 
=> (Fear +(r-1(2r- »)) 
nel Integer type 
n 2 - 
= [- -544) k-l 
& ; I 
1.3) s,=-tL = 
= 5p) 2, Bn i % 
a 2 i 
_w (ntl? n(n+Qnt) | n(n) - *S |G — 3k +1) 1 | 
4 12 "4 k=2 (k—1)! 
2 
= AY) nine oral _ Yaa D Ak 
7 3 zo, (kK—-D! 
_ n(n tl) Bn? +n 42) k-1 k 
12 7 eet 
2d. T.=r+(r—DQ@r-1) ep aea  e! . 
=(r+1)Gr-1) = [b-2]2 214 Sl. 
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3.78 Algebra 
ease eo oda Oe Sp: Bie ee ap 465150 
1 Of Lt 2f 2! 3! 98! 99! lil 2 
‘100 
= airy: 3.6) 4), yy Ags 1-5 Ayo IS an ALP. 
P 
a,=3,S = Ya,1s ps 100 
= és P i=] 
2.0) 4, = 20, _) ~ Ay_> > 4, 4),...,4,, are in AP. 


i= 


a +az+--+a;, a? +35x11d? +10ad _ 


= = 90 Sm Sin = 
11 11 


= (6 + (Sn - 1d) 


Sn Sn 8 6 a+ nd) 
=> 225+ 35d? + 150d =90 2 
35a + 150d+135=0 => -3,-9/7 


7 er is independent ofnof6-d=0 => d=6. 
Given a, < a we get d = -3 and d =-9/7 ; 


n 
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> inequaities Involving Simple A. M.. G. M., H. M. — 
| > let ualities Involving Arithmetic. Mean of ne Power 
> ualities involving Weighted Means _ 
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4.2 Algebra 


INEQUALITIES INVOLVING SIMPLE A.M., G.M., 
H.M. | 

LetA, Gand AH be arithmetic, geometric and harmonic means of 
two positive numbers a and b. Then, 


A ett? Ga dab adi: 
a+b 
These three means possess the following property: 
A>G 2H. 
Proof: We have 
Az 2+? G= Jab ndH= 2ans 
2 at+b 


=> A-G= 245 — ab = SAW yg 
=> A>G (1) 
Gos dep 2 2ab 
a+b 
ae a+b—2 Jab : 
- a+b 
Vab- 
= 7p Wa-vbP 20 
=> G>H (2) 


From Egg. (1) and (2), we get A > G2 H. 
: Note: ‘The equality holds in the above.result only when:a=b. - 
In general, if a,>0,i=1, 2, ...,n, then we have 


a ta, +44 
2 3 (a Xa) xX xa," a as | 
n o 


= A.M.2>G.M.>H.M. 
This result can be proved by the principle of mathematical induction. 


Prove that (ab + xy) (ax + by) > 4abxy 


Example 4.1 
(a, b, x, y > 0). 


Sol. Using A.M. > G.M., we have 


os Jabxy => ab + xy > 2.Jabxy 
Similarly, 


ax + by > 2 Jabxy 
Multiplying, we get 
(ab + xy) (ax + by) > 4abxy 


Sol. b?c? + c2a* > 2(a?b?c*)!” 
= be?+ca? > 2abc? 
Similarly, 

Ca + @b* > 2bca’ and a*b* + b?c? > 2cab? 


(Using A.M. > G.M.) 


Adding, we get 
2b*c? + 207?a’ + 2a*b? > 2abc* + 2bca* + 2cab* 
=> bBe+cCcatabh>abciatb+c) 


RLM Find the minimum value of sins 4 gees? 


Sol. Using AM. > G.M., we have 


gsi? vy cos” > 4 J gsin? xgcos” x 
=24 [gsin?x + cos2x 
= 2/4 =4 


= Gas +4") =4 . 


min 


Example 4.4 Ifa+b+c=1, then prove that — 


slay Lag 1 _ilss 
27abe a b c 


Sol. On multiplying both sides by abc, we have to prove that 
8/27 > (1—a) (1-6) (i —c) > 8abc. Now, 


(-4)+0-b)+0-¢) Sq _ay(1-by 1-4 
3 


3-(at+b+c) 


3 


>[(-a)-b)d-c)] 


3 
2 
> (3) >(l-a)(l-b) (1 -e) (+ at+btc= 1) 
Also, (a + b)/2 > (ab)"”, (c + b)/2 > (cb) and (a + c)/2 > (ac)'”. 
Multiplying these three inequalities, we have 


atbb+cate 


2 2 


> abc 


=> (a+b)(b+c)(c +a) > 8abe 
= (1-a)(1-)b)(1-c)> 8abe 


_Example 4.5 | If a, b, c are positive, then prove that 
al(b +c) + b/c + a) + cla +t b) > 3/2. 


Sol. Adding 3 to both sides, we have 


at+b+c atbte > 343 


at+b 2 


atbt+c 
————— + 


b+e cta 


=> (b+cy'+(ct+a'+(at+by'= 


- 2@tbtc) 
Now, 
A.M. = H.M. 
1 I l 
+ + 3 
=> b+c cta atb > 
3 atb+b+ctcta 

= 1 +: 1 1 3 9 


+ 2 
b+c ct+a atb 2(atb+t+c) 


mecha Ina triangle ABC prove that 3/2 < ala 
+c)+b/(c +a) +cha+tb) <2 (equality when a = b =c). 


Sol. We know that b+ c > a ina triangle. 
Adding (5 + c) to both sides, we have 
2(b+c)>(at+tb+c) 
1 i 
< 
2@b+c) atbte 
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a 2a 


or < 
b+e atbte 


2b 
atbt+e 


Similaciy,—2-< 
Ctra 


c 2c 
< 
atb atbte 


Adding, we have 
‘a b ean 


guru 


yatbte_, 


a+b 


b+c 


ct+a 


nis a positive integer. 


Sol, 2"> 1+n Jor 
2” -1 
2-1 
Now, (2" — 1)/(2 — 1) is the sum of a 
and common ratio is 2. 
We have to prove that 1 + 2 + 
x Jedt-1y2. 
Now, 


=> >nx Darl) 2 


2 n-t 
14+2+2°+---+2 > (1 x 
n 


Now R.H.S. = (2142434. tly ln 


a+b+c 


Prove that 2" > 1+ ¥2"", Vn >2 where 


G.P. whose first term is 1 
P+ Bre +2" On 


2 x 22 x 23 wie Qily ie 
C: A.M.>GM.) 


= [20 -D we] Vn = Jin -ly2 
> 1LH242 +042" > nx Qe 


_Example 4.8 


142+34+4+---+n 


Sol. 
n 
n(n+l) 
> 2 > (nly 
n 
n+l) ia 
=> 5 «n!) 
__Example 4. 


+sec Cin acute-angled triangle. 


1S (1x2x3x4x---xM1) 


Prove that [(” + 1)/2}" > (n}). 


l/n 


(Using A.M. > G.M.) 


Find the least value of sec A + sec B 


Sol. In acute-angled triangle sec A, sec B, sec C are positive. 


Now, 
A.M. > H.M. 
secA +secBtsecC . 3 
3 cosA+cosB+cosC 


But in AABC, cos A + cos B + cos C < 3/2 


sae > 


secA+secB+secC 26 


=> 


+ +a,a,€ R* for 


Inequalities Involving Means 4.3 


Sol. We have, 


A.M. > H.M. 
S S S 
+ feeb 
=x S-a S-a Sa, ‘ n 
n S=a Sa peep On 
S S S 
Ss  § _ Ss ws 
> + eet 2 
S-a, S-a, S-a, nS—(a,+a,+-::+4,) 
S s S ns 
> + feet > 
S-a S-a, S-a, nS—-S 
S S n 
> + feet > 
S-a S-a, S-a, n-l 
Example If yz + zx + xy = 12, where x, y, z are 


positive values, find the greatest value of xyz. 
Sol. Using A.M. 2G.M. 


= 29t x te 5 (2y2z2)"3 
; 3/2 
12 2 12 
= Beevey 00m =(F) 


INEQUALITIES INVOLVING ARITHMETIC MEAN 
OF m‘* POWER 


Ifa,>0,i= 1, 2, ...,”, which are not identical, then 


m m m i 
a tay te ta ata,t+-ta,\" , 
(i) anatase (ata t tes) ifm<QOorm> 1 
n n i 
m nm m sa 
.. A tay t--+a a,+a,++--+a ; 
(0) eee : <| es | if0<m<1 
nf i 


CUA: Ifa,b > 0 such that a’ + 5° = 2, then show 
thata+b <2. 
Sol. We know that A.M. of (1/3)" power < (1/3)" power of 
A.M. 
(ay? a. (Dy Z ue 43 
2 2. 
at+b <j 


=> at+bs2 


If m>1,n¢€N show that 1” + 2” 


Example 4.13 


+ Qem + 23m a era os Qin im sy nine = 1)". 
Sol. Since, m > 0, so 
A.M. of m'* power > m'" power of A.M. 


=> 


n 


42 44m 4Qm ge. 4 ¢Qly" 5[ Haste et i 
n 


m 
n 

=> [4D 4 4rz ee Qu-Dn > 4 (2 =) 
n 

y + pet f qn ales 


=> + Jinn > nice (2” so 1)" i 
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44 Algebra 
Exa mple 4.1 4 Prove that 
BP+e? c4+a a@+h? 
>atbt+e 
bt+e ct+a atb 
adi B+ >(42) ar b+c al es 
ei eae = c 
a 2 2 b+ce 2 O22) 
Simnilarly, 
2 2 2 2 
ee seh ‘and Lae ee 
atb 2 cta 2 
Adding, we get 
P+ +a a’ +h? 
—— + ——_ >atbte 
bte cta a+b 
Example 4.15 $B gions 
a+b+c® 1 1°21 
ees en See — a + = 
abe? abe 


Sol. We have to prove that a’ + b? + c® > a’b*c*(bc + ca + ab). 
Now, 
a+b +c8 ‘S (sete) 
3 3 


ab+bitc! | at+bt+cy athee) 
3 3 3 


6 24 an 2 2 
sy Kom 2 b° +c* +2ab+2be+ =| 
9 
( A.M. > G.M.) 
But ; 
e+bh?+c>abt+be+ca 
ah Ee ee » atpic2 Gab tbe + 3ca) 
3 9 
=> @4+b§+c>a*b’c(ab + be + ca) 
a+b +8 ab+betca 
- @ bc? abc 
a+be+c° tt 
2% Baer aaa eps 
abc? a be 


Qa 


30 
n 


Show that Ci +C} +C} +-+-+C4 > 


where "C= al/[rl(n -r)!]. 
Sol. A.M. of 4" power > 4" power of A.M. 


CotCi+--+Ct [Steer eG) 


n nA 


n 


= Che Cl ect tect (=) 


6 aan 
4 4 4 4 
=> Cy +C +C, ers tae fog 


_Example 4.17 Ifa, b and c are positive and a + b +c = 6, 
show that (a + 1/b)* + (6 + 1/c)* + (c + L/ay > 75/4. 


Sol AM.>HM 
ay Ad: b c> 3 ee 
3 atb+c 6 2 
So, 
LOG eee 
a c 2 
Now, 
at+—|}+}b+~—] +} e+-— 
l Cc a 
3 
Gr lard aed 
at+— |+]b+— |]+}ce+- 
Cc a 
" 3 
=> 


; 3 
I 1 1 
(a+2)+(o+4)+(c+4} 645 
> — 


> 


3 3 
Squaring both sides, we get 


Gol Ge biGa) 
at+—|+|b+—} +]c+— 
b ES te a 25 


3 4 

2 2 2 
> Ga +[o+4) +(e+4] -2 
b c a 4 


INEQUALITIES INVOLVING WEIGHTED MEANS 


Ifa,>0,i= 1, 2,...,n and w, 2 0, where i = 1, 2, ..., n, then 
weighted arithmetic mean, 


nen 


Wa, +W,d,+---+ wa 
A =—1 44 
7 WwW +W, +e + Ww, 


Weighted geometric mean, 


Wa i) 
a, 


Weighted harmonic mean, 


= Mi, Re res 
G,, - (a, ay 


H = i 2 n 

wW, Wy Ww, 
thet 

a, a, a,, 


From A.M. > G.M. > H.M., we have A,2G,2 A. 


Prove that 


— eg? oe Xt YZ xt+y+z X+y+Z , 
aa >x*yzi > [=2e*2] (x, y, Z>0) 
X+yY+Z 3 


Example 4.18 | 
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vty tz 
xX+ yrzZ 


Sol. 


(Stee xtimes)+(y+y+y+ --- ytimes) 


X+ytzZ 


Sa Sk times 


X+y+z 


>[Ccx --- x factors) (y y --- y factors) (zz +++ Z factors)]!@**? 


2, 2 2 
x” + +7 : 2 \Waty+2) 
y >(x*y’z ) 
xX+ytZ 


x Pag? ytyte 
E > xyz! () 


X+ytZ 


Now, 


1 ol : Ly 5, a, 
— ++—4+-+. xtimes }+] —t+—4+°:: 
x x y y 


X+yt+zZ 


( 1 
—+—++-z times 
2. 2k 

ft 


x+ytz 
(2 1 Ie 1 
> || —— ++ xfactors || — — 
xX Xx yy 
( 1 ) i(xty+z) 
——--- zfactors 
ZZ 


log el da / 

— — = U(x+V+e 

ge at a oe ae oe 
: > = ang a 
X+y+z xy og 


y times } 


- yfators 


xty+tz 
X+ytZ ee ee 


x ETP. 
ode Pepbhzy. 
=> x yr> a : (2) 


From Eqs. (1) and (2), we get 


NEYHS 
rtytz bee 
TT >xX yz 


ar | Prove that 1’ 
< [(2n + V/Byo* 2, ne N. 


x 2 x Bx eo x n” 


Sol. For |! x 2? x 3° x 
. n,n times. Now, 


x n", consider 1, 1 times; 2, 2 times; 


14 (2+2)434343)+---+(nt+nt+-- 
1424+3+--4+n 


+n times) 


‘lL 
2 a x2? %.. egy ee 


Inequalities Involving Means 4.5 


2 
> a x 2 Kee xAhyrord 


ay 1422432 +t? 
n(nt+ 
2 
rA(nt+DQn+) . 
6 > 1! 9* Kies nyn(atl) 
aes n(nt+l) ee an) 


2 


2 
> a x 92 xe. xnryreh 


(2n+1) 
3 


n(ntl) 


2 
> 12x Pcnnt s( 2242 


Rca: ‘Find the greatest value of x’y> where x 
and y lie in the first quadrant on the line 3x + 4y =5. 


Sol. 2x2) = x-x-yey-y 
Now 3x+4y=5 
Consider two parts of 3x and three parts of 4 


so we have ROO, OLs 


2 3s 3. 3 
Using A.M. 2 G.M., we have 
3x . 3x 4y 4y 4y- 


See po pe og 3\"5 
5 9 3 3 gl OH) LAY 
5 “(L273 


3 Ai 
ad ry So (Yaa = 


CUNO CRAME! Find the maximum value of (7 —x)*(2+x)° 
when x lies between —2 and 7. 


Sol. Since —2 <x <7, therefore x + 2 and 7 — x are both positive. 
We have to find the maximum value of 
(7 —x)* (2 + xp or p*q? where p + q = 9. 

Using A.M. 2 G.M., we get 


=> in < (445°). 
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4.6 


Subjective Type 


1. 


2. 


Algebra 


Concept Application Exercise 4.1 


Ifa,, a, ...,a,> 0, then prove that 


Gy a 
of—l+—on 


a, aq 


Prove that : + - 


1 1 1 1 
+-2 + + , where a, b, c 
>0. ab c (be). y(ca) (ab) 


If a> b and nis a positive integer, then prove that 

air b > n(abye"? (a = b). 

2 2 Hi Tl 
<—+-—+ 

a+b abe 


, Where a; b, c > 0. 


Prove that 2 4 
b+c cta 


Find the minimum value of 25"* + 2°°5*, 


lete+ese+y?+2=1, then show that av+by +ez< 
1. 


If a, b, c are real numbers such thatO<a<1,0<b<1, 
O<c<l,at+b+c=2, then prove that 


a be 


= SS 


l-al-bl-c 


In AABC, prove that tan A + tan B+ tan C> 3N3. where A, B, 
C are acute angles. 


In AABC, prove that cosec(A/2) + cosec(B/2) + cosec(C/2) = 
6. 


. Ifa,>0 (=I, 2,3, ...,n), prove that 


y aa g fal (a, +a, + +++ +4,) 
tos 


\Sig j<n 2 


. Prove that the greatest value of xy is ¢*/V2ab, if ax + By! = c°, 


. Prove that a*+b*+c* >abc(a+b+c), where a, b,c >0. 


, then prove that 


a n} 
" trln-n] 
VG, + JC, +2 +, <fn(2"=1). 


a: 1-Y 
. Ifat+b=1,a>0,b>0, prove that [a 
a 


2 2 arb ath 
. Prove that }@ +2], apes fate 
atb 2 


. Prove that a?b’ > 


ap +bp 4 
pt+q 


. Prove that px" + qx’? +r’ 4 > p+q +r, where p, g, rare 
distinct and x # 1. 

. Given positive rational numbers a, b, c such thata+b+c 
= 1, then prove that a‘b’c* + a’b’c* + atb’c! < 1, 

. Find the greatest value of x2y3z* if x? + y? +2 = 1, where x, y, z 
are positive. 


EXERCISES 


n 


"Cy 
2 2 : 
Prove that "C,("C, ("Cy + ("C,)" | WneN, 


n+l 


Let x,, x,, ..., x, be positive real numbers and we define 
S=x, +x, +++ +x). Prove that 
(l+x)CUtx) (+x) s14+5+ Bg wie, 
7 : 2! 3! a} 
If 2x3 + ax? + bx + 4 = 0 (a and b are positive real numbers) has 
three real roots, then prove that a + b > 6(2'" + 4"), 


Calculate the greatest and least values of the function 
x! 
+2x°~4x7+8x7 +16 


fix) = x 


If a, b, c are three distinct positive real numbers in G.P., then 
prove that c? + 2ab > 3ac. 


Solutions on page 4.9 | 


6. In AABC internal angle bisectors A/, BJ and CI are produced to 
meet opposite sides in A’, B’, C’, respectively. Prove that the 
AIXBIXxXClI | 8 
AA’ x BB’xCC’ © 27 
7. In how many parts an integer N > 5 should be dissected so that 
the product of the parts is maximized. 


maximum value of 


8 Ifx+y+z2=1 and .x, y, z are positive, then show that 


Objective Type Solutions on page 4.10- 
Each question has four choices a, b, c and d, out of which only one 


is correct. 
4 4 


a Pte 
1. The minimum value of 
numbers x, y, z is 


a. V2 
ce. 4/2 


+27 a 
for positive real 
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10. 


11. 


12. 


Arod of fixed length k slides along the coordinate axes. If it 
meets the axes at A(a, 0) and B(O, b), then the minimum value 


1) iy 
of lat — | +] 2+— | is 
GokGe 


a. 0 b. 8 


ck? eta 
E 


d. ?+4+ sa 
fi 
The least value of 6 tan? 6 + 54 cot? @ + 18 is 
(1) 54 when A.M. > GM. is applicable for 6 tan? ¢, 54 cot? @, 18 
(11) 54 when A.M. > G.M. is applicable for 6 tan? @, 54 cot? @ 
and 18 is added further (III) 78 when tan? = cot? @ 
a. (I) is correct, Il is false b. (1) and (II) are correct 


c. (IED) is correct d. none of the above are correct 


If ab?c3, abic', aibtc are in A.P. (a, b, c > 0), then the 
minimum value of a+b +c is 


a. | b. 3 

c« 5 d. 9 
If y= 3*' + 3°", then the least value of y is. 

a. 2 b. 6 

c. 2/3 d. 3/2 
Minimum value of (b + c)lat+(c+a)/b+(a+b)/c (for real 
positive numbers a, b, c) is 

a. 1 b. 2 

c. 4 d. 6 


If the product of n positive numbers is n", then their sum is 
b. divisible by 1 
d. never less than 1? 


a. a positive integer 
c. equal ton + I/n 
The minimum value of P = bcx + cay + abz, when xyz = abc, is 
b. 6abe 
d. 4abc 


a. 3abc 
ce. abc 
If 1, m, n be the three positive roots of the equation x° — ax’ 


+ bx — 48 = 0, then the minimum value of (1//) + (2/m) 
+ (3/n) equals 


b. 2 
d. 5/2 


a. | 
c. 3/2 


If positive numbers a, b, c be in H.P., then equation x° — kx 
+ 2p! qi! _ ¢'" = 0 (ke R) has 


& 


. both roots positive 


b. both roots negative 
¢. one positive and one negative root 
d. both roots imaginary 
For x2 - (a + 3)lxl + 4 = 0 to have real solutions, the range of a is 
a. (-c, -7] U [1, o) b. (-3, -) 
c. (2, -7] d. [1, -) 


If a, b, c are the sides of a triangle, then the minimum value of 
a b 
+ 
b+c-a cta-b atb-c 
a. 3 b. 6 
c. 9 d. 12 


is equal to 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


Inequalities Involving Means 4.7 


Ifa, b,c, d € R*— {1}, then the minimum value of log, a 
+log, d+ log, c+ log, bis 


a. 4 b. 2 
ce | d. none of these 
Ifa, b,c Re, then be, ac ab _ ig always 
b+c atc atb 


1 
a. <—(atbt+e 
a ) 


b. > Vabe 
d. > Jabe 


c. <(atb+o) 


If a, b, ce Rt, then (a+b+c) (5+ is always 
a c 


a. > 12 b. >9 
c $12 "- qd. none of these 
If a, b,c € R*, then the minimum value of a(b? + c?) + b(c? + a’) 
+ c(@ + b’) is equal to 

a. abc b. 2abc 

c. 3abc d. 6abc 
If a, b,c, de Rt and a, b,c, d are in H_P., then 


b. atb>ct+d 
d. none of these 


a.atd>bt+c 

c at+c>bid 
If a, b, ce R* such thata + b +c = 18, then the maximum 
value of a? b* c*is equal to 


a, 2'8 x 3? b. 28 x 33 
ce. 2° x 3? d. 2x 33 
fiy= (= 2x1) Vx > 3. The minimum value of f(x) is 
(x-3) 
equal to 
a 3+2N2 b. 3+2v3 
c. 342 +2 d. 3V2-2 


If a > 0, then least value of (a + a? +a + 1)° is 
a. 642 b. 16a’ 
ce. 16a? d. none of these 


Multiple Correct Answers Type Solutions on page 4.12 


Each question has four choices a, b, ¢ and d, out of which one or 


more answers are correct. 


1. 


2. 


3. 


If A is the area and 2s the sum of the sides of a triangle, then 


AS 25 
3V3 


d. none of these 


b 


If x, y, Z are positive numbers in A.P., then 


a. yp >xz b. xy + yz > 2xz 


x+y Vers 


24 d. none of these 


e + 
2y-x 2y-zZ 


For positive real numbers a, b, c such thata + b +c =p, which 
one holds? 


a. (p-a)(p-b)(p-os Sp? 
27 
b. (p—a) (p—b) (p—c) 2 8abe 
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4.8 Algebra 
& be | ca a 
a b c 


d. none of these 
4, If first and (2n — 1)" terms of an A.P., G.P. and H.P. are equal 
and their n" terms are a, b, c, respectively, then 
b. a+c=b 
d. ac-~b?=0 


MT eR MRAM Solutions on page 4.13 


Based upon each paragraph, three multiple choice questions have 
to be answered. Each question has four choices a, b, c and d, out of 
which only one is correct. 


For Problems 1-3 


a. a=b=c 


ce. a>b>c 


If roots of the equation f(x) = x6 — 12.5 + bxt + cx + de? + ex + 64 
= 0 are positive, then 
1. which has the greatest absolute value? 


a. b b. c cd d. e 
2. which has the least absolute value? 

a. b b. c ce d d. e 
3. remainder when f(x) is divided by x — | is 

a. 2 b. 1 c. 3 d. 10 
For Problems 4-6 , 


Equation x* + ax? + bx? + cx + 1 = 0 has real roots (a, b, c are non- 
negative). ; 
4. Minimum non-negative real value of a is 


a. 10. b. 9. c. 6 d. 4 
5. Minimum non-negative real value of b is 
a. 12 b. 15 c. 6 d. 10 
6. Minimum non-negative real value of c is 
a. 10 b. 9 c. 6 d. 4 
Integer Type Solutions on page-4.13 
4x°+8x+13 


1. Forx20, the smallest value of the function f(x) = 
ee 6(1+ x) 


2. Let x? - 3x +p =0 has two positive roots ‘a’ and ‘b’, then mini- 
4 1). 
mum value of | — +— | is. 
a b 


12- yz The 


3. If x, » and z are positive real numbers and x = 


maximum value of (xyz) equals. YrZ 


4. Ifa, b are care positive and 9a + 3b+c= 90 then the maximum 
value of (log a + log b + log c) is (base of the logarithm is 10). 


5. Given that x, y, z are positive reals such that xyz = 32. If the 
minimum value of x? + 4xy + 4y? + 227 is equal m then the value 
of m/16 is. 


6. Ifx, ye R* satisfying x + y = 3, then the maximum value of xy 
is. 


7. For any x, y € R, xy > O then the minimum value of 


Subjective Type 


Solutions on page 4.14 


1. If a, b, c are positive real numbers. Then prove that (a + 1)? (b 
+1)? (¢+1)'>7 albict. 
(IT-JEE, 2003) 


Objective Type 
True or false ; 
1. For every integer n > 1, the inequality (n!)"" < a holds. 


(IIT-JEE, 1981) 
2. Ifx and y are positive real numbers and m, n are any positive 
2 y = 1 
(1 +x'"\(14+ y") 4 


integers, then (HIT-JEE, 1989) 


Multiple choice questions with one correct answer 
1. The least value of the expression 2 log,, x- log (0.01), for 
x>1,is 
a. 10 b. 2 c. — 0.01 d. none of these 
(IIT-JEE, 1980) 
2. The product of n positive numbers is unity. Then their sum is 


a. a positive integer b. divisible by n — 


d. never less than n 
(HIT-JEE, 1991) 
3. Ifa, b,c are different positive real numbers such that b + c—a, 
c+a—banda+b-—care positive, then (b + c—a)(c+a-b) 
(a+ b-c)-abcis , 
a. positive 
¢. non-positive 


c. equals ton + I/n 


b. negative 
d. non-negative 
4. Ifa, b,c. dare positive real numbers such thata +b+c+d 
= 2, then M = (a + b) (c +d) satisfies the relation 
a O<M<1 b. 1SMs2 
« 25M<3 d.3<M<4 
(IT-JEE, 2000) 
5. Ifa, a,, A a, are positive real numbers whose product is a 
fixed number c, then the minimum value of a, +a, + --- 
t+a,_,+2a, is 
a. (2c)! 


ce. 2nc™ 


b. (1+ ])cl™ 
d. (2 + 1)(2c)' 
(IIT-JEE, 2002) 


is always greater than 


6. Ifae.(0, = | then Vx? +4 ae 
2 Vi tx 
or equal to 
a. 2 tana b. | c. 2 d. sec? a 


(UT-JEE, 2004) 


Multiple choice questions with one or more than one correct 
answer 
1. A straight line through the vertex P of a triangle POR intersects 
the side QR at the point S and the circumcircle of the triangle 
POR at the point T. If S is not the centre of the circumcircle, 
then 
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1 1 2 ee eae | 2 
. +—< b. > 
* pS ST JOSxSR — PS ST” JOSxSR 
a ae one wee 
eee d. —+—->— 
PS ST OR PS ST OR 


(IIT-JEE, 2008) 


Inequalities Involving Means 4.9 


Integer type 


1. The minimum value of the sum of real numbers a“, a“, 3a7, 1, 
a@ and a’ with a>Ois 


— ANSWERS AND SOLUTIONS 


Subjective Type 


1. Consider the series S="C, + 2"C,+3"C, +++ +n'"C; 


For the series, the general term is T=r'C =n ian Ohare So, 


S= Sr, a Sin Cen ko (1) 
rst r=! 
Now, 
A.M. = G.M. 
"Ci 42 "C,4+3 "Cite tn"C, 
=> 
n(n+1) 
2 mothe 
> [c” C, sc" Cre C y Pan ¢’ (es y"| 2 
nx gil 2 
eS, "C "C 2 "C oN "C 1 In(n+l) 
=> Tama [COMOEP CGY CC)" ] 
=> GG) (om Ce.) fd ("Cc,)" < fe 2 
2" "ley 
=> CE ICCC) wees ("c,)" < 
atl 


2. We have to prove that 
(+x) Ud+4,)--(U+x)s1+s 


Product on left-hand side suggests that we must consider G.M. of 
(1 +x,), 1 +x), «.. (1 +x). Also, (1 +.4,), (1 +), (I +x) are 
positive. Now, 

A.M. > G.M. 


(L+x,)+ +x, )+--+10+4,) > [+x JU + x) + x Pr 
Ea fl 2 0 


n 


= [+a 0tx) (exp 2h ht) 
i 


=> (l+x) (4x) °C iae|" | 


n 
S a 
=> Now aie 


(IT-JEE, 2011) 
Now, 
Re] és z <1 
2 T 3! 
and so on. Hence. 
2 3 
(+x) +4) -- (+4) <14+54 Sr ah" oo 


3. Let a, B, y be the roots of 2x3 + ax?’ + bx + 4 = 0. Given 
that all the coefficients are positive, so all the roots will be 
negative. Let a, =—a, a,=—-f,a,=—y. Then, 

a,+a,+a,=a/2 

a, 4,+ 4,4, + 4,0, = b/2 
and 

G,0,0., = 2 
Now, 

A.M. = G.M. 


a +a,+a 3 
= . 2>(a,a,0,)" 


a 


=> -—-> 
216 — 


2 


~= a>6x2!'8 (1) 


Also, 


aA, +0,0,+a,0, 
3 2 (a,a,01, ) 


2/3 


3 
5 >4 
216 


=> b>6x4'8 (2) 
Adding Eqs. (1) and (2), we get 
a+b>6(2'8 + 4'4) 


> 


4. jal’ te lets} 
f(x) x x 


1 . 1 
=> —22>fW<s— 
FOSS 


f(x) 
Again using A.M. > G.M., we have 
2x° +8x° 
2 


> 4x4 
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4.10 Algebra 


=> 2948-4 > 4>0 
=> x84 2x6 4x+- 87?+ 16>0 
Also, 
x4>0 
aa >0 
x8 +2x° —4x7 +827? +16 


= fx)20 


Hence, the greatest value is 1/12 and the least value is 0. 


5. Since a, b, c are three distinct positive real numbers, so 
applying A.M. > G.M. in c’, ab, ab, we get 


Cc +ab+ab > (7b? a’)'8 


enaee >(caca*)'? (+ bis GM. of a and c) 


= €4+2ab>3ac 


6. 


Fig. 4.1 


Since angle bisector divides opposite sides in ratio of sides con- 
taining the angle, hence 
ac , ab 


BA’ = —., 7 
bt+ce 


“ bte 
Now BI is also an angle bisector of ZB for triangle ABA’. 


Al bte Al bt+e 


Al’ a AA atbte 
Similarly, 

BI _ atc oa cl _ at+b 

BB atb+c CC atbte 

AIXBIXCI — (a+b)(b+c)(c+a) 

AA'XBB’XCC’ (atb+cy 


Using A.M. > GM.. we get 


2atb+c) 3 (a+ b)\(b+c\(e+a) i. 
3atb+c)— (atb+cy 
(at+b)(b+cy(e+a) ia 8 

(at+bt+cy ~.27 

7. Using A.M. >G.M, we get 


CR AGS SR ce vee yin 
= Vs22 " 
nt 


n 
X, FX, te HK, 
2S x8, | 
- n 


Therefore, maximum value of x, x, x, --- x, is obtained when 
X, =X, =X, = +7 =x,, 1e., the parts are all equal. Now, 


X +X, +X, t-- +x, =N 
| 2 3 n 


Hn 
ow (x tbe EX ; 
Now, function to be maximized is [Atat ot) which 
is a discrete function of n. n 


In order to arrive at some possible neighbourhood we make it con- 
tinuous first. Thus changing the variable » to x, we have 


m-( 
x 


For maxima, f’(x) = 0, ie., 


f'~=f&) ten 
x 


f'(x) = 0 for x = Ne 


Hence, the nearest integer is [N/e] or [N/e] + 1 where [x] denotes the 
greatest integer. less than or equal to x. 


8. A.M. of 24 power > 2" power of A.M. 


( ‘) ‘) ( :) 
Xt+— f+) yt—]t}z2t— 
x y Zz 


=> 
3 
l 1 1) 
x+— +] y+— J+] 24+ 
xX y ve 
> 
3 
(a5) el+5) 3) 
x+—|] +} yt—] +] z4+- 
x y z 
=> 
3 
1 1 1.1 
>a) xtytzt+—t-—4+-— 
3 x y Z 


[eo xtytz=1) 
Again, 


xityt4+z! _{ zr y +z ie 
3 3 


Objective Type 


1. b. Using A.M. >G.M., we have 


xt yt > Qty? and 2x7y? + 2 > VBxyz 


4 & jeg 
Kote ANZ >/8 
XYZ 
2. d.€4+bP=k 


: er ae 1 
qa 2 pot age Syed psl gh 
a b}. ab 


=k gape 
ab 
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Inequalities Involving Means 4.11 


ke => bext+cayt+abz> 3xyz 
or bex+acy + abz> 3abc 
9. ce. Consider 1//, 2/m, 3/n and use A.M. >= G.M. Then, 


: WB 1B 
on 4 1f1 ‘ 2 zs 3 > 123 = 6 
ko +4 re 3\l min limn Imn 


But Jmn = 48. 


3. b. Applying A.M. > G.M. in 6 tan? @, 54 cot? @, 18, we get 


: : : fi. 2 3 6\" 1 
6tan’ ¢+54cot' g +18 S (6x 54x 18)>18 Ee (iteteh & ae 


3 
1 2 3 3 
=t24=] = 
U m A nin 2 


Now equality hoids when 
6 tan? d= 54 cot? = 18 

10.c. a,b, care in HP. Hence, H.M. of aandcisb. © 

Vac>b  ( GM.>HM) 


Since A.M. > G.M., so 
4, b. A.M.2>G.M. q®! + cl! 
Sy lol 101 
atbt+e = — > (Vac) >b 

=> 2M _ga_ cll eG 
Let, , 

f(x) = ke + 2p! — gil — ci 

F(0) = 2p! i q) a ci0! < 0 
Hence equation f(x) = 0 has one root in (co, 0) and other in (0, 0). 
abe = | 5 


] 
= tan? @=3andcot? d= rs 


Hence, the statements I and II are correct. 


¢: Vac >b) 

> (abc)'" 

= a+ b+c23 (abe) (i) 

But given ab’c’, a’bict, a*bic? are in A.P. (* abc # 0). Hence, 
Qabe = 14+ CRC 


=> (abc-ly= 


Now from Eq. (i), we get ees Ixl 
at b+ce>3(1)'* 
=> (a+ bt+o)23 aes 
Hence, minimum value of a+ b+ c is 3. Ix! 
3* -] « 
—+— 4 
5. a y= 3 3°3 22 Lee (. A.M. >=G.M.) 
Now, 
AM.>G.M ae 
12. a. 
I % 2a 2b 2c 
ree 3 2E= + + 
3 33 2 b+c-a cta-b atb-c 
2 a 2a 2b 2¢ 
> = +1-3 
=> stages b+c-a cta-b atb-c 
= (atb+c) : + 3 
6. d. We have A.M. >G.M. b+c-a cta-b atb-c 
bb ¢ é 
Ge es eee Using A.M. > H.M. we have 
b acebae 
| ] % 1 
Bets Cre atOos b+c-a_ cta-b atb-cy_ 3 
a b Co! 3) ~ atbt+e 
Hence, the least value is 6. l l 
- => (atb+c) +———_—_- + ——_——_ [29 
7. d. Let a,, 4,, ..., a, be m positive numbers such that \b+c-a cta-b atb-c 
aa, d, =n" Since A.M. > G.M., hence, , , 
=> (a+b+c)) ———+——-+———__ |- 326 
ess AREAL AEN pr veg yin Car cta-b i] 
oa | wares n 
e = (E23 
Sry iWile Nmaeean iy 13.a. AM.>G.M. 
n 
=> a tat t+a,2” log,a+log.b+ log, c+log,d 


8. a. A.M.>G.M. 
bex + cay + abz 
3 


> (a°b’e* xyz)" 


4 


A, loga e logb e loge - logd 
logd loge loga logb 
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4.12 Algebra 
=> log,a+log,d+log ct+log b24 
14. a. Using A.M. and H.M. inequality, we get 


2be b+e 2ac _ate 2ab _atb 
b+e 2 atc 2 atb 2 


sgt OE gg OPN pd! 
b+c ate atb 2 


15.b. 


grUe 2s AN SM) 
3 1 1 1 
abé 
=> (atbt+c) Se 29 
abe 
16.4. a(b? +c?) + b(c? +a’) + cla’ +b’) 
= ab? + ac? + bce? + ba* + ca? + cb’ 
Using A.M. > G.M., we get 
ab’ +ac + be? +ba?+ca?+cb 
6 


=> ab’+e)+bh(C+a@) + cla +b’) > babe 


> (a°b'c®)* 


17. a. a, b, c,d are in H.P. Hence, b is H.M. of a and c; c is H.M. of 


b and d. Using A.M. > H.M., we get 


atc 
>baat+c>2b 


and 
b+d 


>cabt+d>2c 


= atctb+d>2b+2c 

= atd>bt+c 

18.d. a+b+c=18 

=> oe eat eae lais 
2 3 4 


Using weighted A.M. and G.M. inequality, we get 


age ae pre 2 3 a th 
2 3 4,if4)(e)ie 
9 “tL2) 43) (4 


2 3 4 
a b c 
=> 2?> 3 ge 
= @bicts3tx2 | 
19. a. Let, 
x-3=t 
= x—-2=(t+ landx-1]=1+2 
s gee) 
; (x-3) 
_ (t+ D0+2) 
~ t 
436+ 2) 
t 
apg 
t 


>3+2V/2 (using A.M. >G.M., as t>0) 
20. c. We have, 


3 
ete vaxl 


and 


2 1 
Z - >Va'a' 
Adding, we get 


3. £2 
ote et aaa 


Multiple Correct Answers Type 


1. a,b. 
We have, 
2s=atbt+e 
A?=s(s—a) (s—b) (s—c) 
Now, A.M..>G.M. 
s+(s—a)t+(s—b)+(s—-c) 
4 


> [s(s-a) (s—b) (s— 0)" 


4s—2s 


> [A?] 1/4 


=> s2>APDASS74 
Also, 


GeO HED CH) 2 iGcaG=) 6-01" 


> AS—= 


2. a,c. 
A.M. of x and zis y. G.M. of x and z is Vxz. 
Now, A.M.>G.M. > y’2>xz 


Also, AM2>H.M. = y> 22% 


X+Z 
x+y Ht Et) ag yt+z _ ytz 
2y-x xX+zZ-x Zz 2y-Z x 


x+y, ytz 
2y-x 2ynty feed yes 
2 “Voz x 


+ 
a y(xt+ytz) 
XZ 


+ + yy? 
Ee Oe ee ey ee eee ee 
2y-x 2y-z XZ 


3. a,b. 


Using A.M. > G.M. one can show that 
(b+c) (c+ a) (a+b) = 8abe 


[ x+z=2y] 
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=> (p —a) (p-—b)(—p-c)> 8abc 
Therefore, (b) holds. Also, 
(2 ~4a)+(p-b)+(p-c) 
3 


ae — EO Sandie at 


2[(p—a)(p—b)\(p—c)]'” 


=> = 2[(p-a(p-b)\(p—e)]'” 


8 3 
> (~p—a)(p-b)(p-o)< a 
Therefore, (a) holds. Again, 7 


lf be ca be ca 
+ > 
2 a bj} Nab 


and so on. Adding the inequalities, we get 


He eg Os Miri s 
a b ¢ 
Therefore, (c) does not hold. 
4. od. 
Consider the A P. Since a is equidistant from the first term a and 
the last term f of the A.P., therefore, a, a, f are in A.P. Hence, a 
is the A.M. of a and £. So, 


a+p 
a= 
2 
Similarly, b and c are the geometric and harmonic means, i.e., 
2a; 
a andc= B 
at+B 


Since A.M., G.M. and H.M. are in G.P. and A.M. = G.M. > H.M., 
therefore, a, b, c are in G.P. anda>b>c. 


Linked: Comprehension Type. 


For Problems 1-3 
l.c, 2.a, 3. b. 
Sol. Let roots of equation x° — 12x5 + bx! + cx} + dx? + ex + 64 =0 be 


x, t= 1,2, ...,6. Now, 

Xp FX +X, +x, +x, +", = 12 

and 
XXX, x, X;X, = 64 

Thus, 
X, bay te $y 
a and (x, x, x, x, x, x,)!" = 

6 
=> AM.=GM. 


S Xa, Ha Sasa, ax, =2 

Hence, the given equation is equivalent to . 
(x —2)°=0 

or 
x° — 122° + 60x4 — 160x3 + 240x? ~ 192x ~ 64 =0 
fl) =1- 12+ 60- 160+ 240- 192+64=] 


For Problems 4-6 

4.d, 5.c, 6.d. : 

Sol. For non-negative values of a, roots must be negative. Let the 
roots be x,, X,, x,, x, (< 0). Then, 


Inequalities involving Means 


X, +X, 4+%X,+x,=-a 

XXq $4, FX A+ ALK, + 1X, + X,X,=b 
XXX, + XXX, + XXX, + XXX, = —C 
X,X,X,X, = 1 


Now, 


(4) + 6%) + (44) +(x) 
4 5 


= 41 
4 


> a>4 
Hence, the minimum value of a is 4. Similarly, 


XX, +X +- + XSW, 4 
1X its 42[ xx, eee | 
6 
b 
=> -21 
6 
=> b>6 


Hence, the minimum value of b is 6. Finally, 


TH Hy Xy T Hy AGH y — HZ HyXy — HH. 
sr We Be ae) stat 7 4 2 2 [xx ae 
4 
c 
=> -21 
4 
=> c>4 


Hence, the minimum value of c is 4. 


Integer Type 


4x7 +8x413 


BO) fay = 6(1 + x) 


_ A(x +1)? +9 
 6(L+x) 


2 3 
Sgt a 


2 3 
22,/—-— = .M.>GM. 
35 2 (A G.M.) 
Therefore, minimum value of f(x) is 2. 


2.3) a+b=3 


HM < AM for 3 numbers me , b we have 


3 to +h 
oe aa Sees 
2s 20) 3 , 
a 
125 5 ~sA+2ila; 
Se gd a b 
aa b 


4.13 


> [(-x, (i, (Ha -x,)] 


(. A.M. > G.M.) 


4 
*] 
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4.14. Algebra | 
4 1 LHS. =(1 +a) (1+) (1 +c)! 
oo. —+— 23 
a bd =[+a)(1+b)(+0)]' 
348) Consider values xy, yz, zx =[lt+a+b+c+ab+be+ca+abc}' (1) 
INow A.M. 2 G.M. Now, 
> 
seal AY. +yzt zz > (x2y2z2)"3 A.M.2GM. 
a+b+c+ab+be+catabe >(a'bict)” 
==> 43? > xyz ae 7 
= aye $8 , . ‘=> (at+b+c+ab+be+catabce)=T (at b* c') (2) 
4.(3) 9a+3b+c=90 ; From Eqs. (1) and (2), we get 
. . 
eerie na ee (dl +a) (1+) (+0) >7' atbtc? 
JNow consider numbers 3a, b and A Objective Type 
True or false 
; + 3at+ b+ = f 
& Xx bX <} <—_—_——3 (as GM < AM) 1. Consider » numbers, namely 1, 2, 3, 4, ..., 2. Now, using 
3 ; A.M. > G.M. for distinct numbers, we get 
=> (abc)! < = = 10 LHOP STATE 5 aya K anand” 
n . 
=> abe = 1000 +1 a 
=> nine) >(n!)" 
=> logat+log b+ loge <3 2n 
sy ! Un n+ 1 
(ni <2 


5.(6) Using AM 2 GM for x’, 2xy, 2xy, 4y’, 27, 2° 
, ae are 

2 x _+dxytdyt dy tet » {16(xyz)4]' Hence, the statement is true. 

2. As x and y are positive real numbers and m and n are positive 


6. 
integers, therefore, 


= [16(32)4]4 = (224) = 16 


=> m/l6=6 
be (apf 
6.(4) We have ~“4— > () y and 
3 2 Pee 2m 
2 (1 xy ) 
3 : x? 
=> (3 2 a >xrys4 (since for two positive numbers A.M. > G.M.) 
1+x7" 
Acs >x" qd) 
Therefore, maximum value of x’y is 4. 2 
7.(2) As x,y Rand xy > 0, so x and y will be of same sign. and 
3 4 1 we yin 
Therefore, all the quantities : ; ata are positive. 2 = (2) 
M x 
Multiplying Eqs. (1) and (2), we get 
Now A.M. 2G.M. 
5 Ay? - Vay? 13 (itx° sas 
> +4524 33 = ae = 4 
y 3. Ox y 3 9x I xy" 
> 2 2 , 2 
=3x 222 4 (1+2°")(1+ y") 
3 ; Hence, the statement is false. 
| Archives | Multiple choice questions with one correct answer 
log,, 0.01 
1. b. 2 logy, x— log, 0.01 = 2log,..x-— 2 —— 
. . : x 
Subjective Type B10 
= 2log,)x+———_ 
logig X 


1. Given that a, b, c are positive real numbers. To prove that (a + 1)’ 


(b+ 1 (c+ i >T ai bie’. 
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= 2} logy, x+ 
logy, x 
; [Here x > 1 = log, x > 0] 
Now 
A.M.>G.M 
log, 94+ V2 
> fe >| log, x 
2 : log, x 
1 
= log, >x+ -22 
logiy x 
2.d. Let x,, 4;, ..., x, be the n positive numbers. Given that 
X/X,H, °° X, = 1 ; (1) 
‘We know for positive numbers, 
A.M. >G.M. 
+X, te tx 
=> Fal Versi RNG >a2 XpXq 0X, 
n 
= AHA 51 Using Eg. (1)] 
n 


=> XX, te +x Sn 
3. b. Since A.M. > G.M. for different numbers, so 


2 


dual lai ee Ce ar 


2 

=> c>[(b+c-a)(c+a-b)]'” 
Similarly, 

b> [(b+c-a) (at b-c)]” 
and 

a> [(a+b-c)(c+a—-b)]'” 
Multiplying, we get 

abc > (b+ c- a) (c+a—-b) (a+b-c) 


= (b+c-a)(c+a-b)(a+b-c)-abc<0 


4.a. As A.M. >G.M. for positive real numbers, we get 
) = (a+b)(c+d) 


=> Ms! 
Also, 
(a+b)(c+d)>0 [-a,b,c,d>0] 
0O<M<1 
5.a. From A.M. > G.M., we have 
(4, +a, ++--+a 
n 


noi + 2a, ) 


2a yin 


aml n 


2(aa,---a 


Inequalities Involving Means 4.15 


(a, +a, +--+ +4,_,+2a,) 
n 


=> > (2c) 


ry Vit 
=> ata,t--t+a,_,+2a, >n(2c)"" 


6.a. Using A.M. >G.M., we have | 


tan” @ 
=> Vertxt 


4x 


>2 tana 


Multiple choice questions with one or more than one correct 
answer 


1b, d. 


R 
eT 


Fig. 4.2 


We have PS x ST = QS x SR (property of circle). Now, 
A.M. > G.M. 
1 1 


ps*sr. fi. 
ey ee eee 
2 PS” ST 


fod 2 
—+— > 
PS ST” JOSxSR 


Also, 


Oe > JOS 


1 2 
> > 
JOSxSR OR 


1 I 4 
+—> 
PS ST QR 
Integer type 


1. (8) Using A.M. 2>G.M. 
a> +att¢at tat 4a3 +a2+q 41 “ 


> 21 
8 


Sartat+artartat +a +a +128 


> (a +a*4+3a> +a8 +a! 4 i) =8 


min 
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| : 2 > AN Possible Selections 


> Division and Distribution _ | 
> Multinomial Theorem ee a ee 


ml > Principle of inclusion and Exclusion 
> Circular Permutations on . | 


sve owrayunrdamepat sear tsessanrtun trata ence somata ir hunni fa Eos nesta sthtensneneeahenatiattt eam ieunartaieranoeeEiaathinamnnennatanrrresounmeiunnasstnnien acrecrmveneanmeamrnnsiandireracymerscianveeaarmamnssernn | 
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5. Algebra 


FUN DAMENTAL PRINCIPLE OF COUNTING 
Multiplication Rule 


If a work A can be done in m ways and another work B can be 
done inn ways and C is a work, which is done only when both 
A ancl B are completed, the number of ways of doing the work 
C is r72 x rn. In other words, if an operation can be performed in 
m different ways and corresponding to each of these there are 
n different ways of performing another operation, then both the 
operations can be performed in m x n different ways. 


Fig. 5.1 


First of all, we give an example to show the validity of the 
above principle. Suppose, there are three stations P, Q and R 
and we have three routes to go from P to Q and two routes to 
go from Q to R. We want to know the number of routes to go 
from P to R. 


p—l_o—4 Rp p Q —4—R 
je ee, eee ee P Q — bp 
1 c c 
P Q R P OQ R 


Fig. 5.2 


For each path to go from P to Q, there are three paths to go 
from QO to R. 

Thus, for going from P to R via Q, there will be 2 x 3 =6 
paths. 


Proof of the Multiplication Rule of Fundamental 
Principle of Counting 


The first operation can be performed in any one of the m ways 
and for each of these ways of performing the first operation, 
there are n ways of performing the second operation. Thus, if 
the first operation could be performed in one such way, there 
would have been 1 x n =n ways of performing both the opera- 
tions. But it is given that first operation can be performed in m 
ways and for each way of performing the first operation, second 
can be performed in n ways. 

Therefore, the total number of ways of performing both the 
operations isn+n+n+--: tom terms =n X m. 


Note: If three operations can be separately performed in m, n and 
p ways, respectively, then the three operations together can be per- 
formed in m x n x p ways. Similar result holds for any number of 
operations. , 


Addition Rule 


If a work A can be done in m ways and another work B can be 
done in n ways and C is a work which is done only when either 


A or B is completed, then number of ways of doing the work C 
ismt+n. ; 


Example: 


Side I 
S 
Side II 


Fig. 5.3 


Suppose, there are 5 doors in a room: 2 on one side and 3 on 
the other. A man has to go out of the room. The man can go out 
from any one of the 5 doors. Thus, the number of ways in which 
the man can go out is 5. Here, the work of going out through the 
doors on one side will be done in 2 ways and the work of going 
out through the doors on other side will be done in 3 ways. The 
work of going out will be done when the man goes out from 
either side I or side I. Thus, the work of going out can be done 
in2+3=5 ways. 


Find the number of 4 letter words, with 
or without meaning, which can be formed out of the letters 
of the word MAKE, where the repetition of the letters is not 
allowed. 


Sol. There are as many words as there are ways of filling in 4° 
vacant places XXxx by the 4 letters, keeping in mind that the 
repetition is not allowed. The first place can be filled in 4 differ- 
ent ways by anyone of the 4 letters M, A, K, E. 

Following which, the second place can be filled in by anyone 
of the remaining 3 letters in 3 different ways, following which 
the third place can be filled in 2 different ways; following 
which, the fourth place can be filled in 1 way. 

Thus, the number of ways in which the4 places can be filled, 
by the multiplication principle, is 4 x 3 x 2 x 1 = 24. 

Hence, the required number of words is 24. 


Clu oe How many 2 digit even numbers can 
be formed from the digits1, 2, 3, 4, 5 if the digits can be 


repeated? 


Sol. There will be as many ways as there are ways of filling 2 
vacant places Xx in succession by the five given digits. Here, we 
start filling in unit’s place, because the options for this place are 
2 and 4 only and this can be done in 2ways; following which 
the ten’s place can be filled by any of the 5 digits in 5 different 
ways as the digits can be repeated. 

Therefore, by the multiplication principle, the required 
number of two digits even numbers is 2 x 5, i.e., 10. 
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Bec kata 4‘F'ind the number of different signals that 
can be generated by arranging at least 2 flags in order (one 
below the other) on a vertical staff, if five different flags are 


available. 


Sol. A signal can consist of either 2 flags, 3 flags, 4 flags or 5 
flags. Now, let us count the possible number of signals consist- 
ing of 2 flags, 3 flags, 4 flags and 5 fags separately and then add 
the respective numbers. 


amt 


There will be as many 2 flag signals as there are ways of fill- 
ing in 2 vacant places in succession by the 5 flags available. By 
Multiplication rule, the number of ways is 5 x 4 = 20. 

Similarly, there will be as many 3 flag signals as there are 
ways of filling in 3vacant places in succession by the 5 flags. 


The number of ways is 5 x 4 x 3 = 60. Continuing the same 
way, we find that the number of 4 flag signals =5 x4x3x2= 
120 and the number of 5 flag signals =5 x 4x3x2x1=120 

Therefore, the required no of signals = 20 + 60 + 120 + 120 
= 320. 


Poor Dolly’s T.V. has only 4 channels; 


all of them quite boring, hence it is not surprising that she 
desires to switch (change) channel after every one minute. 
Then find the number of ways in which she can change the 
channels so that she is back to her original channel for the 
first time after 4 minutes. 


Sol. Let there be 4 channels C, C, C, and C, 
at t= 0 minute she is watching ‘channel 1 
after 1 minute she has 3 choices to switch the channel 
(C,,.C,, C,) 
after 2"! minute she has 2 choices to switch the channel 
after 3! minute she has 2 choices to switch the channel 
but after the 4" minute she has only | choice to switch the 
channel i.e. C, 
Total number of ways =3 x2 x 2= 12 


ScUuNecexee There are ‘n’ locks and ‘n’ matching keys. 
If all the locks and keys are to be perfectly matched, find the 
maximum number of trials required to open a lock. 


Sol. The maximum number of trials needed for the first key is 
n. For second key, it will be n — 1. 

Now, for the 7" key, the maximum number of trials needed is 
n~r+ 1. Thus, the required answer is 


n(nt+l1) 


[= 
a 3 


nt+(n-1)+- 


Permutation and Combination 5.3 


Be cuicekome Find the 2-digit number (having different 
digits), which is divisible by 5. 


Sol. Any number of required type ends in either 5 or 0. Hence, the 
two-digit number (with different digits) that ends in 5 is 8 and that 
of Ois 9. Therefore, by addition principle, the required number is 
84+9=17. 


Find the total number of ways in which z 


Example 5.7 | 
distinct objects can be put into two different boxes. 


Sol. Let the two boxes be B, and B,. For each of the n objects, 
there are two choices, it is put in either box B, or box B,. There- 
fore, by fundamental principle of counting, the total number of 
ways is 2x 2x --- x 2 (n times) = 2”. 


ol # Three dice are rolled. Find the nimnber of 
eri outcomes in which at least one dice shows 5. 


Sol. When a dice is rolled, there are six possible outcomes. 
So; the total number of outcomes when three dice are rolled is 
6x6x6=6%. 
Now, the number of possible outcomes in which at least one 
dice shows 5 is as follows. 
Total number of possible outcomes — Number of possible 
outcomes in which 5 does not appear on any dice = 6° — 5° 
=91 


Seyeeee Find the number of distinct rational num- 
bers x such that 0 <x < 1 and x = p/q, where p, q €{1, 2, 3, 
4, 5, 6}. 


Sol. As 0<x< 1, we have p < q. 


Thus, the number of rational numbers is 5+4+3+2+1=15. 
When p and g have a common factor, we get some rational 
numbers, which are not different from those already counted. 
Here, there are four such numbers: 2/4, 2/6, 3/6, 4/6. 
Therefore, the required number of rational numbers is 
15-4=11. 


ZcUeeeee, Find the total number of integer ‘7’ such 
that 2 <n < 2000 and H.CF. of n and 36 is 1. 

Sol. 36 = 2? x 3? ; 

If H.C.F. of integer ‘n’ and 36 is 1, then n should not be divis- 
ible by 2 or 3. 


Let us first find the numbers that are divisible by 2 or 3. 


downloaded from jeemain.guru 


5.4 Algebra 


The number of integers in the range [2, 2000] that are divis- 
ible by 2 is 1000 (2, 4, 6,..., 1998, 2000). 

The number of integers in the range [2, 2000] that are divis- 
ible by 3 is 666 (3, 6, 9, ..., 1995, 1998). 

The number of integers in the range [2, 2000] that are divis- 
ible by 6 is 333 (6, 12, 18,..., 1992, 1998). 

Total number of integers divisible by 2 or 3 is 
1000 + 666 — 33 = 1333. 


Thus, the total number of integers that are divisible by nei- 
ther 2 nor 3 is 1999 — 1333 = 666. 


| Find the number of polynomials of the 
form x* + ax’ + bx +c that are divisible by x? + 1, where a, b, 
ce fl, 2,3,..., 9, 10}. 


Sol. x+a 


x tlle tar?+bxtce 


+x 
ax’? +(b-1)x+c 
ax +a 
(b-l)x+c-a 
Now, remainder (b-1)x-+c—a must be zero for any x. Then, 


b-1=0Oandc-a=0 
=> b=landc=a 


Now, c or a can be selected in 10 ways. Hence, number of poly- 


’ nomials are 10. 


Example 5.12 | 
gon of 7 sides. 


Sol. 


Find the number of diagonals in the poly- 


Fig. 5.4 


For diagonal, we have to select any two vertices. The first 
vertex can be selected in n ways. Let A, be chosen as first vertex. 
Now, diagonal cannot be formed if any of A, and A, is chosen. 
Hence, for A, another vertex can be selected in n — 3 ways from 
remaining 1 — 3 vertices. 

Again, by principle of counting, the number of ways two ver- 
tices can be selected is n(m — 3). 

Now, when A, is chosen as the first vertex, sometimes A , 18 
chosen as the second vertex. 

Similarly, when A, is chosen as the first vertex, sometimes A, 
is chosen as the second vertex. , 

Hence, each pair is selected twice. Therefore, the total 
number of diagonals is n(n — 3)/2. 


ZS Chuldcemem Find the total number of ‘n’-digit num- 
bers (n > 1), having the property that no two consecutive 
digits are same. 

"| 


Sol. 
9 


x} 


9 * 


: 
9 


The digit ‘x,’ can be selected in 9 ways as ‘0’ cannot be 
selected. 

The digit ‘x,’ can be selected in 9 ways as ‘0’ can be selected 
but digit in position x, cannot be selected. 

Similarly, each of the remaining digits can also be selected in 
9 ways. 

Thus, the total number of such numbers is 9”. 


Fig. 5.5 


Concept Application Exercise 5.1 


1. Four buses run between Bhopal and Gwalior. If a man goes 
from Gwalior to Bhopal by a bus and comes back to Gwalior 
by another bus, find the total possible ways. 

2. A gentleman wants to invite six friends. In how many ways 
can he send invitation cards to them, if he has three servants to 
carry the cards. ; 

3. Find the total number of ways of answering five objective type 
questions, each question having four choices. 

4. In how many ways first and second rank in Mathematics, first 
and second rank in Physics, first rank in Chemistry and first 
rank in English be given away to a class of 30 students. 

5. Five persons entered the lift cabin on the ground floor of an 
8-floor building. If, each of them can leave the cabin inde- 
pendently at any floor beginning with the first; find the total 
number of ways in which each of the five persons can leave 
the cabin: (i) at any one of the 7 floors and (ii) at different 
floors. 


6. Ifp, qe {1, 2, 3, 4}, then find the number of equations of the 
form px? + qx + 1 = 0 having real roots. 

7. Find the number of non-zero determinant of order 2 with ele- 
ments 0 or i only. 

8. Find the number ordered pairs (x, y) ifx, ye {0, 1,2,3,..., 10} 
and if |x — y|>5. 

9. (a) Ifa, be {1, 2, 3, 4, 5, 6}, find the number of ways a@ and 

b can be selected if 


(b) If a, b,c € {1, 2, 3, 4, 5, 6}, find the number of ways a, b, 
c can be selected if f(x) = x3 + ax? + bx +c is an increasing 
function. : 
10. Find the number of ways in which two small squares can be 
selected on the normal chessboard if they are not in same row 
or same column. 
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FACTORIAL NOTATION 


The product of first n natural number is denoted by n! and is 
read as ‘factorial n’. Thus, 


nt! =1x2x3x4---(m—l1)xn 
=n(n-1)(n-2)---3x2x1 


For example 5!=1x2x3x4x5=120,4'=1x2x3x4 
= 24. 


Some Results Related to Factorial n 


° fhe OMA ITI RO Raa 


Hence, 
ni =(n-1) In=n(n-1)! 
Similarly, 
(n —l)!'=(-1) (n—-2)! 
Thus, : 
nt =n(n-1)! 
=n(n-1)(m-2)! 
=n(n—-1)(n—2) (n-3)! 
and so on 


e If and r are positive integers, then 
n! 1x2x3x--xn 
rl 1X2x3xK-xr 
(r+ 1) (r+2)--- (2-1) n 
=n(n—1)(n-2)+--(r4+1) 


nm! 1xX2x3x+-x(n-I)n 
(n—-r)! 1x2x-++x(n— Fr) 


_— 1X2x3x-x(n~r)(n—r+])\(n—-r + 2)X--x(n-Da 
1x2x3x--x(n—-r) 


=(n-rt+1)(n-r+2)---(n-1)n 
=n(n-1) (1-2): @—r+2)(n-r4+]) 
=n (n—1)(n-2) --- to r factors 


Exponent of Prime in n! 


Let p be a given prime and n any positive integer. Then the maxi- 
mum power of p present in n! is [n/p] + [n/p?] + [n/p?] + --- where 
[x] denotes the greatest integer function. The proof of the above 
formula can be obtained using the fact-that [n/m] gives the number 
of integra] multiples of m in 1, 2, ..., 2 for any positive integers n 
and m. The above formula does not work for composite numbers. 
For example, if we find the maximum power of 6 present in 32!, 
we find that the answer is not [32/6] + [32/67] + --- =5, as 5 is the 
number of integral multiples of 6 in 1, 2, ..., 32 and 6 can also be 
obtained by multiplying 2 and 3. 

Hence, for the required number, we find the maximum powers 
of 2 and 3 (say r and s) present in 32! using the above formula 
r=31 ands = 14. Hence, 2 and 3 will be combined 14 times (to 
form 6). Thus, maximum power of 6 present in 32! is 14. 


Permutation and Combination 5.5 


cUueneee Find n, if (m+ 1)!=12x(n-1). 


Sok. (n+1)!=12x(m-1)! 
(nt+1)xnx(n—-lD!=12x(n—-1)! 
n(n+1)=12 

nwt+n—12=0 

(n + 4) (n—3)=0 

n=3 


Vaud 


Prove that (n!)? < n” n! < (2n)! for all 


Example 5.15 


positive integers n. 


Sol. We have, : 
(a! = (n!) @)=(1x2x3xK4x--x (HD) (ad) 
Now, 1 <2, 2<n,3Sn,...,n<n 
=> 1x2x3--(H—I)n<nxnxn--n 
=> nt<sn 
=> (n!) (mn!) S (a!) a 
=> (aly <n'(n!) (1) 
Also, 
(2n)!=1%x2.---nx (n+ 1) ++: (Qn—1) x (2n) 
Now, 
n+1>n,n+2>n,n+3>n,...,.n+n>n 
=> (n+ 1)(n+2) (143) --- (Qn—-1) Qn) >n" 
=> ni(nt+1)(+2)--- Qn-1) Qn) >n! n" 
=> (2Qn)!>n!n">n! n"<(2n)! (2) 
From (1) and (2), we get (n!)? <n" (n!) < (2n)! 


Find the sum of the series y rxri 


r=1 


_Example 5.16 _ 


Sol. Here, the general term of the series is 
Tearxre(rt]—-nrart+)Dri-n=(r+)!-7 


r 


Hence, 

T,=2!-1! 
T, =3!-2! 
T,=4!-3! 
T =(1+1)!—-nal 

Adding all the above terms, we have the sum of n, terms, i.e., 
S,=(a+)!-1 

B2culdcemeae Find the exponent of 3 in 100! 


Sol. 100! =1x2x3x--- x 98 x 99 x 100 
=(1x2x4x5x--- x 98 x 100) 
(3x6x9x +: x 96 x 99) 
=Kx3(1x2x3x --- x 32 x 33) 
=Kx33(1x2x4x +--+ x 31x 32) 
, (3x9x 12x +++ x 30 x 33) 
=[K(1x2x4x ++» x31 x 32)] x 38 
x (3 x 9x12 x ++» x 30 x 33) 
=K,x3*x3"(1x2x3x---x 10x 11) 
=K,x(1x2x4x--x 10x 11) 3% x 3"! 
(3x6x9x 12) 
= K, x 3° x 3!! x 3*x (1x 2x3 x 4) 
= K, x 3° x 3!' x 3* x3 
= K,x 3° 
Hence, exponent of 3 is 49. 
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5.6 Algebra . 


Altermative solution: 
Exponent of 3 in 100! is 


2 | fe foe Ja 114+441=49 
aS aed [eae des 


~Exarmple 5 
of 130. 


: Find the number of zeroes at the end 


Sol. Number of zeroes at the end of 130! is equal to the expo- 
nent of 10 in 130. Now, exponent of 10 is equal to exponent of 
5 as exponent of 2 is higher than exponent of 5. Now, exponent 


of 5is 
a cad ee le Be re ey) 
s}ils] ts | 


Also, exponent of 10 is 32 and hence, there are 32 zeros at 
the end of 130. It should be noted that exponent of 2 is 


PPh ie eb Ge be ba 


=65+324+164+84+44+2+1=128 


Hence, exponent of 10 is equal to exponent of 5. 


Concept Application Exercise 5.2 


1. Prove that (2n)!/n = {1x3x5-+ (2n—1)} 2". 


2. Show that 1! + 2!+3!+--- +2! cannot be a perfect square 
for anyneé N,n2=4. 

3. Prove that (7! + 1) is not divisible by any natural number 
between 2 and 7. 

4. Find the remainder when 1! + 2!+ 3!+4!4+--: +n! is 
divided by 15, ifn 2 5. 

5. Find the exponent of 80 in 200! 


= 


PERMUTATION 


Each of the different arrangements that can be made by taking 
some or all of a number of given things or objects at a time is 
called a permutation. In permutation, order of appearance of 
things is taken into account. 

Example: 

The following six arrangements can be made with three distinct 
objects a, b, c taking two at a time: ab, ba, bc, cb, ac, and ca. 
Each of these arrangements is called a permutation. . 


Number of Permutations of n Different Things 
Taken rata Time 
To establish the formula "P= n!/(n -r)! 


Proof: 
"P is number of permutations of r things out of n different 
things, i-e., number of ways of filling up r vacant places with n 
different things. (In each place, exactly one object is put.) 

Let the n different things be Ayr Ay Ay ey A, 


u 


n-rt] 
Fig. 5.6 

First place can be filled up by any one of the n things a,, 
yy Ags ++ , INN WAYS. 

Number of things left after filling up the first place is n— 1. 

Second place can be filled up. by any one of the remaining 
n— | things inn — 1 ways. 

Number of things left after filling up the first and second 
places is n — 2. , 

Third place can be. filled up by any one of the remaining 
n— 2 things in n— 2 ways. 

The number of ways of filling up the third place is n — 2 
and so on. 

Finally, the number of ways of filling up the r” place is 
n-(r~san-rt+l. 

By the multiplication rule of counting, first, second, third, 
.., 7" places can together be filled up in n(1 — IQ — 2) +: 
(n—r+ 1) ways. Hence, 

"P=n(n—1)(2—2)--(n-rt]) 


- [n(n—1)(n—2) --- (n-—rt)])](m—-r)- 3x21 
(n-r)(n—r-1)3x2x1 


Number of Permutations of n Different Things 
Taken All at a Time Is n! 


Proof: 


—-——S> 


Fig. 5.7 


By multiplication rule, number of ways of filling up the first, 
second, third, ... n'"" places together is 
n(n-l)\(n-2)+--2xlan! 


Thus, "P= ns 
Note: 
ee = ee = ni 
Factorial Zero 
From the formula "P, we have 
n! 
are (1) 
Also, number of permutations of m different things taken all at 
a time is 1! (2) 


From Eq. (1), number of permutations of different things 
taken all at a time, 
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ea (3) 
From Eq. (2) and (3), 
Al 
n=O (4) 


Again, Eq- (4) will be valid only when 0! is taken as 1. 
Thus, O! has no meaning from the definition of factorial. 


But in order to make the formula for "P =n!/(n—r)! valid for 
r=n, Olis taken as 1. 


Meaning of 1/(-k)! where k Is a Positive Integer 


ni 


iP = 7 1 
". (n-r)! (1) 
Putting , =n +k,.we have 
n! 
n =e 2 
e +k (-k)! ( ) 
But, number of ways of arranging n + k out of n different 
things is O. 
n! 1 
—— = 0,ie., —— = 
(-k!) (-k)! 


Note: Although (—k)! has no meaning by the definition of fac- 
torial but. if 1/(-k)! is taken as 0 (zero), then the formula *P 
anli(n— “ry! ‘will become valid even for r>n. 


cu oemeee! If °P = 5040, find the value of r. 
Sol. P= 5040 
= 10 x 504 
=10x9x8x7 
=P, 
> r=4 


If °P.+5 "P= “P , find the value of r. 


Exam ple 5.20 


Sol. "P_ =P, + 5°P, 
9! 9! 


(9-5)! *°* @xayI 


Permutation and Combination 5.7 


S2cuvcerame fp Pp =3:5, then find the value 
of n. 
Sol. ™'P 2" 'P = 3:5 
= Fiat 3 
2n-1 P. 5 
=. Cnr Geto .3 
(m+2)! (@Qn-l)! 5 


-, ntl) Qn) _3 
(n+2)(nt1)n 5 

=> 10(Qn+1)=3(n+2)(n+4+1) 

=> 3n-11n-4=0 

=> (n-4)Bn+1)=0 

=> 


n=4 


f Prove that ifr <s <n, then "P_is divis- 


ible by "P 


Sol. Lets=r+kwhereO<k<s-—r. Then, 


es nt 
. (n-s)! 
=n(n-1) (n—-2)--- (n-(s—1)) 
=n(n—-1)(n-2)--- (n-(r+k—-1)) 
=n(n-1)(n-2)--- @-(r-)D) (n-N(-(7+))- © 
‘n-(r+k—-1)) 


= {n(n-1) (1-2) ---n-(r-1)} {(9-N@-( +1) 
(n-(r+k—1))} 
="P {(n-r)(n-(r+ 1) + -(r+k-1))} 
="P_x Integer 


Hence, "P is divisible by AP 2 


m2. Cluildceweme Seven athletes are participating in a 
race. In how many ways can the first three athletes win the 
prizes? 


Sol. It is equivalent to filling 3 places (as prizes) with 7 persons 
The number of permutations of 7 objects taken three at a time 
iS 


P,=7x6x5=210 


_Example 5.. 24 


In how many ways can 6 persons stand 
in a queue? 


Sol. The number of ways in which 6 persons can stand in a 
queue is same as filling six places with six persons. The number 
of permutations of six objects taken all at a time is 

°P, = 6! = 720 


Exa imple Eevee How many different signals can be 
given using any number of flags from 5 flags of different 
colours? 


¢ 


Sol. The signals can be made by using one or more flags at a 
time. 
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5.8 Algebra 


The total number of signals when r flags are used at a time 
from -5 flags is equal to the number of auraneetrents of 5, taking 
rata time, ie., °P. 


Simce r-can take the values 1, 2, 3, 4, 5, hence, by the funda- 
mental principle of addition, the total number of signals is 
SP 45P,45P,45P+°P=5+(5%4)+(5%4%3)+(5%4x3x2) 
+(5x4x3x2x 1) 
=5+20+ 60+ 120+ 120 
= 325 


Exa. ues © Find the sum of all the numbers that can 


be formed with the digits 2, 3, 4, 5 taken all at a time. 


Sol. Total number of numbers formed with the digits 2, 3, 4, 5 
taken all at a time is equal to the number of arrangements of 4 
digits, taken all at a time, i.e., “P, = 4! = 24. 


To find the sum of these 24 numbers, we have to find the sum 
of the digits at unit’s, ten’s, hundred’s and thousand’s places in 
all these numbers. 


Consider the digits in the unit’s places in all these numbers. 


If 2 is the digit in unit’s place, remaining three places can be 
filled in 3! ways or we can say 2 occurs in unit’s place 3! (= 6) 
times. Similarly, each digit occurs six times. 


So, the total sum of the digits in the unit’s place in all these 
numbers is (2+ 3+4+5) x 3! = 84. 

Similarly, sum of digits is 84 in ten’s, hundred’s and thou- 
sand’s places. 

Hence, the sum of all the numbers is 84 (10° + 10! + 10? 
+ 10°) = 93324. 


_Example 5.27 | How many 4-letter words, with or with- 
out meaning, can be formed out of the letters in the word 
‘LOGARITHMS,, if repetition of letters is not allowed? 


Sol. There are 10 letters in the word ‘LOGARITHMS.’. So, the 
number of 4-letter words is equal to number of arrangements of 
10 letters, taken 4 at a time, i.e., OP, = 5040. 


a2 Clu isewsme Eleven animals of a circus have to be 
place cages (one in each cage). If 4 of the cages 
are too small for 6 of the animals, then find the number of 
the ways of caging all the animals. 


Sol. Let the 6 animals be placed in 7 of larger cages. This can 
be done in ’P, ways. In each of these ways, one larger cage is 
left vacant. The remaining five animals can be placed in the 
remaining five cages in 5! ways. Hence, by the fundamental 
theorem, the required number of ways is ’P, x 5! = 604800. 


ample _ If A = {x | x is a prime number and x 
< 30}, find the number of different rational numbers whose 
numerator and denominator belong to A. 


Sol. Here, A = {2, 3, 5, 7, 11, 13, 17, 19, 23, 29}. A ratio- 
nal number is made by taking any two numbers in any order. 
Therefore, the required number of rational numbers is '°P, + 1 
(including 1). 


_Example 5.30 | ; How many different numbers of 4 digits 
can be formed from the digits 0, 1, 2, ..., 9 if repetition is 

(i) allowed, 

(ii) not allowed. 

Sol. (i) Repetition is allowed. 

First place is filled by any number from 1 to 9 as 0 cannot occur 
at first place and each of the remaining 3 places can be filled by 
any one of the digits from 0, |, ..., 9, i-e., in 10 different ways. 


oad 


10 10 10 
Fig. 5.8 
Hence, the total number of 4-digit numbers that can be 
formed is 9 x 10 x 10 x 10=9 x 10+. 
(ii) Repetition is not allowed. 


%, 
Fig. 5.9 


The total. number is 9 x 9 x 8 x 7 = 4536. Hence, the total 
number of 4-digit numbers that can be formed is 9 x °P,. 


Oo 


_Example 5. Elm How many six-digit odd numbers, 
greater than 6,00,000, can be formed from the digits 5, 6, 
7, 8, 9 and 0 if 

(i) repetition of digits is allowed, 


(ii) repetition of digits is not allowed. 


Sol. We have 6 digits, viz., 5, 6, 7, 8, 9 and 0 and we have to 
form numbers (integers) greater than 6,00,000, which are odd. 

So the first place (lakh’s position) should be 2 6 and the last 
position (i.e. unit) must be odd, i.e., 5, 7 or 9. 


(i) When repetitions are allowed. 

First place can be filled by 6, 7, 8 or 9 in 4 ways, last place 
can be filled by 5, 7 or 9 in 3 ways and each of the remaining 
4 places (i.e. 2", 3%, 4", 5") can be filled by any of the 
6 digits in 6 ways. Hence, the total number will be 4 x 6 x 6 
x6x6x3 = 15552. 


Note: The above discussion can also be shown as follows: 


digit odd 


Fig. 5.10 
The total number of numbers that can be formed is 4 x 6 x 
6x6x6x3= 15552. 


(ii) When repetitions are not allowed. 


Since we have restrictions on first and last places and no digit 
can be repeated, we have the following system: |st place having 
numbers 2 6 and last place having odd numbers. 
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Digits in last place 


Total number of ways of filling 
last. place 


Thus, the first and the last place can be filled in 10 ways, 
and the remaining four places can be filled by the remaining 
4 digits in 4! = 24 ways. Hence, the total number of numbers 
that can be formed is 10 x 24 = 240. 


A shelf contains 20 books of which 4 are 
single volume and the other form sets of 8, 5 and 3 volumes, 
respectively. Find the number of ways in which the books 
may be arranged on the shelf so that 


(i) volumes of each set will not be separated, 
(ii) volumes of each set remain in their due order. 


Sol. (i) Considering each s set as single unit, permutations of 7 

units is 7!. 

Permutations of books of the set of 8 volumes among them- 
selves is 8!. ; 

Respective permutations of books of the set of 5 volumes is 
5! and that of books of 3 volumes is 3!. 

By the product rule, total number of permutations is 

7181 S13). 


(ii) Since the books ina set of books containing any number 
of volumes can be arranged in due order in 2 ways, the total 
number of permutations is 7!x 2x2x2=8 x 7!=8. 


Number of Permutations of n Things Taken All 
Together When the Things Are Not All Different 


To find the number of permutations of things taken all at a time 
when p of them are similar and are of one type, q of them are 
similar and are of second type, r of them are similar and are of 
third type and rest are all different. 


Proof: Total number of things is n. p things are identical and 
are of one type, g things are identical and are of second type, 
r things are identical and are of third type, and rest are all dif- 
ferent. 

Let the required number of permutations be x. 

Since p different things can be arranged among themselves in 
p! ways, therefore, if we replace p identical things by p differ- 
ent things, which are also different from the rest of things, the 
number of permutations will become x x p!. 

Again, if we replace g identical things by g different things, 
the number of permutations will become (x x p! x q!). 

Again, if we replace r identical things by r different things, 
which are different from the rest, the number of permutations 
will become (x p! q!) rt. 

Now, all the » things are different and therefore, number of 
permutations should be m!. Thus, 

xplqirt=n! 


Permutation and Combination 5,9 


Example 5.3 SEEM How many words can be formed with 
the letters of the word ‘MATHEMATICS’ ” rearranging 


them. 


Sol. Since there are 2 M’s, 2 A’s and 2 T’s, the required number 
of ways is 11!/(2!2!2!). 


cu cetame, Find the total number of nine-digit num- 
bers that can be formed using the digits 2, 2, 3, 3, 5, 5, 8, 8, 


8 so that the odd digit occupy the even places. 


Sol: Odd digits 3, 3, 5, 5 occupy four even places in 41/(2!2!) 
= 6 ways. Rest five digits 2, 2, 8, 8, 8 occupy rest five 


places in 5!/(2!3!) = 10 ways. Hence, total number of ways 
is 6 x 10 = 60. 


_Exa Find the number of permutation of all 
the | e word “MATHEMATICS” which starts 
with consonants only. 


Sol. (MM), (A A), (TT), H, E,1,C, S$ 


! 


Words starting with M or A or T are = 


Words starting with H, E, I, C, S are ——— ak 
2!2!2! 


Hence number of words are 


10! 10! = «0! (, 5) 1 
+ = +i] = 
HON 2Igtat Br" 8 


luce «There are six periods in each working 
day of a school. Find the number of ways in which 5 sub- 
jects can be arranged if each subject is allotted at least one 
period and no period remains vacant. 


Sol. Let the five subjects are a, b, c, d, e. 

Since number of subjects are less than the number of peri- 
ods, any one of the five subjects will occur twice. 

If subject ‘a’ occur twice (a, a, b, c, d, e), then six subjects 


es), 
can be arranged in a ways: 


Similar number of ways when subject b, c, d and e occur 
twice. 6! 
Hence total number of ways are 5 ‘oye 1800 
Number of Permutations of n Different Things 
Taken r at a Time When Each Thing Can Be 
Repeated Any Number of Times 


n 


ia 


3 op 


Fig. 5.11 
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5.10 Algebra 


By multiplication rule of fundamental principle of counting, 
number of ways in which first, second, third, ..., 7" places can 
together be filled up isn x n x nx --- r times =n’ 


ak How many 4-digit numbers can be 
formed by using the digits 1, 2, 3, 4, 5, 6, 7 if at least one 
digit is repeated. 
Sol. "The numbers that can be formed when repetition of digits 
is allowed are 7+. 

The numbers that can be formed when all the digits are dis- 
tinct Or when repetition is not allowed are ’P,. 


Therefore, the numbers that can be formed when at least one 
digit is repeated are 7* — 


Find the total number of permutations 
ngs taken not more than r at a time, when 
each thing may be repeated any number of times. 


Sol. Here, we have to arrange p things out of n, 1 < p< r, and 
repetition is allowed. Wheri p = 1, the number of permutations 
is n. When p = 2, the number of permutations is n x n =n’. 


(Since repetition is allowed, first thing can be taken in n ways 
and the second thing can also be taken in n ways.) 

When p = 3, the number of permutations is n x n x n =n). 
When p =r, the number of permutations is n x n x n -+: r times 
=n’. 

Hence, total number of permutations is 


n(n’ -1) 
(n-1) 


Nn+reenee-tnt= [sum of G.P.] 


Permutations Under Restrictions 


When Particular Objects Are Never Together (Gap Method) 


Number of ways in which 5 girls and 


5 boys can be arranged in a row if no two boys are’ 


together. 


Sol. In the question, there is no condition for arranging the 
girls. Now, 5 girls can be arranged in 5! ways. 
xGxGxGxGxGx 
When girls are arranged, six gaps are generated as shown 
above with ‘x’ 
Now, boys must occupy the places with ‘x’ marked so that 
no two boys are together. 


Therefore, five boys can be arranged in these six gaps in °P, 
ways. 


Hence, total number of arrangement is 5! x °P.,. 


can tae Number of ways in which 5 girls and 
5 boys can be e arranged a in row if boys and girls are alternate. 


_Example 5.40 | 


Sol. First five girls can be arranged in 5! ways, i.e., 
xGxGxGxGxG 


or, GxGxGxGxGx 

Now, if girls and boys are alternate, then boys can occupy 
places with ‘x’ mark in the diagram. 

Hence, total number of arrangements is 5! x 5! + 5! x 5! 
=2x5!x5! 


When Particular Objects Are Always Together 


If the best and the worst papers never 


_Example 5.41 


appear together, find in how many ways six examination 
papers can be arranged. ; 


Sol. If the best and worst papers appear always together, the 
number of ways is 5! x 2. Therefore, required number of ways 
is as follows. 

Total number of ways without any restrictions — number of 
ways when best and worst paper are together = 6! - 5! x 2 
= 480. 


E Cicer Find the number of arrangements of the 
letters of the word ‘SALOON’, if the two O’s do not come 
together. 


Sol. The total number of arrangements is 6!/2! = 360. The 
number of ways in which O’s come together is 5! = 120. Hence, 
the required number of ways is 360 — 120 = 240. 


clileeekaeae Find the number of seven letter words 
that can be formed by using the letters of the word SUC- 
CESS so that the two C are together but no two S are 
together. 


Sol. Considering CC as single object, U, CC, E can be arranged 
in 3! ways 
xUxCCxEx 
Now the three S are to be placed in the four available places 
(x) 


Hence required no. of ways = 3! . *C, = 24. 


we. «sere are six teachers. Out of them two 
are primary teachers, two are middle teachers and two sec- 
ondary teaches. They are to stand ina row, so as the primary 
teaches, middle teaches and secondary teaches are always in 
a set. Find the number of ways in which they can do so. 


Example 5.44 | 


Sol. There are 2 primary teachers. They can stand in a row in 
2!=2 ways 

There are 2 middle teachers. They can stand in a row in 2! 
= 2 ways. 

There are 2 secondary teachers. They can stand in a row in 
2! =2 ways. 

These three sets can be arranged In themselves in = 3! = 6 
ways 

Hence the required number of ways = 2 x2x2x6 = 48 


Example 5.45 . 


=Xal » There are 2 identical white balls, 3 iden- 
tical red balls and 4 green balls of different shades. Find the 
number of ways in which they can be arranged in a row so 
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that at least one ball is separated from the balls of the same 
colour. 


Sol. Total number of arrangements without any restrictions = 

9! 
2! 3! 

Now number of ways when balls of the same color are 
together = 3! 4! 

Now required number of ways 

= Total number of arrangements 
— number of ways when balls of the same 


9 colour are together 


! 
= —— -314!=6 (7! -4!) 
2! 3! 


Besser, Find the number of ways in which 
6 boys and 6 girls can be seated in a row so that 


(i) all the girls sit together and all the boys sit together, 
(ii) all the girls are never together. 


Sol. (i) By by by by bs bg 
Fig. 5.12 
Considering boys and girls as two units, the number of per- 


mutations is 2!x 6!x 6! = 2 x (6!)*. 


(ii) The total arrangements where all girls are not together is 
as follows: Total arrangement without any restrictions — 
arrangement when all girls are together = (12)! — 7! 6!. 


2c) seeatae. ‘The numbers ways in which the letters 
of the word ‘ARRANGE’ be arranged so that 
(i) the two R’s are never together, 
(ii) the two A’s are together but not two R’s, 
(iii) neither two A’s nor two R’s are together. 


Example 5.47. | 


Sol. The letters of word ARRANGE can be rewritten as 
ARNGE 
AR 
So we have 2 A’s and 2 R’s, Le., total 7 letters. 


(i) Total number of words is I/x + I/y = I/n. 


The number of words in which 2 R’s are together [consider 
(R R) as one unit) is 6!/2!. e.g., 

(R R), A, A, N, G, E 

Note that permutations of R R give nothing extra. Therefore, 
number of words in which the two R’s are never together is 


7! 66! 
IPT eey = 900 
(ii) The number of words in which both as are together is 6!/2! 
= 360, e.g., 


(A A), R,R,N,G,E 
The number of words in which both A’s and both R’s are 
together is 5! = 120, e.g., 

(A A), (RR), N, G,E 


Permutation and Combination 5.11 


Therefore, the number of words in which both A’s are 
together but the two R’s are not together is 360 — 120 = 240. 
(iii) There are in all 900 words in each of which the two R’s 

are never together. Consider any such word. Either the two 
A’s are together or the two A’s are not together. But the 
number of all such arrangements in which the two A’s are 
together is 240. Hence, the number of all such arrange- 
ments in which the two A’s are not together is 900 ~ 240 
= 660. 


Concept Application Exercise 5.3 — 


1. Prove that"P — S"-'P +r"-'P 

2. If"P, = 20"P,, find the value of n. 

3. a. TE?P 2°P., = 11:52, find r. 
b. If PP, = 30800:1, find r. 


4. How many numbers can be formed from the digits 1, 2, 3, 4 
when repetition is not allowed? 


5. Find the 3-digit odd numbers that can be formed by using the 
. digits 1, 2, 3, 4, 5, 6 when the repetition is allowed. 

6. If the 11 letters A, B, ..., K denote an arbitrary permutation of 
the integers (1, 2, ..., 11), then (A — 1) (B ~ 2) (C— 3) 
--» (K-11) will be 
a. necessarily zero _b. always odd 
c. always even d. none of these 

7. In how many ways can 5 boys and 3 girls sit in a row so that 
no two girls are together? 

8. In how many ways can 5 girls and 5 boys be arranged in row 
if all boys are together. 

9. Find the number of words that can be made out of the letters of the 
word ‘MOBILE’ when consonants always occupy odd places. 

10. Find the number of positive integers, which can be formed by 
using any number of digits from 0. 1, 2, 3, 4, 5 but using each 
digit not more than once in each number. How many of these 
integers are greater than 3000? What happened when repeti- 
tion is allowed? 


COMBINATION 


Each of the different groups or selections, which can be made 
by taking some or all of a number of given things or objects at a 
time, is called a combination. In combination, order of appear- 
ance of things is not taken into account. 


Example 1: 


Three groups can be made with three different objects a, b, ¢ 
taking two at a time, i.e., ab, bc, ac. 

Here, ab and ba are the same group. It is also clear that for 
each combination (selection or group) of two things, number of 
permutations (arrangements) is 2!. For example, for combina- 
tion ab, there are two permutations, i.e., ab and ba. 


Example 2: 


Four groups can be made with 4 different things a, b, c, d taking 
three at a time, i.e., abc, abd, acd, and bcd. Now, for each com- 
bination (group) of three things, number of permutations is 3!, 
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ie.,6- For example, for the group abc, there are 6 permutations ' 
n. n—-rt+l1+r 
(arrangements): abc, acb, bac, bca, cab, and cba. = . 
(r-1)l(m—-r)! | r(a—r +1) 


Num ber of Combinations of n Different Things 
Taking r ata Time (r <n) , 


To establish the formula 


= ni n+l 
~ (r-In-n)! | r(a—r+h 


n! - , (n+) 
©. Hina! ~ Fr—-Din—r+1(n—)! 
Proof: Let the number of combinations of n different things (n+1)! 
taken 7 at a time be’C.. = Ha=r+DL ="'C =RHS, 
Now, each combination consists of r different things and , 
these 7 things can be arranged among themselves in r! ways. 4. PC=n'C_, 
Thus, for one combination of r different things, the number Proof: 
of arrangements is r!. LHS. =rC, 
Hence, for "C, combinations, number of arrangements is ni 
rec. (1) ma r(a—r)! 
But number of permutations of n different things taken r at 
atime is gf 
"P, (2) r(r-1)\(n-r)! 
From Eggs. (1) and (2), we get ni 
Peer eee ~ (r=1)Kn=r)! 
rr (nr)! 
o yi ODE 
‘C= AG=D! (r—1)!\(u-r)! 
n-l 
mi ath C,_ = 
Properties of "C US: 
1 "C_="C n n+ 
Proof: & aCe 
nl r+1 ntl 
"C, = ri(n—r)! (1) Proof: 
nu C 
C ni ni L.H.S. = mF 
a = — r 
— G—ni(n-(n—n)!rin—n)! a 
{ 
- From Egg. (1) and (2), it follows that ’"C_="C _ 2 a 
c ne ri(n—-r)! 
2. If"C_="C,, then either x= yorx+y=n. r+l 
Proof: 
"C. = "C, ="C. [-. "C = "CJ = _ ma 
From "C, (i) and (ii), a ee) 
x=y n! 
i a ie F ~ (r+i)(n-r)! 
=H-yor = 
3,°7C +"C = 1¢ = (n+1})n! 
Proof: - ‘ (n+1)\(r+)I!(~n—r)! 
LHS.='C+°C_, 1 (n+1)! 
al i ~ (ntl) (r+1)(n—r)! 
= ~+ 
ri(a—r)! (r-D! (n—(r—D)! aay SE aie 
n nl ety sear? 
= tt 
nM(a—r)!  (r-1)! (n—-r +1)! 
( ( ) "C, _n-r+1 
n Co.4 r 


eer — = IY 1 
~ F=Din=r)! E 7 | 
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7. Maxixnum value of "C_ 
We can observe that in the list of °C,, °C,, °C,,°C,, °C, °C, and °C, 
the maximum value is °C,. : 
Also, in the list of 7C,, ’C,, 7C,,7C,, 7C,, ’C,, ’C,, and 7C,, the maxi- 
mum value is ’C, or ’C,. 
In general, when n is even, maximum value of "C_is"C, , and when 


. 1 n jot n 
nis odd, maximum value of "C’ is Co. OF Cae ine 


8. The product of k consecutive positive integers is divisible 
by-k! 
Let the K consecutive integers be m,m+1,m+2,...,m+k—1. 
Then, 
mm +1) (m+2)---(m+k-1) 


(m—1)'m(m+1)-\(m+k-1) 
(m~1)! 


(m+k-—1)! 
(m-l)! 
= (m+k-—l)! 
“(m-I)!tk! 
= (k!) SE 
Since “"**-)C, is an integer, it follows that k! divides m(m + 1) --- 
(m+k—1). 
9. "C_is divisible by x only if 2 is a prime number (1 <r <n —1) 


For example, °C, is not divisible by 6, but ’C, is divisible by 7. 


Restricted Combinations 


Number of Combinations of n Different Things Taken r 
at a Time when p Particular Things Are Always Included 


Already p things are selected. The remaining r ~ p things from 
the remaining n — p things can be selected in is Soa ways. 


Number of Combinations of n Different Things Taken r 
at a Time when p Particular Things Are Always to Be 
Excluded 

Since p particular things are always to be excluded, therefore, 
we have to select r things out of remaining n — p different 
things. This can be done in" °C, ways. 


Prove that "C, i "Cc, ua "CL, = W03C 3 


Example 5.48 | 
Sol. "C+ 2°C +"C_, 

= "C. + "C_, + "C, + "C_, 
= ia Os + ics Ole = a 


Prove that"C +"'C +--+'C ="'!C 
ce sy 7 r r rtl 
Sol. C” + AC + as 68 pee mC. a aC. 
=e + AIC + 2c space pirllEe. ae 
Mm r + : 


= REGS. + a S23 eee sass +"C 


Permutation and Combination 5.13 
HMC be tC 4 1C. 
On adding similar way, we get 
LHS. ="'C_, +1 C +°C. 
| = is Oe + "C, . 
=™C =RAHS. 


If §C, = '°C_, ,, then find r. 


r+3? 


Example 5.50 _| 


Sol. °C, =?C_,, 
=> 3r=r+3o0r3r¢r+3=15 
=> r=3forr=3 


= r=3(as ris positive integer) 


7 p-den-r=3 (4+) 
3 2 
or 
14r—6=9r+9 or r=3 
“ n=9 


clue If"C,="C,, then find ”C,. 


Sol. If "Cc, = "C, and x # y, then x + y =n. Hence, 


"C,="C, 
=> n=(8+6)=14 
Now, 
14x13 
"C,="C,=— >— =91 


R2Cuilaceeeee if the ratio ”C,:"C, is equal to 11:1, find n. 
Sol. We have, 


CC, = 111 
ge 7 u 
"G. a 1 
(2n)! 
= (2n-3)!3!) _ 11 
n} 1 
(n—3)1(3!) 
= (2n)! sg (n—3)! = i 
(2n-3)! ni ] 
= (2n)(2n—1)(2n—2) _ 11 
n(n—l)(n-2) I 
4(2n-1) 11 
So aa 
n—2 1 
=> 8n-4=1ln-22 
=> 3n=18>n=6 


downloaded from jeemain.guru 


5.14 Algebra 


if a O 35C 


r+] 


Example 5.54 | 


= 11:3, find the value of 4’. 
Soh. PC:PC,, = 11:3 


Clearly, ‘r’ can be 0, 1, 2, 3, 4, 5 but possibilities of r = 0 or 5 
are Clearly ruled out (as °C, = '°C,, = 1). 


For r= 1, 
4 15x14x13 e ‘ 15 x 14 
C,,= °C, = a a and PC, = PC= 2 
PEE m= 13:3 
For r= 2, 
15x14x13x12x11x10 
BC = hC = 
3 6 6x5x4x3x2x1 
A 15x14x13 
One = re ee a 
ROG eles 
Forres. 
15x14x13x12x11x10 
BC = 560 = 
a Z 6x5x4x3x2xl1 
~ 15x14x13x12 
5C = KC = 
us) 4 4x3x2x1 
Cs. ul Onn ,= 11:3 
ae 
15x14x13 
15 - 15 15 Ap a eh es Oe aL 
ae bg ss 3x2x1 
KC = BC _ 15x14x13x«12x11 
mi “3 5 x4x3xK2xI 
PC BPC. = I:83 
Thus, r= 3. 


: ple. 5.55 | Twenty-eight games were played in a 
football tournament with each team playing once against 
each other. How many teams were there? 


Sol. Let the number of teams be n. Then number of matches to 
be played is "C, = 28. 
n (n—- n(n-l) _ 
2 


=> w-n-56=0 
=> (n-8)(n+7)= 
=> n=8asn of 


aclu = In a network of railways, a small island 
has 15 stations. Find the number of different types of tick- 
ets to be printed for each class, if every stations must have 
tickets for other stations. 


Sol. For each pair of stations, two different types of tickets are 
required. 
Now, the number of selections of 2 stations from 15 stations 
= 15C 
i 


.. Required number of types of tickets = 2 °C, = 2 >>> 
= 15x14=210. ; 


; In a certain algebraical exercise book 
ples on arithmetical progressions, 5 exam- 
ples on permutation and combination and 6 examples on 
binomial theorem. Find the number of ways a teacher can 
select for his pupils at least one but not more than 2 exam- 
ples from each of these sets. 


Sol. Number of ways teacher can select examples from arith- 
metic progression = (*C, + *C,) 

Number of ways teacher can select examples from permuta- 
tion and combinations = (°C, + °C,) 

Number of ways teacher can select examples from binomial 
theorem = (°C, + °C,) 


Hence total number of ways = (*C, + 7C,)CC, + °C, )@C, + 
6C,) 


2 g A person tries to form as many different 
pa tie can, out of his 20 friends. Each party should 
consist of the same number. How many friends should be 
invited at a time? In how many of these parties would the 
same friends be found? 


Sol. Let the person invite r number of friends at a time. Then, 
the number of parties is °C, which is maximum when r = 10. 

If a particular friend will be found in x parties, then x is the 
number of combinations out of 20 in which this particular friend 
must be included. Therefore, we have to select 9 more from 
19 remaining friends. Hence, x = '°C,. 


B= ceeeee In how many of the permutations of n 
things taken r at a time will three given things occur? 


Sol. According to the condition of the problem, we have to 
select r — 3 things from remaining n — 3 things and permute 
these r things. So the number of permutations is 


sess pete 
oe) (r—3)!(n—r)! 


_Example 5 5.60 | F Out of 10 consonants and 4 vowels, how 
many words can she formed each containing 3 consonants 
and 2 vowels? 


Sol. The number of ways of selection of three consonants from 
10 is '°C,. The number of ways of selection of two vowels from 
4 is *C,,. Permutation of these 5 letters (all distinct) is 5! There- 
fore, number of words that can be formed is °C. x 3 Oo x 5! 
= 86400. 


_Example 5. 61 | Find the maximum number of points of 
intersection of 6 circles. 


Sol. Two circles intersect maximum at two distinct points. 
Now, two circles can be selected in °C, ways. Again, each selec- 
tion of two circles gives two points of intersection. Therefore, 
the total number of points of intersection is °C, x 2 = 30. 


Example — There are 10 points on a plane of which 
no three points are collinear. If lines are formed joining 
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these points, find the maximum points of intersection of 
these lines. 


Sol. Two points are required to form a line. Then, the number 
of lines is equal to the number of ways two points are selected, 
Le., °C, = 45. 

Now, two lines intersect at one point. Hence, the number of 
points of intersection of lines is “C,. 


, Example EEReeme There are 10 points on a plane of which 
5 points are collinear. Also, no three of the remaining 
5 points are collinear. Then find (i) the number of straight 
lines joining these points; (ii) the number of triangles formed 
joining these points. 


Sol. (i) Line is formed joining two points. Hence, number of 
lines is '°C’,. But joining any points from 5 collinear points gives 
the same line. Again, 2 points are selected from 5 in °C, ways 
or lines joining collinear points is taken °C, (= 10) times. Then the 
number of straight lines = '°C,- 10+ 1= 36. 

(ii) For a triangle, three non-collinear points are required. Three 
points can be selected in '°C, ways. Now, the selection of three 
points from 5 collinear points does not form triangle. Hence, 
number of triangles is '°C, — 


B= Clulsicetnae, Find the total number of rectangles on 
the normal chessboard. 


Sol. To form a rectangle on a chessboard two vertical lines and 
two horizontal lines should be selected. There are 9 vertical 
lines and 9 horizontal Jines found on the chessboard. Selection 
of 2 vertical and 2 horizontal lines can be done in °C, x°C, ways, 
which is equivalent to the number of rectangles. 


mecluleeeme, A box contains 5 different red and 6 dif- 
ferent white balls. In how many ways can 6 balls be selected 
so that there are at least two balls of each colour? 

Sol. The selection of 6 balls, consisting of at least two balls of 


each colour from 5 red and 6 white balls, can be made in the 
following ways: 


Red balls (5) White balls (6) Number of ways 


Permutation and Combination 5.15 


For each order we can select three slots out of ten in '°C, 
ways. 

After selecting these three slots in which speakers S,, S,, S, 
have only one way of arrangement as said, the remaining seven 
speakers can be arranged in seven slots in 7! ways. 

Hence total number of arrangements = 2 '°C,7! 


Ya A delegation of four students is to be 
om a total of 12 students. In how many ways can 
the delegation be selected 


(@) if all the students are equally willing? 

(ii) if two particular students have to be included in the 
delegation? : 

(iii) if two particular students do not wish to be together 
in the delegation? 

(iv) if two particular students wish to be included together 
only in the delegation? 

(v) if two particular students refuse to be together and two 
other particular students wish to be together only in the 
delegation? 

Sol. (i) Formation of delegation means selection of 4 out of 
12. Hence, the number of ways is "C, = 495. 


(ii) If two particular students are already selected, we 
need to select only 2 out of the remaining 10. Hence, 
the number of ways is "°C, = 45. 


(iii) The number of ways in which both are selected is 45. 
Hence, the number of ways in which the two are not 
included together is 495 — 45 = 450. 


(iv) There are two possible cases: 


(a) Both are selected. In this case, the number of ways 
in which the selection can be made is 45. 


(b) Both are not selected. In this case, all the four 
students are selected from the remaining ten 
students. This can be done in "°C, = 210 ways. 
Hence, the total number of way of selection is 45 
+210 = 255. . 


(v) We assume that students A and B wish to be selected 
together and students C and D do not wish to be 


2 | 4 5C, x ©C, = 150 together. 
3 — 3 5C, x °C, = 200 Cases Number of selection 
4 ; 2 3C, x °C, =75 A, B always selected WC, =45=5, 

ia Total | 425 : A, B always excluded wc =210= S, 


. Example Exdem na conference 10 speakers are present. 
If _ wants to speak before S, and S, wants to speak after S,, 

then find number of ways all the 10 speakers can give their 
speeches with the above restriction if the remaining seven 


speakers have no objection to speak at any number. 


Sol. According to question the order of speakers S,, S, and S, 
can be (not necessarily Corlsceuuve) 
SS, S, or S, 5, S, 


| A, B excluded 


A, B, C, D always selected l=s, 


8C,= 2855, 


and C, D included 


The total number of ways is 
Sos kas, 
=45-—1+210-28 
= 216 


x ; Find the total number of ways of selecting 
five letters from the word ‘INDEPENDENT’. 
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Sol. Given letters are I, (N, N, N), (D, D), (E, E, E), P, T 
The choices are as follows: 


‘Chovice 


All the letters are distinct 
[different letters are 
IN: DE, P, T] 


7 1 
m ‘In a plane, there are 5 straight lines 
which will pass through a given point, 6 others which all 
pass through another given point and 7 others which all pass 
through a third given point. Supposing no three lines inter- 
sect at any point and no two are parallel, find the number of 
_triangles formed by the intersection of the straight line. 


Sol. Let 5 straight lines be passing through A, 6 passing through 
B and 7 passing through C. In all, there are 18 straight lines. 
To find the number of triangles equivalent, we have to find the 
number of selection of 3 lines from these 18 lines, keeping in 
mind that selection of 3 lines from the lines passing through A, 
B or C will not give any triangle. : - 

Hence, the required number of triangles is '*C, — (C, + °C, 
+7C,) =751. 


_Example 5.7 A regular polygon of 10 sides is con- 
structed. In how many ways can 3 vertices be selected so 
that no two vertices are consecutive? 


Sol. The required number of selections is given as 
The number of selections without restriction 

(the number of selections when 3 vertices are consecutive) — (the 
number of selections when 2 vertices are consecutive) 


Ay Ag 


Now, the number of selections of 3 vertices without restric- 
tion is '°C,. 

The number of selections of 3 consecutive vertices is 10 
(by observation: A,A,A,, AAA psp A, AAS): 


The number of selections when two vertices are consecu- 
tive is 10 x °C,. 

(After selecting two consecutive vertices in 10 ways, the 
third can be selected from 6 vertices.) 

Therefore, the required number of selections is 


1Ox9x8 _19_ 60 = 120~70=50 


"C,-10-10x°C, = 


Concept Application Exercise 5.4 


1. Tf"*?Cy°P, = 57:16, find n. 

2. Find the ratio of °C, and *C_ when each of them has the 
greatest possible value. 

3. If there are 12 persons in a party, and if each two of them 
shake hands with each other, how many handshakes happen 
in the party? 

4. On the occasion if Deepawali festival, each student in a class 
sends greeting cards to others. If there are 20 students in the 
class, find the total number of greeting cards exchanged by 
the students? 

5. Out of 15 balls, of which some are white and the rest are 
black, how many should be white so that the number of ways 
in which the balls can be arranged in a row may be the great- 
est possible? It is assumed that the balls of same colour are 
alike. 

6. A committee of 6 is chosen from 10 men and 7 women so as 
to contain at least 3 men and two women. In how many ways 
can this be done if two particular women refuse to serve on 
the same committee? 

a. 7850 b. 8700 
c. 7800 d. none of these 

7. Find the number of ways in which the birthdays of six differ- 
ent persons will fall in exactly two calendar months. 

8. A bag contains 50 tickets numbered 1, 2, 3, ..., 50. Find the 
number of set of five tickets x,, x,,.X,, X,, x, one has if x, <x, 
<X, <x, <x, and x, = 30. 

9. Four visitors A, B, C, D arrived at a town that has 5 hotels. In 
how many ways, can they disperse themselves among 
5 hotels. 

10. In how many shortest ways can we reach from the point (0, 0, 0) 
to point (3, 7, 11) in space where the movement is possible only 
along the x-axis, y-axis and z-axis or parallel to them and change 
of axes is permitted only at integral points. (An integral point is 
one, which has its coordinate as integer.) 

JJ. Out of 8 sailors on a boat, 3 can work only on one particular 
side and 2 only on the other side. Find the number of ways in 
which the sailors can be arranged on the boat. 

12. For an examination, a candidate has to select 7 subjects from 

3 different groups A, B, C, which contain 4, 5, 6 subjects, 

respectively. The number of different ways in which a 

candidate can make his selection if he has to select at Jeast 

2 subjects from each group is 

a. 2500 b. 2600 

c. 2700 d. 2800 
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CIRCULAR PERMUTATIONS 
B A D 
Ov Or © 


Fig. 5.14 


Let us consider that persons A, B, C, D are sitting around a 
round table. If all of them (A, B, C, D) are shifted at one place 
in anticlockwise order, then we will get Fig. 5.13(b) from 
Fig. 5.14(a). Now, if we shift A, B, C, D in anticlockwise 
order, we will get Fig. 5.13(c). Again, if we shift them we 
will get Fig. 5.13(d); and in the next time, Fig. 5.13(a). 

Thus, we see that if 4 persons are sitting at a round table, 
they can be shifted four times and the four different arrange- 
ments thus obtained will be the same, because anticlockwise 
order of A, B, C, D does not change. 

But if A, B, C, D are sitting in a row and they are shifted in 
such an order that the last occupies the place of first, then the 
four arrangements will be different. 

Thus, if there are 4 things, then for each circular arrange- 
ment number of linear arrangements is 4. 

Similarly, if n different things are arranged along a circle, 
for each circular arrangement number of linear arrangements 
is 7. 

Therefore, the number of linear arrangements of n differ- 
ent things is x (number of circular arrangements of n dif- 
ferent things). Hence, the number of circular arrangements of 
n different things 1s 

(1/n) x (number of linear arrangements of n different 


things) 
=n'/n=(n- 1)! 
Clockwise and Anticlockwise Arrangements 
. Ae C me 6 y 
OOOO 
A A S R R 


Fig. 5.15 


Let the four persons A, B, C, D sit at a round table in anticlock- 
wise as well as clockwise directions. These two arrange- 
ments are different. But if four flowers R (red), G (green), Y 
(yellow) and B (blue) be arranged to form a garland in anti- 
clockwise and in clockwise order, then the two arrangements 
are same because if we see the garland from one side the four 
flowers R, G, Y, B will appear in anticlockwise direction and 
if seen from the other side the four flowers will appear in the 
clockwise direction. Here, the two arrangements will be con- 
sidered as one arrangement because the order of flowers is 
not changing rather only the side of observation is changing. 
Here, two permutations will be counted as one. 


Permutation and Combination 5.17 


Therefore, when clockwise and anticlockwise arrange- 
ments are not different, i.e., when observation can be made 
from both sides, the number of circular arrangements of n 
different things is (7 — 1)!/2. 


BS cuidceeaee ‘Five boys and 5 girls ‘sit alternately 
around a round table. In how many ways can this be done? 


Sol. bs 


bg 


bo 


by 


Fig. 5.16 


Five boys can be arranged in a circle in 4! ways. 
After that girls can be arranged in the five gaps shown as ‘x’ 
in 5! ways. Hence, total number of ways is 4! x 5! = 2880. 


f A round-table conference is to. be held 
among 20 delegates belonging from 20 different countries. In 
how many ways can they be seated if two particular delegates 
are (i) always to.sit together; (ii) never to sit together. 


Sol. (i) Let the two particular delegates who wish to sit together 
be treated as one delegate. So we have 19 delegates who can be 
arranged on a round table in (19 — 1)!, ie., 18! ways. 

After this, the two particular delegates can be permuted 
between themselves in 2! = 2 ways. Hence, by product rule, 
number of required arrangements is 2 x (18)!. 


(ii) The total number of arrangements of 20 delegates on a 
round table is 19!. 

Hence, the number of arrangements in which the two particu- 
lar delegates never sit together is 19! — 2 x 18! = 18! (19 — 2) 
=17x 181. 


dinner and sits 


A person invites a group of 10 friends at 


(i) 5 on a round table and 5 more on another round table, 
(ii) 4 on one round table and 6 on the other round table. 

Find the number of ways in each case in which he can 
arrange the guests. 


Sol. (i) The number of ways of selection of 5 friends for first 
table is '°C,. Remaining 5 friends are left for second table. 
The total number of permutations of 5 guests on each table 
is 4!. Hence, the total number of arrangements is a a x 4! x 4! 
= 10!/(5! x 5!)4! x 4! = 101/25. 
(ii) The number of ways of selection of 6 guests is '°C,. 
The number of ways of permutations of 6 guests on round 
table is 5!. The number of permutation of 4 guests on round 
table is 3!. 
Therefore, total number of arrangements is 


downloaded from jeemain.guru 


5.18 Algebra 


(10)! 


8C,x5131= 2 
1x4! 


Ex Find the number of ways in which 
10 different diamonds can be arranged to make a necklace. 


Sol. Since diamonds do not have natural order of left and right 
so clockwise and anticlockwise arrangements are taken as iden- 
tical. Therefore, the number of arrangements of 10 different 
diamonds to make a necklace is 1/2 x 9 = 181440. 


Exa imple 5. ye¥e Six persons A, B, C, D, E, F are to be 
seated at a circular table. In how many ways can this be done 
if A should have either B or C on his right and B must always 
have either C or D on his right. 


Sol. Let the seat occupied by A be numbered as | and the 
remaining 5 seats be numbered as 2, 3, 4, 5, 6 in anticlockwise 
direction. There arise two cases: 


Case I: B is on right of A, i.e., at number 2. 

Then, seat number 3 can be occupied by C or D in ’C, ways 
and remaining 3 persons can have remaining 3 seats in 3! ways. 
Hence, the number of arrangements in this case is 2 x 6 = 12. 


Case IJ: C is on the right of A, i.e., at number 2. 

Then, B can occupy any seat from number 3 or 4 or 5. Then, D 
must be on the right of B, so we are left with two persons and 2 
seats, which can be occupied in 2! ways. Hence, the number of 
arrangements in this case is *C, x 2! = 6. These cases are exclu- 


sive. So by sum rule total number of arrangements is 12 + 6 
= 18. 


cea Find the number of ways in which six 
persons can be seated at a round table, so that all shall not 
have the same neighbours in any two arrangements. 


Sol. In this case, anticlockwise and clockwise arrangements 
are the same. 


Hence, the number of ways of arrangements is 5!/2 = 60. 


——+ Concept Application Exercise 5.5 


1. In how many ways can 3 ladies and 3 gentlemen be seated 
around a round table so that any two and only two of the ladies 
sit together? 


2. In how many ways can 15 members of a council sit along a 
circular table, when the secretary is to sit on one side of the 
chairman and the deputy secretary on the other side? 

3. Find the number of ways in which 6.men and 5 women can 
dine at a round table if no two women are to sit together. 

4. Find the number of ways that 8 beads of different colours be 
strung as a necklace. 

5. Find the number of ways in which 8 different flowers can be 
strung to form a garland so that four particular flowers are 
never separated. 


ALL POSSIBLE SELECTIONS 


Total Number of Combinations of n Different 
Things Taken One or More at a Time 


Method 1 


For each thing there are two possibilities, whether it is selected 
or not selected. 

Hence, the total number of ways is given by total possibilities 
of all the things which is equal to 2 x 2 x 2 x --. n times = 2”. 


But this includes one case in which nothing is selected. 


Hence, the total number of ways of selecting one or more of 
n different things is 2" — 1. 


Method 2 


Number of ways of selecting one, two, three, ..., 7 things from 
n different things is "C,,"C,,"C,, ...,"C\, respectively. 

Hence, the total number of ways of selecting at least one 
thing is 

"Cc, + "C, eo eorree "C= ("C, 4 "C wae "C) — "C, = Qn — ] 

Total Number of Selections of One or More Things 
from p Identical Things of One Type, q Identical 
Things of Another Type, r Identical Things of the 
Third Type and n Different Things 


Since, the number of ways of selecting r things out of n identi- 
cal things is 1 for all r <n. 

Hence, the number of ways of selecting zero or more things 
out of p identical things is 

l+t+1+---(p4+1)times=p+1 

Similarly, the number of ways of selecting zero or more things 
out of g and r identical things is g + 1 and r + I, respectively. 

Also the number of ways of selecting zero or more things out 
of n different things is 2 x 2x 2 x --- n times = 2”. 

Therefore, the number of ways of selecting zero or more 
things out of given things is (p + 1) (¢g+ 1) (r+ 1) 2”. 

But the number of ways of selecting zero thing out of given 
thingsis| x] xJxI"=1. 

Thus, the total number of ways of selecting one or more things 
out of given things is (p +1) (¢+ 1) (r+1)2"- 1. 


Number of Divisors of N 


e Every natural number N can always be put in the form 


N=py ps? ... pg* where p,, p,, ...,p, are distinct primes 
and @,, @,, ..., &, are non-negative integers. 
eIfN= py py --- py then number of divisor of N is equiv- 


alent of number of ways of selecting zero or more objects 
from the groups of identical objects, (p,, P,, .-., a, times), 
(D> Py» ---. &, times), (p,, p,-.. @, times) = (a, + 1) (a, +1) --- 
(a, + 1) which includes 1 and N also. 
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Note: 
All the divesSors excluding I and N are called proper divisors. 
© Also rettmber of divisors of N can been seen.as number of dif- 
ferent terms in the expansion of 


(p) + 2; + Bp + BE) (ph + py +P; tot PPK os 


x(I +p, + pete + pit) 


Hence, sum of the divisors of N is 

(l+pyptpere + pt) (1 +p, + ppt + po). 

eb PES) 

we ee ae ae oe! 
pol op,-l P, -1 


(1 + pig + Pet 


© The number of ways of putting Nas a product of two natural 


numbers is (1/2) (a, + 1) (a, + ‘D+ - (a, + 1) if Nis nota 
perfect square. 


IfNis a perfect square, then. this is (1/2) [(a, + I)(a, + 1) -- 
(a, + £) +1]. 


: There are p copies each of » different 
books. Find the number of ways in which a non-empty 
selection can be made from them. 


Sol. Number of selections of any number of copies of a book is 
p + 1 (because copies of the same book are identical things). Simi- 
lar is the case for each book. Therefore, total number of selec- 
tions is (p + 1)". 

But this includes a selection, which is empty, i.e., zero copy 
of each book. Excluding this, the required number of non-empty 
selections is (p+ 1)"— I. 


! A person is permitted to select at least 
one and at most 7 coins from a collection of (21 + 1) distinct 
coins. If the total number of ways in which he can select 
coins is 255, find the value of 1. 
Sol. We have, 

BE SENG seen = 255 (1) 
Also the sum of binomial coefficients is 

lc. er aan co Specaei +1C we a Oe spread +7m1C) 

= (1+ 1)! = 22! 

+ IC ) 4 mC = Dl 


2+] 


=> sia + Ps Gaal Be + IG. of aie 
=> 14+2(255)4+1=27+! 

=> 14+255=2" 

=> 2=Poan=4 

_ Nishi has 5 coins each of the different 


denomination. Find the number different sums of money 
she can form. 


Sol. Number of different sums of money she can form is equal 
to number of ways she select one or more coins 

*. Required no. of ways = °C, + °C, + °C, +°C, +°C, = 2 
—-1=31. 


Permutation and Combination 5.19 


Examp! _ Find the number of groups that can be 
made from ferent green balls, 4 different blue balls and 
3 different red balls, if at least 1 green and 1 blue ball is to 
be included. 


Sol. At least, one green ball can be selected out of 5 green balls 
in 2°— 1, ie., in 31 ways. 

Similarly, at least one blue ball can be selected from 4 blue 
balls in 2*— 1 = 15 ways. And at least one red or no red ball can 
be selected in 2?= 8 ways. 

Hence, the required number of ways is 31 x 15 x 8 = 3720. 


-E Vee-see There are 3 books of mathematics, 4 of 
science, and 5 of literature. How many different collections 
can be made such that each collection consists of 
(i) - one book of each subject, 
(ii) at least one book of each subject, 
(iii) at least one book of literature. 
Sol. (i) °C, x *C, x°C, =3 x 4x5 =60 
(ii) (22 - 1) 24-1) (2-1) =7x 15 x 31 = 3255 
(iii) (25 - 1) x 27 =31 x 128 = 3968 


2. culdcee-vae Find the total number of proper factors 
of the number 35700. Also find 


(i) sum of all these factors, 

(ii) sum of the odd proper divisors, 

(iii) the number of proper divisors divisible by 10 and the 
sum of these divisors. 


Sol. 35700 = 5? x 2? x 3! x 7! x 17! 


The total number of factors is equal to the total number of 
selections from (5, 5), (2, 2), (3), (7) and (17), which is given by 
3x3x2x2x2=72. 

These include | and 35700. Therefore, the number of proper 
divisors (excluding | and 35700) is 72 —- 2 = 70 

Sum of all these factors (proper) is 

(5° + 5! + 5?) (2° + 2'+ 27) (3° + 3!) (79 + 7!) (179 +17") 
— 1 -—35700 
=31x7x4x8 x 18-1 - 35700 = 89291 
Now, the sum of odd proper divisors is 
(5° + 5! + 5°)(3° + 3')(79 + 717° +: 17') - 1 
=31x4x8x 18-1 =17856— 1 = 17855 
(Here, 2 as a factor and | as a divisor or are to be excluded.) 


The number of proper divisors divisible by 10 is equal to 
number of selections from (5, 5), (2, 2), (3), (7), (17) consisting 
of at least one 5 and at least one 2 and 35700 is to be excluded 
and ts given by2x2x2x2x2-1=31. 

Sum of these divisors is 

(5! + 5?) (2! + 2) (3° + 3!) (79 + 7') (17° 417') — 35700 
=30x6x4x 8x 18 — 35700 = 67980 


B2CludCeR-eee Find the number of ways in which the 


number 94864 can be resolved as a product of two factors. 


Sol. 94864 =2*x7?x 11? 


downloaded from jeemain.guru 


5.20 Algebra 
Hence, the number of ways is 


5441) Q+) QD +11 =23 


B Find the number of divisors of the 
num ber N = 23: 3° - 5’- 7° which are perfect square. 


Sol. Since the divisor is perfect square each prime factor must 
occur even number of times. 
2 can be taken in 2 ways (2°or 2?) 
3 can be taken in 3 ways (3° or 3? or 3*) 
Similarly 5 can be taken in 4 ways (5° or 5? or 5* or 5°) 
and 7 can be taken in 5 ways (7° or 7? or 7 or 7° or 78) 
hence total divisors which are perfect squares 
=2-3.4-5=120 


m Find the number of ways in which the 
can be split into 2 factors which are rela- 


tively prime. 


Sol. 300300 =273'527'11'13? 
Now we have to make factors which are relative prime. 
=> 22,3! 52,7! 11', 13! should behave as single identities. 
So no. of divisors (1 + 1I)(1+ D0 +1) (1+) d+ 1) (1+ 1) 
= 2° = 64 


No. of ways of splitting into 2 factors = as = 32 


Concept Application Exercise 5.6. 


1. Out of 10 white, 9 black and 7 red balls, find the number of 
ways in which selection of one or more balls can be made 
(balls of the same color are identical). 

2. Inan election, number of candidates exceeds the number to be 
elected by 2. A man can vote in 56 ways. Find the number of 
candidates. 

3. There are 5 historical monuments, 6 gardens and 7 shopping 
malls in a city. In how many ways a tourist can visit the city if 
he visits at least one shopping mall. 

4, Find the number of divisors of 720. How many of these are 
even? Also find the sum of divisors. 


5. Find the number of odd proper divisors of 3” x 6” x 21”. 


6. In how many ways the number 7056 can be resolved as a prod- 
uct of 2 factors. 


DIVISION AND DISTRIBUTION 


Distinct Objects 


Division of m + n Distinct Objects into Two Groups of 
the Sizemandn(m#n) 


Fig. 5.17 


The number of ways m+ n distinct objects are divided into 
two groups of the size m and n is equivalent to the number of 
ways m objects are selected out of m + n objects to form one’ 
of the groups, which can be done in """C, ways. The other 
group of n objects is formed by the remaining n objects. So, the 
number of ways is 

(m+n)! 


mtn 


m min! 


Now, distribution of m +n distinct objects between two 
persons (if one gets m and the other gets n objects) is equal 
to number of ways to divide m + n objects into two groups 
x number of ways in which these two groups can be given to 

! 
two persons, which is equal to (me) 
min} 


Division of m +n + p Distinct Objects Into Three Groups 
of the Sizem, nand p (m#n#p) 


cS 
OOW 


Fig. 5.18 


For this division, let us first select m objects for first group 
which can be done in "*""”C,, ways. 

From the remaining n + p objects, select n objects for second 
group, which can be done in”*?C, ways. 

The third group ‘is formed from the remaining p objects. 
Hence, the total number of ways is 


cree (mt+n+p)! 


m 


rc) = wi nip! 


Now, distribution of m+n -+ p objects among three persons if 
they get m, n and p objects is equal to number of ways to divide 
(m+n +p) x (number of ways in which these three groups can be 


given to three persons) which is equal to 


(m+n+ p)! 31 
minitp! 


In general, division of x, + x, +x, + --- +x, into m groups of 
wy X, (4, #X,# + FX,) 


the size x,, X,, x, - 
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The number of division ways is 


(x, +X, ++++4+-x,)! 
Keg tale, 


Now, distribution ways of these n groups among n persons is 


(x, + ©, +++-+x,)! 
X, 1x, b+x,! 


n! 


Division of Objects into Two Groups of Equal Size n 


Consider the distribution of 4 objects a, b, c, d into two groups 
each of size 2. The number of ways of selection is 4!/(2!2!) = 6. 


But this answer is more similar to the one given in the divi- 
sion chart below: . 


Clearly, in the above chart way number | and 6, 2 and 5, 3 
and 4 are same division. — e 
Then, the actual number of ways is 


4! 
' 
212! -3 
2! 
as in each division way, say ab and cd, these groups can be 
arranged in 2! ways. 
The division of 2n objects into two groups of equal size is 
(2n)! 
nin! — (2n)! 
2! ntn!2! 


Now, the distribution ways of these 2 groups between 2 per- 
sons is 


(2n)! a2 2M)! 
nint2!—ntn! 


_ Again, division of 3n objects into three groups of equal size 
n is 


(3n)! 
ninin!  (3n)! 
3! nintn!3!. 


as in each division way, say ab, cd and ef three groups can be 
arranged in 3! ways. 


Permutation and Combination 5.21 


Now, distribution ways of these 3 groups among 3 persons is 


(3n)! i (3n)! 
ninini3! —nintnt 


Division of Distinct Objects into Multiple Equal Groups 


Division of 12n objects into 5 groups of 2n, 2n, 2n, 3n, 3n size is 

(12n)! : 
(2n)!(2n)!(2n)!(3n)!(3n)! 

312! 

Now, the distribution ways of these 5 groups among 5 persons 

is S 
(12n)! 

* (2n)!(2n)!(2n)!(3n)!(3n)! 5! 

312! 


Distribution of n Distinct Objects in r Different Boxes, 
if Any Number of Objects Are Placed in Any Box (Empty 
Boxes Are Allowed) 


Consider distribution of n distinct objects into two different 
boxes of any size 


Number of objects | Number of objects 
in box 1 in box 2 Number of ways 
ee ie 
*C, : 
"C, 


en 


0 1C 
| i nu 
The total number of ways is Cy Gy Ce es ta oe 


= 2". Alternatively, each object has two possibilities: it can enter 
either into box | or box 2. The total number of possibilities for n 
objects is2x2x2x--- n times = 2", 

Consider distribution of n distinct objects into three groups 
of any size. For each object, there are three possibilities. Then the 
total number of possibilities for n objects is 3 x 3 x 3 ... n times 
= 3", 

Similarly, for distribution of n distinct objects into r different 
boxes, if in any box any number of objects can be placed for 
each object, there are r possibilities. Then total number of pos- 
sibilities for n objects isr x rx r++ ntimes = +". 


Distribution of n Distinct Objects Into r Different Boxes 
if Empty Boxes Are Not Allowed or in Each Box at Least 
One Object is Put (n > r) 


The number of ways is given by 
r'—'C (r= I)" +! Cr — 2)" — Cr - 3y' + +1) Cel 


This formula can be derived from the principle of inclusion 
and exclusions using set theory. 
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_Ex<ample beige Find the number of ways of dividing 
52 cards among four players equally. 


Sole We can divide 52 cards equally into four groups in 
521/(13!)*(4!) ways. 

INow, these four pole can be distributed among four play- 
ers as 4! ways. 

Therefore, the total number of ways of dividing the cards 
among four players equally is 


52! 52! 
4 {= 
(13!)*(4!) (13!)" 
Example 5.87 J QUtEut number of ways to give 16 dif- 


ferent things to three persons A, B, C so that B gets 1 more 
than A and C gets 2 more than B. 
Sol. Let A get n objects, then B gets n+ | and C getsn +3 
Nowntnt+l1+n+3=l6>5n=4 
=> A,B,C gets 4,5 and 7 objects respectively. 
=> Number of ways of distribution is equal to number of 
ways 16 objects can be divided into three groups of size 4, 5 


and 7. 


16! 
Hence, number of ways = Ws 


SS eleeme In how many ways can 8 different books 
be distributed among 3 students if each receives at least 
2 books? 


Sol. If each receives at least two books, then the division trees 


would be as shown below: 
w) 
The number of division ways for tree in Fig. 5.20 (i) is 81/ 


Fig. 5.20 
(2!)°4!2!. The number of division ways for tree in Fig. 5.20 (ii) 
is 8!/(3!)22!2!. The total number of ways of distribution of these 
groups among 3 students is 


8! 8! 
(Q)'4!2! (3! 2! 2! on 


_Exam| { x different toys have to be distributed 
among n Cl dren. Find the number of ways in which these 
toys can be distributed so that exactly one child gets no toy. 


Sol. If exactly one child gets no toy, then exactly one child 
must get two toys and rest n — 2 gets one toy each. 


The division tree will be as follows: 


n-1 times 


Fig. 5.21 


oF 


The number ways of division in the groups as shown in the 
tree is 


n! n!} 


—. —_i 


O!21(!1"? (n-2)! 2-2)! o 


The number of ways of distribution of these n groups among 
n children is n!. Then, the total number of ways of distributions 
is "C,x n!. 


Cee Find the number of ways in which n dif- 
ferent prizes can be distributed among m (< 7) persons if 
each is entitled to receive at most n - 1 prizes. 


Sol. The total number of ways is m x m x +++ n times = m". The 
number of ways in which one gets all the prizes is m. Therefore, 
the required number of ways is m" — 


Distribution of Identical Objects 
When identical objects are distributed for different boxes, the 
number of objects is only important. It is of no use to consider 
about the boxes that what objects they hold. 

Suppose 4 identical objects are distributed in 2 distinct boxes 
if empty boxes are allowed. 


Number of objects | Number of objects 


Number of ways 


Here, the total number of ways is 5. 


Distribution of n Identical Objects in r Different Boxes if 
Empty Boxes Are Not Allowed 


O/® © 


Fig. 5.22 


@ | 


Let n identical objects be put on the floor in line. Now, to 
form r groups, we require to put r — 1 identical partitions. If 
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empty boxes are not allowed, we cannot put partition to the left 
of the first object and to the right of n" object. Hence, there are 
n~-1 gaps available to put r— 1 partitions. Now, r— 1 gaps can 
be selected. from n— 1 gaps in""'C__, ways. This is equivalent 


to number of ways of distributing n objects in + boxes if empty 


boxes are mot allowed. 


Distribution of n Identical Objects in r Different Boxes if 
Empty Boxes Are Allowed 


© © o-@6l||-| 


Fig. 5.23 


Here, the number of ways are equivalent to arranging n identi- 
cal objects and r — 1 identical partitions, which automatically 
takes care of empty boxes. The number of ways is 
(n+r-l)! 
oo oO trl C 
nicr-l)! cl 
Number of Non-Negative Integral Solutions of the 
Equation x, i ee 
This is equivalent to the number of ways of distributing n iden- 
tical objects into r different boxes if empty boxes are allowed 
which is aaa Ober = mete 


Number of Positive Integral Solutions of the Equation 
X, +X, +e: +X =n 
This is equivalent to the number of ways of distributing n identi- 


cal objects into r different boxes if empty boxes are not allowed 
which is "™'C__, 


Example 5.91 | 
gral solutions of the equations x + y+z=10. 


Find the number of non-negative inte- 


Sol. Here, the number of solutions is equivalent to the number 
of ways. Ten identical objects are distributed in 3 distinct boxes 
if empty boxes are allowed, which is '**"'C, = ?C,. 


, Find the number of positive integral 
e equations x + y+ z= 12. 


solutions o 
Sol. Here, the number of solutions is equivalent to number 
of ways. Twelve identical objects are distributed in 3 distinct 


boxes if empty boxes are not allowed, which is ICL HC, 
= 55. 


Beculucerem Find the number of non-negative inte- 
gral solutions of the equation x + y + z+ 2w = 20. 


Sol. Let w = 0. Then, the equation reduces to x + y + z = 20. 


Number of non-negative integral solutions is 2*'C Pete Oe 8 
w = 1, then the equation reduces to x + y +z= 18. Number of 
non-negative integral solutions is '**'1C,_ | =7'C,. 
Similarly, we have w = 2, 3, ..., 10. 


Permutation and Combination 5.23 


Peay: the total number of solutions is aa $C + oC, 
sir OA ag 8 
RC eeaee Find the number of non-negative inte- 
gral solutions of x +y+z+w<20. 
Sol. Let, 
X+y+zZ+wt+t=20 (1) 
where ¢ > 0. 


Now, we find the non-negative integral solutions of Eq. (1). 
The total number of such solutions is eins OMe 


2 Cluldceneme In how many ways can a party of 6 men 
be selected out of 10 Hindus, 8 Muslims and 6 Christians. If 
the party consists of at least one person of each religion, find 
the number of ways of selection. (Consider only the religion 
of the person.) 


Sol. Let x, y and z be the number of Hindus, Muslims and 
Christians, respectively, who are selected. Then, 
X+y+z=6 (1) 
Also, at least one person must be selected from each religion 
when we have to find non-negative integral’ solutions of Eq. 
(1). 
Therefore, the number of non-negative solutions of Eq. (1) is 
aah OIE =°C,= 10. 


Cluledicemseme Find the total number of positive inte- 


gral solutions for (x, y, z) such that xyz = 24. Also find out 
the total number of integral solutions. 


Sol. 24 =2°x 3 
Now, consider three boxes x, y, z. 3 can be put in any of the 
three boxes. 

Also, 2, 2, 2 can be distributed in the three boxes in #3 C4 
= °C, ways. Hence, the total number of positive integral solu- 
tions is equal to the number of distributions which is given by 
3 x °C, = 30. 


Note: [fany box remains empty, say x, than x = 1. To find integral 
solutions where negative integers are also allowed. 
Any two of the factors in each factorization may be negative. 
Therefore, the number of ways to associate negative sign in 
each case is °C, = 3. Hence, the total number of weer 
solutions is 30 +.3'*.30.= 120. ; ; ; 


Cl cee eae, In how many ways can 10 persons take 
seats in a row of 24 fixed seats so that no two persons take 
consecutive seats. 


Sol. As no two persons take consecutive seats, there will be at 
least one vacant seat between any two persons sitting before the 
first person and after the last person. Let the number of vacant 
seats before the first person = x,, and the number of vacant seats 
between the first and the second persons be x,, etc., as shown 
in the figure. 
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5.24 Algebra 
Xo xy X X3 : Xo X10 
———-7———o—<__ 0 _____—___ >_> 


Fig. 5.24 
Clearly, the total number of vacant seats is 24— 10 = 14. 
Kt tetay tee + Xo 4 a, = 14 


where x, 20, x, 2 1,x,2 1,x,21,...,%2 1,x,,20. 
Let x, =x, =y,+ l,x,=y, +1, wey X= Vy t1, ; 


X19 = Vig Then, the equation becomes 
Yt, + D+0,4+)4+-°+0,+ D+, = 14 
=> ytytyte: +y,+)9= 14-9=5 


Therefore, the required number of ways = the number of non- 
negative integral solutions of the equation y, + y, + y, +++ +, 


= 1 5+1)-1 asiiS 
+Yig Zs te.” C= Cy 


But 10 persons can arrange among themselves in 10! ways. 
Hence, the required number of ways is 
15! ee ey 


ss CFs 10! = —— x10!= —. 
10!5! 5! 


cee, Find the number of distinct throws 
which can be thrown with n six-faced normal dice, which 
are indistinguishable among themselves. 


Sol. Consider six faces as six beggars and n identical dice to 
be identical coins. 

Now, number of distribution is "**'C,_ | = "°C,. If a beggar 
(say face 6) gets no coin, then it is equivalent to 6, which does 
not appear on the dice. 


BS culscemeee In how many ways 3 boys and 15 girls 
can sit together in a row such that between any 2 boys at 
least 2 girls sit. 


B B B 
Sol. y z w 
Fig. 5.25 


‘First three boys can be arranged in 3! ways. After arranging 
the boys, four gaps are created. Let in these gaps x, y, z and w 
girls sit as shown in the diagram. Let us first find out the distri- 
bution ways of girls in the four gaps. As given in question, y, 
z>2 and x, w = 0, we have to find the integral solutions of the 
equation x + y + z+ w = IS with the above condition. Let, 


y=y,+2andz=z, +2 (where y,, z, > 0) 
=> x+y +z, +well 
Number of solutions of above equation is ''*'C, | = “C,. 


After it is decided as in which gap how many girls will sit, they 
can be arranged in 15! ways. ; 


Hence, the total number of ways is 3! 15! "C,. 


Concept Application Exercise 5.7 —o 


1. Find the number of ways in which 22 different books can be 
given to 5 students, so that two students get 5 books each and 
' all the remaining students get 4 books each. 


2. Find the number of ways in which 16 constables can be 
assigned to patrol 8 villages, 2 for each. 


3. In how many ways can 10 different prizes be given to 
5 students if one particular boy must get 4 prizes and rest of the 
students can get any number of prizes? 


4. In how many different ways can a set A of 3n elements be 
partitioned into 3 subsets of equal number of elements? (The 
subsets P, O, R form a partition if PU QUR=A,POR 
=¢,OVNR=¢,ROAP=$6) . 


5. In how many ways can Rs. 16 be divided into 4 persons when 
none of them gets less than Rs. 3? 


6.. Find the number of ways of selecting 10 balls out of an unlim- 
ited number of identical white, red and blue bails. 


7. Ifa, b,c, d are odd natural numbers such thata+b+ct+d 
= 20, then find the number of values of the ordered quadruplet 
(a, b, c, d). 


8. Roorkee University has to send 10 professors to 5 centres for 
its entrance examination, 2 to each centre. Two of the centres 
are in Roorkee and the others are outside. Two of the pro- 
fessors prefer to work in Roorkee while three prefer to work 
outside. In how many ways can this be made if the preferences 
are to be satisfied? 


9. In how many ways, two different natural numbers can be 
selected, which are less than or equal to 100 and differ by 
almost 10. 


MULTINOMIAL THEOREM 


Consider the equation x, + x, +--+ +x, =n, where a, Sx, <b; 
x,E1,i= 1.255 

In order to find the number of solutions of the given equation 
satisfying the given conditions, we observe that the number of 
solutions is the same as the coefficient of x" in the product 


+ 2 a+] 
a aay Aes yh x ) x (x® f x 


+X 


at? 


xr? few x”) 


(x l4y 


a7 ay 72 1 


a : alla ayn Seti ol Le, Sage b, 
NG tae Gime eee ioe a aed © iene ae Pa a 


For example, if we have to find the number of non-nega- 
tive integral solutions of X, +x, +0 +X, SN, then as above, 
the required number is the coefficient of x" in (° + x' + ++ 
tx") txt te tox)... OP tx! +--+ +x") (r— brackets) 

= Coefficient of x” in (1 +.x+2°7 4+ ++. +x") 
= Coefficient of x" in(l+x+2x?+---) 

= Coefficient of x" in (1 — x)" 

= Coefficient of x" in 


EA(=r=)) 
a 


> 


(-xy 


ps r)(—x)+ 


downloaded from 


jeemain.guru 


—r) (-r-}) (-r-2))3! 
Pe OE) <9 | 
3! 
~ Coefficient of x" in [1 +'C, x4 ™'C, +P C0 +0] 
ater lC 
a aca Oke 


Note: If there are | objects of one kind, m objects of second kind, n 
objects of third kind and so on, then the number-of ways of 
- chosing r objects out of these objects is the coefficient inks in 
the expansion of (L+x+x+x8+4*- 4+x/) x (1 +x4x74+- 
x7} x (Lt xtxe ter +2’). 

"Further, if one object of each kind is to be included, 
then the number of ways of choosing r objects out of 
these. objects is the coefficient of x’ in the expansion of 
ace eee ee te Ox ate tee v tee +2") 
K (bt te + x"), 


Different Cases of Multinomial Theorem 
Case 


If upper limit of a variable is more than or equal to the sum 
required, than the upper limit of that variable can be taken as 
infinite. 


x f In how many ways the sum of upper 
faces of four distinct dices can be six. 


Sol. Here, the number of required ways will be equal to the 
number of solutions of x, + x, + x, +X, = Op te ] SX Mahi: 
x, $6. Since the upper limit 1S SiX, which is equal to the sum 
required, so upper limit can be taken as infinite. So, number of 
solutions is equal to the coefficient of f in (1 +f+r+--)! 


= Coefficient of f° in(1—a* 
= 644-17 


= °C, = 84 


Case Il 


If the upper limit of a variable is less than the sum required 
and the lower limit of all the variables is non-negative, then the 
upper limit of that variable is that given in the problem. 


I in how many different ways can 3 per- 
sons 4, B, Cl having 6 one-rupee coin, 7 one-rupee coin, 
8 one-rupee coin, respectively, donate 10 one-rupee coin 
collectively? 


Sol. The number of ways in which they can donate Rs. 10 is 
same as the number of solutions to the equation x, + x, +x, = 10 
subject to the condition 0 <x, S 6,0 <x, <7, OsSx,S 8. 


Therefore, the required number of ways = Coefficient of x0 
in(L¢x¢x24-- 4X) (Ltxtete 4x)(L4+x4x0 
te + x8) 


Permutation and Combination 5.25 


= Coefficient of x'? in (1 — x7) (1 —2°) (1 -2°) (1 - x)" 


= Coefficient of x'® in ae ox 3? — 9) (I AC, eC? 
$5C 0 48Cxt +--+ °C, x") (ignoring powers higher 
than 10). 


="C,-5C,-*C,-3C, . 
=66-10-6-3=47 


Example Cee In an examination, the maximum mark 
for each of the three papers is 50 and the maximum mark 
for the fourth paper is 100. Find the number of ways in 
which the candidate can score 605 marks in aggregate. 


Sol. Let the marks scored by the candidate in four papers be x,, x, 
Xq_X,.-Then, x, +X, +X, +4,= 150 (i.e., 60% of 250 is 150), where 
O<x,,x,.4, 8 50,0 <x, 100. 


The number of solutions of the equation is same as the coeffi- 


cient of xin (Ll +xt22 4° +P (Lt xt +--+.) which 
is given by 
i-x*! 3 j—x!! 
Coefficient of x'°° in 
J-x l-x ) 
= Coefficient of x! in (1 — 2°!) (1 — x!) (1 - x) 


= Coefficient of x! in (1 — 3x5! + 3x! =x!) — x) 
= 1830, —3 x we: +3x5IC, ae 
= 110551 


Case Ill 


When coefficients of variables are not uniform. The number of 
solutions of ax, + bx, + cx, = 1 is subject to this condition in 
a, $x,Sb,,4, <x, SDs al, <x, =, The coefficient of f” is 


EY HE ee 


BASEN HEE) 


(eFC 


Example 5.103 Find the number of non-negative inte- 
gral solutions of x, +x, + x, + 4x, = 20. 


Sol. The number of non-negative integral solutions of the given 
Eaeation is equal to the coefficient of x in (1 -—xy! (i -— xy! 
(i —xy'! x (i —2"y', which is given by 
Coefficient of x in (1 — x)? Cl - 24! 
= Coefficient of ° in (1 +3C,x + *C2? + °C? 
eC reese pl txtt xP eee v 


=14°Cya PC, mor He ob? 59 = 936 


Example Katie =n how many ways can 15 identical blan- 
kets be ‘distributed among six beggars such that- everyone 
gets at least one blanket and two particular beggars get 
equal blankets and anotlier three particular beggars get 
equal blankets. 
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Sol. The number of ways of distributing blankets is equal to 
the mumber of solutions of the equation 3a + 2b+c¢= 15 a,b,c 
> 1, which is equal to coefficient of fin (PF +O +4 124 ---) 
x(P +++) (t+P+--), which is given by 


Coefficient of Pin(l +P +/+ P14+ P+ 74+ 42) 
x(1 +f+2+.--- +?) (neglecting higher powers) 

= Coefficient of Pin (1+ PP + f+ 4+ 26+ 7 +28 + 2P) 
(tfe4¢P+--4+P)=14+14+1414142414242=12 


‘Case IV 


In the case when variables are distinct, we introduce some new 
variables to remove the condition of distinctness. 


2 claemieem: In how many ways can 14 identical toys 
be distributed among three boys so that each one gets at 
least one toy and no two boys get equal number of toys. 


Sol. Let the boys get a, b, c toys. Now, a+b+c = 14, a, b, 
c2>1 anda, band c are distinct. 
Leta<b<candx, =a,x,=b—a,x,=c—b.So, 


3x, + 2x, +X, = 13, 49 Xo Xz 2 1 


Therefore, the number of solutions is equal to the coefficient of 
H4in(P+h+P+-- Pet) t+P+--) 
= Coefficient of Sin(1 + P+ (1+F +4 +P) 
(1+t+¢+--- +7) (neglecting higher powers) 
= Coefficient of fin(1+f+ P+ 44+ + 2+ 1 + 268) 
x(L+r4+Pt-- +8) 
=1+1+1+14+1+24+1+2=10 
Now, three distinct numbers can be assigned to three boys in 
3! ways. : 
So, corresponding to each solution, we have six ways of dis- 
tribution. So, total numbers of ways is 10 x 6 = 60. 


Case V 


When the required sum is not fixed. 
To find the number of solutions of the equation, 


AF Ash the Sn (1) 
We introduce a dummy variable x, |, so that 
x + x; pea Xai =H, Xiel 2 0 (2) 


Hence, the number of solutions of Eqs. (1) and (2) will be 
same. 
To find the number of solution of x, + x, + --- + x, 2.n (when 
the values of X\.Xy, -.., 4, are restricted), first find the number of 
solutions of x, +x, + ++» +x, <n-—.l and then subtract it from the 
total number of solutions of X,+4,++-++x,Sn- 1; and then 
subtract it from the total number of solutions. 


=) SEMI In how many ways can we get a sum of 
at most 17 by throwing six distinct dice. 


Sol. Let X14 X55 -..,X, be the number that appears on the six dice. 
Let us find the number of ways to get the sum less than or equal: 
to 17. This will be same as finding the number of solutions to 
the inequality x, + x, + x, + --- +x, < 17. Introducing a dummy 
variable x, (x, = 0), the inequality becomes an equation 

X, tx, ++ +x,+x,=17 
Here, 1 <x, < 6 where i= 1, 2, ..., 6 and x, > 0. Therefore, 


. Number of solutions = Coefficient of x!7 in (x + x2 + - 
Oo x (Lt xtx2+---) 


= Coefficient of x!! in.(1 — x5)® (1 - x)? 


= Coefficient of x'' in (1 -— 6x5) (1 —x)7 = "C.-6 2 a 


2 Clulecemiea In how many ways can we get a sum 
greater than 17 by throwing six distinct dice. 


Sol. Let x,, x,, ...,x, be the number that appears on the six dice. 
Here, 1<x <6, Vie {1, 2, 3, 4,5, 6} => total number of cases 
is 6°. In the above example, we have calculated the number of 
ways to get the sum less than or equal to 17, which is 


WC, -— Ox", 


Hence, the number of ways to get a sum greater than 17. is 
6o— CG. = 6"'C.). 


Concept Application Exercise 5.8. 


1. In how many ways can 30 marks be allotted to 8 questions if 
each question carries at least 2 marks? 


2. Find the number of positive integral solutions of the inequal- 
ity 3x+y+zS30. im 

3. Find the number of integers between | and 100000 having 
the sum of the digits 18. 


4. Find the number of integral solutions of X, +X, + x, = 24 
subjected to the condition that 1 <x, <5, 12< x, S 18 and 
eS x, 


PRINCIPLE OF INCLUSION AND EXCLUSION 


Fig. 5.26 
In the above Venn’s diagram, we get 
n(A U B) = n(A) + n(B) —n(A 7 B) 
n(A/ on Ay) =n(U) —n(A UB) 
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Fig. 5.27 
In the above Venn’s diagram, we get 


nA WBUOQ =n(A) +n(B)+n(O-nANB)-nBad 


—nNANC)+nANBAC) 


n(As AAO As) = nU) 


In general, we have 


-nAUBUC) 


n(A,VA,U- 
= = ata) aia AA,)+ MA, OA, OA, 
+(-1" ¥n(A, NA, 0-0 A,) 


VA,) 


Example 5.108 | Find the numbers of positive integers 
from 1 to 1000, which are divisible by at least 2, 3 or 5. 
Sol. Let A be the set of positive integers form 1 to 1000, which 


is divisible by k. Obviously, we have to find n(A, U A, U A,). 
If [-] denotes the greatest integer function, then 


n(A,) = Ea = 500 


n(A,) = a = 333 


1000 
MA,)= fea = 200 


Hence, n(A, 1 A,) = 166, n(A, A,) = 66, n(A, ON A,) = 100, 
n(A, VA, OA) = 33. 

Hence, n(A, U A, UA J = 
~ 66 — 100 + 33 = 734. 


500 + 333 + 200 — 166 


Note that the number of positive integers from 1 to 1000, 
which are not divisible by 2, 3 or 5 is 1000 -n (A, UA, UA,) 
= 266. 


BE {| Find the number of ways in which two 
Americans, o British, one Chinese, one Dutch and one 
Egyptian can sit on a round table so that persons of the 
same nationality are separated. 


Sol. Total number of person is 6!. When A,, A, are together, 


n(A) = 5! 2! = 240 
When B,, B, together, 
n(B) = 5! 2! = 240 
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nA U B) =n(A) + n(B)-—n(A TB) 
= 240 + 240 — 96 = 384 


Hence, 
n(A © B) =Total persons — n(A VU B) 
= 6! — 384 
= 720 — 384 = 336 


Example 5.110 #BQUGant number of permutations of let- 
ters a, b, ¢, d, e, f, g taken ail together if neither “beg nor 
‘cad’ pattern appear. 


Sol. The total number of permutations without any restrictions 


is 7}. 
acdf 
Fig, 5.28 


The number of permutations in which “beg’ pattern always 
appears is 5!. Likewise, there are some cases in which ‘cad’ 


pattern also appears. 


Fig. 5.29 


The number of permutations.in which ‘cad’ pattern always 
appears is 5!. Likewise, there are some cases in which ‘beg’ 


pattern also appears. 
Ges) 
Fig. 5.30 


The number of permutations in which ‘beg’ and ‘cad’ pat- 
terns appears is 3!. 

Therefore, the total number of permutations in which ‘beg’ 
and ‘cad’ patterns do not appear is 7! — 5! —5! + 3!. 


CUNO ER! Find the number of n digit numbers, 
which contain the digits 2 and 7, but not the digits 0, 1, 8, 9, 


Sol. The total number without any restrictions containing digits 
2, 3, 4, 5, 6, 7 is n(S) = 6”. 

The total number of numbers that contain 3, 4, 5, 6, 7 is 

n(A) = 5". 

The total number of numbers that contain 2, 3, 4, 5, 6 is 

n(B) = 5". 

The total number of numbers that contain 3, 4, 5, & is 

n(A Om B)=4". 

The total number of numbers that do not contain digits 2 and 
7 is 5" + 5" — 4", The total number of numbers that contain 2 and 
Tis 6" — 5"— 5" + 4" 


Derangement 


There are n letters and n corresponding envelopes. The number 
of ways in which letters can be placed in the envelopes (one 
letter in each envelope) so that no letter is placed in correct 
envelope is 
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of Ls ! fog ed 
Let n! 


Proof: n letters are denoted by 1, 2, 3, ..., n. Let A, denote 
the set of distribution of letters in envelopes (one letter in each 
envelop) so that the i letter is placed in the corresponding 
env elope. Then, 


n(A,) = 1 x (v7 — 1)! [since the remaining n — 1 letters can be 
placed in n — | envelopes in (n — 1)! ways] 


Then, nA, a A) represents the number of ways where letters 
i andj can be placed in their corresponding envelopes. Then, 


nA, NA)=1* 1x (n- 2)! 
Also, 

nA, AA,OA,)= 1 1x1 x (n-3)! 
Hence, the required nuimber is 


NASUASU- UA =n! -“AA,VA,U- 
=n! — | > n(A,) 


-SnlA, OA,)+ inlA, OA, AA,) +++ (-1)" 


UA,) 


Den, VA, A,)| 


=al—['C(n- 1! - "C(n— 2)! +"C,(n— 3)! +++ 
+(-1ly"! x aC 1] 


ud nt nl 
=nl~ eb eate HED 


ar I J 
=n! |]--—4+—4---4 
[tot n! 


CUM aee There are four balls of different colours 
and four boxes of colours same as those of the balls. Find 
the number of ways in which the balls, one in each box, 
could be placed in such a way that a ball does not go to box 
of its own colour. 


Sol. Number of derangements in such problems is given by 


nid] ais ; oo +( y'4 
I! 2! 3! 4! n! 


Hence, the required number of derangements is 


1 1 
a tite 4+1=9 
2! 3! 4! 


Distribution of n Distinct Objects into r Distinct 
Boxes if in Each Box at Least One Object is Placed 


The number of ways in which n distinct objects can be distrib- 
uted among r persons if each gets at least one object is 


r? =< "Cr aS 1)" 
"C1 


+ "Cr = 2)r" _ "Cr = 3y" Hei (-1)" 


Proof: Let A, denote the set of distribution of objects if i person 
gets no object. Then, 


n{A,) = (r — 1)” [as now, n objects can be distributed . 
among r~ 1 persons in (r ~ 1)" ways] 
Then, n(A, A,) represents number of distribution ways in 
which persons i and j get no object. Then, 
n(A,r A) = (r —2)" 
Also, 
nA, NA MA,) =(r- 3)" 
The required number is 
n(Ay U Ay RA y= 


~nNA,VA,U + UA) 


- ee Sassi NAA) 


i 


tI" nl4, 4, --04,)] 
=r" — [°C (r — 1)" - Cr - Dr +°Cyr - 3y' - + 
ae, 9 Co 


re 'C(r ~ Lt + Cr - 2)" —'Cr - 3yt + 
+(-1I"'C_I 


2c eseemem, Find the number of ways in which 5 dis- 
tinct balls can be distributed in three different boxes if no 
box remains empty. 


Sol. By above formula, the number of ways is 3° —3C 
x (3 — 1) +°C,3 — 2)° = 243 - 96 + 3 = 150. 


Example 5.114 5 F If n(A) = 5 and n(B) = 3, then find the 
number of onto functions from A to B. 


Sol. We know that in onto function, each image must be 
assigned at least one pre-image. 


This is equivalent to number of ways in which 5 different 
objects (pre-images) can be distributed in 3 different boxes 
(images) if no box remains empty. The total number is given by 

—*C,3 - 1) +3C,(3 — 2) = 243 - 96 + 3 = 150. 
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1. 
2. 
3. 


12. 


13. 


14. 


15. 


Solutions:on page 5.43. 
Prove by combinatorial argument that"*'C = "C, + . : 
Prove that (”!)! is divisible by (n!)“~ 2, 

If n, and n, are five-digit numbers, find the total number of ways 
of forming 7, and n, so that these numbers can be added without 
carrying at any stage. 

n, and n, are four-digit numbers. Find the total number of ways 
of forming n, and n, so that n, can be subtracted from n, without 
borrowing at any stage. 

How many five-digit numbers can be made having exactly two 
identical digits? . 

An ordinary cubical dice having six faces marked with alphabets 
A,B, C, D, E and F is thrown n times and the list of n alphabets 
showing up are noted. Find the total number of ways in which 
among the alphabets A, B, C, D, E and F only three of them 
appear in the list. 


Find the number of three-digit numbers from 100 to 999 includ- © 


ing all numbers which have any one digit that is the average of 
the other two. 


The members of a chess club took part in a round robin competi- 


tion in which each player plays with other once. All members 
scored the same number of points, except four juniors whose total 
score were 17.5. How many members were there in the club? 
Assume that for each win a player scores 1 point: 1/2 for draw 
point and zero for losing. 


There are 2n guests at a dinner party. Supposing that the master 


and mistress of the house have fixed seats opposite one another — 


and that there are two specified guests who must not be placed 
next to one another, show that the number of ways in which the 
company can be placed is (2m — 2)! x (4n? — 6n + 4). 


. In how many ways can two distinct subsets of the set A of k 


(k = 2) elements be selected so that they have exactly two 
common elements? 


. Prove that the number of ways to select n objects from 3n objects 


of which n are identical and the rest are different is 


aio, Mee 
2(n!y 

There are 7 straight lines in a plane, in which no two are 

parallel and no three pass through the same point. Their points of 

intersection are joined. Show that the number of fresh lines thus 

introduced is 


; me —I(n—-2)(n—-3) 


There are n points in a plane, in which no three are in a straight 
line except ‘m’ which are all in a straight line. Find the number 
of (a) different straight lines, (b) different triangles, (c) differ- 
ent quadrilaterals that can be formed with the given points as 
vertices. : 

Find the number of ways of disturbing n identical objects among 
n persons if at least n — 3 persons get none of these objects. 

The streets of a city are arranged like the lines of a chessboard. 
There are m streets running from north to south and n streets 
from east to west. Find the number of ways in which a man can 


16. 


17. 


18. 


19, 


20. 


Objective Type | i 
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EXERCISES 


travel from north-west to south-east corner, covering the shortest 
possible distance. 


A batsman scores exactly a century by hitting fours and sixes in 
twenty consecutive balls. In how many different ways can he do 
it if some balls may not yield runs and the order of boundaries 
and overboundaries are taken into account? — 


In how many ways can 2t + | identical balls be placed in three 
distinct boxes so that any two boxes together will contain more 
balls than the third? 


Sohan has x children by his first wife. Geeta has (x + 1) children 
by her first husband. They marry and have children of their own. 
The whole family has 24 children. Assuming that two children of 
the same parents do not fight, prove that the maximum possible 
number of fights that can take place is 191. 


Let S(n) denote the number of ordered pairs (x, y) satisfying 1/x 
+ I/y = t/n where n> | and x, y,n EN. 


(i) Find the value of S(6). 
(ii) Show that if n is prime, then S(m) = 3 always. 


Six apples and six mangoes are to be distributed among ten boys 
so that each boy receives at least one fruit. Find the number of 
ways in which the fruits can be distributed. 


Solutions on page 5.47 


Each question has four choices a, b, c and d, out of which only one 
is correct. 


1. 


Ifa="C,, then °C, is equal to 


a ™IC, b. ™'C, 

c. 3"PC; d. 3™'C, 

If"C, +"C, >"*'C,, then 

a n>6 bo n>7 

ce n<6 d. none of these 


n-| 

The value of >> "C/ICC, +"C_,,) equals 
r=0 

a n+] b. n/2 

c nt+2 d. none of these 


In acity no two persons have identical set of teeth and there is 
no person without a tooth. Also no person has more than 32 
teeth. If we disregard the shape and size of tooth and consider 
only the positioning of the teeth, the maximum population of 
the city is 

a. 2” b. 
ce 2-1 d. 


(32)? - 1 
232-1 
In a room, there are 12 bulbs of the same wattage, each having a 


separate switch. The number of ways to light the room with dif- 
ferent amount of illumination is 


a. 122-1 b. 2! 

c 22-1 d. 12? 

The number of possible outcomes in a throw of ” ordinary dice in 
which at least one of the dice shows an odd number is 

a. 6"-1 b. 37-1 

ce. 6"-3" d. none of these 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Algebra 


Let A be a set of n (23) distinct elements. The number of triplets 
(, y, Z) of the A elements in which at least two coordinates is 


“equal to 
a. 'P, b. n*—"P, 
ec. 3n?-2n d. 3n?(n- 1) 


The total number of flags with three horizontal strips in order, 
which can be formed using 2 idenitical red, 2 identical green and 
2 identical white strips is equal to 


a. 4! b. 3 x (4!) 

c. 2% (4!) é d. none of these 

‘The number of five-digit numbers that contain 7 exactly once is 
a. (41) (9%) b. (37) (9°) 

ec. (7) (9%) d. (41) (9°) 


A variable name in certain computer language must be eithér an 
alphabet or an alphabet followed by a decimal digit. The total 
number of different variable names that can exist in that language 
is equal to 

a. 280 b. 290 

c. 286 d. 296 

The number less than 1000 that can be formed using the digits 0, 
1, 2, 3, 4, 5 when repetition is not allowed is equal to 

a. 130 b. 131 

ce. 156 d. 155 


Total number of six-digit numbers that can be formed, having the - 


property that every succeeding digit is greater than the preceding 
digit, is equal to 
a. °C b. °C 


3 3 
c. "Dp, d. "p, 
Numbers greater than 1000 but not greater than 4000, which 
can be formed with the digits 0, 1, 2, 3, 4 (repetition of digits is 
allowed), are 
a. 350 b. 375 
ce. 450 d. 576 
The total number of five-digit numbers of different digits in 
which the digit in the middle is the largest is 
9 
a. "P, 
n=4 
ce. 30(3!) d. 
The number of four-digit numbers that can be made with the 
digits 1, 2, 3, 4 and 5 in which at least two digits are identical is 
a. 4-5! b. 505 
c. 600 d. 


Db. 333!) 


none of these 


none of these 


The number of nine-non-zero digits such that all the digits in 
the first four places are less than the digit in the middle and 
all the digits in the last four places are greater than that in the 
middle is 


a. 2(4!) b. 3(7!)/2 


ec. 2(7!) d. *P,x*P, 


Total number of words that can be formed using all letters of the 
word ‘BRIJESH’ that neither begins with ‘T’ nor ends with ‘B’ is 
equal to 

a. 3720 
c. 3600 


b. 4920 
d. 4800 


18. 


19. 


20. 


21. 


22. 


23. 


25. 


26. 


27. 


The total number of six-digit natural numbers that can be made 
with the digits 1, 2, 3, 4, if all digits are to appear in the same 
number at least once is 
a. 1560 
ce. 1080 


b. 840 
d. 480 


Total number of six-digit numbers in which all and only odd 
digits appear is 


5 
a. —(6! b. 6! 
5 


1 
. (6! d. 
me EOD) 


none of these 


Total.number less than 3 x 10° and can be formed using the digits 
1, 2,.3 is equal to 


a. Z (3° + 4 x 38) b. z (3° -3) 
2 2 


1° 1 
ae 8 = (29 8 
c. 5 7x3 3) d. 76 3 +38) 


If all the permutations of the letters in the word ‘OBJECT’ are 
arranged (and numbered serially) in alphabetical order as in a 
dictionary, then the 717" word is 

a. TOJECB b. TOEJBC 

c. TOCJEB d. TOJCBE 


In a three-storey building, there are four rooms on the ground 
floor, two on the first and two on the second floor. If the rooms 
are to be allotted to six persons, one person occupying one room 
only, the number of ways in which this can be done so that no 
floor remains empty is os 
a. ®P, -2(6!) b. §P 


6 
c. SP, (6!) d. none of these 


The total number not more than 20 digits that are formed by using 
the digits 0, 1, 2,3 and 4 is 
a. 5%” b. 5%-1 


c. 5%4+1 d. none of these 


. The number of ways in which we can select four numbers from 


1 to 30 so as to exclude every selection of four consecutive 
numbers is 
a. 27378 b. 27405 


ce. 27399 d. none of these 


The number of words of four letters containing equal number of 
vowels and consonants, where repetition is allowed, is 


a. 105° b. . 210 x 243 
ec. 105 x 243 d. 150x 21? 
The number of different seven digit numbers that can be written 


using only the three digits 1, 2 and 3 with the condition that the 
digit 2 occurs twice in each number is 


a. ’P,2 ; b. 7C, 2° 

ce 'C,3* d. none of these 

The total number of three-letter words that can be formed from 
the letter of the word ‘SAHARANPUR’ is equal to 

a. 210 b. 237 

c. 247 d. 227 
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28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


The number of ways to fill each of the four cells 
of the table with a distinct natural number such 
that the sum of the numbers is 10 and the sums 
of the numbers placed diagonally are equal is 
a. 4 b. 8 

c. 24 d. 6 


The number of ways of arranging m positive and n (< m+ 1) nega- 
tive signs in a row so that no two negative signs are together is 

a, ™+ Ip b. 

c. BiG dad. "'C 

Three boys of class X, four boys of Siass XT and five boys of class 

XII sit in a row. The total number of ways in which these boys 
can sit so that all the boys of same class sit together is equal to 

a (3!) (4!) (5) b. (3!) (4/25) 

«e BY 4) 6!) . d. (3!) (4!) (5!) 

A library has ‘a’ copies of one book, ‘b’ copies each of two books, 
c’ copies each of three books, an single copy of ‘d’ books. The 
total number of ways in which these books can be arranged in a 
shelf is equal to 


(a +2b+3c+a)! 


Fig. 5.31 


(a+2b+3c+d)! 


al (bly (cty a\(2b!)(c!)° 
(a+b+3c+d)! (a+2b+3c4+d)! 
(cl!) a\(2b)!(3c)! 


The sum of the digits in the unit’s place of all numbers formed 


‘with the help of 3, 4, 5, 6 taken all at.a time is 


a. 18 b. 432 

c. 108 d. 144 

The sum of all the numbers of four different digits that can be 
made by using the digits 0, 1, 2 and 3 is 

a. 26664 b. 39996 

c. 38664 d. none of these 

The sum of all four-digit numbers that can be formed by using the 
digits 2, 4, 6, 8 (when repetition of digits is not allowed) is 

a. 133320 b. 533280 

ce. 53328 d. none of these 

The number of ordered pairs of integers (x, y) satisfying the equa 
tion x7 + 6x+ y =4 is 

a. 2 b. 8 

ce. 6 d. none of these 

The number of five-digit telephone numbers having at least one 
of their digits repeated is 

a. 90000 b. 100000 

ce. 30240 d. 69760 

How many numbers can be made with the digits 3, 4, 5, 6, 7, 8 
lying between 3000 and 4000, which are divisible by 5 while 
repetition of any digit is not allowed in any number? 

a. 60 b. 12 

ce. 120 d. 24 

The number of ways in which ten candidates AAs sac, A,, can 
be ranked such that A, is always above A,,is 

a. 5! b. 2(5!) 


c. 10! d. =(10) 

2 

In the decimal system of numeration of. six-digit numbers in 
which the sum of the digits is divisible by 5 is 

a. 180000 b. 540000 

c 5 x 10° d. none of these 


40. 


41. 


42. 


43. 


44. 


45, 


46. 


47. 


48. 


49. 


Permutation and Combination 5.31 


“To fill 12 vacancies there are 25 candidates of which five are from 


scheduled caste. If three of the vacancies are reserved for sched- 
uled caste candidates while the rest are open to all, the number of 
ways in which the selection can be made is 
a. °C, x ”C, b. °C, -°C. 
eC, +5C, d. 

If the difference of the number of arrangements of three things 
from a certain number of dissimilar things and the number of 
selections of the same number of things from them exceeds 100, 
then the least number of dissimilar things is 

a. 8 b. 6 

e« 5 d. 7 


Among 10 persons, A, B, C are to speak at a function. The number 
of ways in which it can be done if A wants to speak before B and 
B wants to speak before C is 

a. 10!/24 b. 91/6 

c. 101/6 d. 
In how many ways can a team of 11 players be formed out of 
25 players, if six out of them are always to be included and five 
always to be excluded 

a. 2020 b. 2002 

c. 2008 d. 8002 

In how many ways can a team of six horses be selected out of a 
stud of 16, so that there shall always be three out of A BC A’ B' 
C’, but never A A‘, B B’ or C C’ together 

a. 840 b. 1260 

ec. 960 d. 720 


There are two bags each containing m balls. If a man has to select 
equals number of balls from both the bags the number of ways in 
which he can do so if he must choose at least one ball from each 
bag is 


* 
none of these 


none of these 


anc 


a 


a. me b. 
ce *"C -1 d. 


The number of ways in which the letters of the word ‘PERSON’ 
can be placed in the squares of the given figure so that no row 
remains empty is 


none of these 


Ry 
Ry 
Ry 
Fig. 5.32 
a. 24x 6! b. 26x 6! 
ce. 26x 7! d. 27x 6! 


The number of words of four letters that can be formed from the 
letters of the word ‘EXAMINATION’ is 


a. 1464 b. 2454 
c. 1678 d. 
The letters of word ‘ZENITH’ are written in all possible ways. If 


all these words are written in the order of a dictionary, then the 
rank of the word ‘ZENITH’ is 

a. 716 b. 692 

c. 698 d. 616 

A class contains three girls and four boys. Every Saturday, five 
go on a picnic (a different group of students is sent every week). 
During the picnic, each girl in the group is given a doll by the 


none of these 
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50. 


51. 


52. 


53. 


54. 


55. 


56. 


57. 


accompanying teacher. If all possible groups of five have gone for 
picnic once, the total number of dolls that the girls have got is 

a. 21 b. 45 

ce. 27 d. 24 


A teacher takes three children from her class to the zoo at a time, but 
she does not take the same three children to the zoo more than once. 
She finds that she went to the zoo 84 times more than a particular 
child has gone to the zoo. The number of children in her class is 


a. 12 b. 10 


ce. 60 d. none of these 


Number of ways in which a lawn-tennis mixed double be made 
from seven married couples if no husband and wife play in the 
same set is . 


a. 240 b. 420 


ec. 720 d. none of these 


In aclass tournament, all participants were to play different games 
with one another, Two players fell ill after having played three 
games each. If the total number of games played in the tournament 
is equal to 84, the total number of participants in the beginning was 
equal to 

a. 10 b. 15 

ce 12 d. 14 


A person always prefers to eat ‘parantha’ and ‘vegetable dish’ in 
his meal. How many ways can he make his platter in a marriage 
party if there are three types of paranthas, four types of ‘vegetable 
dish’, three types of ‘salads’ and two types of ‘sauces’? 


a. 3360 b. 4096 

‘ec. 3000 d. none of these 

The number of even divisors of the number N = 12600 = 2737577 is 
a. 72 b. 54 

ec. 18 d. none of these 


A candidate is required to answer six out of 10 questions, which 
are divided into two groups, each containing five questions. He 
is not permitted to attempt more than four questions from either 
group. The number of different ways in which the candidate can 
choose six questions is ot 


a. 50 b. 150 
c. 200 d. 250 


There were two women participating in a chess tournament. 
Every participant played two games with the other participates. 
The number of games that the men played among themselves 
proved to exceed by 66 number of games that the men played 
with the women. The number of participants is : 


a. 6 b. 11 


e 13 d. none of these 


Two teams are to play a series of five matches between them. A 
match ends in a win, loss or draw for a team. A number of people 
forecast the result of each match and no two people make the 
same forecast for the series of matches. The smallest group of 
people in which one person forecasts correctly for all the matches 
will contain m people, where 71 is 

a. 81 b. 243 


c. 486 d. none of these 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 


Ten IIT and 2 DCE students sit in a row. The number of ways in 
which exactly 3 IIT students sit between 2 DCE students is 

a. C,x2!x 3! x8! . b. 10! x 2! x 3! x8! 

ce. 51x 2! x9! x8! d. none of these 

A team of four students is to be selected from a total of 12 stu- 
dents. The total number of ways in which the team can be selected 
such that two particular students refuse to be together and other 
two particular students wish to be together only is equal to 

a. 220 2 b. 182 

ec. .226 d. none of these 

In an election, the number of candidates is one greater than the 
persons to be elected. If a voter can vote in 254 ways, the number 
of candidates is 

a. 7 b. 10 

ce 8 d. 6 

Two players P, and P, play a series of ‘2n’ games. Each game 
can result in either a win or a loss for P,. The total number of 
ways in which P, can win the series of these games is equal to 


1 2 1 
a g2n_ tid b — 22" 9 "EC 
5! o 5 -) 
¢ 1 gre ) d | on ax 2c ) 
9. n - 5 n 


In an examination of nine papers, a candidate has to pass in more 
papers than the number of papers in which he fails in order to be 
successful. The number of ways in which he can be unsuccessful is 
a. 255 b. 256 

c. 193 d. 319 

A student is allowed to select at most 1 books from a collection of 
(2n + 1) books. If the total number of ways in which he can select 
at least one book is 63, then the value of 7 is 

a, 2 b. 3 

c 4 d. 5 

In a group of 13 cricket players, four are bowlers. Find out in how 
many ways can they form a cricket team of 11 players in which at 
least 2 bowlers are included. 
a. 55 

ce. 78 

A person predicts the outcome of 20 cricket matches of his home 
team. Each match can result in a either win, loss or tie for the 
home team. Total number of ways in which he can make the pre- 
dictions so that exactly 10 predictions are correct is equal to 

a °C, x 2'° b. *C,, x 3” 

ce Cx 3° d. *C,, x 2” 

The number of different ways in which five ‘alike dashes’ and 
eight ‘alike dots’ can be arranged using only seven of these 
‘dashes’ and ‘dots’ is 

a. 350 b. 
ce. 1287 d. 
Let there be n > 3 circles in a plane. The value of n for which the 
number of radical centres is equal to the number of radical axes 
is (assume that all radical axes and radical centre exist and are 
different) 

a. 7 b. 6 

e 5 d. 


b. 72 
d. None of these 


120 
none of these 


none of these 


downloaded from jeemain.guru 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 


79, 


The nusmber of ways of choosing a committee of two women and 
three men from five women and six men, if Mr. A refuses to serve 
on the committee if Mr. B is a member and Mr. B can only serve, 
if Miss C is the member of the committee is : 


a. 60 b. 84 
c 124 d. none of these 
The last digit of (1! + 2! +--- + 2005!) is 

a. 9 ; b. 2 

ce 7 d. 1 


ABCD is a convex quadrilateral and 3, 4, 5 and 6 points are 
marked. on the sides AB, BC, CD and DA, respectively. The 
number of triangles with vertices on different sides is 

a. 270 b. 220 

ce. 282 d. 342 

There are 10 points in a plane of which no three points are collinear 
and four points are concyclic. The number of different circles that 
can be drawn through at least three points of these points is 

a. 116 b. 120 

ce 117 d. none of these 


n lines are drawn in a plane such that no two of them are paral- 
lel and no three of them are concurrent. The number of different 
points at which these lines will cut is 


b. n(n-1) 


cn? d. none of these 


The number of triangles that can be formed with 10 points as - 


vertices, n of them being collinear, is 110. Then 7 is 

a. 3 b. 4 

ce 5 d. 6 

There are three coplanar parallel lines. If any p points are taken 
on each of the lines, the maximum number of triangles with ver- 
tices on these points is 

a 3p?(p-1)+1 b. 3p?(p-1) 

ec. p? (4p — 3) d. none of these 

The maximum number of points of intersection of five lines and 
four circles is 

a. 60 b. 72 


c 62 d. none of these — 


If m parallel lines in a plane are intersected by a family of n paral- 
lel lines, the number of parallelograms that can be formed is 


1 
a. = mn(ra ~ 1)(n 1) b. 5 mn(m 1) (a4) 


Cc. : nen d. none of these 

The number of integral solutions of x + y + z= 0 with x 2—5, 
y2-5,z2-Sis 

a. 134 b. 136 

c. 138 d. 140 

The number of ways in which we can get a score of 11 by throw- 
ing three dice is 

a. 18 b. 27 

« 45 d. 56 

In how many different ways can the first 12 natural numbers be 
divided into three different groups such that numbers in each 
group are in A.P.? 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


Permutation and Combination 5.33 


a. 1 b. 5 

ce 6 d. 4 

Fifteen identical balls have to be put in five different boxes. Each 
box can contain any number of balls. The total number of ways of 
putting the balls into the boxes so that each box contains at‘least 
two balls is equal to 


a. °C, b. °C, 
te 8, d. "°C, 


If n objects are arranged in a row, then the number of ways of 
selecting three of these objects so that no two of them are next to 
each other is 


a. "°C, b. "°C, 
G23, d. 
The number of ways to give 16 different things to three persons 


A, B, C so that B gets one more than A and C gets two more than 
B, is 


none of these 


16! 


a b. 4!5!7! 
41517! 
16! 

c. 315181 d. none of these 


The number of ways in which we can distribute mm students 
equally among m sections is given by 


(mn)! (mn)! 

a. sai b. nly” 
! 

x a d. (mny” 


2m white counters and 2n red counters are arranged in a straight 
line with (m + n) counters on each side of a central mark. The 
number of ways of arranging the counters, so that the arrange- 
ments are symmetrical with respect to the central mark, is 


a. maC b. 242NC 
m . 

1 (m+n)! 

“2 min! 


2m 


d. none of these 


-A person buys eight packets of ‘TIDE detergent. Each packet 


contains one coupon, which bears one of the letters of the word 
TIDE. If he shows all the letters of the word TIDE, he gets one 
free packet. If he gets exactly one free packet, then the number of 
different possible combinations of the coupons is 


a. 7C b. §C 


3 4 
GAG, d. 4 
There are three copies each of four different books. The number 


of ways in which they can be arranged in a shelf is 


12! 12! 
(3!) (aly 
2m 12! 
. kaa San, 3 
G14! (4!)°3! 


The number of ways in which 12 books can be put in three shelves 
with four on each shelf is 


| 12! 12! 
a peer 
(4!) BNY(4ly 
' 
ana d. none of these 
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88. 


Algebra 


‘The total number of ways in which 2n persons can be divided 
into 7 couples is 


: 2n! 2n! 
a — —- 
nin! (2!) 
2n! 
c ——_ d. none of these 
ni(2!)’ 
Let x,, x,,... ,x, be the divisors of positive integer ‘n’ (including 


89. 


* 90. 


91. 


92. 


93. 


94. 


95. 


96. 


97. 


1 and n). If x, +x, +--- +x, =75, then ¥ 1/x; is equal to 


i=l 


75 75 

a. Zz b — 
n n 
15 


c. d. none of these 

Let A = (x,.¥,.¥,.....%,}. B= {v,, ¥,..¥,}. The total number of 
functions f: A > B that are on to and there are exactly three ele- 
ment x in A such that f (x) = y, is equal to 

a. 490 b. 510 

ec. 630 d. none of these 

The total number of ways in which 7? number of identical balls 
can be put in 7 numbered boxes (1, 2, 3, ..., 2) such that i" box 
contains at least i number of balls is 


Hs | 
a. Co b. Gry 

n+n-2 - 
c. 1 €, d. none of these. 


n-l 


The total number of ways in which 15 identical blankets can be 
distributed among four persons so that each of them gets at least 
two blankets is equal to 


b. °C, 


‘ d. none of these 


Number of ways in which 25 identical things be distributed 
among five persons if each gets odd number of things is 


a es OF b. aC, 
c "Co d BC, 


Number of ways in which Rs. 18 can be distributed amongst four 
persons such that nobody receives less than Rs. 3 is 

a b. 2? 

ce. 4! d. 
In how many ways can 17 persons depart from railway station in 
2 cars and 3 autos, given that 2 particular persons depart by same 
car (4 persons can sit in a car and 3 persons can sit in an auto)? 


none of these 


15! 16! 

21411 (21241313 
c. a d. 1st 

214131) 413!) 
The total number of ways of selecting six coins out of 20 one- 
rupee coins, 10 fifty-paise coins and 7 twenty-five paise coins is 
a. 28 b. 56 
ce IC d. none of these 


6 a 
Let f(n, k) denote the number of ways in which k identical balls 
can be coloured with v colours so that there is at least one ball of 
each colour. Then f(2n, 1) must be equal to 


98. 


99. 


100. 


101. 


102. 


103. 


104. 


105. 


106. 


107. 


a 7C) b. 


ie Soe 

eMC d. none of these 
The total number of ways in which three distinct numbers in A.P. 
can be selected from the set {1, 2, 3, ..., 24} is equal to: 
a. 66 b. 132 
‘c. 198 d. none of these 
The total number of ways of selecting two number from the set 
{1, 2, 3, 4, ..., 3%} so that their sum is divisible by 3 is equal to 

2n?—n b. 3n?—n 

2 2 

ec 2n?-n d. 3n?-n 


Among the 8! permutations of the digits 1, 2, 3, ..., 8, consider 
those arrangements which have the following property. If we take 
any five consecutive positions, the product of the digits in these 
positions is divisible by 5. The number of such arrangements is 
equal to 


a. 7! b. 2. (7!) 

ce 7C, d. none of these 

The total number of divisors of 480, that are of the form 47 + 2, n> 
0, is equal to 

a 2 b. 3 

ce 4 d. none of these 

The total number of times, the digit ‘3’ will be written, when the 
integers having less than 4 digits are listed is equal to 

a. 300 b. 310 

ce. 302 d. 306 


Straight lines are drawn by joining m points on a straight line to 
n points on another line. Then excluding the given points, the 
number of point of intersections of the lines drawn is (no two 
lines drawn are parallel and no three lines are concurrent) 


a. =m (m—1)(n-1) b. xin (m —1)(1 1) 


2 * qmn 

In a polygon, no three diagonals are concurrent. If the total 
number of points of intersection of diagonals interior to the poly- 
gon is 70, then the number of diagonals of the polygon is 

a. 20 b. 28 . 

2th. d. 


Two packs of 52 cards are shuffled together. The number of ways. 
in which a man can be dealt 26 cards so that he does not get two 
cards of the same suit and same denomination is 


none of these 


a. is OP 26 b. MC 
ce 2-"C,, d. none of these 
There are (nH + 1) white and (nm + 1) black balls each set num- 


bered 1 tom + 1. The number of ways in which the balls can 
be arranged in a row so that the adjacent balls are of different 
colours is 

a. (2n +2)! b. (2n+2)!x2 


ec (n+1)!x2 d. 2{(m+1)!}" 


The number of three-digit numbers’ of the form xyz such that 
x<yandz<yis 
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108. 


109. 


110. 


111. 


112. 


113. 


114. 


115. 


116. 


a, 276 b. 285 
c. 240 . d. 244 


A is a Set containing ‘n’ different elements. A subset P of A is 
chosen. The set A is reconstructed by replacing the elements of P. 
A subset Q of A is again chosen. The number of ways of choos- 
ing P’ and Q so that Pm Q contains exactly two elements is 

a "C,x2" b. "Cx 3"? 

ce. 377? d. none of these 


Messages are conveyed by arranging four white, one blue and 
three red flags on a pole. Flags of the same colour are alike. If 
a message is transmitted by the order in which the colours are 
arranged, the total number of messages that can be transmitted if 
exactly six flags are used is : . 


a. 45 b. 65 
ce. 125 d. 185 


20 persons are sitting in a particular arrangement around a circu- 
lar table. Three persons are to be selected for leaders. The number 
of ways of selection of three persons such that no two were sitting 
adjacent to each other is . 


a. 600 b. 900 
c. 800 d. none of these 
A seven-digit number without repetition and divisible by 9 is to 


be formed by using seven digits out of 1, 2,3, 4,5, 6, 7, 8. 9. The 
number of ways in which this can be done is 


a. 9! b. 2(7!) 
c. 4 (7!) ; d. none of these 
nis selected from the set {1, 2, 3, ..., 10} and the number 2” 


+ 3” +5" is formed. Total number of ways of selecting n so that 
the formed number is divisible by 4 is equal to 
a. 50 b. 49 


ec 48 : d. none of these 


The number of distinct natural numbers up to a maximum of four 
digits and divisible by 5, which can be formed with the digits 0, 
1, 2, 3, 4, 5, 6, 7, 8, 9 each digit not occurring more than once in 
each number is _ 

a, 1246 b. 952 

c. 1106 d. none of these 

A man has three friends. The number of ways he can invite one 


friend everyday for dinner on six successive nights so that no 
friend is invited more than three times is 


a. 640 b. 320 

c. 420 d. 510 

There are four letters and four directed envelopes. The number of 
ways in which all the letters can be put in the wrong envelope is 
a 8 b. 9 

ce. 16 d. none of these 


A bag contains four one-rupee coins, two twenty-five paisa coins 
and five ten-paisa coins. In how many ways can an amount, not 
less than Re | be taken out from the bag? (Consider coins of the 
same denominations to be identical.) 
a 71 b. 72 


c. 73 d. 80 


Permutation and Combination 5.35 


117. In a certain test, there are 7 questions. In the test 2” students gave 
wrong answers to at least i questions, where i = 1, 2, ..., . If the 
total number of wrong answers given is 2047, then 71 is equal to 
a. 10 b. 11 ; 
ce. 12 d. 13 

118. Rajdhani Express going from Bombay to Delhi stops at five inter- 
mediate stations, 10 passengers enter the train during the journey 
with 10 different ticket of two classes. The number of different 
sets of tickets they may have is 
a. PC ie b. %C,, 

c.- *C d. none of these 

119. A train timetable must be compiled for various days of the week 
so that two trains twice a day depart for three days, one train daily 
for two days and three trains once a day for two days. How many 
different timetables can be compiled? 

-a. 140 b. 210 
ce. 133 d. 72 

120. The total number of positive integral solution of 15 <x, +x, +, 
< 20 is equal to 
a. 685 b. 785 
ce. 1125 d. none of these 


MRR ae EU EMB ZL Solutions on page 5.55 


Each question has 4 choices a, b, c and d, out of which one or more 
answers are correct. 
1. Number of ways in which three numbers in A.P. can be selected 
from 1, 2, 3, ..., mis 


a. ("5 if m is even b. 7A = it nis even 


nan. if n is odd d. none of these 


2. Kanchan has 10 friends among whom two are married to each 
other. She wishes to invite five of them for a party. If the married 
couples refuse to attend separately, then the number of different 
ways in which she can invite five friends is 


a. °C, b. 2x8C, 
c C,-2 x 8C, ; d. none of these 


3. A forecast is to be made of the results of five cricket matches, 
each of which can be a win or a draw or a loss for Indian team. 
Let, 


p = number of forecasts with exactly | error 
q = number of forecasts with exactly 3 errors and 
r =number of forecasts with all five errors 


Then the correct statement(s) is/are 


a. 2q=5r b. 8p=q 
ec. 8p=5r d. 2(p+r)>q 
4. Ten persons numbered 1, 2, ..., 10 play a chess tournament, each 


player playing against every other player exactly one game. It 


is known that no ‘game ends in a draw. If w,, W,, .... W,, are the 


number of games won by players 1, 2, 3, ..., 10, respectively, and 
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6. 


10. 


11. 


Algebra 


1,2 by «++ 4, are the number of games lost by the players 1, 2, .... 
J O, respectively, then, 


a- Lw,=21=45 b. w,+1,=9 

c- Lwi?=81+>I? d. Lw?2= i)? 

The number of ways of choosing triplet (x, y, z) such that 
Zz =>max {x, y} and x, y,zé {1,2,....n,n+1}is © 


a. "CL +"C, b. n(n +1) (Qn+ 1/6 


c. [24 22 4 oes +n? d. 20°C.) = mC. 
Number of ways in which 200 people can be divided in 100 cou- 
ples is 


Ta b. 1x3x5-++ 199 
— EA) « 


If a seven-digit number made up of all distinct digits 8, 7,.6, 4, 3, 
x and y is divisible by 3, then 

a. maximum value of x — y is 9 

b. maximum value of x4 yis 12 

c. minimum value of xy is 0 © 

d. minimum value of x + yis 3 


. If 2 is number of necklaces which can be formed using 17 identi- 


cal] pearls and two identical diamonds and similarly m is number 
of necklaces which can be formed using 17 identical pearls and 
different diamonds, then 


a. n=9 
b. m=18 
ce n=18 
d. m=9 


Let,f(2) be the number of regions in which 7 coplanar circles can 
divide the plane. If it is known that each pair of circles intersect 
in two different point and no three of them have common point of 
intersection, then 


a. (20) = 382 

b. (1) is always an even number 
c. f-'(92) = 10 

d. f(n) can be odd 


Given that the divisors of m = 3” - 5% -7' are of the form 4A + 1, 
A= 0. Then 


a. p+ris always even 

b. p+q+ris always odd 
ec. gq can be any integer 

d. if p is odd then ris even 


Number of ways of selecting three integers from {1, 2,3, ..., 7} 
if their sum is divisible by 3 is 


a. 3(°°C,) + (n/3) ifn =3k,ke N 

Bb. 2077 PC) + CPC) + (n — DBP (n + 2), ifn = 3k + 1, 
keN ; 

ec. 20M) + PBC.) + (n — 1)/3Y (n + 2), if n = 3k + 2, 
keN 

d. independent of n 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19, 


Number of points of intersection of n straight lines if 7 satisfies 


Il(n-1) 


mS Ps = x ap. is 
a. 15 b. 28 
ce 21 d. 10 


Number of shortest ways in which we can reach from the point 

(0, 0, 0) to point (3, 7, 11) in space where the movement is pos- 

sible only along the x-axis, y-axis and z-axis or parallel to them 

and change of axes is perrnitted only at integral points (an inte- 

gral point is one which has its coordinate as integer) is 

a. equivalent to number of ways of dividing 21 different objects 
in three groups of size 3, 7, 11 

b. equivalent to coefficient of yz’ in the expansion of 
(1+y+z) 

c. equivalent to number of ways of distributing 21 different 
objects in three boxes of size 3, 7, 11 


d. equivalent to number of ways of arranging 21 objects of 
which 3 are alike of one kind, 7 are alike of second type and 
1] are alike of third type 


Number of ways in which 30 identical things are distributed 
among six persons is 

a. '’C,if each gets odd number of things 

b. '°C\, if-each gets odd number of things. 

c. ‘Cif each gets even number of things (excluding 0) 

d. '°C,, if each gets even number of things (excluding 0) 

If N denotes the number of ways of selecting r objects out of n 


distinct objects (r = 1) with unlimited repetition but with each 
object included at least once in selection, then N is equal to 


ae a Oe b. ip Se ; 
a TC d. none of these 


n~1 

A is a set containing n elements. A subset P of A is chosen. The set 
A is reconstructed by replacing the elements of P,. Next, a subset 
P, of A is chosen and again the set is reconstructed by replacing the 
elements of P,. In this way, m (>1) subsets Br Po tev, P of A are 
chosen. The number of ways of choosing P), P.,,..., P is” 

a, (2"-1)'if Pa Pye P =o 

b. 2M ifP,UP,U UP =A 

ec 2MiGP, AP, AP =o 

da. (2"-1)'ifP, UP,U- UP =A 

If 10! = 2? . 34. 5"- 7°, then 

a. 2g=p 

b. pars = 64 

c. number of divisors of 10! is 280 

d 


number of ways of putting 10! as a product of two natural 
numbers is 135 


If P = 21(21? - 12) (21? — 22) (21? — 32) -»- (212 — 102), then P is 
divisible by 

a. 22! b. 21! 

ec 19! d. 20! 

Let 7 is of four-digit integer in which all the digits are different. 


If x is number of odd integers and y is number of even integers, 
then 
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Reasoning Type @ 


a x<y bo x>y 
ce. 2% + y= 4500 d. kx-yl=54 
Solutions on page 5.57 


Each question has four choices a, b, c and d, out of which only one 
is correct. Each question contains STATEMENT 1 and STATE- 
MENT 2. 


a. 


b. 


Both the statements are TRUE and STATEMENT 2 is the correct 
explanation of STATEMENT 1. 


Both the statements are TRUE but STATEMENT 2 is NOT the 
correct explanation of STATEMENT 1. 


STATEMENT 1] is TRUE and STATEMENT 2 is FALSE. 


d. STATEMENT 1 is FALSE and STATEMENT 2 is TRUE. 


Statement 1: The number of positive integral solutions of abc 
= 30 is 27. 

Statement 2: Number of ways in which three prizes can be dis- 
tributed among three persons is 3°. 


Statement 1: Number of ways in which 10 identical toys can be 
distributed among three students if each receives at least two toys 


is°C,,. 
Statement 2: Number of positive integral solutions of x + y + Z 
+w=Tis°C, 


Statement 1: (7)!/(n!)" is a natural number for all n € N. 


Statement 2: Number of ways in which n? objects can be distrib- 
uted among /1 persons equally is (n?)!/(n!)". 


Statement 1: The number of ways of writing 1400 as a product 
of two positive integers is 12. 


Statement 2: 1400 is divisible by exactly three prime factors. 
Statement 1: Let E = {1, 2, 3, 4} and F = {a, b}. Then the 
number of onto functions from E to F is 14. 


Statement 2: Number of ways in which four distinct objects can 
be distributed into two different boxes is 14 if no box remains 
empty. 


Statement 1: Number of ways in which India can win the series 


of 11 matches is 2". (if no match is drawn). 
Statement 2: For each match there are two possibilities, either 
India wins or loses. 


Statement 1: Number of ways in which Indian team (11 players) 
can bat, if Yuvraj wants to bat before Dhoni and Pathan wants to 
bat after Dhoni is 11!/3!. 

Statement 2: Yuvraj, Dhoni and Pathan can be arranged in 
batting order in 3! ways. 

Statement 1: When number of ways of arranging 21 objects of 
which r objects are identical of one type and remaining are identical 
of second type is maximum, then maximum value of °C, is 78. 


Statement 2: °"+! C, is maximum when r = n. 


. Statement 1: Total number of five-digit numbers having all dif- 


ferent digits and divisible by 4 can be formed using the digits {1, 
3, 2, 6, 8, 9} is 192. 


10. 


11. 


12. 


13. 


14, 


15. 


16. 


17. 


Permutation and Combination 5.37 


Statement 2: A number is divisible by 4, if the last two digits of 
the number are divisible by 4. 

Statement 1: Number of ways in which 30 can be partitioned 
into three unequal parts, each part being a natural number is 61. 
Statement 2: Number of ways of distributing 30 identical 
objects in three different boxes is °C, 


Statement 1: If p, g <r, the number of different selections of 
P+ q things taking r at a time, where p things are identical and q 
other things are identical, isp+q-—r+ 1. 


Statement 2: If p, g > r, the number of different selections of 
p+4q things taking r at a time, where p things are identical and q 
other things are identical, is r—1. 

Statement 1: The number of ways in which three distinct num- 
bers can be selected from the set {3!, 37, 3%, ..., 31°, 3'"'} so that 
they form a G.P. is 2500. 


Statement 2: If a. b, c are in A.P., then 3", 3°, 3° are in G.P. 
Statement 1: Number of ways in which two persons A and B 
select objects from two different groups each having 20 different 


objects such that B selects always more objects than A (including 
the case when A selects no object) is (2° — °C,,)/2. 


n Circ, = (2 toa! °C 2. 


Osi< jsn 


Statement 2: The sum 


Statement 1: Number of ways of selecting 10 objects from 42 
objects of which, 21 objects are identical and remaining objects 
are distinct is 27°. 


Statement 2: °C, + °C, +?C,++°+°C,, = 2". 

Statement 1: Number of terms in the expansion of (x + y + Z 
+wyis 8C,, 

Statement 2: Number of non-negative solution of the equation 
p+qtr+s=S0is ¥C,. 

Statement 1: The number of ways in which n persons can be 
seated at a round table, so that all shall not have the same neigh- 
bours in any two arrangements is (7 — 1)!/2. 

Statement 2: Number of ways of arranging n different beads in 
circles in which ts (m — 1)!/2. 

Statement 1: Number of zeros at the end of 50! is equal to 12. 
Statement 2: Exponent of 2 in 50! is 47. 


Linked Comprehension Type Solutions on page 5.59 


Based upon each paragraph, three multiple choice questions have 
to be answered. Each question has four choices a, b, c and d, out of 
which is only one is correct. 


For Problems 1-3 : 

We have to choose 11 players for cricket team from eight batsmen, 
six bowlers, four all rounders and two wicket keepers in the following 
conditions. 


1. 


The number of selections when almost one all rounder and one 
wicket keeper will play 


a 4C,x 4C47C, x MC +4, KPC, x MCS 4 BC, 
b. 4C,x 8C, + 8C,, 
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«. ‘Cx BC+ PE. 
ai. none of these 


2. Number of selections when two particular batsmen do not want to 


play when a particular bowler will play 
a. "C,+ °C, b VC, + P?C,+"C,, 
c. "Co + “C), d. nd as UC, 
3. INumber of selections when a particular batsman and a particular 
wicket keeper do not want to play together 


a. 2°C, b °C, +8C,, 
CeO MG oe OG. d. none of these 


For Problems 4-6 


Twelvel2 persons are to be arranged around two round tables such that 
one table can accommodate seven persons and another five persons 
only. Answer the following questions. 


4, Number of ways in which these 12 persons can be arranged is 
a. °C.6!4! b. 6!4! 
c. ?C6!4! d. 
5. INumber of ways of arrangements if two particular persons A and 
B do not want to be on the same table is 
a. "C,6!4! b. 2'°C, 6! 4! 
c. ''C.6!4! d. 


none of these 


none of these 


6. Number of ways of arrangement if two particular persons A and 


B want to be together and consecutive is 
a. "C,6!3!2!+ a OP 4!5!2! b. “°C, 6! 3! + "C415! 
c. "C, 612! + "C, 512! d. none of these 


For Problems 7-9 


Five balls are to be placed in three boxes. Each box should hold all the 
five balls so that no box remains empty. 


7. Number of ways if balls are different but boxes are identical is 


a. 30° b. 25 
c. 2] d. 35 
8. Number of ways if balls and boxes are identical is 
a. 3 b. 1 
ce. 2 d. none of these 


9. Number of ways if balls as well as boxes are identical but boxes 
are kept in a row is 


a. 10 b. 15 
ce. 20 d. 6 


For Problems 10 - 12 

Let f(m) denote the number of different ways'in which the posi- 
tive integer n can be expressed as the sum of Is and 2s. For 
example, /(4) = 5, since 4=24+2=24+14+1=14+2+1=141 
+2=1+1+1 +1. Note that order of Is and 2s is important. 
10. The value of f06) i is 


a. 12 ob. 13 
c. 18 d. 21 
11.- The value of f(f(6)) is 
a. 400 b. 350 
c« 377 d. none of these 


12. f:NONis . 
a. one-one and onto 
b. one-one and into 
c. many-one and onto 
d. many-one and into 
For Problems 13-15 


There are m seats in the first row of a theatre, of which 1 are to be 
occupied. 


13. The number of ways of arranging n persons if no two persons sit 
side by side is 


_ (m—n+1)! (m—n+I)! 
(m—3n +1)! (m—2n)! 
(m-n+1)! (m—n+2)! 

none a (m~2n-1)! 


14. If is even, the number of ways of arranging n persons if each 
person has exactly one neighbour is 
a. ("7 Pn) cael P b. "P. ) "ne P ) 


nl2 
c. CP.) Gane) d. none of these 


15. The number of ways of arranging n persons, if out of any two 
seats located symmetrically in the middle of the row at least one 


is empty is 

a. Gre jeY) P| b. Ls oa 

c. (™P \(2"-1) de ("™P )(2”) 
For Problems 16-18 


Consider the letters of the word ‘MATHEMATICS’, 


16. Possible number of words taking all letters at a time such that at 
least one repeating letter is at odd position in each word is 


Itt 9! b 9! 
“21212! 212! 2!2!2! 
| 
= 9! d. 11! 
2! 2! : 2!2!2! 


17. Possible number of words taking all letters at a time such that in 
each word both M’s are together and both T’s are together but 
both A’s are not together is 


il! i0! 


a. _-—— b. 7! 8C, 

2!2!2! 2!2! 5 

! 

c. oat d. Ze 
212! 2!2!2! 


18. Possible number of words in which no two vowels are together 
is 


bg. at 
a. 7! tc b. tt opus 
2! aes 

7! ap 4! a alae a 
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A function is defined asf: (4, d,, dy, G4, U5, 4} > {b,, b,, b,}. 


Matrix—Match Type Him Solutions on page 5.60 bs 


Column I | Column IT 
Each question contains statements given i two columns, which a. Number of subjective functions |p. is divisible by 9 
. have to be matched. Statements a, b, c, d in column I have to be 
b. Number of functions in which. q- is divisible by 5 


matched with statements p, q, r, s in column II. If the correct 
match are a—p, a—s, , b—q, b—r, c—p, c—q and d—s, then the 
correctly bubbled 4 x 4 matrix should be as follows: 


flai) # bi 


‘ce. Number of invertible functions 


— 


r. is divisible by 4 


Column I 


ee 
Column I 


a. Number of straight lines joining any two of 10 
points of which four points are collinear 


imum, number of points of intersection of 
10: straight lines in the plane 


¢. Maximum number of points of intersection of 
six circles in the plane 


d. Maximum number. of points of intersection of 
six parabolas 


Column I Column II 


. Number of rectangles 


b. Number of squares’ 


. Number of ways three squares can be selected if | r. 91 
they are not in same row or column 


. In how many ways eleven ‘+’ sign can be 
arranged in the squares if no row remains 


DEY Column I Column Ii 
; a. The number of five-digit numbers having (p) > 70 
. Consider the convex polygon, which has 35 diagonals. Then match the product of digits 20 is 
the following column. 
b. A closest has five pairs of shoes. The number | (q) < 60 


Column I Column H 


. Number of triangles joining the vertices of the 
polygon 


b. Number of points of intersections of diagonal 
which lies inside the polygon 


3 Number of triangles in which exactly one side 
is common with that of polygon 


d. ‘Number of triangles in which exactly two sides | s. 60 
are common with that of polygon 


d. Number of many one functions s. is divisible by 3 


t. not possible 


Column IE : 


Column I 


a. Total number of function f:{4,2,3,4, |p. divisible by 11 
5} {1, 2, 3, 4, 5} that are on to and 


f(@ # iis equal to 


b. Ifx,x,x,=2x 5x7’, then the number of | q- divisible by 7 
solution set for (x,, X,, X,) where x, € N, 


x,> Lis 


c. Number of factors of 3780 are divisible r. divisible by 3 


by either 3 or 2 or bothis © 


d. Total number of divisors of 1 = 93 x 34x 


s. divisible by 4 
5'° that are of the form 42. + 2, A> 1 is oe 


Column I Column IT 


a. Four dice (six faced) are rolled. The 
number of possible outcomes in which at 
least one dice shows 2 is 


b. Let A be the set of 4-digit number a,a,a,a , | 4-480 
where a, > @, > @,>a,. Then n(A) is equal 
to 


r. 671 


s. 450 


c. The total number of three-digit numbers, the 
sum of whose digits is even, is equal to 


d. The number of four-digit numbers that can 
be formed from the digits 0, 1, 2, 3, 4, 5, 6, 
"7 so that each number contains digit | is 


of ways in which four shoes can be drawn from 
it such that there will be no complete pair is 


ce. Three ladies have each brought their one | (r) € (50, 110) 
child for admission to a school. The principal 
wants to interview the six persons one by 
one subject to the condition that no mother is 
interviewed before her child. The number of 


ways in which interviews can be arranged is 


(s) € (40, 70) 


2 


d. The figures 4, 5, 6, 7, g are written in every 
possible order. The number of numbers 
greater than 56000 is 
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8. 


[Getumn if 


Integer Type 


a- _ If @ denotes the number of permutations of x 


5 The number of six-digit numbers that can be 
~ seven digits occupy odd places is product of 


c.. The number of five-digit numbers that-can be 


d. Ina polygon the number of diagonals is 


Algebra 


Column II 


=. +2 things taken all at a time, D the number 
= of permutations of x things taken 11 at a 
© time and c the number of permutations of 
x — 11 things taken all at a time such that 
| a= 182 bc, then the value of x is product of 


_~ made with the digits 0, 1, 2, 3,4 and 5 so that 


““ made using the digits 1 and 2 and in which at 
least one digit is different is product of 


54. The number of sides of the polygon is 
= product of 


Solutions on page 5.62 


If"P ="P_,,and’C.="C_, then the value of n + ris. 
A person has ‘n’ friends. The minimum value of ‘n’ so that a 
person can invite a different pair of friends every day for four 


weeks ina Tow is. 


There are n distinct white and 7 distinct black balls. If the number 
of ways of arranging them in a row so that neighboring balls are 
of different colors is 1152 then value of ‘7’ is. 


Numbers from | to 1000 are divisible by 60 but not by 24 is. 


Number of ways in which the letters of the word ‘ABBCABBC 
can be arranged such that the word ABBC does not appear is any 
word, is N then the value of (N'? — 10) is. 


A class has three teachers, Mr. P, Ms. Q and Mrs. R and six stu- 
dents A,B,C,D,E,F. Number of ways in which they can be seated 
in a line of 9 chairs, if between any two teachers there are exactly 
two students, is k!(18), then the value of & is. 


Consider the five points comprising of the vertices of a square 
and the intersection point of its diagonals. How many triangles 
can be formed using these points? 


If number of selections of 6 different letters that can be made 
from the words ‘SUMAN’ and ‘DIVYA’ so that each selection 
contains 3 letters from each word, is N’ then the value of N is. 


There are 20 books on Albegra and Calculus in one library. For 
the greatest number of selections each of which consists of 5 
books on each topic possible number of Algebra books are N then 
the value of N/2 is. 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


Number of permutations of 1, 2, 3, 4, 5, 6, 7, 8 and 9 taken all at 
a time are such that the digit : 

1 appearing somewhere to the left of 2 

3 appearing to the left of 4 and 

5 somewhere to the left of 6, is x7! Then the value of k is. 


The number of # digit numbers which consists of the digits 1 and 
2 only if each digit is to be used at least once, is equal to 510 then 
nis equal to. 


Number of ways in which 7 people can occupy six seats, 3 seats 
on each side in a first class railway compartment if two specified 
persons are to be always included and occupy adjacent seats on 
the same side, is (5!) - k then k has the value equal to. 


There are 2 women participating in achess tournament. Every par- 
ticipant played 2 games with the other participants. The number 
of games that the men played between themselves exceeded by 
66 as compared to the number of games that the men played with 
the women..If the number of participants is n then the value of 
n-6is. 


The number of three digit numbers having only two consecutive 
digits identical is N, then the value of (N/2)'” is. 


Number of 4 digit numbers of the form N = abed which satisfy 


following three conditions 

(i) 4000 <N < 6000 

(ii) N is a multiple of 5 

aii) 3<b<c<6 

is equal to N then the value of N/3 is. 


Number of ways in which 5 A’s and 6 B’s can be arranged in a 


. row which reads the same backwards and forwards, is N then the 


value of N/2 is. 


If N is the number of different paths of length-12 which leads 


- from A to B in the grid which do not pass through M, then the 


18. 


19, 


value of [N/10], where [ . ] represents the greatest integer func- 
tion, is. 


There are 720 permutations of the digits 1, 2, 3, 4, 5, 6. Suppose 
these permutations are arranged from smallest to largest numeri- 
cal values, beginning from | 2 3 4 5 6 and ending with 6 5 43 2 
1. Then the digit in unit place of number at 267" position is. 


If N is the number of ways in which a person can walk up a stair- 
way which has 7 steps if he can take 1 or 2 steps up the stairs ata 
time, then the yalue of N/3 is. 
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20. 


21. 


22. 


23. 


24. 


There are 3 men and 7 women taking a dance class. If Nis number 
of different ways in which each man be paired with a woman 
partner, and the four remaining women be paired into two pairs 
each of two, then the value of N/90 is. , 


Let P,, denotes the number of ways in which three people can be 
selected out of ‘n’ people sitting in a row, if no two of them are 
consecutive. If, P|, — P, =15 then the value of ‘n’ is. 

A man has 3 friends. If N is number of ways he can invite one 
friend everyday for dinner.on 6 successive nights so that no friend 
is invited more than 3 times then the value of N/170 is. 


If N is the number of ways in which 3 distinct-numbers can be 
selected from the set {3', 37, 3°,......3'°} so that they form a G.P. 
then the value of N/5 is. 

nonfk ; ; = 
Let fr) = ¥ 3/ }: Find the total number of divisors of 
f(9). r=0 karl 


Solutions on page 5.64 
Subjective Type 
1. (i) In how many ways can a pack of 52 cards be divided equally 


2. 


among four players? 


.(ii) In how many ways can you divide these cards in four sets, 


three of them having 17 cards each and the fourth one just 
one card? (IT-JEE, 1979) 


Six Xs have to be placed in the squares of figure below in such a 
way that each row contains at least one X. In how many different 


ways can this be done? 
R 


Ry 


Ry 


Fig. 5.34 
(IIT-JEE, 1978) 


Five balls of different colours are to be placed in the boxes of 
different size. Each box can hold all five. In how many different 
ways can we place the balls so that no box remains empty? 


(IIT-JEE, 1981) 


m men and # women are to be seated in a row so that no two 

women sit together. If 77 > 7, then show that the number of ways 

in which they can be seated is m!(m + 1)'/(m—n + I)!. 
(IIT-JEE, 1983) 


Seven relatives of a man comprises four ladies and three gentle- 
men; his wife has also seven relatives—three of them are ladies 
and four gentlemen. In how many ways can they invite 3 ladies and 
3 gentlemen at a dinner party so that there are three man’s relatives 
and three wife’s relatives? 

(IIT-JEE, 1985) 


10. 


Permutation and Combination 5.41 


A box contains two white balls, three black balls and four red 
balls. In how many ways can three balls be drawn from the box if 
at least one black ball is to be included in the draw? 


(HIT-JEE, 1986) 


A student is allowed to select almost 7 books from a collection of 
2n + 1 books. If the total number of ways in which he can select 


at least one book is 63, find the value of n. 
: (IIT-JEE, 1987) 


A number of 18 guests have to be seated, half on each side of a 
long table. Four particular guests desire to sit on one particular 
side and three others on the other side. Determine the number of 
ways in which the sitting arrangements can be made. 


(IIT-JEE, 1991) 


A committee of 12 is to be formed from nine women and eight 
men. In how many ways can this be done if at least five women 
have to be included in a committee? In how many of these 
committees 

a. the women hold majority? 
b. the men hold majority? (IIT-JEE, 1994) 
Prove by permutation or otherwise that (?)!/(m!)" is an integer 
(ne I). (IT-JEE, 2004) 


Objective Type 


Fill in the blanks 


1. 


In acertain test, a, students gave wrong answers to at least / ques- 
tions, where i = |, 2. ..., k. No student gave more than k wrong 
answers. The total number of wrong answers given is 


(IIT-JEE, 1982) 


The sides AB, BC and CA of a triangle ABC have 3, 4 and 5 inte- 
rior points, respectively on them. The number of triangles that 
can be constructed using these interior points as vertices is 


(IIT-JEE, 1984) 


The total number of ways in which six ‘+’ and four “—' signs can be 
arranged in a line such that no two ‘—" signs occur together is 
(IIT-JEE, 1988) 


There are four balls of different colours and four boxes of colours 
same as those of the balls. The number of ways in which the balls, 
one each in a box, could be placed such that a ball does not go to 
a box of its own colour is : 


(IIT-JEE, 1992) 


True or false 


1. 


The product of any Fr consecutive natural numbers is always 


divisible by r'. (IIT-JEE, 1985) 
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5.42 


Algebra 


Multigale choice questions with one correct answer 


1. 


If"C_, =36, "C= 84 and "C= 126, then ris 


b. 2 ce. 3 d. none of these 


(IET-JEE, 1979) 


a. | 


‘Ten different letters of an alphabet are given. Words with five 
Jetters are formed from these given letters. The number of words, 
which have at least one letter repeated is ; 


a. 59720 b. 79260 


c. 69760 d. none of these 


5 
The value of the expression “’C, + » 2-IC, is equal to 


je! 


a. "C, b. C. 
ce. PC, d. 


5 


none of these 


Eight chairs are numbered | to 8. Two women and three men 
wish to occupy one chair each. First, the women choose the chairs 
from amongst the chairs marked | to 4, and then the men select 
the chairs from amongst the remaining. The number of possible 
arrangements is 

a. °C,x tC, b. *P,Xx*P, 
none of these 


(IIT-JEE, 1982) 


ce CLP, d. 


In a group of boys, two boys are brothers and six more boys are 
present in the group. In how many ways can they sit if the broth- 
ers are not to sit along with each other? 


a. 2x6! b. ’P,x6! 


c. 7C,x6! : d. none of these 


(IIT-JEE, 1982) 


A five-digit number divisible by 3 is to be formed using the digits 
0, 1, 2, 3, 4 and 5, without repetition. The total number of ways 
this can be done is 


a. 216 -b. 240 


ce. 600 d. 3125 (GUIT-JEE, 1989) 


. An n-digit number is a positive number with exactly n digits. 


Nine hundred distinct -digit numbers are to be formed using 
only the three digits 2, 5 and 7. The smallest value of # for which 
this is possible is 

a. 6 b. 


c. 8 , d. 9 (IFT-JEE, 1998) 


. How many different nine-digit numbers can be formed from the 


number 223355888 by rearranging its digits so that the odd digits 
occupy even positions? 
a. 16 b. 36 


c. 60 d. 180 (IIT-JEE, 2000) 


9. 


10. 


11. 


12. 


13. 


14. 


. Let 7, denote the number of triangles, which can be formed using 
the vertices of a regular polygon of n sides. If T.,,— T= 21, then 
n equals 
a 5 b. 

c. 6 d. 4 (IT-JEE, 2001) 
The number of arrangements of the letters of the word “BANANA’ 
in which the two Ns do not appear adjacently is 

a. 40 b. -60 

ec. 80 d. 100 (I{T-JEE, 2002) 


A rectangle with sides 27 — 1 and 2n — 1 is divided into squares 
of unit length by drawing parallel lines as shown in the diagram, 
then the number of rectangles possible with odd side lengths is 


a0 


1 2 


2m-1 2m 


b. qinee-l 


a. (mt+tn—1y 


c. nvr i d. min + 1)1(71 + 1) 


(IIT-JEE, 2000) 


If r, s, t are prime numbers and p, g are the positive integers such 
that the LCM of p, q is r?t*s?, then the number of ordered pair 
(p,q) is 


a. 252 b. 254 
225 d. 224 (IIT-JEE, 2006) 
The letters of the word ‘COCHIN’ are permuted and all the per- 


mutations are arranged in an alphabetical order as in an English 
dictionary. The number of words that appear before the word 
‘COCHIN’ is 


a. 360 b. 192 
c. 96 d. 48 

(IIT-JEE, 2007) 
Let 5 = (1, 2, 3, 4}. The total number of unordered pairs of dis- 


joint subsets of S is equal to 


a. 25 b. 34 


ce. 42 d. 41 
(HT-JEE, 2010) 
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Subjective Type 


1. Consider n+ 1 different toys Then, 


no. of ways of 
selecting r toys out of 
(n + 1) different toys 


no. of ways of selecting 
=| (r—1) toys out of n toys 
when TJ, is always included 


no. of ways of 
+ | selecting r toys when 7, 
is always excluded 
="C_,+"C, . 
Hence, "+'C.="C__,+"C.. 


2. Now, (m!)! is the product of the positive integers from | to n! 
We write the integers from 1 to n! in (n — 1)! rows as follows: 


1x2x3---n 
(n+1)(n+2)(n+3)---(2n) 
(2n+1)(2n+2)---(3n) 
(3n+1)(3n+2)---(4n) 


(n!—ntl)(n!-n+2)---(n(n—1!) 


Each of these (7 — 1)! rows contain n consecutive positive inte- 
gers. The product of consecutive integers in each row is divisible by 


n! Thus, the product of all the integers from 1 to n! is divisible by (7!) 
(n=l)! 


3.0, HX, XyXysXypXy 
1, = VyVo Vo Vy V5 


and n, can be added without carrying at any stage if x, + y, <9. 


Value of x, Value of y, 

0 “ip L2i.t59 | 
1 0, 1,2, ...,8 
ea 

2 0, 1,2, ...,7 

3 0, 1, 2, 3, 4,5, 6 

[4 0, 1, 2, 3, 4,5 

| 5 io 3,4 ea 

2 

| 6 0;.1,:2,:3 

7: 0, 1,2 

Es f 4 
a ; | 


Thus, x, and y, can be selected collectively by 10 + 9 + 8 
4.64 1=55 ways. Similarly, each pair (x,, y,), 4.3) 0, y,) can 


ANSWERS AND SOLUTIONS 


Permutation and Combination 5.43 


be selected in 55 ways. But pair (x,, y,) can be selected in 1 + 24+3 
+++ +8 = 36 ways as in this pair we cannot have 0 or 9. Thus, total 
number of ways is 36(55)*. 


4, Ny, =X pXqpXqyXyoXy 


1, =YViVrVyVyVs 


_ n, and n, can be subtracted without borrowing at any stage if x, < y, 


Value of x, Value of y, 


0, 1,2, 0.49 
[o12, 8 a 

10,1, 2,-2.7 

| 0,1,2.3,4.5,6 


0, 1, 2, 3, 4,5 


_[o.,2.3.4 


0, 1, 2,3 
0, 1,2 : 


Thus, x, and y, can be selected collectively by 10+9+8+-:: 
+ 1 = 55 ways. Similarly, each pair (, y,), GY), Gy» p,) can 
be selected in 55 ways. But, pair (x, y,) can be selected in — 
14+24+3+---+9 = 36 ways as in this pair we cannot have 0. 

Thus, total number of ways is 45(55)*. 

5. Case I: Two identical digits are 0, 0. 

The number of ways to select three more digits is °C,. The 
number of arrangements of these five digits is 51/2! — 4! = 36. 

Hence, the number of such numbers Is 


°C, x 36 = 3024 (1) 


Case II: Two identical digits are (1, 1) or (2, 2) or ... or (9, 9). 

If 0 is included, then number of ways of selection of two more 
digits is *C,. The number of ways of arrangements of these five digits 
is 51/2! — 41/2! = 48. Therefore, Number of such numbers is *C, x 48. 
If 0 is not included, then selection of three more digits is *C,. There- 
fore, Number of such numbers ts *C, x 5!/2! = 8C, x 60. Hence, total 
number of five-digit numbers with identical digits (1, 1). 0... (9, 9) 
is 

9 x OC, x 48 + *C, x 60) = 42336 (2) 

From Eqs. (1) and (2), the required number of numbers is 3024 

+ 42336 = 45360. 


6. Out of six faces, three can be selected in °C, ways. 


Consider one such selection, say ABC. Each of the ‘n° places can be 
filled in three ways. So total number of ways is 3”. 

But this includes those ways also, which contain exactly one alpha- 
bet or exactly two alphabets which are to be subtracted. 

Now, number of ways which contain only one letter is 3. and number 
of ways containing exactly two alphabets is *C, (2" — 2). 

Hence, the number of ways is 3" — 3C, (2" — 2) — 3. So, required 
number of ways is °C, [3" — #C, (2" — 2) ~ 3]. 
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5.44 Algebra 


7. 


Number 
of numbers 


Pattern 


=One of 
the digits 


306, 315, 324, 333 
408, 417, 426, 
435, 444 
519, 528, 537, 
546, 555 
639, 648,657, 666 
eee? 

759, 768, 777 
ate 

879, 888 


999 


| 
Total 


Alternative solution: 
Consider two sets. 

(1) 1, 3,5, 7,9 

(2) 0, 2, 4, 6, 8 

The required number of ways = [any two from set (1) + any two 
from set (2) (excluding zero)] 3! + [0 along with any one from set (2)] 
x 4+ all three alike 
= (C,+4C,) x 3!44C, 449 
= 121 


eee 
4+6+64+6+1 
=23 


8. Let the number of members be 1. Total number of points is "C,. 
Therefore, "C,- 17x 5=(n—-4)x (where x is the number of point 
scored by each player) 


=> n(n—-1)-35=2(n-4)x 
=> 2x= “ee (where x takes the values 0.5, 1, 1.5, etc.) 
n- 
nw —n—-35 
n—-4 


_ a(n—4)+3(n-4)—-23 
n-4 


23 
n—-4 


=(n+3)- 


23 : 
= — must be an integer 
n- 


=> n=27 


9. Excluding the two specified guests, 2” persons can be divided 
into two groups one containing # and the other containing n — 2 in (2n 
—2)!/[n!(2 — 2)!] ways and can sit on either side of master and mistress 
in 2! ways and can arrange themselves in #! (7 — 2)! Now, the two 
specified guests where 7 — 2 guests are seated will have » — | gaps and 
can arrange themselves in 2! ways. The number of ways when G,G, 
will always be together is 


Fig. 5.36 


(2n-2)! 
ni(n—-2)! 


= (2n—2)! 4(n—- 1) 
Hence, the number of ways when G,G, are never together is 
(2n)! —4 (n— 1) Qn-2)! = (2n - 2)! [2n (Qn - 1)—-4 (2-1) 
= (2n —2)! [4n? — 6n + 4] 
10. Let the two subsets be called 4 and B. The elements for the 
two sets will be selected as follows. 

First, two elements out of k elements for both the sets can be selected 
in *C, ways. Now, remaining r elements for the subset A are selected from 
k—2 elements and any number of elements for B from the remaining k — 2 
—r elements. 

Here r can vary from 0 to k — 2. For a fixed r, the number of selec- 
tions is -?C x 2*-?-", because the number of selections of any number 
of things from 7 things is 2”. Then, the total number of selections is 


2! n! (n—2)!(n—-1) x2! 


k-2 
pea oe x 2*-2-r_— 1, excluding the case when both the subsets are 
r=0 


equal having only the two common elements. 


But, every pair of A, B is appearing twice like {a,, a,, a,}, {a,, 
Ay, Ay As, Ae} and {a,, A,, Ay Ass a,}, {a,; 4,, 4,}. Hence, the required 
number of ways is 


— x5 lec, x 2k-2 +h2C, x Qk-3 +*2C, x Dk-4 


Pe a See reef 


= AED fae yy 


11. The number of selections of r objects from 7 identical objects 
and 1 —r objects from 2» different objects is 1x "C,_.="C,_. 
Here r varies form 0 to 7. Therefore, the required number of 
selections is 


Hn 
er Cas ="C 4C 447C (pee 
n-r " n-1 n-2 


r=0 


Qn 
+7"C, 


= C+ CC, + + CC, (writing in reverse order) 


= 5{2q22™ CAP Cet Cy} 


1 2 2 2 2 
= Slot MCs ECC, ES ome oar 


4?"C pee Suge C, 


ant n 
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[MG t MC 4G, +"C, tot "Cy, +7"C, } 


1 2n , 2n 
= 2" 4"C 
= at 
= 2207! za 1 2n! 
7 2 (n!)? 


12. Since no two lines are parallel and no three this pass through 

the same point, their points of intersection, i.e., number of ways of 

selecting two lines from 7 lines is "C, = N (say). It should also be 

noted that on each line there will be (n — 1) points of intersection 
made by the remaining (7 — 1) lines. 


Now we have to find number of new lines formed by these 
points of intersections. Clearly, a straight line is formed by joining 
two points so the problem is equivalent to select two points from N 
points. But each old line repeats itself “’-C, times [selection of two 
points from (” — 1) points on this line]. Hence, the required number 
of new lines is 


NC, — nC = Jocn(nD] Sn p-1 smn 1)(n—-2) 


= n(n Yi —-n- -2) 5 n(n—I\n- —2) 
= " (n-1)[n? —n-2-4n+8] 


erin 1)(n—2)(n-3) 


13. (a) A straight line can be formed by joining any two points. so 
number of straight lines (i.e., selection of two points from 7) is "C,. 
But, selection of two points from m collinear points gives no extra line. 
Hence, number of distinct straight lines is 


1 
"C, ("C, 1) = 5 


n(n-l) 


(b) Formation of triangles is equivalents to section of three points 
from points. As m points are collinear, selection of three points 
from m collinear points gives no triangles. Hence, the number of tri- 
angles is 


s(n 1)+1 Q) 


"C, — "C= {n(n \)(n 2) m(m=-1)(m—2) | 

(c) Four points determine a quadrilateral. But of these four points, 
not more than two is to be selected from the four collinear points. 
Now, number of selections of four points from all is "C,. The 
number of selections of three points from m collinear and one from 
rest is "C,"—"C,. The number of selections of four points from m 
collinear = "C,. 


Hence, the number of quadrilaterals is "C,—"C, x “—"C, —"C,. 


14. The number of ways of disturbing # identical things among ” 
person when at least 7 — 3 persons get none of these of the objects is 
A+B + C (suppose), where 4 is the number of ways when exactly 
n — 3 persons get none of these, i.e, ""'C,"C,; B is the number of 
ways when exactly m — 2 persons get none of these, ie, "'C"Cy C 
is the number of ways when exactly 7 — 1 persons get none of these, 

e.,"C,. Hence, 


Permutation and Combination 5.45 


A+B+C =""'C,°C, 4 'C'C, +°C, 


_ (n=H(@—2) nn l\(n 2) @ Yn(n—-l) a 
is 2 6 ,) ‘1 


2 6 


n(n-1) E ee 
7 +n 
2 6 

15. Let the city be represented by a rectangle whose sides are of 
length a and b north-south and west-east, respectively. Man has to 
go from P to Q. For this, he will have to travel a distance a vertically 
downward and a distance b horizontally from left to right. 

Let a,, a, -. @, , denote the distances between consecutive 
streets drawn horizontally beginning with the street passing through 
Pandb,, b,,...,b,_, denote the distances between consecutive streets 
drawn vertically beginning with the street passing through P. 


P n streets 
ee 
W 
E 
m streets 
io Q 
Fig. 5.37 


Each arrangement of (m+ — 2) things a,, 4, ....4,,_) Dy, Dy, os 
b,_, ina row so that order of a,’s does not change and order b,’s does 
not change corresponds to one “path to go from P to Q. 

Therefore, the required number is equal to number of arrangements 
of m +n—2 things such that order of a,’s does not change and order of 


b,s does not change, which is equal to (m+n—2)'!m — 1)(n—-1)!. 


Alternative solution: 


Let the city be represented by a rectangle whose sides are of length a 
and 6. 


P a 


b 


ie) 


Fig. 5.38 


For each path total distance covered in horizontal direction is a 
and that in vertical direction is b. a is the sum of lengths of (m — 1) 
horizontal line segments and 4 is the sum of lengths of (7 — 1) verti- 
cal line segments. 


Each path to go from P to Q will be a arrangement of (im + 7 — 2) 
line segments of which (m7 — 1) are horizontal and (7 — 1) are verti- 
cal. 


Therefore, the required number is equal to number of arrange- 
ments of m+n —2 different things of which m— | are of one kind and 
n— 1 are of another kind, which is given by (m+n —2)'V(m— 1)'(n 
—1)!. 
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5.46 Algebra 


16. Let the batsman hit x fours, y sixes and let z balls may not yield 


runs. Then we have, 
4x + 6y + 0z = 100 

where 

x+y+z=20 
From Eqs. (1) and (2), 

4(20 -y-—z) + 6y = 100 
= 2y-4z7=20 
=> y-2z=10 
=> y=10+2z 


(1) 


(2) 


Hence, z can be 0, 1, 2, 3 as any of x, y, z cannot exceed 20. So, we 


have following type of distribution of runs: 


Number of | Number of 
fours, x sixes, y 


Hence, the total number of ways is 


20! ( 


Number of | Number 


of ways of 
arranging x, y 
and z 


20! 


10! 10! 


20! 
411412! 


ea cere 
42!7! 10!10! 


17. The total number of ways to le the balls disregarding the 


constrains is 2/*!*3- Beer 


The total number of ways to place the balls so that the first box 


will have more balls than the other two is'*7>'C,_, 


='+2C 


[We place ¢ + | balls in the first box and then divide the rest of f 


balls in the three boxes arbitrarily.] 


The same result applies to the case of 2" box holding more balls 
than 1" or 3 combined and also for the 3 box containing more balls 
than |“ and 2™ combined. Hence, required number of ways is 


t 
BELG, a 3'+°C, = get” 


18. The whole family has 24 children. Children of Geeta and Sohan 
are 24 — x — (x + 1) = 23 — 2x in number. When Sohan’s child fights 
with a Geeta’s child, there are x(x + 1) fights. When Sohan’s child 
fights with Sohan and Geeta’s children, there are x(23 — 2x) fights. 
Again, when Geeta’s child fights with Sohan and Geeta’s children, 
there are (x + [) (23 — 2x) fights. Therefore, total number of fights 


is 


F(x) =x(44+ 1) 4+x(23 -2x)4+ (x4 1) (23 - 2x) 
= 23 + 45x — 3x? 


23 225 15) 
= 3} —4+—-] x-— 
3 4 2 
For F(x) to be maximum, 


aes 0, 
2 


i.e., 
x=7.5 
Since x is an integer, therefore, x = 7 or 8. For both x = 7 and 
x = 8. Total number of fights is F(x) = 191. 
19, Given, 


nx + ny =xy 
=> xy-nx-ny+W=r 
> (-raiy-n=r 
Hence, (x — n) and (y — n) are two integral factors of n?. Obviosly, 
if d is one divisor of n?, then for each sub-divisor there will be an 
ordered pair (x, y). Let S(n) be the number of divisors of n’. 
(i) For n = 6, we have d = 1, 2, 3, 6, 9, 12, 18, 36. 
S(6) = 
(ii) If n is prime, then d = 1, n and n’; hence S(n) = 3. 


20. When 12 fruits are distributed subject to the given condition, 


’ either nine boys get one fruit each and the remaining one boy gets 


three fruits or eight boys get one fruit each and the remaining two 
boys get two fruit each. Three fruits to a boy can be given in the four 


ways. 
fae ke 
2 3 


After giving 3 apples to a single boy, the 3 remaining apples and 
6-oranges can be distributed to the 9 boys in (?C,) (°C,) ways. Thus, 
number of ways three fruits can be given to a particular boy is 

CC) CC.) + CC) CC) + CC.) CC) + CC.) CC) 
= =e, +°C)] 

One particular boy can be chosen in '°C, = 10 ways. Therefore, 
three fruits can be given to a single boy in ("°C,) (2) PC, + °C,] = 20 
(°C) = 4200 ways. 

We can give two fruits to two boys, say P and Q, in the following 
ways: 


Apples 3 
Mangoes 0 1 


The remaining eight fruits can be distributed among eight boys in 
the following ways: - 


CC) CC) + CC) PC) + CC) CC) + CC) CC) + EC) 
CC) +00): CC) + CC) CC) # OC) .CC,) + CC.) CC) 


=2 °C) +40C,) +40C,) 
Two boys out of 10 can be chosen in '°C, ways. Therefore, number 
of ways two boys can get two fruits each is 
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(°C) [20C,) + 4 GC) + 3 CC] 


i ! i ! 
_ _10! E Be gee an | 
218!) 216! 315! AIA! 
10! 15 


= —— | 14+—]| = 22050. 
2!6! 4 


Hence, the required number of ways is 4200 + 22050 = 26250. 


Objective Type 


Ld a="C, > a= Mn) 
: 2 
ee a(a-1) _ mind {mn} 
a 2 De a9) 2 
= sin —1)(n=2m+) 


= 5 (n+ Lymm —1)(m—2) = 3 ag a 


2a. "C, +°C,>"+'C, . 
1 ! oo = i 
=> "E!Cl> rl, "C, 47°C, =" 4 'C, 1) 


r 


: ae OF 
= n+l >1 
v C, 
n-2 
=> >1 
4 
=> n>6 
n=l LG 
3.b. “S$ ———+— 
rao, $°C,,) 
454 
ee te 
rao rel 
"C, 
_ n=l 1 
r=0 4,7? 
r+] 
n-l. ] n-l 
= yo ee Yrs) 
Santl atl ya 
= [1+24---+n]J=— 
(n+l) 2 
4. c. We have 32 places for teeth. For each place, we have two 


choices either there is a tooth or there is no tooth. Therefore, 
the number of ways to fill up these places is 2°. As there is no 
person without a tooth, the maximum population is 2° — 1. 

c. For each bulb there are two possibilities. It will be switched 
either on or off. Hence, total number of ways in which the 
room can be illuminated is 2” - 1. 


c. The total number of ways is 6 x 6 x --- to 7 times = 6”. The 
total number of ways to show only even numbers is 3 x 3 x 
--- to 7 times = 3".. Therefore, the required number of ways is 
6" es Cun 


7. 


Permutation and Combination 5.47 


b. Total number of triplets without restriction is 7 xn xn. 


The number of triplets with all different coordinates is "P,. 
Therefore, the required number of triplets is 7? — n(n — 1)(7 — 2). 


8. 


9. 


10. 


a. All strips are of different colours, then number of flags is 
= 3! = 5. When two strips are of same colour, then number 
of flags is 3C, x (31/2) x ?C, = 18. Total number of flags is 
6+18=24=4! 


a. If 7 is used at first place, the number of numbers is 9* and 
for any other four places it is 8 x 9°. 


¢. Total number of variables if only alphabet is used is 286. 


Total number of variables if alphabets and digits both are used is 
26 x 10. Hence, the total number of variables is 26(1 + 10) 
= 286. 


11. 


b. The number of one-digit numbers is 6. 


The number of two-digit numbers is 5 x 5 = 25. 
The number of thee-digit numbers is 5 x 5 x 4= 100. 


Hence, the total number are is 131. 


12. 


13. 


a. x, <x, <x, <x, <x, <x,, when the number is x,x,7 0 1.%, 
Clearly no digit can be zero. Also, all the digits are distinct. 
So, let us first select six digits from the list of digits 1, 2, 3, 4, 
5, 6, 7, 8, 9 which can be done in °C, ways. 

‘ After selecting these digits they can be put only in one order. 
Thus, total number of such numbers is °C, x 1 = °C,. 


b. Numbers greater than 1000 and less than or equa! to 4000 
will be of 4 digits and will have either 1 (except 1000) or 2 or 3 
in the 1" place with 0 in each of remaining places. After fixing 
1" place, the 2" place can be filled by any of the 5 digits. Simi- 
larly the 3“ place can be filled up in 5 ways and 4" place can 
be filled up in 5 ways. Thus, there will be 5 x 5 x 5 = 125 ways 
in which | will be in first place but this also includes 1000. 
Hence, there will be 124 numbers having | in the first place. 
Similarly, 125 for each 2 or 3. One number will be there in 
which 4 will be in the first place. i.e., 4000.Hence, the required 
number of ways is 124 + 125 + 125 + 1 = 375. 


Pattern Number of 


available 
for remaining 
four places 


ways filling 
remaining four 
places 

3x °P, 


4x IP, 


5 x SP, 


6 x §P, 


Tx'P, 


8 xP, 
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5.48 


15. 


6: 


17. 


18. 


19. 


20. 


21. 


Algebra 


b. The number of numbers when repetition is allowed is 5*. 
The number of numbers when digits cannot be repeated is *P.. 
Therefore, the required number of numbers is 5* — 5!. 


d. According to given conditions, numbers can be formed by 
the following format: 


Filled with 1, 2, 3, 4 Filled with 6, 7, 8, 9 
Fig. 5.39 


The required number of numbers is *P, x *P.,. 

a. Total number of words without any restriction is 7! 

Total number of words beginning with I is 6! 

Total number of words ending with Bis 6! 

Total number of words beginning with I and ending with B is 
5! 

Thus the total number of required words is 7! ~ 6! — 6! + 5! 
= 7! — 2(6!) + 51. , 

a. There can be two types of numbers. 

(i) Any one of the digits 1, 2, 3, 4 appears thrice and the remain- 
ing digits only once, i.e., of the type 1, 2, 3, 4, 4, 4, etc. Number 
of ways of selection of digit which appears thrice is *C,. 


Then the number of numbers of this type is (6!/3!) x *C, = 480. 


(ii) Any two of the digits 1, 2, 3, 4 appears twice and the remain- 
-ing two only once, i.¢., of the type 1, 2, 3, 3, 4, 4, etc. The 
number of ways of selection of two digits which appear twice 
is “C,. Then the number of numbers of this type is [6!/(2!2!) 


x 4C,]. Therefore, the required number of numbers is 480 + 1080 
= 1560. 
a. Clearly, one of the odd digits 1, 3, 5, 7, 9 will be repeated. 
The number of selections of the sixth digit is *C, = 5. Then the 
required number of numbers is 5 x (6!/2!). 
¢. Formed number can be utmost of nine digits. Total number 
of such numbers is 

3437433 +---4+384+2 38 
_3°-34+4x38 _ 7x3*-3 

3-1 2 2 

d. The order of letters of the word ‘OBJECT’ is BCEJOT 
Words starting with B can be formed in 5! ways. 


Words starting with C can be formed in 5! ways. 
Words starting with E can be formed in 5! ways. 
Words starting with J can be formed in 5! ways. 
Words starting with O can be formed in 5! ways. 
Words starting with TB can be formed in 4! ways. 
Words starting with TC can be formed in 4! ways. 
Words starting with TE can be formed in 4! ways. 
Words starting with TJ can be formed in 4! ways. 
Words starting with TOB can be formed in 3! ways. 
Words starting with TOC can be formed in 3! ways. 
Words starting with TOE can be formed in 3! ways. 
Words starting with TOJB can be formed in 2! ways. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


Words starting with TOJC can be formed in 2! ways. 
Therefore, the total number of words is 718 words. 
Hence 717" word is TOJCBE. 


a. The number of ways of allotment without any restriction is 
‘P.. Now, it is possible that all rooms of 2™ floor or 3" floor 
are not occupied. Thus, there are two ways in which one floor 
remains unoccupied. Hence, the number of ways of allot- 
ment in which a floor is unoccupied is 2 x 6! Hence, number 
of ways in which none of the floor remains unoccupied is 
8p —-2(6!). 


‘a. Each position can be filled in 5 ways. Hence, the total 


number of numbers is 5”°. 


a. The number of ways of selecting four numbers from 1 to 30 
without any restriction is *°C,. The number of ways of select- 
ing four.consecutive [i.e. (1, 2, 3, 4), (2, 3, 4, 5), ..., (27, 28, 
29, 30)] number is 27. Hence, the number of ways of selecting 
four integers which excludes consecutive four selections is 


30x29x28x27 
24 


27 = 27378 


0C —27= 


d. Let us first select two places for vowel, which can be 
selected from 4 places in *C, ways. Now this places can ‘be 
filled by vowels in 5x5 = 25 ways as repetition is allowed. The 
remaining two places can be filled by consonants in 21 x 21 
ways. Then the total number of words is *C, x 25 x 21? = 150 
x 217. , 


b. Other than 2, remaining five places can be filled by 1 and 
3 for each place. The number of ways for five places is 2 x 2 
x2x2x2=25. For 2, selecting 2 places out of 7 is 7C,. Hence, 
the required number of ways is ’C, x 2°. 

ce. 18,3A,1H,2R,1N,1P,1U 

When all letters are different corresponding ways is ’C, x 3! 
= 'C, = 210. When two letters are of one kind and other is 
different, corresponding number of ways is ?C’ x °C, x (31/2!) 
= 36. When all letters are alike, corresponding number of ways 
is 1. Thus, total number of words that can be formed is 210 
+ 364 1=247. 

b. -The natural numbers are 1, 2, 3, 4. Clearly, in one diagonal 


_ we have to place 1, 4 and in the other 2, 3. 


aes 
Ta. 30S 
(i) (ii) 
Fig. 5.40 
The number of ways in (i) is 2! x 2! =4. 
The number of ways in (ii) is 2! x 2! =4. 
Therefore, the total number of ways is 8. 


c. First arrange m positive signs. The number of ways is just 
1 (as all + signs are identical). Now, m+ | gaps are created of 
which 7 are to be selected for placing ‘—’ signs. Then the total 
number of ways of doing so is '”*'C’. After selecting the gaps 
‘’ signs can be arranged in one way only. 

a. We can think of three packets. One consisting of three 
boys of class X, other consisting of 4 boys of class XI and 
last one consisting of 5 boys of class XII. These packets can 
be arranged in 3! ways and contents of these packets can be 
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31. 


32. 


33. 


34. 


35. 
=> 


36. 


37. 


38. 


39. 


further arranged in 3! 4! and 5! ways, respectively. Hence, the 
total smumber of ways is 3!x 3! x 4! x 3! 


a. The total number of books is a + 2b + 3c + d. The total 
number of ways in which these books can bé arranged in a 
shelf (in same row) is 
(a+ 2b+3c+d)! 
albly (ely 


c. Required sum is 3133 +4+5+6)=6* 18 = 108. 

{If we fix 3 in the unit place, other three digits can be 

arran ged in 3! ways. Similarly for 4, 5, 6.] 

¢.The number of numbers with 0 in the unit’s place is 3! = 6. 


The number of numbers with 1 or 2 or 3 in the unit’s place is 
3!— 2! =4. Therefore the sum of the digits in the unit’s place 
is6x O+4%144x24+4x3=24, 

Similarly, for the ten’s and hundred’s places, the number of 
numbers with | or 2 in the thousand’s place is 3! Therefore, 


‘the sum of the digits in the thousand’s place is 6 x 1 +6 x2 


+6 x 3 = 36. 
Hence, the required sum is 36 x 1000 + 24 x 100 + 24 x 10 
“+ 24. ; 


a. Total numbers ending with 2 is 3! as after fixing 2 in the 
unit’s place other three places can be filled by 3! ways. Thus, 
2 appears in the unit’s place 3! times. , 

Similarly, all other digits 4, 6 and 8 also. appear 3! times. 
Then sum of the digits in the unit’s place is 6(2 +4 +6 + 8) 
= 120 units. Similarly, sum of digits in ten’s place is 120 tens 
and that in hundred’s place is 120 hundreds, etc. Hence, sum 
of all the 24 numbers is 120(1 + 10 + 10? + 10°) = 120 x 1111 
= 133320. 

b. (xt 3P4y=13 
x+3=+2,y=+3 0rx%+3=43,y =+2 


d. Using the digits 0, 1. 2, ..., 9 the number of five digit tele- 
phone numbers which can be formed is 10° (since repetition is 
allowed). The number of five digit telephone, numbers -which 
have none of the digits repeated is '"P, = 30240. Therefore, 
the required number of telephone numbers is 10° — 30240 
= 69760. 

b. 3 must be at thousand’s place and since the number should 
be divisible by 5, or 5 must be at unit’s place. Now, we have to 
fill two places (tens and hundreds), i-e., 4P, = 12. 

d. Two positions for A, and A, can be selected in '°C, ways. 

Rest 8 students can be ranked in 8! ways. Hence total number 


of ways is "°C, x 8! = (1/2)(10!). 
J : 


10 Depending upon the 
sum of first five digits 


Fig. 5.41 


First place from left cannot be filled with 0. Next four places 
can be filled with any of the 10 digits. After filling the first five 
places, the last place can be filled in following ways:. 


40. 


Permutation and Combination 5.49 


Sum of digits in first 
five places 


Digit in the unit’s place- 


Thus, in any case the last place can be filled in two ways. 


Hence, the required number of numbers is 9 x 10* 2. 
a. The selection can be made in °C, x ”C, ways. 


(Since 3 vacancies are filled from 5 candidates in °C, ways and 
now remaining candidates are 22 and remaining seats are 9.) 


41. d. Here, 
"P,—"C,> 100 
! { 
=> — E100 
(n—3)! 3!(n—3)! 
> nin —1\(n -2)>100 
=> n(n—l)(n—2)>120 
=> n(in-l)\(n-2)>6x5x4 
=> n=7,8,... 
42. c. Places for A, B, C can be chosen in '°C, ways. Remaining 


43. 


44. 


7 persons can speak in 7! ways. Hence, the number of ways in 
which they can speak is '°C, x 7! = LON6. 

b. Since 5 players are always to be excluded and 6 players 
always to be included, therefore 5 players are to be chosen 
from 14. Hence required number of ways is *C, = 2002. 


o ABCA’B’C’ 


16 horses <i 
10 others 


Fig. 5.42 


The number of ways is '°C, x number of ways of choosing out of 
ABC A'B'C', so that AA‘, BB’ or CC’ are not together 


45. 


46. 


= '°C, (one from each of pairs AA’, BB’, CC’) 
= 'C,x8 

_ 10x9x8 
~ 1x23 


8 = 960 


b. The number of ways of selecting r (0 <r <m) balls out of m 
is "C.. Therefore, the number of ways if selecting r balls from 
each of the bag is ("C,)’. Further the number of ways of select- 
ing equal number of balls from each of the two bags, choosing 
at least one from each bag, is 

("CYP HOC PF HCC Y= - 1 

[2 CCP + (MCP + °C, = *C,] 
b. There are 6 different letters. We have to select 6 squares, 
taking at least one from each row and then arranging in each 
selection. Let us first select places in each row such that no 


row remains empty. 
[Nebr of setetions | 
[3 Pepetca=8 
3 262°C AC. = 8 
*C,°C,*C, = 6 


downloaded from jeemain.guru 


5.50 


47. 


48. 


49. 


50. 


Algebra 


Therefore, the total-number of selections of 6 squares is 
44+8+48+6 = 26. For each selection of 6 squares, the number 
of arrangements of 6 letters is 6! = 720. Hence, the required 
number of ways is 26 x 720 = 18720. 

b. There are 11 letters A, A; I, I; N, N; E, X, M, T, O. For the 
selection of 4 letters we have the following possibilities: 

(A) 2 alike, 2 alike 

(B) 2 alike, 2 different . 

(C) All four different : 

(A) There are 3 pairs of 2 letters. So, the number of ways of 
selection of 2 pairs is 3C, and permutation of these 4 letters is 
4! / 2! 2! Therefore, the number of words in this case is 
AC, x 41/2! 21= 18. 

(B) We have to select one pair from 3 pairs and 2 distinct let- 
ters from remaining 7 distinct letters. For illustration, let us 
select both A, A; then we have I, N, E, X, M, T, O, ie., 7 as 
remaining distinct letters. Hence, the number of selections is 
3C, x 7C, and these 4 (2 same, 2 distinct) can be permuted in 
41/2! ways. Therefore, number of words is 3C, x 7C,x 41/2! 
=3x21x 12=756. 

(C) There are 8 distinct letters so number of words of 4 letters 
is §C, x 4! = 1680. By sum tule, the total number of words is 
18 + 756 + 1680 = 2454. 

d. The total number of words is 6! = 720. Let us write the 
letters of word ZENITH alphabetically, i.e., EHINTZ. 


For ZENITH word 
start with 


Total number 
I of. words before 
_| ZENITH 


LL. 


Hence, there are 615 words before ZENITH, so the rank of 
ZENITH is 616. 


b. 
Number of | Number of | Number of Total 
girls boys groups going to | number 
picnic of dolls 
1 4 “2G, 4, 1CC, *C,) 
=3 
2 3 ICSAC, 2°7C, *C,) 
oo : = 24 
3 2 | 2c, 4c, 3CC, *C,) 
L =18 
Towa 145 


b. The number of times the teacher goes to the zoo is "C,,. 
The number of times a particular child goes to the zoo is equal 
if 


or 


51. 


52. 


uy 


53. 


54, 


55. 


56. 


57. 


to number of ways two other children can be selected who 
accompany a particular child, i.e.,"~'C,. From the question, 


"C,-" C= 84 


(n—3) (n-2) (n-3) =6 x 84=9x8x7TSn-1=9 
b. We first select 2 men out of 7 in’C, ways. Now we exclude 
the wives of these two selected men and so select 2 ladies from 
remaining 5 ladies in *C, ways. Let A, B be two men and X, Y 
be the ladies playing in one set. Then we can have 
(i) A and X plying against B and Y. 
(ii) A and Y playing against B and X. 
Then the total number of ways is ’C,x°C,x 2=21 x 10x 2 
= 420. \ 
b. Suppose there ‘n’ players in the beginning. The total 
number of games to be played was equal to "C, and each player 
would have played n — 1 games. : 

Let us assume that A and B fell ill. Now the total number of 
games of A and B is (7-1) + (7 1) -1 = 2n—3, But they have 
played 3 games each. Then their remaining number of games 
is 2n —3 -6 = 2n — 9. Given, 


"C, — (2n-9) = 84 
w—5n-150=0 
n=15 


Alternative solution: 
The number of games excluding A and B is ”~?C,. But before. 
leaving A and B played 3 games each. Then, 

"C, +6 = 84 
Solving this equation, we get 7 = 15. 
a. The number of ways he can select at least one parantha is 
23 — 1 = 7. The number of ways he can select at least one veg- 
etable dish is 24 1 = 15. The number of ways he can select 
zero or more items from salads and sauces is 2°. 
Hence, the total number of ways is 7 x 15 x 32 = 3360. 
b. Number of even divisors is equal to number of ways in which 
one or more ‘2’, zero or more ‘3’, zero or more ‘5° and zero or 
more ‘7’ can be selected, and is given by (3)(2+ D2+Dd+) 
= 54. 
c. The number of ways the candidate can choose questions 
under the given conditions is enumerated below. 


| Group 1 Group 2 Number. of ways 
4 CC,) CC) = 50 
3 GC,) CC,) = 100 | 
2 GC.) CC) = 50 
Total number | 200 
of ways | 


c. Let there be m men participants. Then the number of games 
that the men play between themselves is 2 x"C, and the number 
of games that the men played with the women is 2 x (2n). 


2x "C,-2 x 2n= 66 (by hypothesis) 
w—5n-66=0>n=11 
Hence, the number of participants is 11 men + 2 women = 13. 


b. The smallest number of people = total number of possible 
forecasts 


= total number of possible results 
=3x3x3x3x3 
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58. a. Three [IT students who will be between the HIT students 

4 can be selected in '°C, ways. Now, two DCE students having 
three IIT students between them can be arranged in 2!x3! 
ways. Finally, a group of above five students and the remain- 
ing seven students together can be arranged in 8! ways. Hence, 
total number of ways is '°C, x 2! x 3! x 8! 

59. c. Let S, and S, refuse to be together and S, and S, want to be 
together only, The total number of ways when S- and S, are 
selected is(@C, +?C, x 8C,) = 44. The total ways when S, and 
S, are not selected is @C, + ?C, x 8C,) = 182. Thus, the total 
number of ways is 44 + 182 = 226. 


60. c. Let there be n eandidates. Then, 


MC # MC, to $C, = 254 
= 2—2=254 
=> 2%=2on=8 
61. b. ‘,’-must win at least 7 + 1 games. Let ‘P,? winn +r 


games (r = 1, 2, ... . #). Therefore. corresponding number of 
ways is "C_, . The total number of ways is 


n 


Dy ae Oa =™C 42%C 4... 420 


n+l n+2 2n 
r=] 


Qn 
2 2a 
2 n 


5c -~2x es 8) 


62. b. The candidate is unsuccessful if he fails in 9 or 8 or 7 or 6 
or 5 papers. Therefore, the number of ways to be unsuccess- 
ful is 

"Cot 7G, # PCC, + OC = PC, 420 + PC aPC, AC, 
oa the concept Gi half sties) 


; OC, + °C, + +++ +9C,) 


JL aaa 
2, 


i 


63. b. Since the student is allowed to select at most 7 books out 
of (2 + 1) books, therefore in order to select one book he has 
the choice to select one, two, three, ..., 7 books. Thus, if T is 
the total number of ways of selecting one book, then 
THC tH! C te M+ !C = 63 (i) 
Again the sum of binomial coefficients is 


eae rae hres ale i Or aa ia os Ofte, ta al OPM aa ed 


ued 


oe MEIC, = (1+ 14's 24! 
or 
MAIC + IUHIC A HIC to te H'C) 
+74IC, = 24+! 
=> 142(7)+1=2%"+! 
n+l 
=> 1+T= =2™ 
2 
=> 14+63=2" 
=> %=2">n=3 
64. c. The number of ways can be given as follows: 


2 bowlers and 9 other players: *C, x °C, 
3 bowlers and 8 other players: *C, x °C, 
4 bowlers and 7 other players: *C, x °C, 


Permutation and Combination 5.51 


Hence, required number of ways is6 x 1+4x9 
+1 x 36=78. 
65. a. Matches whose predictions are correct can be selected 
in C,, ways. Now each wrong prediction can be made in 2 
ways. Thus, the total number of ways is *C\, x 2'°. 


Dashes 


The total number of ways is ’C, + 
=2'’-8= 120. 


67. c. Foraradical centre, 3 circles are required. The total number 
of radical centres is "C,. The total number of radical axis is "C,. 
Now, 


"C,="C, = n=5 
68. c. 
(i) Miss C is taken 
(A) B included = A excluded = *C, x *C, = 24 
(B) B excluded = 4C, x °C, = 40 
(ii) Miss C is not taken 
= B does not come; => *C, x °C, = 60 


470, +1C,4+7C,+7C, 


=> Total = 124 
Alternative method: 
Case I: 


Mr. ‘B’ is present 
= 'A'is excluded and 'C' included 
Hence, the number of ways is 'C,*C, = 24. 
Case II: 
Mr. ‘B’ is absent 
= Noconstraint 
Hence, the number of ways is °C, °C, = 100. 
.. Total = 124. 

69. d.N=1!4+2!4+--- +2005! 
=(1!42!4+3!44!)4 (5! + --. +2005!) 
= 33 +.an integer having 0 in its unit’s place 
= an integer having 3 in its unit’s place 

Hence, N° is an integer having | in its unit’s place. 

70. d. Cc 


A D 
Fig. 5.43 


' The number of triangles with vertices on sides AB, BC, CD is 


AE, MIG ROE. 

Similarly, for other cases, the total number of triangles is 
BC, KA, KPC, FC, x AC, x OC, HC, x PC, x OC, 
+4C, x8C, x °C, = 342. 
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5.52 Algebra 


71. c. Number of points required for the fixed circle is 3. So, first 
select any three points from the 10 points in '°C, ways. 
In these ways, circle with four concyclic points is selected in *C, 
ways. But it should be taken once then total number of circles is 
(PC, —"Cy) +1. 
72... a. The number of points of intersection is equal to the number 
of ways two lines are selected, which is given by 


n(n-l) 
°C = “~— = K 
erg 


73. c. Outof 10 points let 7 points are collinear. Then the number 
of triangles is 


WCC, = 110 
10x9x8 _nn—l(n-2) =110 
6 
= n(n—1)(n-2)=60 
=> n=S 


74. ¢. Select any three points from total 3p points, which can be 
done ”C, ways. But this also includes selection of three col- 
linear points. Now three collinear points from each straight 
line can be selected in °C, ways. Then the number of triangles 
is ¥C,- #C, = p(4p — 3). 


75. c. Two circles intersect at two distinct points.Two straight 
lines intersect at one point. One circle and one straight line 
intersect at two distinct points. Then the total numbers of 
points of intersections are as follows: 


: intersection — 


One line and one circle: ®C, x *C 5C_x4C x 2=40 


76. a. The number of selection of two parallel lines from m lines 
is "C,. ; ; 
The number of selection of two parallel lines from n lines is "C,. 
Hence, the number of parallelograms lines is 


"C, x"C, = . mn(m-1)(n—1) 


77. b. Letx=p-—5,y=9q—5andz=r-—5, where p, g,r20. 
Then the given equation reduces to 


ptqtr= 15 qi) 
Now, we have to find non-negative integral solution of Eq. (1). The 
total number of such solutions is *7-'C,_, = '"C, = 136. 


78. b. Dice is marked with numbers 1, 2, 3, 4, 5, 6. If the sum 
of dice in three throws is 11, then observations must be 1,4, 
6500.1,5, 5) 06 253) 68... 2,4,5) os. 353,535... 3,4,4 

We can get this observation in 3! + 31/2! +3! +3!+ 3!/2! 
+3!/2! = 27 ways. 


79, d. No group of four numbers from the first 12 natural num- 
bers can have the common difference 4. 
If one group including 1 is selected with the common differ- 
ence 1, then the other two group can have the common differ- 
ence | or 2. 


If one group including | is selected with the common differ- 
ence 2, then one of the other two groups can have the common . 
difference 2 and the remaining group will have common dif- 
ference 1. 

If one group including | is selected with the common dif- , 
ference 3, then the other two groups can have the common 
difference 3. 

Therefore, the required number of ways is 2+ 1+ 1=4. 

80. a. Let the balls put in the box are x,, x,, X,, x, and x,. We 
have, 
X, +X, +x, +%,4+%5= 15,x,22 
=> (*,-2)+@,-2)+@, 2) + (%,- 2) + @,- 2) =5 
=> y, +, +9, 4+), +9, =5,9,=%,-220 


The total number of ways is equal to number of non-negative integral 
solutions of the last equation, which is equal to §*5-1C, =’C,. 


81. a. Letx be the number of objects to the left of the first object 
chosen, » the number of objects between the first and the 
second, z the number of objects between the second and the 
third and u the number of objects to the right of the third 
objects. Then, x,720;y,z2landxt+y+ztu=n—3.Lety, 
=y-I1andz,=z-1. Then, y, 20, z, 20 such thatx+y,+z, 


tu=n-5. 
The total number of non-negative integral solutions of this 
equation is”“5*4-'C,_ , =""7C,. 


82. a. Obviously, A, B and C get 4, 5 and 7 objects, respec- 
tively. Then, number of distribution ways is equal to number 
of division of ways, which is given by 16!/(4!5!7!). 

83. b. The number of ways is 

(mn)! ___, _ (mn)! 


——— mM. 
(n!)"m! (nt)" 


: . (m+n)! 
84. a. m-+ncounters on one side can be arranged in Coe 


: tn! 
ways. min! 
For each arrangement on one side, corresponding arrangement 
on the other side is just one as arrangements are symmetrical. 
Hence, the total number of arrangements is 

(m+n)! =m+nc 


m 


min! 


85. a. Let x,, x,, x,, x, be the number of times T, I, D, E appears 
on the coupon. Then we must have x, + x,+ x, + x, = 8, where 
1 <x,,x,,x,, x, <8 (as each letter must appear once).Then the 
required number of combinations of coupons is equivalent to 
number of positive integral solutions of the above equation, 
which is further equivalent to number of ways of 8 identical 
objects distributed among 4 persons when each gets at least 


one objects, and is given by ®-'C,_, =’C,. 


86. a. Here, we have to divide 12 books into 4 sets of 3 books each. 
Therefore, the required number of ways is 
! 
alee = x4! 
(3!) 4! ; 
87. a. Since the shelves which are to receive the books are dif- 
ferent, therefore the required number of ways is 12!/(4!)°. 


88. c. Here, we are dividing 2” people in » groups of 2 each, 
and we are concerned with mere grouping. Hence, the required 
; ; 


al(2!y" 


number of ways is 
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f ; 
BS ae pt ee 
jt XX x no 
(as L.C.M. of x,, Xp, 
90. a. Three elements from set ‘A’ can be selected in 7C, ways. 
Their image has to be y,. Remaining 2 images can be assigned 
io remaining 4 pre-images in 2* ways. But the function is onto, 
hence the number of ways is 24 — 2. Then the total number of 
functions is ’C, x 14 = 490. 
91. c. If we put minimum number of balls required in each box, 
balls left are n(n — 1)/2 which can be putin "*"-"?C_ ways 
without restriction. 


sre X, 1S 72) 


92. a. Let the blankets received by the persons are Xj Xyy X_ and 
x, We have, 


X,+ X, +x, +x, = 15 and x, 22 
(x, - 2) + (x, ~ 2) +, -2) + &,-2) =7 
¥, + V2 +y,+y,= 7 (where y, = x,- 220) 


i) 


y 


The required number is equal to the number of non-negative 
integral solutions of this equation which is equal to **7~ 1Cs, 


ie., °C) = °C,. 
93. c. Let person P, gets x, number of things such that 

X, +X, +X, +x, +x, = 25 

Let x,= 2A, + 1, where /, > 0. Then, 

20, +4, +4, +4, +A.) + 5 = 25 

=> At+A,+A, +4, +4, = 10 
We have to simply obtain the number of non-negative inte- 
gral solutions of this equation, which is equal to '*C,,. 


94,.. d. Suppose i'* person receives Rs x;%= 1,2, 3,4 
Then, x, + x, +x, +x, = 18, where x, 24 
Let y,=x, —3,7=1, 2, 3, 4. Then, 


Vi +yY, +V,+V, = 6 
The total number of ways is equal to number of solutions of 
the above equation, which is given by ®*4-'C 1-1 = °C, = 84. 
95. d. Make | group of 2 persons, 1 group of 4 persons and 3 
groups of 3 persons among 15 persons (except 2 particular per- 
sons). Hence the number of ways by grouping method is 
15! 
241(31)°3! 
Now we add that 2 persons in the group of 2 persons and thus number 
of arrangements of these groups into cars and autos is 
15! 15! 
x 


Sag Ke XSIS 3 
2!41(3!)° 3! 41(3!) 


96. a. Since the total number of selections of r things from n 
things where each thing can be repeated as many times as one 
can is "*’~'C.. Therefore the required number is 3*6- 'C, = 28. 


97. c. f(2n, n) must be equal to number of positive integer solu- 
tions of x, +x, + +++ +x, = 2n, which must be equal to 
a-1C =m-10 
n-1 v 


98. b. Let the numbers selected be X,,X,X,. We must have 


2x, =X, +X, 
=> X,+x,=even. 
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Therefore, X,, x, both are odd or both are even. 
If x, and x, both are even, we can select them in "C, ways. 
Similarly, ifx, and x, both are odd, we can again select them in 
"C, ways. Thus, the total number of ways is 2 x PC = 132. 
99. b. Given number can be rearranged as 

1,4,7,...,37-2— 31-2 

2,5, 8, ...,3n-13 31-1 

3, 6,9, ..., 37 3A 
That means, we must take two numbers from last row or one 
number each from first and second rows. Therefore, the total 
number of ways is ; 


n(n-l) | 2 _3n an 
2 2 


100. b. Let the arrangement be x, x, x, x, X,X,X, x, Clearly 5 should 
occupy the position x, or x;. Thus required number is 2(7!). 


"C, + "C, x "C, a 


101. ¢.480=2°x3x5 
Now, 4n + 2 = 2(2n + 1) = odd multiple of 2. Thus, the total number of 
such divisors is | x 2x 2 =4. 


102. a. 


Number... 
of times 3 
-appears 


Number.of. | Pattern 


times 3 used 


Numbers of - 


Any place other than 3 is filled by 9 ways as ‘0’ can appear anywhere 
which gives all types of numbers like single digit, two digits, etc. 


‘Alternative solution: 


A three-digit block from 000 to 999 means 1000 numbers, each number 
constituting 3 digits. Hence, the total numbers of digits which we have 
to write is 3000. 

Since the total number of digits is 10 (0 to 9) no digit is filled prefer- 
entially. Therefore, number of times we write 3 is 3000/10 = 300. 


103. b. 


Fig. 5.44 
For intersection point we must have two straight lines, for which 2 
points from each straight line must be selected. Now selection of these 
points can be done in "C, x"C, ways. Now as shown in diagram these 
four points can give two different sets of straight lines, which generate 
two distinct points of intersection. 
Then total number of points of intersection is "C, x"C, x 2. 
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104- a. 


Fig. 5.45 
Let the number of sides be 7. A selection of four vertices of the polygon 
gives an interior intersection. 


ov. °C, =70 
=> n(n—1)(n—2)(n—3)=24% 70=8X7x6%x5 
=> n=8 . 


105. a. 26 cards can be chosen out of 52 cards in’C,, ways. There 
are two ways in which each card can be dealt, because a card 
can be either from the first pack or from the second. Hence the- 
total number of ways is *C,, x 276. 

106. d. Since the balls are to be arranged in a row so that the adja- 
cent balls are of different colours, we can therefore begin with 
a white ball or a black ball. If we begin with a white ball, we 
find that n + 1 white balls numbered 1 to n + 1 can be arranged 
in arow in (n + 1)! ways. Now 7 + 2 places are created among 
n+ 1 white balls which can be filled by 7 + 1 black balls in 
(n + 1)! ways. 

So, the total number of arrangements in which adjacent balls 
are of different colours and first ball is a white ball is (n + 1)! 
x (n+ 1)! =[(n+ 1)!. But we can begin with a black ball also. 
Hence, the required number of arrangements is 2[(” + 1ty. 


107. a. If zero is included it will be at z= °C, 
eae all diff. = °C,x2! 
If zero isexcluded {  x=z<y ==> ~ °C) 
x<y=Z => °C > 
The total number of ways is 276. 


Alternative method: 
y can be from 2 to 9; so total number of ways is 


9 
»y (r? -1) =276 
r=2 
108. b. The two common elements can be selected in "C, ways. 
Remaining n — 2 elements, each can be chosen in three ways, 
ie.,a € Panda ¢ Qorae Qanda ¢ Porais neither in P nor 


5 


in Q. Therefore, the total number of ways is "C, x 3" °. 


109. d. We will consider the following cases 


No. of signals 


OL 215 


412! 


Case Flags 
4 alike and 2 4 white and.2 red. 
others alike ; 


4 alike and 2 4 white, 1 red and 
others different | 1 blue 


3 alike and 3 3 white, 3 red 
others alike : 


3 white, | blue, 2 
red or 3 red, 1 blue, 
2 white 


3 alike and2 
other alike and 
1 different — 


110. c. The total number of ways of selection without restriction is 
C,. The number of ways of selection when two are adjacent is 
20 x 'C,. The number of ways of selection when all the three 
are adjacent is 20. The required number of ways is 


C, - 20 x 16 - 20 = ENE —20x16-20 


20[57-16—1] 
= 20x40=800 


111. c. Sum of 7 digits is a multiple of 9. Sum of numbers 1, 2, 3, 
4, 5, 6, 7, 8, 9 is 45; so two left digits should also have sum 
of 9. The pairs of left numbers are (1, 8), (2, 7), (3, 6), (4, 5). 
With each pair left number of 7-digit number is 7! So with all 
4 pairs, total number is 4 x Th. 


112. b. If nis odd, 


3"=4A,-1,5"= 42, +1 
=> 2"43"+5" is divisible by 4 if 222 
Thus, 7 = 3, 5, 7, 9, ..., 99, i.e., 2 can take 49 different values. If 
is even, 3"=44, +1, 5’ =44,+1 
=> 2"43"+45" is not divisible by 4 
as 2" + 3" + 5" will be in the form of 44 + 2. 
Thus, the total number of ways of selecting ‘n’ is equal to 49. 
113. c. 


Number Numbers Numbers 
of digits | ending with 0 ending with ‘| — 


5 


114. d. Let x, y, zbe the friends and a, b, c denote the case when x 
is invited a times, y is invited b times and z is invited c times. 
Now, we have the following possibilities: 
(a, b, c) = (A, 2, 3) or (3 3 0) or (2 2 2) 
[grouping of 6 days of week] 
Hence, the total number of ways is 
! ! ! 
e 3!+ : 314+ es ! 
11213! 31312! (2!2!2!)3! 
= 360 + 60+ 90 =510 


115. b. There is concept of derangement. The required number is 


116. c. When at least one one-rupee coin is selected we can select 
any number of twenty five coins and ten paisa coins. Then 
number of ways of such selection is 4 (2+ 1)(5+1)= 72 as we 
can select zero or more twenty-five paisa and ten paisa coins 
to ensure that amount selected is Re. 1 or more. 

But when none of one-rupee coins is selected we have to 
select all twenty-five paisa coins and ten paisa coins to ensure 
sum of Re. 1, which can be done only in one way. Then the total 
number of ways is 73. 
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117. b. Since the number of students giving wrong answers to at Case Il: 1 is odd. 


least 7 questions (i= 1, 2, ..., 2) is 2"~'. The number of ways of selection of two odd numbers a and 
The smumber of students answering exactly i (1 < i < - 1) cis “*??C,. The number of ways of selection of two even 
questions wrongly = {the number of students answering at numbers @ and c is “~"" C,. Hence the number of A.P.’s is 
least Z questions wrongly, i= 1, 2, ...)} — {the number of stu- meMRC 40-12 C 

dents answering at least (i + 1) questions wrongly (2 <i +1 7 

Sn)} =2"-'-2"- GV (1 <i<n-1). nt1)\{ n+l n-1)\fn-l 

Now, the number of students answering all the » questions { 2 \ 2 7 | 2 it 2 -1] 

wrongly is 2”-* = 2°. Thus, the total number of wrong answers > 2 = 2 


is 
(277! —Qn-2 + 2(2"-? rae 2"-3) + 3(2"-3 i. 2"-4) he bs 
+ (n— 1) (2! - 2°) + n(2°) 


g(n=I)((n++(n-3)) 


=Q7-' 4 2-24 22-34 0.64 29D" | (“itis a G.P.) (n—-1)° 
Therefore, as given, a 4 
— 2h — 1 = 2047 = 2" = 2048 =2!! = n=11 2. bye. 

118. c. For a particular class the total number of different tickets The number of ways of inviting, with the couple not included, 
from first intermediate station is 5. Similarly, number of differ- is *C,. The number of ways of inviting with the couple included, 
ent tickets from second intermediate station is 4. So the total is 8C,. Therefore the required number of ways is 
number of different tickets is 5 +4+3+2+1=15.And same 8C, + 8c, = 8C, + nC; (2 én = 8C,) 
number of tickets for another class is equal to total number of Also, : : 
different tickets, which is equal to 30 and number of selection 10 F 10! 8! 

: C,-2 x §C, = —-2x— 
is °C’, : 4515! 414! 

119..b. The number of trains a day (the digits 1, 2, 3) are three 10x9x8x7x6 8x7X6X5 
groups of like elements from which a sample must be formed. = ea ea a 
In the time-table for a week, the number 1 is repeated twice, ; 
the number 2 is repeated 3 times and the number 3 is repeated ae A TS 1p 

i . { 
twice. 2 =112=2x 21 
The number of different time-tables is given by 3!5! 

! 
p(2,3,2)= 2 =210 3. a,b, d. 
21312! p =°C,x?C, = 10 


q =°C,CC,)} = 80 
r =°C,CC,) = 32 
=> 2q¢ =5r,8p=gand%pt+r)>¢q 


120. a. 15 <x, +x, +x, <20 
=> x4, +%,+4,= 16+7,r=0, 1, 2,3,4 
Now, the number of positive integral solution of x, +x, +x, = 16 + 
ris B+rt3-1C ie. SC. = 8c ‘. 4. a,b,d. 
13+r 2 .. 


13 +r iia 
Thus, the total number of solutions is Clearly, each player will play 9. games. And total number of 
games is '°C, = 45. Clearly, 


4 


> Oe, = “C, + “C, + "C, + uC, + ne, w,+1=9 and Zw, = 21, = 45 

im => w=9-1 = w2=814/?— 181 

= §(1Sx14-+16«15+17%16+18x17+ 19x18) => w= 81x 10 +E)? — 180 Zi, = 810 + Zi? — 18 x 45 = El? 

= 685 5. b,c, d. 

: When z= + 1, we can choose x, y from {1, 2, ..., 7}. 
Multiple Correct Answers Type When z="+ 1,x,y can be ehoselt in 7 ways and when z = 
n, x, y can be chosen in (7 — 1)? ways and so on. Therefore, 
1. bye. the number of ways of choosing triplets is 


If a, 6, c are in A.P., then a and c both are odd or both are 
even. 
Casel: nis even. Alternatively triplets with x = y <z,x<y<z,y<z<xcanbe 
chosen in""'C,,"*!C,,"* 'C, ways. Therefore, 


r+(n-1~tet Pa zn 1) Qn+1) 


The number of ways of selection of two even numbers a and 
cis "°C,, Number of ways of selection of two odd numbers is POC 20 IG aC ee S20 ye 
‘#2C. Hence the number of A.P.’s is 

- 6. a,b,c. 


| neo (200)! 
agin ee ae 2!2!...2!€00)! 
eT 


100 times 
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_ 200)! 
~ 400! 2! 
=1x3x5--- 199 
Also, 
(200)! _ f 101 102 \) (200 
100! 2! 2 ie ee) 
7. a,b,c, d. 


8, 7, 6, 4, 2, x and y ; 
Any number is divisible by 3 if sum of digits is divisible by 3, 
iLe., x+y + 27 is divisible by 3. x and y can take values from 
0, 1, 3, 5, 9. Possible pairs are (5, 1) (3, 0) (9, 0) (9, 3) and (1, 
5), (0, 3) (0, 9) (3, 9). 
8. a,d. 
Problem is same as dividing 17 identical things in two groups. 


There is no effect if two diamonds are different as necklace can be 

flipped over. Hence, n=m= 9. 

9. a,b,c. 

The number of regions for ‘n’ circles be f(7). Clearly, (1) = 2. Now, 

fin) =fn- 1) +20 - 1),Vn22 

= fn)-fn-1)=2-1) 

Putting n = 2, 3, ...,”, we get 
fr) - fl) = 2b + 2434-008 l=(n-Ln 

=> finy=ntn-1)+ 2 = (2 —n + 2) (which is always even) 

=> f(20) = 20°- 20 + 2 = 382 


Also, 

: wW—n+2=92 
= w-n-90=05n=10 
10. a,c. 


3° =(4-1)" =44, +(-1)’ 
57=(4+1)’=44,41 


7 =(8-1)' =44,+(-1Y 
Hence, any positive integer power of 5 will be in the form of 
4), + 1. Even power of 3 and 7 will be in the form of 42 + 1 
and odd power of 3 and 7 will be in the form of 44 — 1. Hence, 
both p and r must be odd or both must be even. Thus p + r is 
always even. Also, p+ 4g +rcan be odd or even. 


11. a,b,c. 
When n = 3k, there are exactly n/3 integers of each type 3p, 3p 
+1,3p+2. 


Now, sum of three selected integers is divisible by 3. 
Then either all the integers of the same type 3p, 3p + | or 3p 
+ 2 or one-one integer from each type. Then number of selec- 
tion ways is "°C, + "°C, + BC, + (MC) 8C,) 08C)) =3("C,) 
+ (n/3)*. 

If n = 3k+ 1, then there are (n — 1)/3 integers of the type 3p, 
3p + 2 and (#7 + 2)/3 integers of the type 3p + 1. Then number 
of selection ways is 2(”~ 28C,) + (" MBC) + (a - 1y3y(n + 
2). 


When n = 3k + 2, the number of selection ways are same 
as in the case of n = 3k + 1. 


12. a,c. 
1l(n-1 
n+5p = U@—-) «tp 
a+ 2 n 
Pe: ES ! 
= aap = OFS) NG 1) (n+3)! 


at Al 2 3! 


=> (nt+5)(nt+4)=22(n-1) 


After solving, we get 7 = 6 orn =7. 

The number of points of intersection of lines is °C, or 7C, 

=15or21. 
13. a,b,d. 

Total number of units to be covered is 3+ 7+ 11 = 21. A person 
can choose 3 units in?!'C, ways. A person can choose 7 units in 
'8C, ways. The rest 11 units can be chosen in t way. Therefore, 
total number of ways is *'C, x '*C, x 1 = 21 YSI7114). 

For correct answers (a) and (d), see the respective theory. 
For correct answer (b) see the theory of multinomial expan- 
sion in the binomial theorem. 


14. a,c. 
Let person P, get x, number of things such that 


x, +x, +x, +X, +2, +%,= 30 
If x, is odd or x, = 24, + 1, where A, > 0, then 
WA, +A, tA, +A, tA, tA) +6= 30 
=> A, +A, tg taytastAg= 12 


Then number of solutions is '2*6-'C,_, = '7C,. If x, is even or x, 
= 2/,, where 4,21, then 


2A, +A, HAHA, ts +4,) = 30 


> 2 tA ta, taytastr, =15 
Therefore, required number of ways is BIC = BC. 
15. a,c. ; 
Let x, (1 sis n) be the number of objects selected of the i* 
type. Since each object is to be selected at least once, we must 
have x,> landx,+x,+ °° 4%, =" We have to find number of 
positive integral solutions of the above equation. Total number 


of such solutions is "'C,_, ="'C,.,, 
16. a,d. 
Let A = {a,, 4, --» a,}. For each a(1 $i <n), we have either 


a,€ P or a, € ee (1 <j <m). That is, there are 2” choices in 
which a, (1 <i <n) may belong to the Ps. One of these, there 
is only one choice, in which a, € P, for all j= 1, 2, ...,m which 
is not favourable for P/M PP, 0 P_ tobe @. Thus, a, ¢ Bi 
APPA OL, in 2” — 1 ways. 

Since there are n elements in set A, the total number of 
choices is (2”— 1)’. 
Also, there is exactly one choice, in which, a, ¢ P for all j = 1, 2, 
... m which is not favourable for P;}\ UP, UU P. to be equal 
to A. 
Thus, a, can belong to PUP, Pin (2”— 1) ways. 
Since there are 7 elements in set A, the number of ways in which 
PUP P can be equal to A is (2"- 1)". 
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17. b,c, d. 


Exponerit of 2 is 
ed + ae ~ =5+2+1=8 
2 2 2 
Exponent of 3 is 
[io] fig] eaeies 
3 3 


Exponent of 5 is 


ig} 


Exponent of 7 is 


is} 


The number of divisors of 10! is (8+ 1)(4+1)(2+ DU +1) 
= 270. The number of ways of putting N as a product of two 


natural numbers is 270/2 = 135. 
18. b,c, d. 


P=21(21 + 1) 21-1) (21 +2) (21 —2) --- (21+ 10) (21 — 10) 
= (21-10) (21-9) --- (21-1) 21 (21+ 1) 21+4+10)--- 


(21 + 10) 
=41x40--- 11 
which is divisible by 21!, and hence by 20! and 19! 
19. a,d. 
When x is odd: 


aa ae 


8 ways as 0 does 8 7 5 ways Le. with 1, 3, 
not appear 5,7,9 


Fig. 5.46 


The number of such numbers is 8 x 8 x 7 x 5 = 2240. 
When 7 is even: 


ARE 


9 8 7 
Fig. 5.47 


If unit’s place is filled with 0, then the total number is 9 x 8 


x 7 = 504, 


8 ways as 0 does 8 i) 4 ways i.e. with 2, 4, 6, 8 
not appear 


Fig. 5.48 


If unit’s place is not filled with 0, then the total number is 8 x 8 x 


7x4= 1792. 


Hence, the total number ‘of even numbers is y = 504 + 1792 


= 2296. 


Permutation and Combination 5.57 


Reasoning Type | 


“4. a. We have, 30 =2 x 3 x 5. So, 2 can be assigned to either a 
or b or c, i.e. 2 can be assigned in 3 ways. Similarly, each of 3 
and 5 can be assigned in 3 ways. Thus, the number of solutions 
is3x3x3=27. 

2. d. Each student receives at least two toys. Let us first give 
each student one toy. Now, we are left with 7 toys, which can 
be distributed among three students such that each receives 
at least one toy, which is equivalent to number of positive 
integral solutions of the equation x + y + z + w = 7, which is 
given by7~'C, | =°C,. 

Hence, statement 1 is false and statement 2 is correct. 


3. a. Number of ways of dividing v7’? objects into n groups of 
(n’)! 


(n')"nt 


same size is 


Nownumberofwaysofdistributing thesen groupsamongnpersonsis 


(nly'nt!} (nty" 
Also we know that product of r is divisible by r! Now, (#7)! = 1x 
2x3x4--7 
=1x2x3-0n 
x (n+1)(n+2)-:-2n 
x (2n + 1)(2n + 2) +++ 3n 
x(n? — (nr? 1)? — (rn? — 1)) 1? 
Thus, in n?! there are 7 rows each consisting product of n integers. 
Each row is divisible by n! n°)! 


Hence (n’)! is divisible by (m!)” or (nyt is a natural number. 
n! 


(n?)! n°)! 
eo ni= aed which is always an integer. 


Hence, both statements are correct and statement 2 is correct 
explanation of statement 1. 

4. b. 1400 = 27577 

The number of ways in which 1400 can be expressed as a product 
of two positive integers is 


B+D2+D0+D _ 45 
2 


Statement 2 is correct but does not explain statement 1 as it just 
gives the information about the prime factor about which 1400 is divis- 
ible. 


5. a. In onto functions each image must be assigned at least 
one pre-image. Now if we consider the images a and b as two 
different boxes, then four distinct objects 1, 2, 3 and 4 (pre- 
images) can be distributed in 2*— ?C\(2 — 1)*= 14 ways. 

Hence, both statements are correct and statement 2 is cor- 
rect explanation of statement 1. 

6. b. India must win at least 6 matches of | 1 matches. Then 
number of ways in which India can win the series is 
"C+ Ne + fae Se el = 7210 
Thus, both the statements are true, but statement 2 is not cor- 
rect explanation of statement 1. 

7. a.. The.batting order of 11 players.can be decided in 11! ways. 
Now Yuvraj, Dhoni and Pathan can be arranged in 3! ways. 
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But the order of these three players is fixed, i.e., Yuvraj— 11. 
Dhoni—Pathan. Now, 11! answer is 3! times more, hence the 


required answer is 11!/3!. 


8. d. Number of ways of arranging 21 identical objects when r 
is identical of one type and remaining are identical of second 


! 


type is 2 
is r\(21—r)! 


Therefore, °C = ?C,, or °C 
is "C,, = 286. 


1? 


=*!C_ which is maximum when r= 10 or 11. 


hence maximum value of °C, 


Hence, statement | is false. Obviously statement 2 is true. 


9. a. A number is divisible by 4, if the last two digits are divis- 
ible by 4. Last two digits can be 12, 16, 28, 32, 36, 68, 92, 96. 


Thus, last two places can be filled in 8 ways. The remaining 


10. 


three places can be filled with remaining 4 digits in *C, 3! 

ways. Total number of such numbers is 8 x (*C, 3!) = 192. 

b. We havea+b+c=30,andaz#bz#c.Leta<b<e. 
Now, relative values of a, 6, c are tabulated as follows. 


Number of triplets 
(a, b,c) 


a aaa 
(See Cae ee ay 
a a 
es CE ee ee 
Paes cee ee 
ce Ee el 
= aa ae 


4 2 


fi 


— 
Ww 
_ 
aN 
— 
oO 


tN 
o 


_— 
K@) 


~“ — Din 
NO 
ae 7 — : 
& 


No 


ja Fa Fe rend pe aes 
a im 


= 
i 


— 
» | 


Statement 2 is correct but it does not explain statement 1. 


12. 


13. 


14. 


15. 


ce. When p, g <r, we have selection procedure as follows : 


-1 


paddy 


From p identical things | - 


r 


r-1 
r-2 


r : : 
Tota: r+1 - . 


Thus, statement I is correct, but statement 2 is false. 
a. Statement 2 is correct as when 3°, 3’, 3° are in G.P., we 
have (3°)? = (3939) = 2b=a+c=> a, b,c are in A.P. Thus, 
selecting three numbers in G.P. from {3', 32, 33, ..., 31, 310} 
is equivalent to selecting 3 numbers from {1, 2, 3, ..., 101} 
which are in A.P. Now; a, b, c are in A.P. if either a and ¢ are 
odd or a and ¢ are even. ; 
Number of selection ways of 2 odd numbers is *'C,. 
Number of selection ways of 2 even numbers is AG. Hence, 
total number of ways is *'C, + °C, = 1275 + 1225 = 2500. 
a. Statement 2 is true, see the proof in binomial theorem. 
Also in statement I, if A selects 7 objects and B selects / objects 


then i <j. Hence number of ways is > s a 


O<i< j$20 
c. 
Number of objects Number of ~ ! Number © 
from 21 different objects from 21 | of ways of 


identical objects _| selections 


Thus, total number of ways of selection is *'C, + ?'C, +7!C, + + 
21 — 920 
+710, = 2”. 
Statement 2 is false, as given series is not exact half series. 
(For details, see the theory in binomial theorem.) 


a. General in the expansion of (x+y +z+w)* is 


Ole cpteten us 
ee ae 2’w 

pigiris! 
where p+ q+r+s=50,0<p, q, r,s $50. (see theory in 
binomial theorem). 


Now number of terms is equal to number of ways in which 
we can adjust powers of x, y, z and w such that their sum is - 


downloaded from jeemain.guru 


50, i.e., equal to the non-negative solutions of p+ g+r+s 
= 50, which is given by ®**-'C,_. 

16. a. When x persons be seated at a round table, so that all shall 
not have the same neighbours in any two arrangements, clock- 
wise and anticlockwise arrangements are considered to be the 
same, which is the case when n different beads are arranged in 
the circle. Hence, number of ways is (” — 1)!/2. 

17. b. Exponent of 2 in 50! is 


log me 2s ala Fa aed dl ce ee ea ey 
244} Us} lie} [32 


And exponent of 5 in 50! is 


he} 


Now number of zeros in the end of 50! is equal to exponent 
of 10 in 50! which is equal to exponent of 5 in 50! Therefore, 
number of zeros in the end depends on exponent of 5, but not 
on the exponent of 2. 


Hence both statements 1 and 2 are true; but statement 2 is 
not a correct explanation for statement 1. 


Linked Comprehension Type 


For Problems 1-3 
1. a, 2. b, 3. b. 
Sol. 1. When one all rounder and ten players from bowlers and 
batsmen play, number of ways is *C, '“C,,. 
When one wicketkeeper and 10 players from bowlers and 
batsmen play, number of ways is *C, '*C,,. 
When one all rounder, one wicketkeeper and nine from 
batsmen and bowlers play, number of ways is *C, ?C, 4C,. 
When all elven players play from bowlers and batsmen 
then, number of ways is "C),. 
Total number of selections is *C, "C,, +?C, "C,, +4C, 2C, 
mG. + eu Gree 
2. If the particular bowler plays then two batsmen will not play. 
So, rest of 10 players can be selected from 17 other players. 
Number of such selections is '’C,,. 
If the particular bowler does not play, then number of selec- 
tions is °C.,. 
If all the three players do not play, then number of selec- 
tions is "C\,. 
Total number of selections is "C+ °C, + "C,,. 


3. Ifthe particular batsman is selected, then rest of 10 players can 
be selected in "°C, ways. 
If particular wicketkeeper is selected, then rest of 10 players 
can be selected in '°C,, ways. 
If both are not selected, then number of ways is '*C,,. 
Hence, total number of ways is 2 °C, + °C, =?C\,+ i 


For Problems 4-6 
4. c, 5. b, 6, a. 


Sol. 4. Seven persons can be selected for first table in °C, ways. 
Now these seven persons can be arranged in 6! ways. The 
remaining five persons can be arranged on the second table in 
'4! ways.Hence, total number of ways is "C.6!4!. 
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5. Here, A can sit on first table and B on the second or A on 
second table and B on the second table. 

If A is on the first table, then remaining six for first table 
can be selected in '°C, ways. Now these seven persons can be 
arranged in 6! ways. Remaining five can be arranged on the 
other table in 4! ways. 


Hence, total number of ways is 2 "°C, 6!4!. 

6. If A, B are on the first table, then remaining five can be 
selected in '°C, ways. 

Now seven persons including A and B can be arranged on the 
first table in which A and B are together in 2!5! ways. Remain- 
ing five can be arranged on the second table in 4! ways. Total 
number of ways is °C, 4!5!2! 

If A, B are on the second table, then remaining three can be 
selected in °C, ways. 

Now five persons including A and B can be arranged on the 
second table in which A and B are together 2!3! ways. Remain- 
ing seven can be arranged on the first table in 6! ways. Hence, 
number of ways for first table is °C, 6!312!. 


For Problems 7-9 

7. b, 8. c, 9. d. ; 

Sol. If no box remains empty, then we can have (1, 1, 3) or (1, 2, 2) distri-. 
bution pattern. 


7. When balls are different and boxes are identical, number of 
distributions is equal to number of divisions in (1, 2, 3) or (1, 
2, 2) ways. Hence, total number of ways is 


5! 5! 
1-2r31” (2e1b2! 
8. When balls as well as boxes are identical, we have only two 
ways (1, 1, 3) and (1, 2, 2). Hence, number of ways is 2. 
9. When boxes are kept in a row, they will be treated as different. 
In this case the number of ways will be *-'C,_ | =*C, = 6. 
For Problems 10-12 
10. b, 11. c, 12. b. 
Sol. 6 =0(2) + 6(4) = 1(2) + 4(1) = 2(2) + 2(1) = 3(2) + 0(1) 


Number of 2s - Number of 1s lenaa . 
permutations 


4 


| Total = 13 


“ f{6) = 13 
Now, f((6)) = AL3) 


Number of 1s Number of 2s Number of 
; permutations 


aaa (ae eee 


il 
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5.60 Algebra 


S(A6)) =f13) = 377 
Al=td) 
JA2) = 2 (1, 1 or 2) 
- f3)=3 (1, 1, 1 or 2, 1 or 1, 2) 
4) = 5 (explained in the paragraph) 


By taking higher value of n in fn), we always get more 
value of f(z). Hence, f(x) is one-one. Clearly, f(x) is into. 


For Problems 13-15 
13. c, 14. a, 15. d. 
Sol. 
13. Let x, denote the number of empty seats to the left of the first 
person, x, (1S i<— 1) the number of empty seats between the 
i" and (i + 1)" persons of the n'" person. Then XX, 2 0 and 
x,21forl<i<n-1. 
XytX, to +X = (m—n) (1) 
Putting x,=,+ 1, where y, > 0, we have 
Xyty to ty, +x, +0 +14+14+---+(n- 1) times) 
=(m-n) 
= XA ty, tee ty, +x, =m-n-(n-1) 
=> xX ty te ty,_ tx, =m—-2n+] 
Now number of non-negative integral solutions is 


n+l +(m—2nt 1) - Cc so 2 mane 1 Since we can permute n per- 


sons in #! ways, the required number of ways is 


—n+l)! (m—n+l1)! 
HERE LC ! a (m at ! = 
( aC } n!(m-2n+l1)! i (m-2n+l)! 


14. Let n= 2k, where k is some positive integer. Let X, denote the 
number of empty seats to the left of the first pair, x,(1 Sisk 
— 1) the number of empty seats between i" and (i+ 1)" pair and 
x, the number of empty seats to the right of the £ pair. Note 

that x,,x,20,x,21(1<isk-1)and 

Xp +X, +++ +x, = (m— 2k) (2) 


The number of integral solutions of Eq. (2) is”-**'C, (see 
the solution to problem 13). 

Since we can permute » persons in n! ways, the required 
number of ways is 


15. 


(ne Jen (2k)! 


_ (2k)! (m-2k+1)! 
~ (k) (m-3k +1)! 


= (2 iP) (m2 P) 
SOP) (1P.3 


ni2 
mis even. Let m = 2k, where kis some positive integer. We can 
choose n seats out of the k seats to the left of the middle seat 
in *C, ways. Each chosen seat can be either empty or occupied. 
Thus, the number of ways of choosing seats for 7 persons is 
equal to (C,) (2"), We can arrange n persons at these seats 
in "P_ ways. Hence, the required number of arrangements is 


given by 
(a!) (C,) (2") = (P,) (2") = ("PP 2") 


For Problems 16-18 = 
16. d, 17. b, 18. c. 


Sol. 
16. 


17, 


18. 


Since there are 5 even places and 3 pairs of repeated letters, 
therefore at least one of these must be at an odd place. There- 
fore, the number of ways is 11!/(2!2!2!). 


Make a group of both M’s and another group of T’s. Then 
except A’s we have 5 letters remaining. So M’s, T’s and the 
letters except A’s can be arranged in 7! ways. Therefore, total 
number of arrangements is 7! x 8C,,. 
Consonants can be placed in 7!/(2!2!) ways. Then there are 8 
places and 4 vowels. Therefore, number of ways is 
Toe, 4! 
212! 2! 


Matrix-Match Type 


1. a>r;b—>s;c>pj;d—q. 
a. C,-4C,+1=45-6+1=40 
b. 1x "C, = 45 

c. 2x °C,= 30 

d. °C,x4=60 


2. a—>q;b~-rjc—-s;d—p. 


a. Number of rectangles is equal to number of ways we can 


select two vertical lines and two horizontal lines. Total 
number of ways is ’7C, x 7C, = 441. 


Fig. 5.49 
If the square is of 1 sq. units like a6, then we have such 6 x 6 
= 36 squares. 
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If the square is of 4 sq. units like shaded region of the 
squares al, a2, bl, 52, then we have such 5 squares in the belt 
forrmed by rows 1 and 2. Similarly we have 4 more belts 23, 
34, 45 and 56. Hence, there are 5 x 5 = 25 such squares. 

Similarly we have 4 x 4, 3 x 3, 2 x 2, 1 x 1 squares of 
increasing sizes. 

Hence, total number of squares is 1+4+9+ 16+ 25 + 36 
=91.. 


i. 


Fig. 5.50 


The first square can be selected in 36 ways. If one such square 
al is selected, we are left with 25 squares; second square cannot 
be selected from row 1 and column a. If second square is c2, we 
are left with 16 squares, from which third square can be selected, 
e.g., 54. 

Hence, number of ways of selections is 36 x 25 x 16. But 
in this one-by-one type of selection order of selection is also 
considered. Hence, actual number of ways is (36 x 25 x 16)/3! 
= 2400. 


Given number of ways is equivalent to selecting 11 squares from 
36 squares if no row remains empty. 

Suppose x,, X,, X,, x,, X,, x, be the number of squares selected 
from the 1, 24, 34, 4, 5" and 6" row. 

Then we must have x, +x, +x, +x, +x, +x, = 11 (where 1 < 
x, <6). 

The number of positive integral solutions of the above equa- 
tion is !'~'C,_ | = °C,. 


. a> gb—-pcosd-r. 

. If polygon has x sides, then number of diagonals is "C, ~ n = 35 
(given). Solving we get n = 10. Thus, there are 10 vertices, from 
which "C, (= 120) triangles can be formed. : 

. Four vertices can be selected in '°C, (= 210) ways. Using these 
four vertices two diagonals can be formed, which has exactly 
one point of intersection lying inside the polygon. 

Hence, number of points of intersections of diagonal which 
lies inside the polygon is '°C, x 1 = 210. 


Fig. 5.51 , 
Suppose one of the sides of the triangle is 4,4,. Then third 
vertex cannot be A, or A,,. Thus, for the third vertex six vertices 
are left. There are six triangles in which side 4,4, is common 
with that of polygon. Similarly, for each of the sides A,A,, A,A,, 
-++,A,A,, there are six triangles. Then total number of triangles 
is 60. 


d. Triangles A AA,, AAA, a3 


4. 


- a>p,ssb 
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., A,A,A_,, have two sides common 
with that of polygon. Hence, there are 10 such triangles. 


a— p,q, Fr, $3 b. > p, 553 c.— q,7,8;d.—s. 

a. Number of subjective functions is 
3° —3C\(3 - 1)° + 3C,(3 — 2)° = 729 - 192 + 3 = 540 

b. If fa) +b, then pre-image a,, a,, a, cannot be assigned 
images b,, b,, b,, respectively. 
Hence each of a,, a,, a, can be assigned images in 2 ways. 
a,, a,, a, can be assigned images in 3 ways each. 
Hence number of functions is 2733 = 216. 

c. One-one functions are-not possible ar pre-images are 
more than images. 

d. Number of many-one functions is 
Total number of functions — number of one-one functions 
= 3°— §P , = 729 - 120 = 609 


>grcop,s;d-or. 


Total number of required functions is equal to number of 
derangement of 5 objects, which is given by 


si(p-t+d 2) =a 
2! 3! 4! 5! 


XXX, =2xK35xX7=2xK49xX5=10xK7x7=14x7x5 


So total number of solution set is 3 x 3! + 3!/2! = 21. 


. 3780 =2?x 37>x5x7 


Number of divisors which are divisible by 2 but not by 3 is 
2x2x2=8. 

Number of divisors which are divisible by 3 but not by 2 is 
3x2x2=12. 

Number of divisors which.are divisible by 2 as well as 3 is 
2x3x2x2=24., 
Hence total number of divisors is 44. 
42 + 2 =2(2A + 1) = odd multiple of 2 
Thus, total number of divisors is 1 x 5 x 11 — 1 = 54. (1 is 
subtracted and powers of three and five are zero each and this’ 
will make A = 0.) ; 


6. a>-r;b—pj;c>s;d—q. 


The number of possible outcomes with 2 on at least one dice 
= The total number of outcomes with 2 on at least one dice 


= (The total number of outcomes) — (The number of out- 
comes in which 2 does not appear on any dice) = 6* — 54 


= 1296 — 625 = 671 


. Any selection of four digits from the 10 digits 0, 1, 2, 3, ..., 


9 gives one number. So, the required number of numbers is 
°C... 
Let the number be » = pqr. Since p + q + r is even, p can be 
filled in 9 ways and q can be filled in 10 ways. 

rcan be filled in number of ways depending upon what is 
the sum of p and gq. 

If p + q is odd, then r can be filled with any one of five odd 
digits. 

If p + q is even, then r can be filled with any one of five 
even digits. 

Tn any case, r can be filled in five ways. 


Hence, total number of numbers is 9 x 10 x 5 = 450. 
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5.62 


Algebra 


After fixing 1 at one position out of 4 places 3 places can be 
filled by ’P, ways. But for some numbers whose fourth digit is 
zero, such type of ways is °P,. Therefore, total number ways is 
7P, — °P, = 480. 

a> q,s;b.> p,r3c— p,r;d— p,r. 


There are two cases. 


(i) 5,4, 1, 1,1 


Number of ways of selection is 51/3! = 20. 


(ii) 5,2, 2,1, 1 


Numnber of ways of selection is 5!/2!2! = 30. 


Hence, total number is 20 + 30 = 50. 


b. 


a. 


Now, 


YUY | 


Select 4 pairs in °C, = 5 ways. Now select exactly one shoe 
from each of the pairs selected in CC,)* ways. This will fulfill 
the condition. Hence, required answer is 5 x 16 = 80. 
The first child C, can be chosen in 3 ways; his/her mother can 
be interviewed in 5 ways; the second child C, can be chosen in 
2 ways, and his/her mother can be interviewed in 3 ways. 
Hence total number of ways is 3 x 5x 2x 3=90. 
Required number of ways is 5! — 4! - 3! = 120 - 64-6 =90. 
(Number will be less than 56000 only if either 4 occurs on the 
first place or 5, 4 occurs on the first two places.) 


a—>r,s;b>p,rmce—>p,q;d—r,s 


We have, 
a=*4+?P =e +2)! 
' 
batP = x! 
(x-11)! 
c=-UP = (r- 11)! 


-i 


a= 182 be => (x +2)! = 182 x pe! 


x- 
(xc + 2)! = 182x! => (x+ 2) + 1) = 182 Sx= 12 
xIxIxt 
Even digits occupy odd places shown by crosses. Crosses can 
be filled in 2 x 2 x 1 ways (-. 0 cannot go in the first place 
from the left), The remaining places can be filled in 3! ways. 
Therefore, the required number of numbers is 2 x 2x1x3! 
= 24. 
Total number of numbers without restriction is 2°, Two num- 
bers have all the digits equal. So, the required number of num- 
bers is 2° - 2. 
Let number of sides of polygon be n. Number of sides of poly- 
gon is equal to number of vertices of-polygon. Now number of 
diagonals of polygon is 
"C,-n=54 


HED) 25, = 54 


nw —-3n-162=0 
(n= 12) (n+9)= 
n=12 


Integer Type Fi 


1.5) "P = up 
! ft 
a ene ae (1) 
(n—-r)! (n-r-\)! 
n! - nl 
Soe AE on oy, = : 
Again"C,= ri pir! (nr + Dr D! 
Bi DN ai 9A (2) 
r n-rtl 


2.(8) 


3.(4) 


5.9) 


Solving (1) and (2),n = 3,r=2 


We have "C, = 28 
=> n= 8 (as there are 7 days in week) 


Number of arrangements are 2ntnt} 
Giventhat2 n! n!= 1152 
=> (n!~=576 
=> nt=24 
=> n=4 
4.(8) Let n(A) = number divisible by 60 = (60, 120, ..., 960) = 16 
n(B) = number divisible by 24 = (24, 48, ..., 984) = 
n(A 0 B) = number divisible by both 
= 120+ 240+ --- + 960=8 
Hence n(A 0 B) = n(A) -—n(A OB) = 16-8 = 8 
We have A’s = 2; B’s =4; C’s=2 
Total words formed = mae = 420 (1) - 


6.(6) 


7.(8) 


8.(8) 


1212! 
Let ABBC = ‘x’ anata 


! 
Number of ways in which x ABBC can be arranged = = = 60 
but this includes x ABBC and ABBC x. ai - 


But the word ABBCABBC is counted twice in 60 hence it 
should be 59 

Hence required number of ways = 420 - 59 = 361 

Let T and S denotes teacher and student respectively 

Then we have following possible patterns according to ques- 
tion 

(i) TSSTSSTSS 

(ii) STSSTSSTS 

(iii) SSTSSTSST 

Hence total number of arrangements are 3 - (3!)6! = 18x 6! 
=>k=6 

To form a triangle, 3 points out of 5 can be chosen in°C,= 10 
ways. 


But of these, the three points lying on the 2 diagonals will be 


collinear. 
So 10-2 =8 triangles can be formed 
Here A is common letter in words ‘SUMAN’ and ‘DIVYA’ 


Now for selecting six different letters we must select A either 
from word ‘SUMAN’ or from word ‘DIVYA’. 


Hence for possible selections, we have 

A excluded from SUMAN +A included in SUMAN 
=4C, 564°C, -“6,=40 + 24 = 64 

Hence N?=64 =>N=8 
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9.(5) Let r no. of books of algebra and 20 — r of calc. no. of selec- 
tioms = 'C, x °-'C, 
Which has maximum value when r= 10 

10.(9) Nurmber of digits are 9 
select 2 places for the digit 1 and 2 in °C, ways 
frorm the remaining 7 places select any two places for 3 and 4 
in7C., ways 
and from the remaining 5 places select any two for 5 and 6 in 
°C, ways 
now, the remaining 3. digits can be filled in 3! ways 
Total ways =°C, -7C, -°C,- 3! 


9! 7! OS! 
~ OPT! 265! 213! 
= 2987! Loin 
8 8 
11.19) We have 2” -— 2 = 510: 
=> 2"=512 
=> n=9 
12.(8) Including the two specified people, 4 others can be selected in 
°C, ways. 


The two adjacent seats can be taken in 4 ways and the two 
specified people can be arranged in 2!ways, remaining 4 
people can be arranged in 4! ways . 


=> 5C,.4.2!41=5!18=8.5! 

13.(7) There are 2 women and let number of men are n 
According to question 
2x °C, = 664+2x"C, x°C, 


= 2. a=? =2 [33 + 2n] 


n(n—1) 
1.2 
=> n-5n-66=0>5 (n-11)(n+6)= 
“ n=l (v sa>0) 
total participants = 2+ 11 = 13 


14.9)[ x [x] | when two consecutive digits are 11,22, etc=9.9 
= 81 


= 33 + n(2) 


|__| 0 | 0 | when two consecutive digits are 0 0 = 9 
| [x[x| when two consecutive digits are 11, 22, 33, ... 
=9.8=72 
Total number of numbers are N = 162. 
15.(8) We have N = lalolcld | 
First place a can be filled in 2 ways i.e. 4, 5 (4000 <N< 6000) 
For b and c, total possibilities are ‘6’ (3 < b<c <6) 
i.e. 34, 35, 36, 45, 46, 56 
Last place d can be filled in 2 ways i.e. 0, 5 (N is a multiple 
of 5) 
Hence, total numbers = 2 x 6 x 2 =24= N then N/3 = 8. 
16.(5) 4 AAAA |B BBBBB 


Since word reads the same backwards and forwards, the 
middle digit must be A. 
M 


x x x x x bx xxx x 
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so that even number of A’s and B’s are available for arrange- 
ment about middle position M in the above figure. 


Take AABBB on one side of M (6" place) and then their image 
about M in a unique way 
5} 


Number of ways N= —— =10 
2!.3! 


17.(5) 


Fig. 5.52 


Here the path which leads from A to B is of length-12. 


Now without considering the constrain of passing through the 
point M, number of ways in which we can reach B from A is 
equal to number of ways we can select 6 steps from left to right 
and 6 from bottom to top which is equal to "C.. 


Now we can reach from A to M in 6 steps in °C, ways ane 
can reach from M to B in °C, ways. 


Hence we can reach from A to B through M in °C,x°C, ways. 
Hence required number of ways = "C, — [°C,x®C,] = 924 — 
400 = 524 


number of numbers beginning with1=120[1] [ [| [ [| 
number of numbers beginning with2=120[2] | [| | [| 


Starting With 31 ooo =24 13/1] [| | [ | 


starting with 3214 owe =2 [3[/2|1/4] | 


finally =1 [3[2]i[s]4[e] 


Hence unit place digit of 267" number is 6 


19.(7) x denotes the number of times he can take unit step and y denotes 


the number of times he can take 2 steps, then x + 2y = 7, 
Then we must have x = 1, 3, 5, 
If x = 1, the steps will be 1 22 2 
4! 
= number of ways = a 4 


If x = 3, the steps will be 1.1122 


! 
= number of ways = mone = 10 
2!.33 
If x = 5, the steps will be 111112 
=> number of ways = °C, = 6 
Ifx=7, the steps willbe 1111111 


=> C=1 
Hence total number of ways = N = 21 
=> NB=7 


20.(7) 3 women can be selected in 7 C, ways and can be paired with 3 


men in 3! ways. 


Remaining 4 women can be grouped into two couples in 
4! 
2!-2!-2! 
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5.64 Algebra 


“. Total =7C,-3!-3=630=N 
Then the value of N/90 is 7 
21.(8) Here P= “cC,andP =" 'C, 
Hence ""'C,—""?C, = 15 
=> mcm 2C, "C= 15 
=> "°C,=IS>n=8 
22.3) 
(i) He can invite 2 friends three times each 
Lets select first those 2 friends in °C, ways 
Now these two friends each three time can be invited on 6 days in 
6! . 
313! 
Thus total number of ways 2 friends can be invited three times 
6! 
* 313! 
(ii) Another possibility is that he invites all three friends 2 times 
each 


! 


2!2!2! 


Then number of ways = 


(ii) One more possibility is that he invites one friend three times, 
one two times and one three times. 
6!x6 
312! 
Hence total number of ways 
! x ! 
a os ge th 7 ORO IO 
313! 312!) 2!2!2! 


Then number of ways = 


23.(4) If three numbers are in G.P., then their exponent must be in 
AP. 
If a, b, c are selected number in G.P., then the exponents of a 
and c both are either odd or both even, or otherwise exponent 
b will not be integer. 
Now two odd exponent (from 1, 2, 3, ..., 10) can be selected in 
°C, ways and two even exponent can be selected in °C, ways. 


Hence number of G.P.’s are 2°C, = 20 


24.(8) °C, =O 4 IC HC Fo HC, 


ker 


=| Ete, £°PC, 4 °03C, + ee +'C, 


erica tle +°CC + oer BIG. 


— 
art? 
ee: sh 
™*3C, and so on finally "*'C,_, 
nel — Hl 
now, C, -- Cia 
n 
: ~ ntl _ ntl I I one] 
a f(ae= >; Cra = C, 4 c,+" C,+ wee pt Ci 
r=0 
— ntl atl net atl 
SE eMC a Cesk Ga 


f(a =(2"")-1 
fQ@)=2"—-1= 1023 =3- 11-31 


hence number of divisors are (1 + 1)(1 + 1(1+ 1) =8 


_ Subjective Type 


1. (i) Distribution of 52 cards can be equally divided amongst 
four players. 


Fig. 5.53 

Hence, number of ways is 
! ! 
52! P 52! 


(13!)4! (13!) 


(ii) 


COCs 


Fig. 5.54 
Number of divisions is 
52! 
(17!) 113! 


Note: There is division by 3! since 3 groups can be arranged in 3! 
ways and here 3 groups are of equal number of cards. 


2. As all the X’s are identical, the question is of selection of 
6 squares from 8 squares, so that no row remains empty. Here 
R, has 2 squares, R, has 4 squares and R, has 2 squares. The 
selection scheme is as follows: 


R 
R, 
R3 
Fig. 5.55 

Rv . Ri Ry 
1 4 ; 1 
I ; : 3 . 2 bie, i 
2 3 1 
3 |2 De | 


Therefore, number of selection is 


?C, x4C, x7, + °C, ra Be a, Orr cae Cec Oot OF +°C,x 
1C,x?C,=44+84+8+4+6=26 
3. As no box should remain empty, boxes can have balls in the 


following numbers: 
Possibilities 1, 2, 3 or 1, 2, 2 
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Fig. 5.56 
5! 
(11)? 312! 
| 
(21)? 1!2! 
Now, total number of ways of distribution of these groups into 
three boxes is 


Division ways for tree (i) is 


Division ways for tree (ii) is 


5! 5! ; 
- + ~ x 3! = 150 
Ci!y3!2!) (2!)° 1!2! 

4. mmencan be seated in m! ways creating (7m + 1) for ladies to 
sit 72 ladies out of (m + 1) places (as n < m) can be seated in 
m4 UP ways. 

Therefore, total number of waysis | 
(m+i)! _ (m+1)!m! 


! m+lp = IX — a 
aes ee (m+1=n)! (m—n+1)! 


5. The scheme is as follows: 


Husband’s 
relatives 
@ | Female 


3C, x4C, x4C, 
#C, = 144 


6. Out of 2 white, 3 black and 4 red balls, three balls have to be 
drawn. 
If at least one black ball is selected, then we have following 


cases: 
Black.balls (3) | White’+ red Number of ways of 
balls (6) selection 
1 a, 3C,x°C, = 45 
2 1 3C,x°C, = 18 
= a. CXC, = | 
Total - | 64 


7. Number of ways in which a student can select at least one 
and almost » books out of 2” + 1 books is 


amas OF $C, 4 tI + siete AP eG 


i 


5 (2x10, +2 2m" C42 am! C,+ vee tO ME! C) 


WW 


1 Que Int 2nt 2n+ 
LONE + NC ag) HOMIES HCay) 


gs Oe anelc Pros CMC aC.) 


2n- 


{Using ’"C,="C,_] 


uo 


Permutation and Combination 5.65 


1 


= lea Coa ae cn aac 


n+l" 


qt +t "Cy, | 


nt+2 


ir. | 2n+l 2n+l 
2] aat C ant C a n+ C+. 
Uae te 


+"C,4)-1-1] 


= s[2"" -2]=2"" = 


Now given, 

2-1 =63 
=> 2%=64=2° 
=> 2n=6 
=> n=3 


8. Out of 18 guests, 9 are to be seated on side A and rest 9 on 
side B. 
Now out of 18 guests, 4 particular guests desire to sit on one 
particular side say side A and other 3 on other side B. Out of 
rest 18 4 —3 = 11 guests we can select 5 more for side A 
and rest 6 can be seated on side B. Selection of 5 out of 11 
can be done in ''C, ways. Nine guests on each side of table 
can be seated in 9! x 9! ways. a 

Thus, there are total ''C, x 9! x 9! arrangements. 


9. Acommittee of 12 is to be formed from 9 women and 8 men 
with minimum 5 women. Then we have following selection 


ways. 
Women (9) Men (8). | Number of ways of selecting 
2G. ¥8C, =1008S5,.~ |’ 


7 °C, x 8C, = 2016 =s, 
8 
9 


9 gC = = 
C,* §C, = 630 =s, 
9 8 = _ 
Cx °C, =56=s, 
a. Number of committee when women are in majority is s, + 5, 
+s, = 2702. 


b. Number of committee when men are in majority is s, = 1008. 


10. Let there be n sets of different objects each set containing 1 


identical objects, e.g., (1, 1, 1, .... 1” times)), (2, 2, 2, ..., 
2 (ntimes)), ..., (7, 7, 7, ....7 (#7 times)). Then the number of 
ways in which these # x = #7 objects can be arranged in a 
row Is 
(w }! (n°)! 
ninte- nl (n!)" 


But, these number of ways should be a natural number. Hence, 
(n*)'/(n!)" is an integer (7 € J*). 


Objective Type 
Fill in the blanks 
1. Number of students who gave wrong answers to exactly one 
question is a, — a,. 
Number of students who gave wrong answers to exactly 
two questions 1s a, — a,. 
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5.66 Algebra 


Number of students who gave wrong answers to exactly 
three questions is a, — a, 
Number of students who gave wrong answers to exactly k 
question isa, _,— 4, 
Therefore, total number of wrong answers is 
I(a, — a,) + 2(a, -a,) + 3 (a,- a) + -+k(a,_,-4,) 
=a,+a,ta,+-- +a, 
2. We have total 3 + 4 +5 = 12 points. So, number of As that 
can be formed using 12 such points is given by 
Total number of ways of selecting three point - Number of 
ways three collinear points are selected 
= tO as °C, eZ 4G; = SC, 
_ 12x11x10 5x4 
6 "Oxi 
= 220 - 15 =205 
3. ‘+’ signs can be put in a row in one way creating seven gaps 
shown as arrows: 


iene hah aha 
Fig. 5.57 

Now 4 ‘~’ signs must be kept in these gaps. So, no two ‘—’ 
signs should be together. . 
Out of these 7 gaps 4 can be chosen in ’C, ways. Hence, 
required number of arrangements is 
7x6x5 
3x2xl 


1C,='C,= =35 


4 3 


4. We know that number of derangements of » objects is 


Therefore, number of ways of putting all the 4 balls into 
boxes of different colour is 


eet ae ae aa 
Aes | Ay ee 
l! 2! 3! 5] E a 


\ 
N 
ae 

— 

— 
NO 
nN] | 
Bla 
+ 
nu 
4 


True or false 
1. True. See the proof in theory section in properties of "C,. 


Multiple choice questions with one correct answer 
Lic. "C._, =36,"C, = 84,"C,, = 126 


We know that 


cee or 
aG, n—-rtl 
36 r 
=> —= 
84 n—-rtl 
r 3 
=> =— 
n-rt+l 7 
=> 3n-10r+3=0 (1) 


Also, 
"C. _r+i_ 84 _2 
"C n—-r 126 3 


rtl 
“= 2In-5r-3=0 (2) 
Solving (1) and (2), we getn = 9 andr=3. 


2. Number of words when repetition is allowed is 
10x 10x cE 10x 10= 10°. 


ANAND 


Fig. 5.58 


Number of words when repetition is not allowed is 


eee 
: : 
Fig. 5.59 


Hence, required number of words in which at least one 
letter is repeated is 100000 — 30240 = 69760. 


5 
3. ¢. 76 oy tC, 

j=l 
= "Cy+ ee + BC, oh ba Or) +c, + UC, 
aac, eG: + °C, + 8C, +*1C, +C, 

sine nC, +°C., 

SC, + C4 °C, +6, 4+ °C) 
=51C, + C, + PC, + °C,) 
= IC, + CC, + °C) 
=a Os + ne, 


p="4iC. si] 


4.d. 12345678 


Two women can choose two chairs out of 1, 2, 3, 4 in *C, 
ways, and can arrange among themselves in 2! ways. Three 
men can choose 3 chairs out of 6 remaining chairs in °C, ways 
and can arrange themselves in 3! ways. 

Therefore, total number of possible arrangements is *C, x 
DU IC St BUEAP APS : 


5. b. x B, x B,x B,x B,x B,x Bx 
Let first six boys sit, which can be done in 6! ways. Once they 
have been seated, the two brothers can be made to occupy 
seats in between or in extreme (i.e. on crosses) in ’P, ways. 


Hence, required number of ways is ’P, x 61. 


6.a. We know that a number is divisible by 3 if the sum of its digits 
is divisible by 3. Now out of 0, 1, 2, 3, 4, 5 if we take 1, 2, 3, 4, 
5 or O, 1, 2, 4, 5, then the 5-digit numbers will be divisible by 3. 


Case I: 
Total number of five-digit numbers formed using the digits 1, 2, 3, 4, 
5 is 5! = 120. 
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Case II: 
Taking 0, 1, 2,4, 5, total number is 4 x 4! = 96. 


nin Lt, 


Fig. 5.60 


From case I and case II, total number divisible by 3 is 120 + 96 = 216. 


7.b. Distinct n-digit numbers which can be formed using digits 2, 
5 and 8 are 3". We have to find n so that 


3" = 900 

=> | 3r —*> 100 

=> n—-225 

=> n2i7 
So the least value of 7 is 7. 
8c X—X-X-X-X 

The four digits 3, 3, 5, 5 can be arranged at (—) places in 
4! -6 ways. The five digits 2, 2, 8, 8, 8 can be arranged at 


ae) 


212! 
Tecue 
(X) place in PTET =10 ways. 
Total number of arrangements is 6 x 10 = 60. 


9.b. A regular polygon of x sides has n vertices, no two of which 
are collinear. Out of these 7 points, "C, triangles can be 
formed. 


T,="C,3T,,,="4!'C, 


net 


Given, 


1 tet os 


= "4!C,-"C,=21 


(nt+h)n(n -1) _ n(n —]) (n — 2) -9] 
3x2x1 3x2x1 


iv 


= n(n—-1)(n+1—n+2)=126 
=> nn-l=42 
=> n(n -l)=7x6 
=> n=7 
10. a. Total number of ways of arranging the letters of the word 


! 
BANANA is pao =60. 
2!3! 


Permutation and Combination 5.67 


Number of words in which 2N’s come together is 51/3! = 20. 
Hence, the required number is 60 — 20 = 40. 
li.c. 


1 2 3.4 2m-1 2m 
a a 
Pa Uae eee L 
2r + |—}—— | 
3} +} 7 1 
‘i t— - = eer Eee 
asec ar ek ae ed 
ee pea bene 


Fig. 5.61 
If we see the blocks in terms of lines, then there are 2m vetti-. 
cal lines and 2n horizontal lines. 


To form the required rectangle we must select two horizon- 
tal lines, one even numbered (out of 2, 4, ..., 2m) and one odd 
numbered (out of 1, 3, ..., 2” - 1) and similarly two vertical 
lines. 


The number of rectangles is"C, x"C, x "C,x"C, = mn? 


12. c. If L.C.M. of p and q is 77s’, then distribution of factors r is 
as follows: 


Thus, factor r can be distributed in 2 x 3 — 1 ways. Similarly, 
factors t and s can be distributed in 2 x 5 — 1 and 2 x 3 - | 
ways, respectively. 

Hence, number of ordered pairs are (2 x 3-1)x(2x5-1) 
x(2x3-1)=225. 

13. c. The letters of word COCHIN in alphabetic order are C, C,H, 
1, N, O. Fixing first letter C and keeping C at second place, 
rest 4 can be arranged in 4! ways. 

Similarly, the total number of words starting with CH, Cl, 
CN is 4! in each case. : 
Then fixing first two letters as CO, next four places when 
filled in alphabetic order gives the word COCHIN. 
Therefore, number of words coming before COCHIN is 
4x4!=4x24= 96. 
14. d. Total number of unordered pairs of disjoint subsets = 
3* +1 
2 


= 41. 
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Binomial Expansion 
ecutive Terms/Coefficients “yg nec I ae 
cations of Binomial Expansion _ > Binomial Theorem for Any Index 
| > Use of Complex Numbers in Binomial Theorem ee ee aio 
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6.2 Algebra 


INT RODUCTION 
Consider 
(xtyP=HaetyatyHaxr+xytyxty? 


=xV+2xy+y? 
‘Here, xy can be written in two ways (xy and yx). Hence the 
coefficient of xy is equal to the number of ways x, y can be 
arranged, which is 2! Consider 
(xt yP HOt 3xryt 34+ 
Coefficient of xy is 3 as for xy, we can arrange x, x, y in 
31/2! ways. 


With similar arguments, we have 


eycde Cay a 
OB IEE aie YT aia ay 


=*Cxt 4 4C xy + Cox? + AC xv? + 4C y4 
0 Ire se 2" - hee 4 


xy +y" 


Now by this development, we can find the coefficient of any 
term in the binomial expansion of any positive integral power. 

Thus in the expansion of (x + y)’, the coefficient of x°y* is 
equivalent to number of ways x, x, x, y, y, y, y can be arranged 
which is 7!/(3!4!) = ’C,. 


Hence, in general . 


(et aPC yet eC Ry $C, PY te ey, 


where n € N 


Note: 


* This expansion has (n 3 ) terms. 

¢ Its general term is given by T 
r=0,1,2,3,...,n 

° In each term, the degree is n and the coefficient of x"” y’ 
is equal to the number of ways (n — 1) x’s and r y’s can be 
arranged, which is given by 


—_ nN n-T ay 
ay = "Cx" y’, where 


n!} 

————- = aC 
(n-ryir! aes 

°(p +1)" term from the end is(n-p+1 y" term eas the 

isthe Le. T 


n-p+1" 
=(x + yy" = "Cot" + "Oxy + "C, xr y +. + "Cy", 
wherene N 


n 


= a "Cx yl 


r=0 


Replacing r by n — r, we have 


a eck . : 
: Hn -a-Gi-r) nar 
S= > C,..% y (. 


r=0 


"C= = ur ) 


Cx 


n 


> *C: xy nr 


r=0 


iH} 


"Coy" + Ra + Sie yr? a ee 
"Cy" + OO aes + MC es yee x + 


+ "Cx" 
+ "Cy 


i 


Thus replacing r by n —r, we are in fact wring the binomial 
expansion in the reverse order. ne 


Properties of Binomial Coefficient 


¢ Sum of two consecutive binomial coefficients, 


°C. #1C = C. 

° r'C = =n "IC, 

* Ratio of two, consecutive binomial coefficients, 
"C, _n-rtl . 
a Gover ee 

*If"C,="C,, then either x = y or x + y=n. So,” 

n!} 
» So, "C= "C= rant 


Pascal’s Triangle 
Coefficient of binomial expansion can also be easily determined 
by Pascal’s triangle. 


n=0 1 

n=1 ee 

a? NCFO ae os 
ne ge St So 

toe DS OR AON A 
n=5 1 5 10 10 5 if 


Construction of this triangle also justifies es + 4 ="!C as 


n=3 1 =e =P 1 


n=4 1.4 6=4C, 4 1 


Some Standard Expansions 


We know that 
(x 4s y)" = "Cy x! + "Cx" 'y ee "C, x 
+"C y", where ne N 
Putting y = 1, we have 


n-2 


2 yy 


(1 xy = "Cx" eC eC, a EC, 
="Cx" 4c xl 4rC x24... 4C 
a n n-| n-t 0 


Sar ra Oe ar as Oe ca ace ae OF ci 
a 

- "Cx" 
r=0 

In the above expansion, replacing x by —x, we have 
(1 — x)" = a as 5) Og + "C, x2 Sore (-ly AG ee i 
+ (-1)" iC xr 
Ps Hn 


Tips for finding coefficients of required term 


e Coefficient of x’ in the expansion of (1 + x)" is "C, 
e.g. coefficient of x° in the expansion of (1 + x)’ is "°C, 
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e Coefficient of x in the expansion of oe + baie is © a. as 
containing x is"Ca’x 
eoctivient of x in roe rae of Ae + Dy i is 


comfficient of x° in the expansion of d- 31)'5 is. 5: 36 
- coefficient of x’ in the expansion of (1 — 4x)" is 86, 4? 
e Coefficient of x* in the expansion of (at bx)" is"C. bra F 
as term containing xis "Ca"~"(bxy. 
coefficient of x* ‘in the expansion of (3 + 2x)? is 
°C, 2'3° (understand the: distribution of exponent ‘9’ when 
‘exponent 4 is taken by 2x the remaining exponent 5 will 
be taken by 3) . 
Coefficient of xin the expansion of (4- 5x)!9j is— WC, 5347 
e ‘Coefficient of x’ in the expansion of (1 + wy i is"C, pit r 
ds multiple ofp . 
e.g. coefficient of x" in the expansion of a + is 
BC 
coefficients of x? in the expansion of (1 + x?)!° is °C. 
coefficient of x! in the expansion of (1 + ne) is 
ug. 3 
coefficient of x5 in the expansion of (2 + 5x3) is 
C8552'5 - : 


_Example 6.1 
+ 80xa‘t + 32a°. 


Sol. We have, 
(x + a)" = "Cy + i Oe Saar) + 'Cy a+ ee 


(x + 2a) = °C, x° + °C, x*(2a) + °C (2ay’ 


+ °C,x? (2a)? + °C,x(2a)* + °C, (2a)? 


= 2° + 10x4a + 40x3a7+ 80x20? + 80xa* + 3205 


Find the value of 


Example 6.2 | 


18? +7°+3x18x7x25 
3° +6 2432415814420 27x8415X9x16+6xX3X32 +64 


Sol. The form of the numerator is 
@+b>+3ab(a+b)=(a+ by 


N’=(18 +7) = 25° 


Dra P+ 0C, 3? X24 °C 3 x2 C3 Ke 2) 
+ °C 3? x 2) 4°C 3 2) + 


This is clearly the expansion of (3 + 2)° = 5° = (25). 


gO 


N’ | (2593 _ 
D> 05) 
_Example 6.3 | Evaluate (1.0025), correct to six decimal 


places. 


Sol. (1.0025) = (1 + 0.0025)!° 


Simplify: x° + 10x‘a + 40x°a? + 80x’a° - 


Binomial Theorem 6.3 


= 1+ °C, (0.0025) + '°C, (0.0025)? 
+ °C, (0.0025)° + --- + (0.0025)'° 


= 1+ 10 x'(0.0025) + 45(0.00000625) 


Leaving other terms, as we require the value up to five places 
of decimals, we have 


"(1.0025)'° = 1 + 0.025 + 0.000281 = 1.025281 


=u 
(2x? ~ 1/3x?)", 
Sol. T = "Cx" ty’ for (x + yy" 


Find the 6" term in the expansion of 


Hence for (2x? — 1/3x2)!°, 


1 » 
3x 


T, = °C,(2x%) 


SSC Lf the 21" and 22"™terms in the expansion 
of (1 — x)“ are equal, then find the value of x 


Sol. T,, = T,, = “C,, (-)"! = “C,, (—x)” 
SAG a al "C, 1 _n-rdl 
a Gy ko 
Put n = 44, r=21 
1 44-2141 24 8 
eo Oh - On 
=-7/8 


2 Cuuuticacneme: Find the coefficient of x‘ in the expansion 
of (x/2 — 3/x?), 
Sol. In the expansion of (x/2 — 3/x’)'°, the general term is 


ey ee ee 
Ea _ Cc. 2 xr 


aay os (-1)’ 


= r 


Here, the exponent of x is 
10-3r=4>r=2 
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6.4 Algebra 


Therefore, the required coefficient is 405/256. 


z 21 
). Find the term in (a + | which 
has the same power of a and b. b a 


Sol. We have, 


2-r r 
3 / 4a -b 
mo*c(¥5) (fe) 


= AC a’ (r!2)p2/3)r-(712) 


Simce the powers of a and b are the same, therefore 


expansion of (1 + x + 2x?) [(3x?/2) - (1/3x)P. 
Sol. We have, 


9 
(1 +x + 2x) Ga 4 


3x 
-cxe2r|(3e | ~o(5* *) arse 
ton wr" 9 (1) 


Therefore, the term independent of x in the expansion is 

la, + la, + 2a, (2) 
where a, is the coefficient of x” in the second bracket [ ] of (1). 
Now, (+ 1)" term in [ ] of (1) is 


3 9-r 
on 3) —1/3x)' 
(3 ( x) 


= (-l)’ °C, (3) ; ds ya) 


a,, 3, = coefficient of x'**" 


ce are 
Se S|) 
(-I)’ °C, (3 ( ) 


Now fora, 
18-3r=0 
: 9-6 
: 3 | 
=> r=6> @ =( wre (5] X35 “Tg 
For a,, 
18 -3r=-1 
= r= 19/3, which is fractional 
a,=0 
Fora, 
18-—3r=-3 
ED aol 1 
=> r=7>a,=(-1)'°C}-} —==-— 
te (3) ar BF 


Hence from (2), the required term is 


eS es 
27} 52 
fm Find the coefficient of x* in 1 + (1 + x) 
~+(1 +x)" (OSKkSn). 


emt, a2" — 
18 


Sol. The expression being in G.P., we have 


E=14+(l+xt+(ltxyt-- +1 +x)" 
(+x) —1 -1 ntl 
(l+x)-1 ee 


Therefore, the coefficient of x* in F is equal to the coefficient 
of x**' in [(1 +.x)"*! — 1], which is given by "'C, 


Cluck Find the coefficient of x‘ in the expansion 


be: OL — ae 
Sol. (2 —x + 3x?)® = [2 —x(1 - 3x)]§ 
= 2°—°C, 2°x(1 — 3x) +°C, 24x? 
x (1-3xyP- oF 23 3(1— 3x)? + GF 2? x41 — 
3x)* —°C, 2.9 (1 — 3x/y + °C, 2° 


Obviously, x* occurs in 3", 4" and 5" terms. Now, 3 term is 15 
x 16x?(1 — 6x + 9x’). Here, the coefficient of x4 is 15 x 16 x9 
= 2160. The 4" term is —20 x 8x3(1 — 9x + 27x? — 27x3). Here, 
the coefficient of x* is 20 x 8 x 9 = 1440. The 5" term is 
15 x 4x4 [1-4 x 3x 4+ --- + (3x)*]. Here, the coefficient of x4 is 
15 x 4 = 60. Hence, Be required coefficient of x* is 2160 + 1440 
+ 60 = 3660. 


Find the coefficient of x°° in (1 + x)!” 


Example6-11 4 
x(l-x + x2)! : 


Sol. (1 +x)! — x + x7)! 


=(14+-x)[(1 +x)! 
=(14+x)(1 — +)! 
= (1-33)! + x (1 — 3)! 

Now, coefficient of x°° in [(1 — x°)! 4 x (1 — x3)!°] is 


Coefficient of x°° in (1 —x°)! + coefficient of x” in 
ad — x3) 100 


= x + x2)! 


= 0 (as 49 and 50 are not a multiple of 3) 


| If sum of the coefficients of the first, 


1 m ‘ 
second and third terms of the expansion of [2 + ) is 46, 
x 
then find the coefficient of the term that does not contain x 


Sol. We are given 
BC bP, = 40 
> 2m + m(m—~ 1) =90 
=> m+m-90=0 
=> m=9asm>0 


1 m 1 7 
Now, (r+ 1)th term of G +4) CA On 0) cag =] 
x 
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= See: 2m-3r 


For this to be independent of x, 2m—3r=O0>r=6— 
term independent of x is °C, = 84. 


1 -10 
Sol. E= C1 +2x°)” ( + +) = x!0 (1 + x’)? 
; x 


Hence we have to choose the term of x?° in x!° (1 + x”)°° or the 
term of (x7)? in (1 + x*)*° which will be °C. 


| Find the coefficient of x* in the expansion 
of (1+ x?)*. (1+ x) is 60. 
Sol. Coefficient of x° in (1 +2’). (1 + x)* 
= Coehipien! of x° in CC, +3C x7 + FC 4 + OC 8+ +++) 
“EC, $C xt 4C x2 + >) 
=5C AC, +°CC, 
=20+ 40 
= 60 


Find the coefficient of x" in the (1 — x)* 


Example 6.15 | 
x(L4+x +x? +39), 


Sol. E= (1-2)? (1+x)* (1 +2) 
= (1 -x) (1 —x?)4 (1 +.°) 
=(1-x)(d-x*)4 
= (1 — x) {1 — 40°) + 60°) 

Coefficient of x'? is (-1) (— 4) = 


2 Ac)? + (xt)] 


Example 6.16 | 


of (l+x +2420)! 


Sol. (1 +x)! C1 +x’)! 
Sb RUC, aC NCC ee) 
eC NC, Oy CGF) es) 
Coefficient of x* is "'C,.1 + 'C,.'C, + ''C, = 990 


Find the coefficient of x* in the expansion 


{| Find the number of terms which are free 
from radical signs in the expansion of (y"* + x!1%)*, 


Sol. In the expansion of (y!* + x!/19)°, 
T =5C ("855-7 (x"19)r = 5Cyl lvls p10 
r+] r r 
Thus T_,, will be independent of radicals if the exponents r/5 


and r/10 are integers for 0 <r <55, which is possible only when 
r=0, 10, 20, 30, 40, 50. 


Therefore, there are six terms, i.e., 7, T\,, T,,, T;,, T;,. Ts, 
which are independent of radicals. 


Binomial Theorem 6.5 


Concept Application Exercise 6.1 


1. Find the constant term in the expansion of (x — 1/x)°. 


12 
2. Find the coefficient of x-'°in the expansion of (¢ + bs] ; 
x 


15 

; : ; 1 

3. If x* occurs in the r" term in the expansion of E + =) ; 
then find the value of r. ¥ 


4. The first three terms in the expansion of (1 + ax)" (n # 0) are 
1, 6x and 16x?. Then find the value of a and n. 


5. If p and q be positive, then prove that the coefficients of x” 
and xin the expansion of (1 + x)’*? will be equal. 


6. If the coefficient of 4" term in the expansion of (a + b)" is 56, 
then find-the value of n. 


7. In [x8 + A if the ratio of 7" term from the beginning to 
V3 


the 7" term from the end is 1/6, then find the value of n. 


. If the coefficient of (2r + 3)" and (r— 1)" terms in the expan- 
sion of (1 + x)" are equal, then find the value of r. 


, prove that its 


2n 


9. If x” occurs in the expansion of (x? + 1/x)? 
coefficient is 


. (2n)! 
[}an-n)} Fe + pie 


10. Find the number of irrational terms in the expansion of 
(5 + 218) 100, 


Multinomial Expansions 


Consider the expansion of (x + y + z)'®. In the expansion, each 
term has different powers of x, y and z and sum of these powers 
is always 10.’ 

One of the terms is Ax’y*z°. Now, the coefficient of this 
term / is equal to the number of ways 2 x’s, 3 y’s and 5 z’s are 


arranged, i.e., 10!/(2!3!5!). Thus, 
10! PRP OP 
“a o- isa i - - 
(x+y+2z)! pan yr’ 


where P, + P,+P,=10 andO<P.,P,,P,S 10. In general, 


nl PoP p 
a ) _ Dees earrre oie 
+X) aa PIP! -P! x 2 r 


(%,+4,+°°° 
where P| + P,+P,+---+P =n andO <P, P,,....P.S1 
Number of Terms in the Expansion of (x, aa Sie eciae 2 x)" 


From the general term of the above expansion, we can conclude 
that number of terms is equal to the number of ways different 
powers can be distributed to x,, x,,%,, ..., X, such that sum of 
powers isalways n. 

Number of non-negative integral solutions of x, + x, + +--+ 
x =nis™'C 
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6.6 Algebra 


For example, number of terms in the expansion of (x + y + zP 
is 33-3 C,,, = °C, = 10. 

As in the emate: we have terms like x®°y®2?, x°y!z7, x°y?z!, 
PPL AVE LVL EVE RNS EV ook VO 

Number of terms in (x + y +z)" is ™*'C, 
Number of terms in (x + y+ z+ Ww)" is coe CG 
so on. . 


— 2 C.. 
— 13 
C, and 


B2clucaacm If the number of terms in the expansion 
of (x + y +2)" are 36, then find the value of x. 


Sol. INumber of terms in the expansion of (x + y + z)" is (n+ 1) 


(n+ 2)/2 = 36 
=> (nt+1)\n+2)= 
=> n=T7 


2cludememe ‘Find the coefficient of a*b‘c in the 
expansion of (1+a—5b +c)’. 


Sol (l+a-b+cp=2 (1)" (a)*(-b)" (cy 


Lele txy 


Aeon 
(for x, = 1, x,=3,x,=4,x,=1) 


9! 9! 
131411! 3141 


‘ Hence, the coefficient of a3b‘c is 


; Example 6.20 | | Find the coefficient of a°b‘c> in the 


expansion of (be + ca +ab)*. 
Sol. In this case, write a*b*c? = 
abe = qi bety or 
=> zctx=3,xt+y=4,y+z2=5 
Adding all, 
2(x+y+z)= 12 
=> Aty4+72=6 
Then, x= 1, y=3,z=2. 


(ab)*(bc)’ (ca) (say). Then, 


Therefore, the coefficient of a’b*c> in the expansion of 
(be + ca + ab)’ or the coefficient of (ab)! (bc)? (ca)? in the expan- 
sion of (bc + ca + ab)® is 6!/(113!2!) = 60. 


Find the coefficient of x’ in the expansion 


Example 6.21 3 


of (1 + 3x — 2x3)”, 


Sol. Coefficient of x’ in the expansion of (1 + 3x —2x°)!° is 


2, 


where n, +, +n, = 10 and n, + 3n, = 7, the possible values of 
n,, 1, and n, are shown in the margin. 


! 


0! 
a a ms (1) (3xy'"2 (—2x3)"3 


Therefore the coefficient of x’ is 


10! 
317101 UP GY CM + sears UPC) 


AOE 
+ oro (1)’ (3)' G 2yP 
= 262440 — 204120 + 4320 
= 62640 . 
ANALYSIS OF BINOMIAL EXPANSION 
Sum of Binomial Coefficients 


For the sake of convenience; ‘ie coeticiens OF as Olen. Ste 
.,"C\ are usually denoted _ Cy Cy, ee, resp 
ively: ge 
©C+ C+ C$ 4C 22! 
Proof: 
+ yy ="Cyx" + nC xe ly NC eee + i Ohi 


Putting x = y = 1, we have 


(141) = 27="C) 47°C, + "Cl $C, 
Similarly, : 
mC + nC 4: a On Steep sca Ose = y= an 
«C=C, +C)--+ C.=0 
Proof: 
Gb yl "Cin" +8 xt ly $C, xt? + veep i 9s 
Putting x = 1 and y =—1, we have me Bien, ales 
(LAlp="C,—"C +°C, °C, $C 0 
=> 0= (°C, +°C, + °C, + ---) (7C, +°C, 
a Oe aa 

=> (°C, + °C, +O, + DH (WC, +°C, 

+ °C, + +++) 


=O +O, + C, t+ 4+ =2"=('C, +°C, 


as OF ea a el Gk Se oa Oe Oe ce 
= 2°C, + °C, +O Fo) 
("C+ °C, + °C, +) 221 
Similarly, 
OC, £°C 47°C, += 2" 
* C+ C,+C, t+ =C,+C,+ Cot = 2" 
See above proof. 
eg. Cl tt1C MIC th Cot 2" 
ae OF a "C, +nic, +nIC, +- ven? 


C+ C, +9C, $C, 4 = 28 
5C +, +5C, +- ay 


etc. 


Example 6.22 
e C, Rd al 
Sol. We know that 

Qr-l =) 'G. #°C, + "C, aaa 
So, 

ao + as 6 + ss ape ees ae 


Find the sum “C, + °C, + "C, + "C, 


HC, $19C, + "Cot 


oe = 210-1 ~ 99 
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Find the sum 


1 1 1 
+ + + 
itn D! 3-3) Sin—5) 
So, s= — 4 tt 
ol S= Tim)! 31-3)! 5n—5)! 


Multiplying each term by n!/n!, S reduces to 


1 n! ] n! J n! 
sS= — + + foe 
ot 3! (n—3)! 5! (n—5)! 


=o ie bk Sia ss Sa ae | 


oN l 


n! 


10 
Find the sum >, a BS 


k=0 


10 : 
Sol. S= >) 7C, = "C+ PC, ++ +™C, 


k=0 
Now, 
= OF + 20C, As bids aC. + a OF + ne. rae a Oe = 220 
et (COG EMC ROC + MC) Er PG, AC) 
on a On = 720 
=> 22°C, + PC, ++ + Cl + PC, = 2" (eC, ="C,,) 


& & 
en a 6 + mC, ees ae = 219 5 a Ome i 


Find the sum of the series *C, + eC 


Sol, Let. $= PC, # °C, 4°C, 4. # PC, 
Here the series is exactly half series(8 terms) 
As the full series (16 terms) will be °C, + °C, + i ON Se 
BC, + PG, +. +O. 
So the sum of Si is exactly half of the full series that is half 
of 2'5 which is 2' 


Hence, °C, + °C, 4+ ?C,+...4 PE a2: 


f If the sum of coefficient of first half 
terms in the expansion of (x +y)” is 256 then find the greatest 
coefficient in the expansion 
Sol. Sum of coefficient of first half of the terms = 2’! (half 
series) = 256 = 2° 

=> n=9 
= greatest coefficient = °C, = 126 


Sum of Coefficients in Binomial Expansion 


For (x + yy ="Cyx? + "Cx ly +°C, xr? y+ ---+"C y", we get the 
sum of coefficients by putting x = y = 1, which is 2”. 

Similarly, in the expansion of (x + y +z)”, we get the sum of 
coefficients by putting x=y=z=1. 

For expansion of the type G@? +.x+1)"=a,tax+ax°+-- 
+a, x°", we get the sum of coefficients by putting x = | or 3" =a, 
+a,+a,+-+: +a,, which is the required sum of coefficients. 


Binomial Theorem 6.7 


Infact to find sum of coefficients we put the value of all 
variables as 1. (where variables are in x" form) 

In the above expansion, to get the sum of coefficients of 
even powers of x and odd. powers of x, putx = 1 and x =-! 
alternatively and then add or subtract the two results. 


Example 6.27 #BguUGitey of all the coefficients in the 
binomial expansion of (x? + x — 3)”. 


Sol. Putting x = 1 in (x? + x —3)°!°, we get the sum of coefficients 


_ equal to(1+1-3)"=—-1 


If the sum of the coefficients in the 
2ax + 1)*! vanishes, then find the value 


Example 6.28 
expansion of (a2x? — 
of a. 
Sol. The sum of the coefficients of the polynomial (o2x? — 2a 
x + 1)! is obtained by putting x = 1 in (o2x? -2ax +1)°'. Hence, 
from the given condition, 

(2 -2a+1~'=0>a=1 


Peewee Wf +x-2x7)"=a,+axt hea +ax+ 
+ +a,c", then find the value ofa, +4, +a, t+ +A, 
Sol. (1+x—2%)"=a,+a,xt a+ +4, ae 
Putting x = 1, we get 
a,ta,+a,t+a,+-+a =0 . ) 
Putting x =—1, we get 
= 970 (2) 


Ay — 4, + ,— A, + +1 — Aggy + Ay 


Subtracting (1) from (2), we get 
2[a, +a, + +++ +a] =—-2” 


2s = 919 
SG FG, + t+ + By 2 


Middle Term in Binomial Expansion 


Consider 


- ya ou n -H-ly. pou --2 2 Ee n wa 
(eh yl SAC en aly bye et Cy 


¢ The middle term depends upon the value of n. 


(a) If nis even, then total number of terms in the expansion 
is odd. So, there is only one middle term, i.e., (7/2 + 1" 
term is the middle term. : 


(b) If n is odd, then total number of terms in the expansion 
is even. So, there are two middle terms, i.e., [(7 + 1)/2]" 
and [(# + 3)/2]" terms are the two middle terms. 


* Middle term always carries the greatest binomial coefficient. 
As when n is an even middle term, T\,,,, has the greatest 
binomial coefficient "C 


afd” 

And when n is an odd middle term, T,,,,,. and T),,4,. OF 
T, d 7, 
(45!) an (12!) 
"C and "C, 


(F) 


have the greatest binomial coefficients 


(=) 


downloaded from jeemain.guru 


6.8 Algebra 
Sol. Since there is only one middle term here, n is even, there- SCheoeeae (If the coefficients of three consecutive 
fore (72/2 + 1)" term is the middle term. Hence, terms in the expansion of (1 + x)" are 165, 330 and 462, 
o Fe i respectively, then find the value of 7. 
"Cin (+) =924xo Sol. The coefficients of three consecutive terms, i.e. (r+ 1)", 
x (r + 2)", (r + 3)" in expansion of (1 + x)" are 165, 330 and 462 
= x = x6 respectively, Then, coefficient of (r + 1)" term is "C_= 165, 
coefficient of (r + 2)" term is "C_, = 330 and coefficient of 
=> n= 12 (also °C, = 924) (r + 3)" term is "C_,, = 462. 
_Exa fatceeewem If the coefficient of the middle term in a. “Cg per > 1 1 
the expansion of (1 + x)*"*? is a and the coefficients of middle ee Sad 2 R-THArt YS r= 3 (n—2) 
terms in the expansion of (1'+ x)”"*! are £ and y, then relate a ‘ 
an 


a, B and y. 
. Brod A : : "Ciao n-r-l 231 
Sol. Since (n + 2)" term is the middle term in the expansion of = =o 


(1+x)*™, thereforea=*"C _. Since (n + 1)" and (n + 2)" terms "Coat r+2 165 
are middle terms in the expansion of (1 + x)?"*!, therefore, => 165(n—r—1) =231(r + 2) or 165n — 627 = 396r 


= WIE ym tl u 
B pend y= OC => 165n -627 = 396 x 3 #2) 


But © , 
PG ARP me ES et Ree = 165n-627 = 132(n-2)orn=11 


———— Concept Application Exercise-6.2. 


~allucesmme IfC,="C_, then prove that 


1. Find the sum of coefficients in (1 + x — 3x2)4!®, (C, x C)) (C, C,) _ (Cat C) = C, Ci . C4 C, ) (a+ 1)"n! 
2, If the sum of coefficients in the expansion of (x — 2y + 3z)" is 
128, then find the greatest coefficient in the expansion of Sol. We have, 
(1 +x)" (Co+C) (C,+C) es # Cao (CC ) 
3. If (1+x-2r)'=1+ax+ay?+--+a,,x", then find the ‘G C C 
SCC C56 |1¢ ag Si SS 1+—2! 
value of a,+a,+a,+++4,,. 1~2 rl “a C, : C Cc. 
. 1 n 
. Fi i i i aoe : 1 2 : 
4. Find the middle term in the expansion of (« +2] _ CoC: C, [14h [- 3 }-(et) 
5. In the expansion of (1 + x)*°, find the sum of coefficients of Me hes | 
odd powers of x. (n+1)" 
6. Find the following sum: Bb eae at 
1 1 7 
* + nad! + ima)! + ZouUdaeame Ifa,,a,,a,,a, are the coefficients of any 
us xe : a ake : , four consecutive terms in the expansion of (1 + x)”, then 
7. Find the sum of the last 30 coefficients in the expansion of a a 2a 
(1 +x)”, when expanded in ascending powers of x. prove that os —— 2 
fl a,+a, @,+a, a,t+a, 
A Fi d th NO ae SAE ae 
eee > i 2-3) Sol. Let the coefficients of T, T,,,, T,,,, T.,, be ys Cie Gay Oy, 
respectively, in the expansion of (1 + x)". Then, 
a, "C, _n-rtl 
RATIO OF CONSECUTIVE TERMS/COEFFICIENTS q Ce 
Coefficients of x" and x”! are"C_, and "C., respectively. Also, we a, _ ntl 
know that Se Mae a, =i 
Ce —rt+l 
Pini eer Similarly, 
HH Co r 
_ ee ea, spt 
Similarly, a, r+l a, rt+2 
"C = . 
7 ee = (replacing r by r+ 1) Now, 
r a, 
mi jn ea4 L.H.S. = + = 
— tt = ——— (replacing r by r+ 1 and n byn + 1) and so on. a: ane 


ae r+l 
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1 1 
= + 

i¢2 1+% 

a a, 

r 40d? _2r+)) > 1 2a, 
n+l ntl nti 144 &%+4, 

a, 

=R.HS. 


‘Find the sum = “<< 
r=l1 rc 


_Example 6.35 


Sol. Ds — sj, 


7 n(nt+l) 
=n(n + 1)- ota 
_nnti) 


2 


;| Concept Application Exercise 6:3 


1. In the expansion of (1 + x)", 7" and 8" terms are equal. 
Find the value of (7/x + 6)’. 

"C 

"C4 

3. Show that no three consecutive binomial coefficients can be 
in (i) G.P., (ii) H.P. 

4. If the 3%, 4", 5" and 6" terms in the expansion of (x + a)" be, 

b’-ac _5a 

C-bd 3c. 


2. Find the sum yr 
r=l 


respéctively, a, b, c and d, prove that 


_ APPLICATIONS OF BINOMIAL EXPANSION 


important Result 


2< (+4) <3,n21,neEN. 
n : 
Proof: 
By the use of binomial theorem, we have 
, Ma-l ] a(n—1)(n—2) 


ce =lt+n- > + 
n rs 2:0 ow 3! 


ae a n(n—I)(n—2)+-[n-(n-])] 1 


n n} n 


HSH 
ror detaH 


1 1 
<l+l+—-4+2-+--4+— 
2! 3 


=1+1+ 


1 1 
1414-454 5 444—_— 1 


Binomial Theorem 6.9 


=3— Set (2) 


Hence, from-(1) and (2), 
1 n . 
2< (1+) <3,n2>1 
n 


Find the positive integer just greater 


Example 6.36 § 
than (1+0. 0001), 


10000 


Now we know that 
as(1+1) <3,n2lneEN 
n 


Hence positive integer just greater than (1 4 0.0001)! is 3, 


Find (i) the last digit, (ji) the last two 


digits and (iii) the last three digits of 177%. 


Sol. We have, 
1756 = (17)!8 = (289)!38 = (290 — 


17256 = aoa OF (290)!?8 aa. (290)'?? + ia (290)!76 — 
oe (290)? + +C,, (290)? — !8C,,, (290) + 1 
= [*C, (290)!28 — mG, 90)? EC, (290)!26 — 


28C\ , (290)°] + 8C,,, (290)? — °C, (290) + 1 
= 1000 m + '8C, (290)? -8C, (290) +1 (me D 


= 1000 m+ ee (290)? - 128 x 290 +1 


1)!8 


= 1000 m + (128) ae (290) (145) — 128 x 290 +1 
= 1000 m + (128) (290) (127 x 145-1) +1 
= 1000 m + (128) (290) (18414) + 1 
= 1000 m + 683527680 + 1 
= 1000m + 683527000 + 680 + 1 


= 1000(m + 683527) + 681 
Hence, the last three digits of 177° must be 681. As a result, the 
last two digits of 17? are 81 and the last digit of 172° is 1. 


Cleese, If 10” divides the number 101! - 1, then 
find the greatest value of m. 


100 x 99 - 


Sol. (1 + 100)'®= 1+ 100 x 100+ x (100)? 


100 x 99 x 98 


100y° ++" 
ix2x3 e) 
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6.10 Algebra 
—> 101)'-1=100 


100 x 99 
1x2 


100 x 9x 98 
1x2x3 


x 1001+ 


x 100 + -| 


From. above, it is clear that (101)'® — 1 is divisible by (100)? = 
10000. So greatest value of m is 4. 


important Results 


+ xy 1La"C xt "CP 4-6 
by x. = 
Also, (1 +x)'-1l-nx="C, x 4+ 
divisible by x’. 


+"C_x! +"C x" is always divsible 


+°C xt! +°'C x" is always 
a-l fn 


Exam ple 6.39 Pair that for each ne N,2-1is 
divisible by 7. 
Sol. 2"-1=(2%"-1=(1+7)"-1 
=[1+"C, (1) +°C, (TP ++ +°C, ("I= 1 
a7 iC aC) beh 1C. yr 


=> 2_1 is divisible by 7 for allne N 


Receeatme: Find the remainder when 6"— 5n is 


divided by 25 


Sol. 6’-5n=(145)"—5n 
= (a sreC yu 5 +'C5 + 
= 25 (°C, £°C, tee)t] 

5n when divided by 25 léaves 1 as remainder. 


we) 5n 


Hence 6" — 


Example 6.41 


& Using binomial theorem, show that 2” - 


’n — 1 is divisible by 49. Hence, show that 2°"? — 7n —- 8 is 
divisible by 49, n,¢ N. 
Sol. 2>"—7n— 1 = (23)"-7n-1 
=(1+7)'—7n-1 
eae Oe a OE a Cee Oat 


=P('C,+°C,7+-- 
where K is an integer. 
Therefore, 23" — 7n — 1 is divisible by 49. Now, 


+'C, 7 =49K (1) 


233 __ 7n—8 = 2? 2" —Tn-8 
= 8(2*"— 7n—1) + 49n 
=8 x 49K + 49n [From (1)] 
= 49(8K + 7) 


Therefore, 23"? — 7n — 8 is divisible by 49. 
Finding Remainder Using Binomial Theorem 
To find the remainder when a" is divided by b, we adjust the 
power of a to a” which is very close to b say with difference 1. 
Also, the remainder is always positive. When number of the type 
3k —1 is divided by 3, we have 

3k —1 4s 3k-34+2 fg Fg 

3 3 3 

Hence, the remainder is 2. 


Following illustrations will explain the exact procedure. 


‘Sol. E = 323 = 


kee 4‘Find the remainder when 5” is divided 
by 8 is 
Sol. 5% =5(5’)” 
= 5(24 + 1)” 
= 5(°C,24 + PC,24% +... +°C 924 + 1) 


Hence remainder when 5” is divided by 8 is 5 


Beek em Find the remainder when 5” is divided 


by 13. 
Sol. se 52 = 25 which is close to 26 = B x 2. Hence, 
= 59% =5 x 5% =5 x (52) = 5(26 1)” 
= E=5[°C, 26° —C, 26% + °C, 267 — +. + ®C,, 26 - 
°C] 
=5x26k-5 


# xp ees 
13 13 13 


Hence, the remainder is 8. 


Example 6.44 Raut the value of {37/28}, where: {-} 
denotes the fractional part. 

32001 x 32= 9(27)" = 9(28 > ye 

OG, (28) + -. — 667C 


667 ] 


=> E= heat Oe 23967 a 
=> E=9x28k-9 
=> gp op a 
28 28 28 
That means if we divide 32 by 28, the remainder is 19. Thus, 


p f Find the remainder when 16907 + 
2608'™ is divided by 7. 
Sol. Here base (1690 and 2608) is too big, so first let us reduce it. 
- 1690 =7 x 241 + 3 and 2608 = 7 x 372 +4 
Let, ‘ 
$= 1690768 + 26081 
= (7 x 241 + 3)28 4 (7 x 372 + 4) 
= 7k + 325 + 4'6 (where & is some positive integer) 


Let, 
S = 32608 + 41690 
Clearly, the remainder in S and S” will be the same when divided 
by 7. 
Sf = 3 x 3867 4 4 x 43*563 
= 3 x 2787 +4 x 645% 
= 3(28 — 1)*°7 + 4(63 + 1)°° 
= 3[7n—1]+4[7m+ 1] (n,ne / 
= 7p + | (where p is some positive integer) 
Hence, the remainder is 1. 


Boeke, Find the remainder when x = so 
(24 times 5) is divided by 24. 
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Sol. Here exponent is oil (23 times 5) is an odd natural 
number. Therefore, x = 52"*! = 5 x (25”), where m is a natural 
number. Thus, 
x =5x(244+1)" 
= 5+ a multiple of 24 
Hence, the remainder is 5. 


Expansion: (x + y)" + (x-y)" 


We know that 
(xe + yy ="Cyx" + "Cx ly 
FC xP tet Oe i (1) 
and 
& — yy =" x" = "Cx" ly 
+ °C, x0? yt oe +(-1)" i (2) 


Adding (1) and (2), we have 
(x + yy)" + yl = 20°C x" + "Cx? y+ "C, x04 yt o] 
Subtracting (2) from (1), we have , 
(x + y)"- (ey) = 2["C xy + "Carty HC KY +] 
Above results are best used in the following illustrations. 


Prove that /10[(V/10 + 1)'—(/10 —1)"] 


Example 6.47] 
is an even integer. 


Sol. VIOIG/10 +) —(/10 -1)'] 


= 2V10['%C, 10)” +!° C,(V10)” + C,(V10)" +--] 
= 2['°C, 10)" + C, (4/10) +! C,(V10)™ +] 
= 2f'"C (0) Eddy? °C.) 4 

which is an even number. 


B2clulccaeecme If 9’ — 7° is divisible by 2”, then find the 
greatest value of n, wheren € N. 


Sol. We have, 


97-79 =(1+8)’-(1-8) 
=(1+7C, 8'+7C, 8? + +7C, 8’)—(1-°C, 8! 
+ °C, 8?— ++ —9C, 89) 
= 16 x8 + 64[('C, + --- +7C, 8) 
—(C, - +++ -9C, 87)] 


= 64k (where k is some integer) 
Therefore, 9’ — 7° is divisible by 64. 


Find the degree of the polynomial 


_Example 6.49 | 


1 [eeet) (+ V4x4+1 a) 
V4x41 2 2 


= aca a ca 


2 2 


_ 2 
2’ 4x41 


('C, J4x+147C,(f4x41) 


Cy Qf4x41)° + aon (/4x41)"] 


Binomial Theorem 6.11 _ 


=< C,+'C, dese? C (4x41) +'C,(4x+1) 1 
Clearly, the degree of the polynomial i is 3. 


EE If (2+ V3)" = 1 + f where J and x are 
tive integers and 0 </< 1, show that J is an odd integer and 
ad-fAd+f=1. 

Sol. (2+ V3)" =1+f 


or 


I+f= Qn + a Qr-l Re + 1G. Qn-2 (3) iz 
+ aC, Di-3 (V3) 3 fe 2 si (1) 


Now, 
0<2-V3<150<@2-V3y'<1 


Let (2- 3)"=/" where 0 <f’ <1. 
rt + “Cc. Qn-2 
~"C,2"3 ( a y+ (2) 


f = Qn iS aC. 


Adding (1) and (2), we get 


tft f =22" 49°C, 2734+...) 
or 
I+f+f’ = even integer (3) 
Now, 0<f<land0</f’<1. 
O0<f+f' <2 


Hence from (3), we conclude that f + f’ is an integer between 
0 and 2. 
fefelofel-f (4) 
From (3) and (4), we get J+ | is an even integer. Therefore, / is 
an odd integer. Now, 
I+f= (2+ 3), f= 1-f= 2-3)" 
(+f) 1 -f) =[(2 +3) 2-V3))"= 
U+fad-fp=l 


Concept Application Exercise 6.4 


(4-3)"=1 


- Using binomial theorem, show that 3?"*? — 8n — 9 is divisible by 
64, VneN. 

- For eachn é N, prove that 49" + 16n —1 is divisible by 64. 

. Find the remainder when 27* is divided by 12. 

. Let» be an odd natural number greater than |. Then, find the 
number of zeros at the end of the sum 99" + 1. 

. Find the last two digits of the number (23)"4. 

. The number of non-zero terms in the expansion of 


(1+3V2x)? +(1-3V2x)? is ___. 
. Find the value of (V2 +1)° -(V2 -1)°. 


ey = )) 
=a,+ a,x 


2 ys 


po has 
then find the possible values of n. 


. Show that the integer next above (V3 +1)?” contains 2”! as a 
factor. 
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6.12 Algebra 


USE OF COMPLEX NUMBERS IN BINOMIAL 
THE OREM 


¢ Writing the binomial expression of (cos 6 + i sin 0)" and 
equating the real part to cos n@ and the imaginary part to 
sin nO, we get 


cos n@ = cos" 6 —"C, cos"? @ sin? 0 +"C, cos"+ @ 


sin? O+--- 
*C, cos"? @ sin’ 8 


sin nO ="C, cos"! @ sin 0 — 


+7"C,cos"® @ sin’ A+ --- 


=> tannd 


_'¢ tand —"C, tan? 6+"C; tan? @-"C, tan’ @+-- 
1-"C, tan’ @+"C, tan‘ 0—"C, tan°@+-- 


¢ We get a very interesting results if in binomial expansion, any 
variable is replaced with i= V—1 or @ (cube roots of unity). 


Find the sum C,-C,+C,-C,+ +++ where 


Sol. Consider 
(l+xy'=C,+Cx+Cr +: 


+C x" 
n 


Put x =i where i= V—1. Then, 
C4: SG, + Cre OP CP 4.CF + 
=(C,-C,+C,-C,+--)+i(C,-C,+C,+-) 
a Ca GC ie Ce +++ = Real part of (1 +i)” 


=Re ar(S + | . 

= Re | 2"” [cos isin 
4 4 

= Re | 2”/? [cos isin | [De’ Moivre’s theorem] 
4 4 

= 2”? cos 

Also, 
C,-C,+C,--- =Im[( + i)") = 2” sin (=) 
: : 4 


Prove that 


=3(2 +2005) 
3 3 


Sol. We have (1 + x)"=C,+ Cx + CE ECS FC” 
Putting x = 1, w and w’, we have 2"=C,+C,+C, +--+, 
(l+o)y'=C,+Cort Cw? + 
(l+@’"=C,+Cow?+Cott+-- 
Adding the above three equations, 
27+ (1+ o)"+ (1 +7) =3(C,+C,+O,4+--) 


"C,+"C,+ "Cote 


+ Co" 
2n 
+Co 


because 
l+ott+o*=O0ifk#3m. meN 
=3ifk=3m 
Now, 
4n .., 4x Tis sets ST 
l+o-=-w= ORs isin = Cos es 


5 2n .. 2x qn. 
1+ @* =-@ =-cos — —isin — =cos——isin— 
- 3 3 3 3 


Hence by De’ Moivre’s theorem, 
2"+(14+q@)"+ (1 +7)" 


, nt .. nn: ne... nn 
- =2"+4 | cos—+isin— |+] cos — —isin — 
3 3, 3 3 


= 2"+2 cos sg 
3 


Y 4 .., T represent the 
terms in 1 the expansion ‘of a + nS then find the value of 
(T,-T,+T,- +)? +(1,-T, +1, - +n EN. 
Sol. (e+ a)y'="Cyx" 4+ "Cx" at 8C ai Cra bs 
SToti +147, 3% 
Replacing a by ai, we have 
(tail ="C,x" +"C x lai +" x"? ai? + "Cx" (ai)? + 
aC, PC cas BIG Ra =e) 
Hi a" Ca a tC x" a at) 


al, =i,¢ Gao HG HT +1 oo) 
Taking modulus of both sides and squaring 
lx + ai" = \(T,-T, + T,- ++) + iT, -T, + F- +P 


= +a)"=(T,-T,+T,-- a ee aaa rae 


Example 6.54 (RICCR EAs el hae oan 


a,,x*", find the value of a, +a,+a,+ °°, EN. 
Sol. ad +X4¢X) Sa, t+ axt+av+r- +4, a (1) 
In (1), putting x = 1, we get 
3" =a, +a, +4, +4,+4,+a,+a.t--: (2) 


In (1), putting x = w, we get 
p & 
(1+ @ +0*)' =a, + 4,0 + aw + 4,0 + ao + ao” + 
aoe ++ 
> O=a,+4,0+ 4,0" +4,+ 4,0 +a +a,+-- (3) 
In (1), putting x = w’, we get 
p o o 
(1 + @? +01)" =a, + a,w? + ao" + ao + ao* + ao" 
GG) Shas 
=> 0=a,+a o> +a,ota,t+ao*tao+a+-- (4) 
Adding (2), (3) and (4), we have 
3" =3(a, +a, ta,+---) 


vee Brel 
> a,+a,+a,t =3 


Concept Application Exercise 6.5 


1. Find the sum "C, +"C, + "Coton. 
2.. Find the value of “C) + "C, + "C+ 005+ WG 
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GREAT EST TERM IN BINOMIAL EXPANSION 


Consider the expansion of (1 + x)’ when x = 1/2. Terms of the 
expansion are given by the following table. 


Here, we can observe that value of the term increases till the 
3™ term and then the value of the term decreases. Then, here T, 
is the greatest term. 

T, is the greatest term, hence T,/T, > | and also T/T, < 1. 

In any binomial expansion, the values of the terms increase, 
reach a maximum and then decreases. 

So in general to locate the maximum term in the expansion 
(1 +x)" we find the value of r till the ratio T_, /T, is greater than |. 
as for this value of r, any term is always greater than its previous 
term. The value of r till this occurs gives the greatest term. 

So for the greatest term, let 


T, 


r+l 


=" ee peer Ds 
T. r 1+x 
Then the greatest term occurs for r = [(n + 1)x/(1 + x)], 
which is the integral part of [(m + 1)x/(1 + x)]. - 


If [(m + 1)x/(1 + x)] is an exact integer, then T and T_,, both 
are the greatest terms. 

When we have an expansion in which positive and negative 
sign occurs alternatively, we find the numerically greatest term 
(ignoring the negative value), for which we find the value of r 
considering ratio IT_,,/T.). 


Note: The greatest coefficient in the binomial expansion is equivalent 
to the greatest term when x = 1. 


_Exam ple 6.55 J Find the greatest term in the expansion 


aoe) 


Sol. Let (7 + 1)" term be the greatest term in the expansion of 
i 20 
1+—=| .Now, 
( a 


. _20-r+1( 1 
f, r (NB 
Let 


Tr 


rel 


= 20-r+1> V3r 
= 212r(/3-+1 


BinomialTheorem 6.13 


= rs7.686 
> r=7 
for which the greatest term occurs. 


20 
. 1 
Hence, the greatest term in V3 [11] is 
: : 3 


; 

1 25840 
T, =v3™c,|—=| =—— 
(35) 9 


B2cludckeeeme Find the numerically greatest term in 
the expansion of (3 - 5x)* when x = 1/5. 
Sol. (3 — 5x) = 3" (1 —5x/3)5 = 3 (1 — 1/3) (for x = 1/5) 
Now consider (1 — 1/3)". 


T,,{ 1S-r4+1] 1 
| = ——]--]21 
T. r 3 
=> 16-r2>3r 
> rs4 


Hence, 7, and T, are the numerically greatest terms. 
T, = °C, 3'°3 (Sx)? = 455 x (3'7) 

and 
T, = °C, 3!°4 (-Sx)* = 455 x (3'”) 

Also, IT,! = !T.| = 455 x (3'7). 


_Example 6.57 Given that the 4" term in the expansion 


of [2 + (3/8)x]'° has the maximum numerical value. Then 
find the range of value of x. 


Sol. Let 7, be numerically the greatest term in the expansion of 


10 
2° [ + faa . Therefore, 


T, T, 
+|>1 —/>1 
F and T. 
Zz, : 
—=|21 |< 
=> ia and T, 
Now 


T. n—rtl 
=——_ x 


arth 

Ex He 
Taking r = 3 and r = 4 and replacing x by 3x/16 and putting 
n= 10 in the above two relations, we get 


11-3 3x j [ita4 34], 
3 aeend ie eae | i 
Ey Ie 2 and it < (1) 
1 
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6.14 Algebra 


2 
= x>4andx< 64 
21 


Wietme Find the greatest coefficient in the 
sion of (1 + 2x/3)'*. 


Sol. The greatest coefficient is equal to the greatest term when 
x=l. 


Kev ean, dancer ele 


T. r 3 
Let _t! >] 
IS~rt+l2., 
r 3 
=> 32-—-2r>3r 
=> rs 32/5 


=> r=6 
Hence, 7" term has the greatest coefficient and its value is 
Poe VC (213) 


+h 


‘ Concept Application Exercise 6.6 


. Find the largest term in the expansion of (3 + 2x)*°. where 
x=T/5. : 
. Ifx= 1/3, find the greatest term in the expansion of (1 + 4x)*. 


. Ifnis an even positive integer, then find the values of x if 
the greatest term in the expansion of (1 + x)” may have the 
greatest coefficient also. 

. If in the expansion of (2x + 5)'°, the numerically greatest term 
is equal to the middle term, then find the values of x. 


SUM OF SERIES 


Important Facts and Formulas for Finding Sum 
of Series 


. r'cisa'C (1) 
n!} 
CT nin 
n!} 
(n-1)! 


(n—r)\r—-1! 


edt om 

Similarly, 
ric =(nt)"C_, 
r’C_, ={r-1)+1)'C_, 


=(r—1)"C_,+°C_, 
= ni! C., + i Ss 
r 4 Ow = rae, 


=n[(r-I)+1)"'C_, 
=n[(r-1)'C_,+"'C_] 
=n[@—lrc_+"'C_] 

and so on. 

In the problems, we must remove any factor which is in terms 

of r which is multiplied by binomial coefficient. 


"C,  Ca 
“ 744 el 
Inr"C_=n'"'C_, replacenbyn+ J andrbyr+1. 
(r+ D™C_=M+e lc 
"Gs Ge 
rae ~ ntl | 2) 
Similarly, 
TG, i a eo 
ae 7 zi “ {replacing r by r— 1 and n by n—1 in (2)] 
Also, 
ic : es 3 
(r+I(r+2) (nt (n+2)" 
aC. 7 aig Ce 
(r+1\(r+2)r+3) (n+ D(n+2)(n+3) 
and so on. 


Always adjust the power of variable to suffix r of binomial 
coefficient "C.. 
Consider the following example: 

(-lyr'c = (ly nt'c_, = —n"'C_,C1)"'. Here "'C_, 

(-1)"' is standard general term of binomial series 

(1 = x)"~!. Similaraly, 

1e.2 _ bags Ome D8 * ile SPO a 
(r+1) (ntl) An4t1) 


Find the sum C+3c + 3 Cyto t 7C 


nv 


Example 6.59 
Sok S=C,+3C, bo 0, tek oC 


=(1+3)"=4" 


If (1+x)' = Ge; then prove that C, 


r=0 


+2C,+3C,+-- +n, = n2"", 


Sol. Method (i): By summation 
r term of the given series, is 
t=ar'C >t=n"'C, 


Sum of the series is 
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ee eC C4 Sf 
=72 Dil 


+ ae Cg 


Method Cii): By calculus 


We have, 

(1d #xyP=C, + Cxt+ OC +--+ Cx’ 
Differentiating (1) with respect to x, we get 

n(1 +x) 1 =C, +2C,x4+ 30x? +-- 
Putting x = 1 in (2), 

n2r't=C,+2C, +2 +°C, 


ore “+ (0 1) cc ‘where C="C. 


Sol. 1C, + 2C,+3C,+--- 


= Sore) "C. 
r=0 

Spree] 
r=0 


n n 
n-1 n 

=n y C..+ y C. 
r=l r=0 


= CTC +" IC, tet" C 1) 


+(nt+1)C, 


+nC xe" 


, Find thesum1C,+2C,+3C, 


(1) 


(2) 


+ ("Cy + "C, + +"C,) 


=n oi} +4 2" = BoM 2) 


n(n + 1)C,, where C.="C., 


Sol. S=1x2xC,+2x3xC,+--4+n(n+1)C, 


= Sirs", 
=Yrtvr'C] 


=Srtdin"'C,] 


r=l 


=n>{(r-)+21"'C,, 
r=i 
= nd[o Ai Cig, 


=nln-D"*C, +203 "'C., 
r r=! 

=n(n—1) 2"? + 2n 2" 

=2"*nf[n-14+4] 

= n(n + 3) 2" 


Example 6.63 | 
a- 2) +e + (-1)"4 C,(a—n) =a, where C_= "C., 


| Find the sum 1x 2x C,+2x3C, +--+ 


. Ifn> 2, then prove that C, (a-1)-C, x 


Binomial Theorem 


Sol... € (¢@>1) =, (a= 2) 4-:-4 1 Cia—n) 
se tas) ok oa 

=(-1)"' (a’C_-r"C) 

=Cly' @'C,=n""'C_) 

=-aC-ly'"C -naCiy'x"'C, 


=-a[(1- 17+ 
=an 


"Ci] _ n(1 _ 1)" 


Sol. The general term of the series is T= (-1)’ (3 + 57) "C_ 
n. Therefore, sum of the series is given by 


where r= 0, 1, 2, ..., 


s=S(-)'G+5r)"C, 
r=0 
=3[ Eco "6, }+5{ Sey 7 FG) 
r=0 r=l 
= (Sew *e,}-50( Soe au SR ) 
r=} 


r=0 
= 3(1 — 1)"- 5n(1 - 1)" 
=0 : 


Example 6.65 _ | 
= nx. 
Sol. We have, 


Lex y= yn Oe at te 1 sr 


1 1 i 
=m ax (n-1)-(r-1) 


r=0 


=nx(x+ yy! 


=nx [ve xty=1] 


If (1+x)"= >C,x’, show that 


Example 6.66 | 


r=0 
C C pi | 
C,t—t-4+—t= 
2 n+1 n+1 


Sol. Method (i): By summation 
r" term of the given series is 
n C., n+] C 
i S 
' r n+l 
Required sum is 


ntl utt a 


r 


ma atl 
shh 
Peel 


r= 


(rt G oe POG; ieee i sss OY) 


6.15 


. Find the sum 3"C, -8”"C, + 13°C, - 18 


If x + y = 1, prove that yr "C, x7 y"™ 
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6.16 Algebra 


1 Ff 3 1 
nl : == (G23) <== 
221 at Ey 
aes Example 6.69 atone 
Method (ii): By calculus Xa Pre 0-07 eee 
(L+xy"=C,+Cxt Cte 4+ C2" ) PG, 20C,) 3004) H-D™ n("C,) | 
Integrating both the sides of (1) with respect to x between the n+l 2 3 4 n+l 
limits 0 and x, we have "C 2'C,) °C) vay MC.) 
atx} Cx Cs Ey MSS we (=I) 
Se = Cyx+ ! + 2 Aye 2 3 4 n+ 
n+l iF 2 3 n+] a nr"c , 
os r (-Ly™ 
atl C 22 C. “3 Cc n+l = r+l 
pA cal Fea ge Sadlernere tet ea py) ) 
n+1 n+1 2 3 n+l _< Coat ( Ma 
Substituting x = 1 in (2), we get - a 
ghey Cs C 1 x 
= + + pee nt = = ntl —4yyrtt 
n+] ae a n+l seep ee I Cri 
: n I < ' ; 
. C, C,; Cz = 2" -1 = ((r+1) are 2 ei lo Z ein] 
f Prove that 2 + rl + 6 tows eT are | : J 
: a 
: ot SES [-(n +1) nC. (-1)" ara On (-1)"*"] 
Si Hoe Spey. mets 
‘ 2 AO 6 
aoe =-['C, +"C,-"C, ++) + (-1)""C 
General term of the series is Gi 7 sa eeN y ul 
n n 1 n+ n+ n n+ 
Cy 1 = "Cor -—[ 'C,- 'C, +-(-1) a aid 
3 “or ontl n+1 
1 n n Hn 
where r= 1, 2, 3, ... =-[(1- Dra 1f= 74 t- ices She ads Ol 
Ak 1 n+l n+l ntl 
S=—["C, + C+ C+] Si le ta 
; n+] 
be n+] ntl n+l ae ee n+l 
= [OHMIC HMC, tC] ee 
1 n+l] ntl 
Sere 
n+l Clune: If k and 1 be +ive integers and s, = 1‘ 


2 3 re , then prove that 


2 2 
3 any ge yee i 
.E mple mart Find the sum 2C, + 2 C, 3 5 "Cs =(ntI™ —(nt)) | 
r=1 
Fa dN gam err eal 6 
4 Wu - 
m+l 
Sol. We have, mane »» CoS SPC, 6, + C, 8, + tC 8] 
2 93 aL =™C (14243 +--4n) 
20, + She Pigsss POE eb eel (12+ 224+ 324+--- +n?) 
ye 2" +™IC, (13+ 23433 +--+ 13) 
ff rel $™C (17+ 2743" 4 --- +7") 
7 1 10 11 a are = Gaus a 1 + sis OF |? + mC, 13 ea 5 aa 1”) 
~ Wr+l r : 4 Garon ee a OP 22 4 wien Dee aE 2") 
1 10 . eee 5 Cec n+ i Or n2 Bae bie n") 
are as oa Die =[(1+1™!-1 —™IC 1] 
r=0 , + [dl + 2y""! = 1 x sl Soe 2m" 
nlite 9! ae Oe 2") + {d + 3yr! = 1 Sa, Oe 31] ereate 
] 1 _— (2! aon 1e"t!). + (gm! a Qt) + (4! _ gm) 
angie P4"C 4 4E, 2 NE 2% . t54 [A +n)" —n™ ]-~n 
i. " : =(l+ny"!-l-n=(l+ny™'-@+)) 
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Prove that —1 G, mo, ~& _& Cay 
1 27 3. 4 
1 
C, =1t+ + =4+--4+— 
n 
n-l 
GG CU, 
3.4 n 


(Ll +xyrHCi t+ Cxt+ Ci? +--+ Ox" 
Dividing by x, 
(1+ x)" mon 
x x 


=C,+C,xt-4+C,x"" 
or 
Cy $O,x+ CO)? 4,2" 


(1+x)" -1 
(+x)-1 


=o) +(1 +x)+ (1 +x) + a ad +x)! 


Integrating both sides between limits —1 and 0, we have 


0 
fcc, +C,x+C,x7 +e $C, x" "dx 
“1 


0 
= fU+d 42x) 4-4+ 042)" dx 
a 


2 3 n 0 
mee or’ Cx” Cx Cae 
eG 3 n |, 
3 n 0 
BA (+x) #y. ,_ atx) gig 
2 "3 a 
C oor eee spin Seta ah aE 
a a 25 5 n 2 3 n 


Replacing r by n- ris equivalent to writing the series 


in the reverse order. 


E Prove that x "C. sin rx cos (n —r)x 


= rl sin (nx). 


Sol. Here sum is given by 


n 
S= >» "C, sin rx cos(n — r)x 


r=0 


— a >, "C,_, sin(n — r) x cos rx (replacing r by n—r) 


r=0 


n 
=> 28= eG sin nx = sin nx x 2” 
r=0 
=> §=2"' sin nx 
2n 


k=0 
2 


find the value of ¥ (-1 (k —2n) (*"C,)- 


k=0 


Sol. Let, 


If forn < N, ¥ (-1) EAC, i = A, then 


Binomial Theorem 6.17 


2n 


= S=- > (-1)"! (2n-k) ("C,,.) 


k=0 


2 . 


Writing the terms in S in the reverse order, we get 


2 


S=- > cry ("C,) (2) 


Adding (1) and (2), we get 
2n 


25=—2n }) (-1)' ("C,)? = - 2nA 
k=0 : 


=> S=-nA 


Concept Application Exercise 6.7 


1. Prove that 


2 24 2 24274 2 
: "c++ "C,+ : "Cyto 
3 5 i‘ 7 
P42 get? py _ AN+3) ono 2 
Qnt+1 7 6 


2. Ifp+q=1, then show that >.r° "Cp" q"” =npq+n’p’. 
r=0 
1+x 1+2x ,.. 14+3x 


| l+nx > d+nx) (1+ nx) 


n 


3. Prove that 1-"C 


up to (n +1) terms = 0. 
4, Piet es ©, yo ie eg 25 2, 
1 3. 5 7 n+l 
5. If(l+x)8=C,+Cx+Cx+ 
of C,+2C,+3C, +--+ 14C,.. 
6. Find the coefficient of x’ in the cna (x+" C) (x+3."C)) 
X (e+: 5"C,) ++ [x + (Qn + 1)’C]). 


20 “20 20 
7. Find the value of °C, = + = es ha: 


-+ C,x'’, then find the sum 


8. Find the value of 
J 2 : 3 ss 1 2n 
1 10 3, 10 mC 10 "Co en 0) 


Sr aie “Siig Se 


MISCELLANEOUS SERIES 
Series from Multiplication of Two Series 
Standard Results 
1. OG 9G eG 8 Cok eC ene, 
where r< m, r <n and m, n, r are +ve integers. 
Proof: 
EELS." C8 MC CC tC 
=, Os ON kul Olena Orie aa Cie Se acco cae Onn Oe 
= coefficient of x" in [(1 + x)" (1 + x)"] 
= coefficient of x” in (1 + x)”"" 


= a Oe =. (sum of prefixes m and ») 
constant sum of suffixes 


2. "Ce + i Sr cca $°C? a aC. 
Proof: 


"Cy + i Se + aC a a srens i Oe 
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6.18 Algebra 
= ("Cy "C + "Cc, "Cs + ", "Ce. Pe "C. “Cy 
= Coefficient of x" in (1 + x)" (1 +x)” 
= Coefficient of x” in (1 + x)" 
_ 2c 

3 bs vee ug Oy + Os Bones © (-1)" AC? 

Proof: 

n = = i Og + ice pene (-1)" "GC? 


SCG SPCC FC OC at ELMG"C, 
= Coefficient of x" in (1 + x)" (1 — x)" 
= Coefficient of x" in (1 — x)" 
Now, general term in (1 — x)" is T, ="C(’)’. 
For x’, 2r=n => r=n/2 > n must be even. 


If n is odd, ris not an integer or we can say, when n is odd, 
x” term does not occur in (1 — x)” which is obvious. When r 
is even, r= n/2. Hence, 


“pa Coy (YP = (-1)" "Cx" 
=> C/-C?+C2+---+(Cl)"C? 
0, ifn is odd 
7 ae "C.y, ifnis even 


Find the sum »y 1C 


i=0 


Example 6.74 | 


(r-i) i* 


Sol. S= H("C_)CC,) 
i=0 


ny 


= Coefficient of x’ in (1+ x)" (1+) 


=2 ny tn C 


r 


2n 
Prove that >} a Oi = ar-I1C 


i=0 


Example 6.75 


2nt+h? 


2n 


Sol. S=}ir?"C,Y 


r=0 


2n 


= Vr", )C"C,) 


2n 


= Si (2n)"" oo bi On 


r=Q 
2n 
= 2n-1 2y 
~ 2n> C Cons 
=0 


Here, the sum of suffixes is r—1 + (2n —r) = 2n —1 which is 
constant. 
S = Coefficient of x°""' in the expansion of 
(+x)! (1 +x) 
= Coefficient of x”""' in the expansion of (1 + x)#""! 
= ba OME 


_Example 6.76 | Using binomial theorem (without using 
the formula for "C_), prove that 
"C, + i Os | "C; i OF = ™C, =. ss 6 x Oe + es a ie 

a mC, aC, + aad Oe 


Sole CC PC ee CS OI eC an 
See BE re MC eae ee, 
ii Sass Ol aida Orga On 
= Coefficient of x* in (1 + x)" (1 — x)” 
= Coefficient of x* in (1 — x7)" (1 + x)" 
= Coefficient of x*in [1 -"C, x7 + "C, x4 ---] 
[D+ °C xe "Cx +--+ 4+ 1G x] 
="C,-—"C, x"C,+"C, 


Binomial Inside Binomial 


Find the sum >; baad ee 


r=0 


_Example 6.77 


Sol. Sy n+ ie on =IC, eC. ale Or Sit 


r=0 


+ nen C 
n 


= 1C + mle + ne2C cope Cc 
n n a n 


= Coefficient of x” in {(1 +x)" + (1 +x)"! 4... 
+(1+x)""} 


(1+x)" {1-( +2)" 
1-(1 +.) 


= Coefficient of x"*! in {(1 +.x)?"!-— (1 +.x)"} 
= antl 


n+l 


= Coefficient of x’ in 


Cease Prove that "C, "C,—"C, *'C, + "C, x 
mI2C tere t(-1)"C, "C= 1. ; 

Sol. We know that 

*"C = Coefficient of x” in (1 + x)" 

*IC = Coefficient of x" in (1 + x)’""! 

2C = Coefficient of x" in (1 + x)?"? 

*3C = Coefficient of x" in (1 + x)"? 


"C= Coefficient of x" in (1 + x)" 
Thus we have, 
CC ae, PG, BIC sie Dye IC 
= Coefficient of x" in [C, (1 + .x)’"—C, (1 +x)" 
$C, 407? =— Cl Faxyt at eel" C(x)" 
= Coefficient of x” in (1 + x)" [C, 1 +x)"-C, (1+ x)" 
4:00 Hay = CL ay to + 1) C] 
= Coefficient of x"in (1 + x)" [(1 + x) — 1]" 
= Coefficient of x" in (1 + x)" x” 
=1 


_Example 6.79 | 
mew = (-1)""1 n”, 


Prove that "C,"C,-—"C,"C,+7C, °C), 


Sol. ag OF oe he is Oe a + so yi Os Eide sak (-ly"' aC ed Er 
= Coefficient of x” in 
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mC, (+ xyr—™C, (1 + xy + "C1 + 0) - 
fl PG (i + xy 
= Coefficient of x” in 
mC — ("Cy —C, Lexy "C, (1 + xy 
+l "C0 + xy") 
Coefficient of x" in [1 — {1-(1 +x)"}"] 


Coefficient of x” in [1 — {-nx - "C, # - 


"Cx = 
="¢ ey 


—(-ny" = -(-1)"n 
= —(-1)"'n" 


m —-1y"! (-1)°n" 


a m iif (18x? + 120+ 4)" =a, +ax+a0,7’ 
teeta, em) prove that 
a. = 2" x CC. + aC. mee oO + =e, ae OF + see) 
‘Sol. (18x? + 12x + 4)" = 2” [2 + 9x? + 6x}" 
Now, a, is coefficient of x’ in 2" [(3x + 1)’ + 1}", Hence, 


a, = Coefficient of x’ in 2” ["C,(3x + 1)" +"C,(3x + 1)?" 
+°C (3x + 1)"4 obs ag +'C (3x + 1)?" + se] 


=> a, =_ Qn rc 3° i Be + aC 3° sas OF + *"C, 3 a OH +. =] 
= Qn cu i"c, a Se + 5 ee sas Om + AC; es +. + 


Concept Application Exercise 6.8 


. Prove that )) r(n—r)C? =n?(?"°C,). 
r=0 


- Prove that ?"C,)? — ?"C,? + C"C,)P - +++ + CC, = C1)" "C., 
3. Prove that"C, "C,-"!'C, "C.+"C, "C,— + =(-1)". 
. Prove that "C,"C -"C, MAE iC, 24C 2 = 2" 


p=! 


1 a a 
value of lim >, 3" 2 1b "C,, "C, | 


m= p 


m= p 


. Find the value of >, "Cy, 'C,, And hence, find the 


Sum of the Series when i and j are Dependent 
erat FOF) 


In the given summation, i and j are not independent. 


In the sum of series YY sO fY) = ¥{ ro[Sr}} 


il j=l i=l 


Consider, sum of the series 


i and j are independent. In this summation, three types of terms 
occur, those when i<j, i>j and i=j. 

Also, sum of terms when i <j is equal to the sum of the terms 
when i > / if fi) and f(/) are symmetrical. So, in that case 


SV OFD = 2, dX AOSD 
+ LD fOfd+ TE LOLV 


OSj<isn 


=2 DY FOLD+ LE OLD 


O<i<jsn 


Binomial Theorem 6,19 


LOOPY LLOLD 


i=l j=l 


= YY /OMM= 


OSi< jen 2 


When f(/) and f(/) are not symmetrical, we find the sum by listing 
all the terms. 


Find the sum 


_Example 6.81 
a 2 "C "C, 


Osi<jsn ~? 
b. 22 "C,"C, 


O<i<j<n uy 


ce. LZ"C."C. 
ity é J 


‘Sol. a. DD) "C,"C, 


OSi<jsn 


"9" _ y (" C, Vy 
aa aes 
2 
gn * anc 
es aes 


be orc 


O<i<jen 


(Ede }Eeox 


1=0 j=0 


2 


(3 rox je ecay 
i=0 
2 
"9" +4 >; (” C, y 

i=0 

2 
2 ory ae a or 

2 


ei Duar’ 


tej 


paps "CEC; } pve Cy 
i=0 


i=0 j=0 


-( ; ‘or |-Seoy 
i i=0 


ln Qn 
= 2" —"C, 


Cul lceR-vae Find the value of Xz (°C, +"C). 
= at <i<jsn t 


downloaded from jeemain.guru 


6.20 Algebra 


YC +"C,) - 22 ne 


So. YY 'C, [Sse}3r6 es 5 uate 


~ oe +"C) = i=0 j=0 
OSsi<jsun 2 OSi<jsn 
(3(3-6- +3°C, Jp 2x2 [S+n'e))- > 
_ f Jj = i=0 
7 2 2 
~ "C 3 1+2” orl _ (n+1)2" =9r 
i=0 " jx0 2 
as 3 =n xX 2"! 
Le le oe Example 6.86 Ma gnUR tain I7C,. 
~ 2 LD, i°C; 
O<i< jen 
. n n : n+t nl 
(n+) C,+2 dI-2 Sc renee aeet Wl 
= = : i= 0 
u-l 
_(n+1)2" +2"(n4)-2"" = SC lire) +(r+ 24+ I 
2 r=0 
= (n+ 1)2"-2"=n2 -Sr6 (He nt} 
r=0 2 2 


Example 6.83 - BRoMIa AAG of EDC "Cj. ; ; 
Reena seinciusisartniraccciek : i<jsan- n. n n 
a Yin-r) "C, -"y "C, +r? "C, 

Sok S= DL G"C)U "C)) 2 70 2 20 2 20 
r"C.- -2y.7 1G oe "C. 


Isi<jsn-] 
_ntl - = 


rn paps aes Gite sas Es 2 a0 
Isi<jsn-l 
1 : un . 2 
(8, oon! C, 
r=0 rel 


, g2tneh = aig Orr 
2 rs 
— 2 


Find the value of ' x 
Si<jsn 


=F pil +n(n—1) "7 +n 2") = n(n + 3) 23 


Jpxample 05%] G+J) (C,+"C). 
BINOMIAL THEOREM FOR ANY INDEX 


Sol. Here sum does not change if we replace i by n-1 and j by . 
Let n be a rational number and x be a real number such that 


nj 
By doing so,.in fact we are writing the series in the reverse Ix < 1. Then 
. =]):-5 -l)(n-2) , 
order ia" n(n 3 y. An tn 2) 3 
Se 5, Ge peG eC) (1) 2! 3! 
ao nal (n-2)-(a-r+)) _, 
=>, (n-ita-jX'C,, +"C,_;) 7 X! $ +++ 00 
O<i<jsn 
S= 2 (Qn-(i+ f)) (UC, +"C,) (2) Note: 


° 


The condition |x| < 1 is unnecessary if n is a whole number, 
while the same condition is essential if n is a ranonal number 
other than a whole number. 


Adding (1) and (2), we have 
2S = 2n>>, UC+"C;) 


Osi<jén 


Note that there are infinite number of terms in the expansion 


= S=nxnd=n22" of (1 + x)", when n is a negative integer or a fraction. 


In the above expansion, the first term is unity. If the first term 
is not unity and the index of the binomial is either a negative 
_ integer or a fraction, then we expand as follows: 


| Findthesum 22 “C,. 


on i 
<i< sn 
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Ce. or ={e{t+2} =a" [+2] 
oa , a) a fe 


The expansion is valid when \xlal < I or equivalently |xi < lal. 


° Expansion of (x + a)" for any rational index: 


Case:1: When \x\> lal, ie., la/xl < 1. 


cor f(t 


Case IT:. When \x\-< lal, i.e. /al <1 


ener fea] 


. if n is a positive integer, the above expansion contains a n+1 = 


* The general term in the expansion of (1 + x)" is given by 


_ Mn-)(n—2)-[n-=(r—D) 


r! 


T, 


rti 


. Let? n-bea positive integer, then by replacing n, rey —n in-the 
expansion for (1 + x)", we get 


(Ll + xy" = 1-nx . 


n(n +!) ve n(n+i){n+2) n 
2! 3! 


+ (=1) 


2 S17 xt Ci? PC + 


r n(n+1)(n+2)~-(ntr-1) 


4 mrtiC (xy Sain 


yr 


Now replacing x by -x and n by —n in the expression of 
(1 + x)", we get 
a(a+l1) , A(nt+l)(nt+ 
(n+). a(nti)(n +2) 9 
2! 3! 


(-xy"=1+nx+ 


n(inti)({nt+2)--(n4tr—1 

a) ee, 
r} 

If it is —ve integer then (1 —xy"=14+"Cx4+™'Cve+™Oxet-- 

nl yr foe 


Binomial Theorem 6.21 
Important Expansions 
xt +-- 


@ (t+xy'= 


(Gi) (-xybaltxt ea Ote tatters | 


+ (IV xo Fe6 


(iii) (+x)? =1-2x4+3x°-4074+--- 


(iv) ( —xy? =142x43x°+404+--- 


_Example 6.87 


Find the condition for which the formula 


min =. 1) a" p 
1x2 


(a +b)" =a" +ma"™"b + +++ holds. 


Sol. The expression can be written as a” if 2] | Hence, 
itis valid only when . 


Ibfal <1 
=> ldl<lal 
B2cUudckencme, Find the values of x, for which 


1/(V5+4x) can be expanded as infinite series. 


-1/2 
4 
Sol. The given expression can be written as 5!” [i + =) 
and is valid only when 5 


4 5 
=x} <l=ixil<— 
5 4 
B2clulsckceseae Find the fourth term in the expansion of 
ad- 2x), 
Sol. We have, 
31 
3 ae) 
1—2x)?=1+ —(-2x) + —2x) 
(1 — 2x) 5 (-2x) rT (-2x) 
3 1f 1 
2 Oo 
+ rT (—2x)' + 


Hence, the 4" term is x?/2. 


2 cu aeae Prove that the coefficient of x’ in the 
expansion of (1 - 2x)? j is (2r)!/[2"(r!)?]. 


Sol. Coefficient of x” ‘is 


r} 


_ 1X3x5x- -x(2r —1) (-D! C1)’ 2’ 
2 r! 
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6.22 Algebra 
_ 1x3xK5x--x(2r -1) 
r} 


— 1x2x3x4x5x--x(2r —I)(2r) 
(2X4xK6x8xXx-x(2r))r! 


(2r)! 


~ 2 rly? 


Find the sum 


11 3. «1x3x5 
1 += x — + 


8 8 16 8x16x24 


Sol. Comparing the given series to 


x? ++ =(1 +x)" 


1+ nx Man) 


we get 
nx = Land ne!) Gack 
: 2! 128 
yee yose 
mG 4” 2 
- Hence, 
1/2 
3 1 2 
J-—+-—-.. =[1+— =— 
16 4 V5 


higher powers of x can be neglected, prove that 


3 -4 
(1 + | (16 — 3x)?” 


(8+ x)” 96 


Sol. We have, 


3 ad 3 4 3x 1/2 
{42 e 2 ne 2/4 
(1425) (16-3x) (+35) (16) [ =) 


23 = 273 
(8+.x) (142) 


9 99 
= (1-21-43) 1-3-4 [neglecting x?] 
5 
"96 


S2cuuuceeem Find the coefficient of x" in the expan- 
sion of (1 — 9x + 20x)". 
Sol. We have, ; 
(1 — 9x + 20x*)"! = [(1 - 5x) (1 - 4x)}' 
1 5 4 


(1-5x)(1-4x) 1-5x 1-4x 


= 5(1 —5x)'- 4(1 - 4x)! 


= 5{1 + 5x + (5x)? + --- + (5x)" + ---]— 4[1 + 4x + (4x) 
tee + (4x) +] 


Therefore the coefficient of x” is 5"*! — 4"), 


Concept Application Exercise 6.9 


1 
. If the third term in the expansion of (1 +.x)" is -— x’, then 
find the value of m. 8 


. Find the cube root of 217, correct to two decimal places. 


1/2 1/2 
a a 
. ve 2% —— + 
. Find the coefficient of x? in ; =] ( . 


a-Xx 
. Iftxl< 1, then find the coefficient of x" in the expansion of 
(L4+x4+x74+---)7, 
- If xl > 1, then expand (1 + x)’. 


. If lx < 1, then find the coefficient of x” in the expansion of 
(14+ 2x 4+ 3x 4 434 ---)!7, 


. If (r+ 1)th term is the first negative term in the expansion of 
(1 + x)"”, then find the value of r. 
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Subjective Type § efi es ‘Solutions on page 6.34. : 
x 


1. Find the coefficients of x” in f pe em py as a) 
I! 2! n! 


2. If > fa, (4-a +2) -b,(a-x-1)}=0, then prove that 


r=0 


b,-(—1)"a, =0. 


3. Evaluate an "C, +2"C, "C, +3°C, "C, te-+(n-1)"C,, "GE. 


4. Prove that 5) "C.-Y [7 pr pr Teal 
r=0° 


=2" + 2"! cos(nm /4) where i = J-1. 


5. Leta = (4! — 1) and for each n 2 2, let b= "C,+'"C,.at 


"C, .a?+...+’C_.a”"'. Find the value of (b b 


2006 2005) 2 


6. Ifnbe a positive integer, prove that 
pctince 2n(@n=3) iC Cs 


+(-1) 


ici 2n(2n- 1) te (n+2) 
(n-1)! 

= (—1)"*"'(2n)!/2(n!)? 
5G; "C, "Cy 


7. Prove that eae aa eee as | eae 
x x+tl x+2 xtn 


n!} 
x(x+1)--(x+n)’ 
where 7 is any positive integer and x is not a negative integer. 
8. Prove that 


100 100, 100 100, 100, 100, es 100, 100, 
Cy C, + C, C, as C, C, By Cy, Cio 


= ae i acorn 


mate - 
9. Prove that pes id dad ase =m Ee 


Sr (m=r)"C, m 


"10. Find the coefficient of x* in the expression 
(1 + x)!0 + 2x(1 + x)? + 3x? (1 + x) + + + 1001410 


11. Prove that 


"C, cae "C,4 Toe "Cite 
2 = 2 3 ? 


+(-1)"" (ee hee: ee 
2 3 


nN 


+1 G 
12. Prove that "C, ("C,° ("C,)--("C,)" (=) WHEN, 
At 


13. Prove that 
1 n n n 
m! ° (m+)! 


n(n—-1) n 
(m+2)! 7 


{als 2xd 


(m+n)! " 


EXERCISES 


Binomial Theorem 6.23 


a (m+n+1)(m4+n+2)---(m+2n) 
(m+n)! 


14. Ifm=12m(m € N), prove that 


aC "C0 "Cc 7 2/2 ) 
-=(-1) 


n, 


ees eas Bie kG 42 
243% G43) 43 143 


15. Prove that in the expansion of (1 + x)" (1 + y)" (1 + 2)", the sum of 
the coefficients of the terms of degree ris *C.. 


Objective Type 


Each question has four choices a, b, c and ‘d, out of which o7ly one 
is correct. 


t 


Solittions on page 6.36 


1. If the coefficients of 5", 6” and 7 terms in the expansion of 


(1 +x)" be in A.P., then n = 
a. 7 only b. 14 only 
ec. 7 or 14 d. none of these 


2. Ifx” occurs in the expansion of (x + 1/x?)", then the coefficient of 


x” is 
, (2n)! b (2n)!313! 
* (m)!(2n-m)! * Qn-m)! 
(2n)! 
CS 75 d. none of these 
ant) ( nem) 
3 JL 3S 


3. The coefficient of x° in the expansion of (1 + x)?! + (1 +x)? +>: 
+ (1 +x)* is 
a. OIC, 
c. IC, -7'1C 


6 


b. °C, 
d. °C, + C, 


4. The coefficient of 1/x in the expansion of (1 + x)" (1 + 1/x)"is 
! ! 
% n! b. (2n)! 
(n-D)!~m4+)D! *  (n-1)'(n+1)! 


(2n)! 


Ce ———_—_———__ d. none of these 
(2n-1)$(2n+1)! 


5. In the expansion of (1 + 3x + 2x’)®, the coefficient of x!! is 
a. 144 b. 288 


“ce. 216 d. 576 


6. If the coefficients of r™ and (r + 1)" terms in the expansion of 
(3 + 7x)? are equal, then r equals 
a. 15 b. 21 
ce. 14 d. none of these 

7. If the coefficients of three consecutive terms in the expansion of 
(i +x)" are in the ratio 1:7:42, then the value of n is 


a. 60 b. 70. 
ce. 55 d. none of these 
8. If(1+2x+7y'= Ya,x’, then a, = 
r=0 
a. ("CY b. "C.-"C 
c "C d, aC 
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6.24 


10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


b 
ce. m’—m (4r—-1)+4r?+2=0 
d 


Algebra 


If in the expansion of (1 + x)", a, b, c are three consecutive coef- 
ficients, then n = 


act+tab+bc 2ac+ab+be 
a a, a b. Bo. ua 
b* +ac : b° -ac 
ab+ac 
7 d. none of these 
b° -ac 


The coefficient of the middle term in the binomial expansion in 
powers of x of (1+ ax)‘ and of (1 — a@x)° is the same, if a equals 


a 2 b. at 
3 

ee a2 
10 


The coefficient of x” in the expansion of (1 — x) (1 -— x)" is 
a.n-1 b. 1)" +2) 
ce (—1)"' (— 1) d. (-1)"'n 
If the coefficients of r", (r + 1)" and (r + 2)" terms in the bino- 
mial expansion of (1'+ y)”" are in A.P., then m and r satisfy the 
equation 
a. m’~—m(4r+ 1) +4r?+2=0 

—m(4r-1)+4r?-2=0 


‘ m—m (4r+1)+4r?-2=0 


1 
If the coefficient of x’ in & + & } equals the coefficient of 
x 


11 
x7 in E - (a , then a and b satisfy the relation 
* 


a.atb=] b. a-b=1 
c. ab=1 ad. 2 =1 
b 
The coefficient of a’b'c?’d? in (abe + abd + acd + bcd)" is 
! 
a. [0! i: ee 
8141919! 
c. 2520 d. none of these 
The coefficient of x° in the expansion of (x? — x — 2) is 
a. —83 b. -82 
c. -86 d. -81 
The coefficient of xy" in the expansion of (1 — x + y)” is 
20! 20! 
a. —— oe 
2!3! 2!3} 
' 
c. Bae d. none of these 
5!2!3! 


k 10 
If the term independent of x in the [4 = Z| is 405, then k 
equals . 


a. 2, -2 b. 3, -3 

c. 4,4 d. 1,-1 

The coefficient of x'° in the expansion of (1 + x? — x°)8 is 
a. 476 b. 496 

c. 506 


d. 528 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


27. 


28. 


29. 


30. 


If the coefficient of x" in (1 + x)'®! (1 —x +x?) is non-zero, then 
n cannot be of the form 
a. 3r+1 b. 3r 
ec. 3r4+2 d. none of these 
The coefficient of x”* in the expansion of (1 + x? — x®)?? is 
a. | b. 0 
c. °C, d. *C, 
The term independent of a in the expansion of 
—30 

1+Ja+—=— | is 
( Ga 1 
a. »C, b. 0 
eC. d. none of these 
The coefficient of x* in the expansion 
y 100 C,(x- 3)" m 0" 3 : 
m=). 
a. °C b. C,, 
c °C. d. —'C oo 
The coefficient of the term independent of x in the expansion of 

xt] “1. \° 

FR - xB 4] xx? 
is 
a. 210 b. 105 
c. 70 d. 112 
In the expansion of (1 + x + x? + x*)'°, the coefficient of x? is 
a. “C, b. "°C, 
ce. 210 d. 310 
The approximate value of (1.0002)* is 
a. 1.6 b. 1.4 
c. 1.8 d. 1.2 
The last two digits of the number 3% are 
a. 81 b. 43 
ce. 29 d. 01 
The expression 

6 
6 
(2% 414 J2x° - 1) + - 2 
2x +14 42x? -1 

is a polynomial of degree : 
a. 6 b. 8 
ce. 10 d. 12 
The coefficient of x’[0 <r $ (n — 1)] in the expansion of (x + 3)""! 
+(x + 3)? @ +2) 4 (x4 3 (H+ 2P +--+ (x +2)" are 
a. aC. (3r- 2") b. so (Cine 2") 
ec. "C3" +2") d. none of these 
If (1 + 2x + 3x2)! = ay + aX+ ax +--+ a,x", then a, equals 
a. 10 b. 20 
ce. 210 d. none of these 
In the expansion of (5'? + 7'%)!04, the number of integral terms is 
a. 128 b. 129 
ec. 130 d. 131 
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31. 


32. 


33. 


34. 


35. 


36. 


37. 


38. 


39. 


40. 


The total number of terms which are dependent on the value of x, 


in the expansion of [" —2+ 2] is equal to 


x 
a. 2n+l b. 2n 
c. 72 d. n+l 


If the 6" term in the expansion of 


8 
& 75 +X logig :| is 5600, then x equals 


al 
c. 10 


b. log, 10 

d. x does not exist 

If 72-is an integer between 0 and 21, then the minimum value of 
n'(21 —n)! is attained for n = 
a 1 

ce. 12 


b. 10 
d. 20 


n 


In the expansion of (3°*/* +3°’*)" the sum of binomial coeffi- 
cient is 64 and term with the greatest binomial coefficient exceeds 
the third by ( — 1), the value of x must be 


a. O b. 1 
c 2 d. 3 


If the last term in the binomial expansion of (2" _ 


ee ie 
—— 18 
rd 


log, 8 
1 
Ge 73 , then the 5" term from the beginning is 


a. 210 b. 420 

ce. 105 d. none of these 
Te'C C2 'C_, = 11:6:3, then nr = 

a. 20 b. 30 

c. 40 d. 50 


The value of x for which the sixth term in the expansion of 
7 


gles: VOT47 42 l 


33 log, (3° +1) 
is 84 is 
a. 4 b. lor2 
c. Oorl d. 3 


The number of integral terms in the expansion of ( V3 + 8/5 ~*is 
a. 33 b. 34 
ec. 35 d. none of these 


The number of real negative terms in the binomial expansion of 
(1+ ix, ne N,x>Ois 

a.n bo n+l 

ec n-1 d. 2n 


If in the expansion of (a — 2b)", the sum of 5" and 6" terms is 0, 
then the values of a/b = 


2(n-4) 
5 


b. 


41. 


42. 


43. 


44 


: 


45. 


46. 


47. 


48. 


49. 


50. 


51. 


Binomial Theorem 6.25 
The number of distinct terms in the expansion of 


15 ‘ 
( x+ i tx 4 a is/are (with respect to different power of x) 


x x 

a. 255 b. 61 

ce. 127 d. none of these 

The sum of the coefficients of even power of x in the expansion 
of 1 4+x+2x? +23) is 

a. 256 b. 128 

ec. 512 d. 64 

Maximum sum of coefficient in the expansion of (J —x sin 0+ x)" is 
al b. 2" 

ce. 3" d. 0 


If the sum of the coefficients in the expansion of (a + b)" is 4096, 
then the greatest coefficient in the expansion is 


a. 924 b. 792 
ce. 1594 d. none of these 
If the sum of the coefficients in the expansion of (1 — 3x + 10x?)" 


is a and if the sum of the coefficients in the expansion of (1 +x?) 
"is b, then 

a. a=3b b. a=b3 

ce b=a d. none of these 

If (l+x-2x)=1l+ax+ax+a,x>+--, then the value of 
d,+a,+a,t+++a,, will be 

a, 32 b. 31 

c. 64 d. 1024 

The fractional part of 24"/15 is (n € N) 


Ae ee 
15 15 
4 
c. — d. none of these 
15 
The value of °C; -"Cj.4 °C} -—----— PCy, is 
a. 15 b. -15 
0 d. 51 


The value of 


fale) cl i) Calo] 
= + test 7 
0 f10 1 fil 2 fl12 20 }\ 30 
ea or be C. 
°c. di MC, 
f D PO agit 
1 2! n! 


where f’(x) denotes the 7” order derivative of f(x) with respect 
to x, is 


If f(x) = x’, then the value of f(1)+ 


> 


an b. 2” 

e 20 d. none of these 

The value of °C, + °C, + °C, + °C, + °C, + °C,, + °C, 

+2C,+C,, is 

CC + C5) gs Ein +2. *Cy) 
2 : 2 


2 Rr 


a 
2 


ce 2° - d. none of these 
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6.26 Algebra 


Rn C a C n C Rn C 15 r2’ 
52. The value of —*+-——+ 4 2. 4...4—" is equal to 61. The value of is equal to 
? n n+l n+2 2n 4 : ares : 


(eke to. bs apr=i2" (18)!- 2" 
7 ; not _ n . x | dx SF Ae b. Satie See aT, 
a J (l—x)"dx b Jx (x-1) (17)! (18)! 
2 (16)!-2"° (15)!-2"* 
c. fx" + x)"dx d. faq xy'x""dx 5 (16)! oe (15)! 
] 0 


. : hes 62. (n+ 2) "C, 21 = (+ 1) CE, 2+ Nn"C, 2'-! _ ... is equal to 
53. IfC,,C,,C,, ...,C, are the binomial coefficients, then 3 


2x C,+2x C42 x C, ++ equals cas ail 
ce. 4(n+ 1) d. 2(n +2) 
da: 3" +(-1)" b. 3" —(-1)" ; 50 300 
2 2 63. The value of x (-1)’ aa is equal to 
r= r 
eee Fe a Let jn cal 
' 2 50x51 52x 50 
54. The value of (1 es is equal to I d. none of these 
rl r+ * 52x51 5 
a ] iS 1 64. In the expansion of [(1 + x)/(1 —x)]? , the coefficient of x" will be 
n+i n a. 4n b. 4n-3 
1 a ce. 4n+1 d. none of these 
n+l “nel 2 
; ée. Theor en (ik |e et [oes wile 
55. (ltxy'=C,+Cx+ Cet + Cx" then C,C, + C,C, x 2! x 
+C,C,t-°+C,,C = 5 
4 1-2“ a. x" b. x” 
! ! n 
7 (2n)! b. __(2n) , c. ize d. none of these 
(n!) (n-1)'(n+1)! x 
(2n)! = 1\" 
oor d. f th 66. r({1-4) = 
© “(n=2)(n+2)! Up note py n 
56. The sum of series °C, - °C, + C, - MC + +C,, is a. n(n—1) b. n(n + 1) 
° ; c. d. (n+ 1) 
a — “C b. 0 : 
2 ' 67. The coefficient of x* in the expansion of (v1+ x xy! 
CoN: d. —*C,, in ascending powers of x, when Ix! < 1, is 
57. sa Or = AC MG, + “CPC, = SCLC, is equal to a. 0 b. 1 
a. (401 * b. (101) ss 
c. 0 d. (201)! ie ; d. -; 
58. IF (3 4x8 + 7M) Sa tat AX to Fax", then the value 
1 1x4 ,,1x4x7 3 ‘ 
of au a Magan Sata “AS 68. a age Te eo See sea nalts 
7 7 ax b. (1 +4)'4 
2010 
a. 3 b. 1 ce. (1—x)!? d. xy"? 


c. 27010 d. none of these 
{ 1x3 1x3x5 


4 4x8 4x8x12 


10 69. 14 
59, The value of Ser "°C 3'(-2)'°" is 


r=0 a. J2 b. ae 
a. 20 b. 10 2 
c. 300 d. 30 1 

A C V3 d. B 

60. .The value of Y1r"C, °C, is 70. If lel <1, then 

r=0 > 
a. 40°C, b. 40%C,, anf 22 la ee D (22 - 
CPC d. °C, l+x 2! l+x 


is equal to 
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71. 


72. 


73. 


74, 


75. 


76. 


77. 


78. 


79. 


i ) | 
a. b. | —— 
1+ x 2x 
ie ]—x d. l+x 
1+x l-x 


The coefficient of x° in (1 +2x + 3x? + --- >” is (lel < 1) 
a. 21 b. 25 


c. 26 d. none of these 


If xl < 1, then the coefficient of x” in expansion of 
(ltxt+x4+23+--) is 


b. n-1 
d. n+l 


an 
cnt 2 
If x is positive, the first negative term in the expansion of 
(1 + x)?” is (Ixl < 1) 
a. 5 term 
c. 6 term 


b. 8" term 
d. 7" term 


If x is so small that x> and higher powers of x may be neglected, 
then 


3 
d+ xy”? (133) 


d = x)" 2 
may be approximated as 


a. 3x+ — # b. 1- = x 
eee x a. 2 x 
Qi 3% 8 
If the expansion in powers of x of the function 1/[(1 — ax)(1 — bx)] 
isa, +axt ax +a,x'+--, then a, is 
b" pa a. aq" — b" 
b-a b-a 
n+l n+l n+l = atl 
Pa aes es qe 
; b-a b-a 
co «Ok ] k ' 
Value of }) Y= (C,) is 
k=ir=0 
2 4 
io b. = 
a A 5 
Ce. 2 d. | 


The sum of rational term in (V2 + ¥3 + ¥5)"° is equal to 

a. 12632 b. 1260 

ce. 126 d. none of these 

If f(x) = lax tx? -28 ++ — x15 +x!6— x”, then the coefficient of 
x in f(x — 1) is 
a. 826 

c. 822 


b. 816 

d. none of these 

Ifp =(8+ 3V7) " and f= p —[p], where [ - ] denotes the greatest 
integer function, then the value of p(1 —f) is equal to 


b. 2 
d. Qn 


a. 1 
ce. 2" 


80. 


81. 


82. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


Binomial Theorem 


6.27 
10 s - 
The value of Z(r)C, is equal to 
a. 20(2'8 + °C,,) b. 10(2'% + °C,,) 
¢e. 20(2'% + °C,,) d. 10(2'+ °C, ) 
The last two digits of the number (23)'4 are 
a. 01 b. 03 
ec. 09 d. none of these 
Let f(x) =a, +axtat--+ax"+--- and 
f£@) = b+ bx+ bx + t+ bx" +++, then 
1-x 
a. b+ b,., = a, b. b,- b,, > a, 
ce. b/b_ =a, d. none of these 
If 1d -x)"= Sax —x)"", then a, is equal to 
r=0 
a, "C, b. "C, 3” 
ere. d. "C2" 
[0°C, + C, +0 )— AKC, + °C, + °C, + °C, +P 
+ 3/A('C, -"C, + °C, -"C, + P= 
a. 3 b. 4 
ce. 2 d. | 
2 50 
If aun =a,tax+a,x°+---, then 2% is equal to 
a. 148 b. 146 
‘ec. 149 d. none of these 


‘p’ is a prime number and n <p <2n.IfN="C,, then 
a. p divides N b. p* divides N 
c. p cannot divide NV d. none of these 


300 


300 300 
Sax) =(ltx+2+x2). Ifa= }ia,,then >'ra, is equal to 


r=0 : r=0 r=0 
a. 300a b. 100a 
ce. 150a d. 75a 


atl n 
The value of o(3 "Cy (where r, k,n € N) is equal to 


r=1\ k=l 


a, 2")-2 b. 2""- | 

ona Aa 

If (1 —x)"= a,taxt+ ax? +o tax’ ++, then 

a,+4,+4,+-+ +4, is equal to 

&. n(nt+1)(n+2)--- (a+r) b. (n+1)(n+2)--(H+Pr) 
r! r! 


d. none of these 


‘ n(n4+1)(n4+2):--(n4+r—1) 
i ~ r! 


d. none of these 


20 
The value = r(20—r) C°C,)’ is equal to 


b. 400 “°C, 
d. 400*C,, 


a. 400 *C,, 
c. 400 ®C,, 


downloaded from jeemain.guru 


6.28 Algebra 


Miultiple Correct Answers Type Bikyaiaeraed page 6.44 


Each question has four choices a, b, c and d, out of which one or 
more answers are correct. 


1. 


9. 


The value/values of x in the expression (x + x80 ag if the third 


term in the expansion is 10,00,000 is/are 
a. 10 b. 100 


ce. 10°? d. 10°? 
If the coefficients of r®, (r + 1)" and (r + 2)" terms in the expan- 
sion of (1 + x)" are in A.P., then r is/are : 


a. 5 b. 12 

ce. 10 d. 9 

In the expansion of (x + a)" if the sum of odd terms be P and sum 
of even terms be Q, then 

a. P?-~Q?=(x?-a?)" 

b. 4PO = (x + a)" — (x - a)" 

c. 2(P? + QO?) = (x +a)" + (x — a)" 

d. none of these 

If (4 + vis) = 1 +f, where n is an odd natural number, / is an 


integer and 0 </< |, then 

a. J is an odd integer b. J is an even integer 

« U+f)d-fy=1 a. 1-f= (4-5) 

‘The number of values of r satisfying the equation °C, ,- °C, 
a Pes. OE A 

a. | b. 2 

c. 3 d. 7 


If the 4" term in the expansion of (ax + 1/x)" is 5/2, then 


13. 


The sum of the coefficient in the expansion of (1 + ax -2x’)" is 
a. positive, whena<1landn=2k,ke N 

b. negative, whena<landn=2k+1,keEN 

c. positive, whena>1landne N 

d. zero, when a= | 

If 


“f 30 20 
Aes ae AF - 7 


where 


ihe "C, then 
q 


a. maximum value of f(m) is °C,,, 


b. f(0)+ f(I)+---+ f(50) = 2° 

c. f(m) is always divisible by 50 (1 <m< 49) 
50 

d. The value of })(f(m))* = !C,, 


m=0 


If for z as real or complex, (1 + 27 + 78 =C)+C 24+C,2 
+e +C,, 2%, then 


10. 


11. 


12. 


14. 


15. 


a. C,~C,+ C,-C,+--+C,=1 
b. C,+C,+C,+C,+C,+C,,=3' 
ce C,+C,+C,+C,+C,,=3° 

d. C,+C,+C,+C,+C,+C,=3' 


In the expansion of (7'7 + 11!'9)&6!, 
a. there are exactly 730 rational terms 
b. theré are exactly 5831 irrational terms 


c. the term which involves greatest binomial coefficients 
is irrational 


d. the term which involves greatest binomial coefficients is 
rational 


If +xy"=C)+ Cxt+ Crt: 4+C x’, then 
C,-(C,+ €) + (G+ €,+ €,)-(C,+ C+ 0, +C,) 
+e (1 '(C,+C,+-++C_,), where n is even integer is 
a. a positive value 

b. anegative value | 

. divisible by 2"! 


d. divisible by 2” 


oO 


In the expansion of [» +14 +) sneN, 
x 


a. number of terms is 2n + 1 
b. coefficient of constant term is 2”~! 


ce. coefficient of x?" is n 
d. coefficient of x? inn 
The value of "C,+"™'C,+"?C,+---+"""'C is equal to 


mtn 
a. C4 


men 
bo" 
nm m+ m+2 a mitn=1 
c. MC, FC eC te IC 


d. aren C 


mol 


If (1 +x" = C+ Cx4+ Ce +--+ Cx ne N, then C,-C,+ 
C,--++ + (1)! C,_, is equal to (m <n) 


(n-—l)(n—2)---(n-m-4l) 


m-1 
(m-1)! an 
b. *'C_ (ly! 
e, MAD M=2) (=m) yw 
(m-1)! 
d.'C (-1)y""! 


nm 


20 
10" term of [: = oe + vi] 


a. an irrational number 
b. a rational number 
c. a positive integer 


d. a negative integer 
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16. 


17. 


18. 


19. 


20. 


Reasoning Type 


For the expansion (x sin p + x-'cos p)"’, (p € R), 


a. the greatest value of the term independent of x is 10!/25(5!)° 
b. the least value of sum of coefficient is zero 
c. the greatest value of sum of coefficient is. 32 


d. the least value of the term independent of x occurs when 


p= (2n+)7,neZ 


at4 
Let (1+ (1 +x)"= Yia,x*. If a,, a, and a, are in arithmetic 


k=0 
progression, then the possible value/values of n is/are 
a. 5 b. 4 
c. 3 d. 2 


The middle term in the expansion of (x/2 + 2)§ is 1120; then 
x € Ris equal to 


a. —2 
ce. 3 


b. 3 
d. 2 


For which of the following values of x, 5" term is the numerically 
greatest term in the expansion of (1 + x/3)'°: : 


b. 1.8 
d. -1.9 


a, —2 
ce. 2 


For natural numbers m,n, if (1-y)"(l+y"=lt+ayt+ay 
++, anda, =a, = 10, then 

b. m>n 

d. m—n=20 


aman 


cc m+nz=80 


Solutions on page 6.47 


Each question has four choices a, b, c and d, out of which only one 
is correct. Each question contains STATEMENT 1 and STATE- 
MENT 2. 


a. 


b. 


Both the statements are TRUE and STATEMENT 2 is the , 


correct explanation of STATEMENT 1. 


Both the statements are TRUE but STATEMENT 2 is NOT the 
correct explanation of STATEMENT 1. 


STATEMENT | is TRUE and STATEMENT 2 is FALSE. 


d. STATEMENT | is FALSE and STATEMENT 2 is TRUE. 


Statement 1: The value of (°C,) + (°C, +'°C,) + (OC, + "C,+'"°C,) 
tee + (C+ OC, + C+ ++ + CQ) is 10 --- 2”. 

Statement 2: "C,+2"C,+3°C,+-- +n"C,= n2, 
Statement 1: Greatest term in the expansion of (1 + x)'*, when 
x= 11/10 is 7". 

Statement 2: 7" term in the expansion of (1 + x)'? has the factor 
°C, which is greatest value of ?C.. 

Statement 1: Remainder when 3456” is divided by 7 is 4. 
Statement 2: Remainder when 5*°” is divided 7 is 4. 


Statement 1: Three consecutive binomial coefficients are always 
in A.P. 

Statement 2: Three consecutive binomial coefficients are not in 
H.P. or G.P. 


10. 


11. 


12. 


13. 


14. 


15. 


Statement 1: 


Binomial Theorem 6.29 


Statement 1: If» € N and ‘n’ is not a multiple of 3 and 
2n n 


(+x4+xy"= rar’, then the value of z(-D" a, "C, is zero. 


Statement 2: The coefficient of x" in the expansion of (1 — x*) is 
zero, if n= 3k +1 orn=3k +2. 

Statement 1: 32"*? — 8n — 9 is divisible by 64, Vn EN. 
Statement 2: (1 +.x)'—nx— | is divisible by 7, Vn € N. 
Statement 1: The number of distinct terms in 

(4x42 +234 x4)! is 4001. 

Statement 2:°The number of distinct terms in the expansion 
(a,+a,+..+4,)" is nem-1C 


mot 


Statement 1: The coefficient of x” in 
8 x" 3 3" 
1+x+—4+—4t°:'+ is —. 
2! 3! 


4 


Statement 2: The coefficient of x” in e** is zoe 
Fle 


Statement 1: In the expansion of (1 + x)"(1 -— x + x*)°, the 
coefficient of x® is zero. 


Statement 2: In the expansion of (1 + x)" and (1 —x + x), x® 
term does not occur. 


Statement 1: The total number of dissimilar tetms in the expan- 


sion of (x, +x, +++ + x,)* is aes. 
Statement 2: The total number of dissimilar terms in the expan- 
n(n+\)(n+2) 


sion of (x, +x, + x,)" is 


Statement 1: If p is a prime number (p # 2), then (2 + 15)" | 


~2+! is always divisible by p (where [-] denotes the greatest 
integer function). 

Statement 2: If n is prime, then"C,,"C,,"C,, ...,"C,_, must be 
divisible by x. 


Let n be a positive integer and k be a whole number, k < 2n. 
Statement 1: The maximum value of *"C, is ”"C.. 


Qn Qn 


Statement 2: Seth <1 fork=0,1,2....4n— Land e >1 


2a 
k k-1 


forkoan+1,n+2,...,2n 


Statement 1: The sum of coefficients in the expansion of 
(3/4 4.37/47)" is 2". 

Statement 2: The sum of coefficients in the expansion of (x + y) 
"is 2" when we putx=y=1. 

Statement 1: "C.+"C_"C,+"C_,"C,+ + +"C,=O,ifmtn<r 


"C =Oifac<r. 
y Dy mee + mus is equal to oe a, 
deicjen |) C; LG. 2 


mY 
wherea= ) —. 
py ” C, 


Statement 2: 


n + nt 


I a-r 
Statement 2: ares = pa e 


r=0 
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6.30 . Algebra 


Linked Comprehension Type [Ragan en 


Based upon each paragraph, three multiple choice questions have 
to be answered. Each question has four choices a, b, c and d, out of 
which only one is correct. 


For Problems 1-3 


The sixth term in the expansion of ee +a =| 


is equal to 21, if it is known that the binomial coefficient of the 2"4, 3" 
and 4" terms in the expansion represents, respectively, the first, third 
and fifth terms of an A.P. (the symbol log stands for logarithm to the 
base 10). 


1. The value of m is 


a. 6 b. 7 
c. 8 d. 9 
2. The sum of possible values of x is 
a. 1 b. 3 
c. 4 d. none of these 


3. The minimum value of expression is 
a. 64 b. 32 
c. 128 d. none of these 


For Problems 4-6 
The 2", 3 and 4" terms in the expansion of (x + a)" are 240, 720 and 
1080, respectively. 

4. The value of (x — a)" can be 


a. 64 b. -1 

ec. -32 d. none of these 
5. The value of least term in the expansion is 

a. 16 b. 160 

c. 32 d. 81 
6. The sum of odd-numbered terms is 

a. 1664 b. 2376 

c. 1562 d. 1486 


For Probleins 7-9 
If +xtxryPrataxt+axe > 
questions. 


+ a,x", then answer the following 


7. The value ofa, +a,+a,+---+4,, is 


l | 
a. no + ay) 


5 b. rll — Ay) 
gl . 
c. ae d. none of these 
8. The value of aj — a; + a; —---—a’, is 
1 
a. 5 Fool — Ap) b. —a,,(1+a,)) 
c. =a, d. none of these 


9, The value of a, + 3a, + 5a, +--+ 8la,,is 
a. 161 x 37 b. 41 x 3% 
ce 41 x 37° d. none of these 


For Problems 10-12 
An equation a, + 4.x +4,x° +--+ +a,.x° + x! = 0 has roots i Oras Cr 
99, 99 : 

Contig Cae : 


10. The value of a,, is equal to 
a, 2°8 b. 2° 
c. -2” d. none of these 


11. The value of Ogg iS 


<. 2'98 = Cee . gi98 + NC a 
. 2 2 
ce 2% %C d. none of these 


49 
12. The value of (°C,)? + (°C)? + ++: + (C,,) is equal to 


-— QQ? 2 
a. 2a,, — a3, b. G5, — Ag 


2 
C. aj, — 2a,, d. none of these 


For Problems 13-15 


Any complex number in polar form can be an expression in 
Euler’s form as cos 6+ i sin @= e’®. This form of the complex number 


is useful in finding the sum of series > "C.(cos@ +isin@)’. 
r=0 


¥"C,(cosré + isinr@) = } "Ce"? 


r=0 r=0 
n 
a io \" 
=S'c(e") 
r=0 : 


= (1 +e? y 


Also, we know that the sum of binomial series does not change if 
ris replaced by n- r. 
Using these facts, answer the following questions. 


100. 
13. The value of x mC. (sin rx) is equal to 


a. 2! cos * sin 50x b. 2! sin(50x) cos ~ 
2 


c. 2!9! cos! (50x) sin > d. 2! sin! (50x) cos(50x) 
7 50 
14. In triangle ABC, the value of x °C a'b"”’ cos(rB — (50 ~r)A) is 
equal to (where a, b, c are sides of triangle opposite to angle A, 


B, C, respectively, and s is semi-perimeter) 


a. c? b. (a+ by? 
ec. (2s-—a—by° d. none of these 
15. If 


50 


¥ °C, sin2rx 

i= = 
>) °C, cos2rx 
r=0 


then the value of f(7/8) is equal to 


al b. -1 


c. irrational value d. none of these 
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For Problems 16-18 
Let 


pe REZ) 9 Sec y va Sey (Mey 


35°C (50+r)) S 


16. The value of P— Qis equal to 


a. 1 b. -1 

ec. 25° d. 2! 
17. The value of P — R is equal to 

a. l b. -1 

G27" d. 2' 
18. O+ Ris equal to 

a. 2P+1 b. 2P-1 

ce. 2P+2 d. 2P-2 


For Problems 19-21 

P is a set containing n elements. A subset A of P is chosen and the set 

P is reconstructed by replacing the elements of A. A subset B of P is 

chosen again. 

19, The number of ways of choosing A and B such that A and B have 
no common elements is 
a. 3” 
ce 4" 

20. The number of ways of choosing A and B such that B contains 
just one element more than A is 


b. 2” 
d. none of these 


a, 2” b. 7"C,, 
eC, d. (3"? 
21. The number of ways of choosing A and B such that B is a subset 
of A is 
a. 7"C, b. 4" 
c. 3” ‘d. none of these 


Matrix-Match Type Solutions on page 6.51 
Each question contains statements given in two columns which 
have to be matched. Statements a, b, c, d in column I have to be 
matched with statements p, q, r, s in column II. If the correct matches 
are a—p, a—s, b—r, cp, cq and d—s, then the correctly bubbled 


4x 4 matrix should be as follows: 
p 4q r S 


Column I Column II 


Las TEPC, + OC, + PC, > IC, then possible | p. 4 
_value/values of n is/are 


b. The remainder when (3053) — (2417) is q. 5 
divided by 9 is less than 


Binomial Theorem 6.31 


c. The digit in the unit place of the number _ |r 6 
183! + 3’ is greater than 7 


d. If sum of the coefficients of the first, second and |s.7_ 
Ly" 
third terms of the expansion of [" + | 
x 


is 46, then the index of the term that does not 
contain x is greater than 


sf 
2. 
ColumnI | Column. II 
a. 32¢2 _ 302 + 2¢2 ee 2C2= p. BO 
b. 32 + 32¢2 + 32¢2 Sees C2 = 
c. Ze (BCAA IS PGE oe #32 PE, 
32 : sie | 
yO ca Orne Ora t O i 
3. 
Column I Column II 
a. PP a oen . f ‘ 920 = ne 
ity 7 2 
, 010 : » 220 Cr 
b. >y > C; C; 4 ” 
Osisjsu 
c. oy Y nh Stay SI 
Osi<jsn 
4 
Column I : Column II 
a. The sum of binomial coefficients of terms p. 2° 
containing power of x more than x” in (1 + x)" 
is divisible by 
b. The sum of binomial coefficients of rational q. 2*° 
‘terms in the expansion of (1.+ V2)* is divisible 
by 
1 1! re2" 
c. If [: +otxt J =axPtaxtt+ax% 
x x 
+++ +a,,x%, then a, +a, +--+ dy, is divisible by | 
d. The sum of binomial coefficients of positive $i 2 
real terms in the expansion of (1 + ix) (x > 0) is 
divisible by 
re) 
Column I [Column I 
a. The coefficient of two consecutive terms in the p.9 
expansion of (1 + x)" will be equa!, then 7 can be} 
b. If 15” + 23” is divided by 19, then n can be q. 10 
©. PC, PC, — VC, C+ °C, °C, —- is divisible | r. 11 
by 2”, then # can be 
d. If the coefficients of 7, 7,,,, T_,, terms of s. 12 
(1 +x)" are in A.P., then r is less than 
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6.32 Algebra 


Integer Type 2 


10. 


11. 


12, 


13. 


14. 


15. 


. If the second term of the expansion [am + 


Solutions on page 6.52 


ll 
If the coefficients x’ in G +4) and coefficient of x7 
Xx 


tt : 
in (« - “a are equal then the value of ab is. 
b 


If the coefficients of the (2r + 4)", (r +2)" terms in the 
expansion of (1 + x)'® are equal, then the value of r is. 


If the coefficients of the *, (r + 1)", (r — 2)" terms in the 


expansion of (1 + x)'* are in AP, then the largest value of r 


is. ; 
If the three consecutive coefficient in the expansion of 
(1 + x)" are 28, 56 and 70, then the value of n is. 


Degree of the polynomial 


(Vx? +1 +yx?-18 + 


8 
2 : 
1S 
5: +1l+Vx? -| 


Least positive integer just greater than (1 + 0.00002)°° is 


: : 8 
If the middle term ‘in the expansion of [342] is 1120; 


Ww 
a . 


Number of values a set 7 values of ‘r’ for which *C_ + 2. 
5s On + sd > 27°C. 


+2 
The largest value a x for which the fourth term in the 
= bogs V4 444 ak 
+ 
glogs V2*147 


then the sum of possible real values of x is. 


14a 


2 


8 
expansion, | 55 | is 336 is. 


n 
If the constant term in the binomial expansion of ( x? = | ; 
n € Nis 15, then the value of n is equal to. * 


1 
Let a=3? +1 and for all n > 3, let fn) ="C,.a"! —"C,, 
a’? +:9C, ate ee (1)! C..2@°, 1 the alte of (2007) 
+ f (2008) = 3 where k € N, then the value of k is. 


10 
Let 1+ 31(3"."°C,+r."C,) = 2!°(a@ - 45+ B) where a, B 


r=l 
€ Nand f (x) =x? -2x-k +1. If a, B lies between the 
roots of f (x) = 0, then find the smallest positive integral 
value of k. 


Let a and b be the coefficient of x? in (1 + x4 2x24 3x3)* 
and (1 + x + 2x? + 3x3 + 4x‘)! respectively. Then the value 
of 4a/b is 


If R is remainder when 6% + 8® is divided by 49, then the 
value of R/5 is 


16. 
17. 


18. 


19, 


20. 


Sum of last three digits of the number N = 7! — 3100 ig 


Given (1 - 2x + 5x? - 10x53) (1 +x)"=14 AX+ AX + 


and that a,* = 2a, then the value of n is. 
The remainder, if 1 + 2 + 2? + 23 + --- +2! is divided by 5 


is. 


. cee * 32 
The largest real value for x such that >) Faller bees 
n oi| Gm! 3 


nf rol 1 
The allie of lim pew PCa G, 3] is equal to. 


noe p1\ 120 5 


| Archives | Solutions on page.6.54 
Subjective Type 
1. Given that C, + 2C,x+ 3C,x°+---+2n C,, xr = 2n (1 +x, 


where C. = (2n)!/[r!(2n — r)!]; r= 0, 1, 2, ..., 
Ci -2C2 +3C3 ----2nC3, =(-l)'nC., 


2n, then prove that 
(IIT-JEE, 1979) 


If(l+x)"= Cyt Cx+ Ce. +-+-+C x", then show that the sum of 
the products of the coefficient taken two at a time, represented by 


n n Hy n— (2n)! 
ofc, °C, "C, is equal to 21 — ae (IT-JEE, 1983) 
3. Given, 

‘ ri gtl | (q+1y 
S=l+qtgG@re-tqS =1+ +—+)/—[ 4-4 
" ‘ 2 2 

qtly , 

qG#l1 

Prove that "'C, + "!C, 5, + "!C, s, +0 + CS, = 2"S. 


(IT-JEE, 1984) 


Prove that 

x 1a | 5 +4 = + > +.-up tom terms 

oa (IIT-JEE, 1985) 
2" (2" -1) 

Let R = (V5 + 11)""' and f = R — [R] where [ ] denotes the 


greatest integer function, prove that Rf= 4". (IIT-JEE, 1988) 


Prove that C, — 2? C, + 3? Cy - 
x C= 0 where C.="C.. 


oC, +--+ 1)" (n + 1? 


(IIT-JEE, 1989) 


2n 2n 
If }) a,(x-2) = ¥°b,(x- 3) anda, = | for all k>n, then show 


r=0 r=0 


that b, = 1C (IIT-JEE, 1992) 


ne] 


k 
Prove that Ye3y" as OF = 0, where & = 3n/2 and n is an even 


r=] 


integer. (IIT-JEE, 1993) 


Let n be a positive integer and(1+x+22)"=a.t+ax4t--+a, % 
Pp g ot 4, On 


Show that a5 - a; +a} +--+ +42, = a, (IT-JEE, 1994) 
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10. 


11. 


12. 


13. 


Prove. that 


3! a fC, 
EEC Ca 


2(n + 3) r=0 


 (IIT-JEE, 1997) 


For any positive integer m, n (with n > m), let 


Prove that 


n n-|l n-2 m n+l 
+ + feet = F 
ea) les) 
Hence or otherwise, prove that 
-1 —2 

("+2 {" Ja" Jevreemen(T) (0 | 

m m m m m+2 

> (IT-JEE, 2000) 


Prove that (25)"! — 24 n + 5735 is divisible by (24)? for all 
Png lee (IIT-JEE, 2002) 


If n and k are positive integers, show that 


a9 cats carlin (a 


n\V¥n-k n 
ae + (1) he (i) where 4 stands for "C,, 
k}  (IT-JEE, 2003) 


Objective Type 
Fill in the blanks 
1. The larger of 99° + 100° and 101° is (IIT-JEE, 1982) 
2. The sum of the coefficients of the polynomial (1 + x — 3x)?! 
is (IIT-JEE, 1982) 
3. If (1 + ax)"= 14+ 8x4 244+ ---, thena= and n= ; 
(IT-JEE, 1983) 
4. The sum of the rational terms in the expansion of (v2 + 3'y10 


is (IIT-JEE, 1997) 


Multiple choice questions with one correct answer 


1. 


Given positive integers r > 1, n > 2 and that the coefficient of (3r) 
'» and (r + 2)" terms in the binomial expansion of (1 + x)?” are 


equal. Then (IIT-JEE, 1983) 
a.n=2r b. n=2r+1 
c.n=3r d. none of these 
The coefficient of x* in (x/2 — 3/x?)" is (IT-JEE, 1983) 
a, 405 504 

" 256 * 259 
c. a d. none of these 

263 


If C_ stands for "C_, then the sum of the series 


2IN2 i 2 2 2 ‘ 2 
Og = 2E7 + 30 — + CI) (2 + CHI, 
n} 

where ni is an even positive integer is equal to 

a. O b. - 1)" (n+ 1) 


ce. (-1)" (n+ 2) d. (-l)"n (IIT-JEE, 1986) 


10. 


11. 


Binomial Theorem 6.33 


a. (n—1)a, 
ce. (1/2)na, . d. 


b. na, 

none of the above 
(IT-JEE, 1988) 
I 


1 5 
The expression f +(x? ~1)? + [: —(x -1)? | is a polyno- 


mial of degree 
a. 5 b. 6 
ce. 7 d. 8 


For2<r<n, 


(IIT-JEE, 1992) 


n+2 
d. i (IIT-JEE, 2000) 


In the binomial expansion of (a — b)"n 2 5, the sum of the 5" and 
6" terms is zero. Then a/b equals 


a (n= 5)/6 b. (n-4)/5 
ce. ni(n—4) d. 6/(n—5) (IT JEE, 2001) 
The sum 


9) 
where ‘ =0 


if p <q is maximum when m is 


a. 5 b. 10 
ce. 15 d. 20 (IT-JEE, 2002) 
The coefficient of t74 in (1 + 27)? (1 + £'7) (1 + £74) is 

a. PC, +3 b. ?C,+1 

4G. d. °C, +2 (IT-JEE, 2003) 
If"C = (-3)"C_,,, then k e 

a, (—0, -2] b. [2, 0) 

ce. [-V3, V3] d. (V3, 2] (IIT-JEE, 2004) 


The value of 


(2) 09} C8 


where 


(IIT-JEE, 2005) 
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6.344 Algebra 


BZ. We have, 


x x “) 
1+—+—+-.4— 
I! 2! n! 


x x x" heat 
=/l+—4+——4+-4> Ji¢ [+4 


ANSWERS AND SOLUTIONS 


Susbjective Type . ; Ee . Soe ‘ _ Oe Bea 


Now, x" term is generated if terms of the two brackets are multiplied as 


shown by loops above. 
Hence, the coefficient of x” is 
Ge ae ene ane 


x x X —— $s + 
nm! oi! (n-I)! 2! (n-2)! 


1 fn! n! n! n! 
= + + fot 
alin! (a-D!i! (m—2)!2! n! 


si COC a7 AC ete) 


“nh! 


2. Leta-x-1=t,s80 that 
Yad = Dia 
r=0 r=0 


=> b, =Coefficient of in S°a,(1—1y’ 
=0 


‘ 


= Coefficient of ¢” in a,(1 ~ 2)" 


= (-1)"a, 


3. 5S ="C,'C, +2°C,"C, +3°C,"C, +--+ (n-1) C,,'C, 
SCPC 3 + 2°ChC 54 3"CC. n(n) 


er'C"C..4 
r=t 
. =S((r ~1)+"C_"C__, 
ral 
=d[r-p'c.'c,,, + aI Cone 
ra] 


n 
HS [WCC CPC 
r=l 


test Qn 
=a. tC 


n-2 


4, y "CCD [i +i ++ "| 


r=0 
=Srocy i +1! + (- +1] 
r=0 ; 
=>/ "Ca 4 "C, + "Ci! + °C(-1)'] 
r=0 
=(1+i"+ (1+ 1+ -)"+ (1-1 
i eee 1 ee eee a 
— 2. —= — a ee 
(e+e) A (E-z] 


n 


=(s2) (eosS +sin$ 


- (v2) (cos § - ising | +2" 


=(V2)" Cosa isin +(J2)" Cag ain 42" 
4 4 4 4 
= 2(/2)' cos + 2" 
4 
5, b, = "C, +°"C, a +"C, @ > oo "Car! 
=: = [a"C. +"Ca? +"C git vee 4 "Cc a"} 
a } 2 3 n 
= 1 ["C, + "Ca +"C, rig foes +"C a" — 1] 
a 
= sa+ay" -l) 
a 


u 1 
D5 _ Dia. = = {1 + q)?006 = 1)] <= [a + ays a 1)] 


= = [CL + a) — 1- (1 + a) + 1] 
a 
1 
=— (L+a/P%(l+a-l) 
a 
= (1 + a) 
2005 
= Ca 
2005 
= 4 40! 


2n(2n —1) 


6. LettA=1—-2n+ = en (a) 2n(2n ca 1) tee (n + 2) 


(n- 1)! 


= aC. = 2C, + uC. reo (-1)""! as CO 


a 


=5[2"¢, ~ FC, + hat Os Sie + Cio" 


\ ( AC + Ona a ( 3 oF + a )+( se Pe rte 2) = 
2 coe (-)"" a Oe En (-1)"™ ACs) 


5 sa 8 = 1G: + "CO: _ *C, nore (-1)" 1G 


FERC = (SI MC, | 
=5[« SP See. 


=5[(-p" *G:| 


nv (2n)! 
=(-] WL NEEL 
ae. 2n!n! 
! 
7. Let f(x) = = 
x(x +1)(x+2)-- (x +n) 
- Ao, A, + A, evened A, (by partial fractions) 
xX x+l x+2 x+n 
Then, 


n! n 
Ay=[2/@)) | 5 
A, =[@+ 1) f@)1__, 


2 n! 
~ (-DUIX2x--x(n— D] 
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“Ge 

A, =[0+2)fO)]__, 

= n! 
(-2)x(-1) x1x2x-+-x(n — 2) 


=~. = "C, and so on 


Thus, 
zee e+ 2) eA) 


a an na A 
& 9G, "G --+(-1) 1 (1) 
x x+1 %x+2 x+n 


8. To find $= 'C,C, + 1C,190C, + 190¢ 100¢- 
pee em mG. 
Consider, 
100 IMG. of IME ING. + MEINE. + en Oxia OR treet bel Oot OF 
= hs Fra OF + 100 'Co + at Ch OM 
+ a Oh sees p 100 Cyqi®C, 
= Coefficient of x in (1 +x)! (1 + x)! 
= Coefficient of x in (1 + x)? 
= aa OE (1) 
Also, 
100; 100, = CIC, + WC, IC, = IOC, 100, Spadedk ia Goal On 
= Coefficient of x in (1 + x)! (1 — x)! 
= Coefficient of x°8 in (1 — x”)! 


= !0C ‘ (2) 


4 


Adding (1) and (2), we have 
PH id Sika Ses tas Oia ree aaa Shas Se tae aa Oe os 
a oe 
ee eee EE, FRE IMC ee bE. NC. 
= [Cn - ™C,, | 


Rt 2r? —r(m—2)+1 
r=| (m—r)"C, 


100) 


(r+)? -r(m-r) 
_ = (m -_ ry"C, 


wtf (r +1) r 
& (m = ry"C, al 6 


=Vtu ~t,), where f, a 
ral a C 


r 


Binomial Theorem 6.35 


10. The given series is an A.G.P. Let us first find its sum. 
Writing ¢ for 1 + x, let 
S105 279 4 3x 279984 «+ 1001! 
(x/t) S = x19 + 2x77 + --- + 100 Lx lz 
Subtracting, we get 
SCL = x/t) = 180 + 3499 + 4627998 4 «+ 1900 — 100 1x! /¢ 


es — (xit)!°"7 
1— x/t 
or = S=(1 +x)! — x! (1 + x) — 100 Lx! 
(putting ¢ = 1 + x and simplifying) 
Therefore, coefficient of x°° in the expansion is equal to 


the coefficient of x*° in the expansion of (1 + x)!, which is 
equal to 'C,.. 


1001x174 


1. Let S="C, - i+t "C, + pea "Cy tom 
2 2 3 


+ com eee 4) "Ge, 
2.3 n 


The r" term of the series is 

T(r) = (-1)""'"C ] ii 5 Ei cil 

2.3 r 

Let us consider a series whose general term is 

TN =(-DIO CU +242 40-42) = (1c, (i= a 

1-x 
_CI"C, , cia 
1-x 1-x 


a 1 n 
=> ST) =——YCd‘C 
LT) Genet YC, + 


i 
ann DY CDC,x" 


: 1 ae | . el 
= PNO=—HO-)+ SS -" -Da 0-2) 


= L (say) 


( 


t 
Clearly, $= f(1- x)"'dx = = 
0 n 


12. Consider the series 5 = "C+ 2°C,+3"C, to tn", 
For the series T=r"C_=n"'C_, 


S27 =Sn™c_ 20.2"! | (1) 
r=l 


r= 
Now, we have 
A.M. 2G.M. 


"C, +2"C, +3"C, ttn" 


n(n + 1) 
2 


+2[CEG? 


= 
Grey 


x CCy ses "C,)" | 3 
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6.36 Algebra 


7 2 
nx2” 


- (m3) 2 (CEES CGY CC) RE 
‘42 


“n(n4t) 
a 2 
=> ("C,) ("CY coy 12. ("C,)" < 


n+] 


n+l 


. nal On 
or CC) (CP CCB CC, vs (% z ) 


LB. 1 "C, n "C+ n(n-1) "C+: 4 2M—DX--X2x1 "C, 
m! (m+l)! (m+2)! (m+n)! 
_ nl (m+n)! "Cc (m+n)!n , (m+n)!n(n-1) , 
(m+n)! mint 9 (m+n! 7 (m+.2)!n! , 
‘e (m+n)! n(n-1)x-+X2x1 "C, 
n! (m+n)! 
! ! ' ! 
aon n. m+n C, "Cy + (m + n)! aC, 4 (m + n)! 
(m+n)! (m+1)!(n—-1)! (m+ 2)!(n - 2)! 
‘i m+n)! 1 A 
x "Cy bo + ( ) < 
1 (m+n)! 
n ! m+n n a n m+n n 
rary: Cy Cy + PC, C+ PC, "Cy to 
+7™™C) a) 
{coefficient of x"in (1 +x)""(1 +x)"] 
On + ey 
! 
Bee [coefficient of x”in (1 + x)"*?"] 
(m+n)! 
= n! m+in C, 
(m+n)! 
Hn! (m+ 2n)! 
(m+n)! (m+n)!n! as 
= (m+ 2n)! 
(m+n)i(m +n)! 
_(mtn+I(m+nt+2)m tnt 3)-- (mt 2n) 
(m+n)! 
ace a "C, "C. wee oD: 
a+ 3? (2 +V3)"— +3)8 1+V3 


= Real part of reel 


= Real part of (1 +i(2— oy 


= Real part of | 1 + itan— 
12 


1 n 

cos + isin— 
12 
= Real part of —___ > _ 


[cos + isin mn 
= Real part of S{———_____—_+ 


ni 
cos — 
12 


12 


Per a0)> — FE 
7 14+ 3 22 


15. The given expansion can be written as 
(+x) t+x)+ x) + oy{At y+ y+ y)-- 


n factors a factors 


{1+ z+ zd +z) = 


n—factors 
There are 3n factors in this product. To get a term of degree r, we 
choose r brackets out of these 3n brackets and then multiply 
second terms in each bracket. There are **C_ such terms each 
having the coefficient |. Hence, the sum of the coefficients: is*C, 


Objective Type : jee 


1. c. Coefficient of T, is "C,, that of T, is "C, and that of T, is "C,. 
According to the condition, 2°C,="C, £°C. Hence, 


fe | ~ E ~ aya * (na “a 


(esl fest 
= “V(n—5)5| | (n-4)(n-5) 6x5 


After solving, we get n = 7 or 14. 


(+y)} 


(1+ z)} 


r 
9 Nr ea OF sacl (=) a OP saad 
x 


This contains x”. If 2n — 3r = m, then 


2n-m 
r= 
3 2n-m 
= Coefficient of x” ="C, r= 
= 2n! _ 2n! 
(2n—r)!r! on - 2am 2n-m 
3 3 
2n! 
4n+m\{2n-—m , 
3 a | 
3.0. 1 +x7)4+ (tx)? 4-41 +)? 
(1+ x)? -1 a. 31 21 
= (1+ x)7!| ——+—_ (l+xy -(+x) |. 
ee re ) | 


=> Coefficient of x° in the given expression 


= Coefficient of x° in {2 [a + ey —(1+ J] 
x 


= Coefficient of x6 in [(1 +x)! - (1 +.x)] 
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= BC - NC, 


6 
4. b, c.e. of x! in cenit) 
x 


(L+ x)" 


n 


=c.e. of x! in 


=c-.e. of x"! in (1 +x)" 


="C 
(2n)! 
~ (Cn- int D! 
5. d. (1 43x 42x) = [1 +x(3 + 2x)]° 
= 14°C, x(3 + 2x) +9C,x°3 + 2x)? + °C, 3 + 2x)? + 
6C,x4(3 + 2x)* + 9C,x° (3 + 2x) + 6C x° (3 + 2x) 


We get x'' only from °C, x° (3 + 2x)®. Hence, coefficient of x!! 


is °C, x 3 x 2°=576. : 
6. b. We have T., = °C 3%"(1x)' = PC, x 3° x 7) x! 
. Coefficient of (r + 1)" term is °C, x 3°" x 7” 


and coefficient of r* term is °C_, x 3°" x 77! 
r-1 


BinomialTheorem 6.37 


=(1-x)[ltn(-x) te 4", xy +" (0) 
Therefore, coefficient of x” is 
1c (-1)" fies oe (-1)"! = (-1)" + (-1)" n 
=(-1)" +n) 
12. d. Here, the coefficients of T, T.,, and T,,, in (1 + y)”’are in A.P. 
= "C_,"Cand”C.,, are in AP. 
> 2 sil Of = ok Ce + mC 
m!} m! m! 
= + 
ri(m—-r)! (r-Dim—-—r4+D! (r+D«m-r—-D! 
2 7 1 i 1 
rm—r) (m—r+\\(m—-r) (r+Dr 


=> 


=> m-—m(4r+1)+4r?-2=0 


: 1 1} ? 1 = 
e. For {4 +) 57 |) 7,5 'C (ay i 


f 


13. 


w 


1 
= TG gle — 72-3 


From given condition, © For x’, b 
2C. x 329-r x7= a Cr x 330-r x 7! 22 a 3r 2 4 
29 - 
= Che) Pe ehps0t = 3r=15 
Co. 7 r 7 Si hats 
7. c. Let(r+ 1)", (r+ 2)" and (r + 3)" be three consecutive terms. = T="cCa wi v 
Then, 6 5 b? 
"CC, Cy = 742 6 
Now, = Coefficient of x’ is ''C, rc 
i +1001 
C oh 2, == Sn-8r=7 (i) oe oe : ey. in @ 
Cae th n-r 7 Similarly, coefficient of x’ in | ax — a is Core 
2 
: +2 1 i 
Cain I. me ac eee, ea Gi) Given that 
id Cees 42 n—-r-1 6 WC a WC a 
Solving (i) and (ii), we get n = 55. 7 b 
8c. (42+ = Dat = [Ul 4ore a2 fy ge 
r=0 r=0 b 
. r > b=] 
=>. (L+x)"= ax a 
: r=0 1 1 1 1 10 
20 2n 14. ¢. ab!%c!q? Garrard 
> Y"C,x = Ya,x abed 
r=0 r=0 


=> a.="C, 
9. b. Herea="C,b="C_,, andc="C_,,. 
Put n = 2, r=0, then option (b) holds the condition, i.e., 
_ 2ac + ab + be 
co b> —ac 
10. c. Middle term of (1 + ax)* is T,. 
Its coefficient is “C, (a)? = 6a”. 
Middle term of (1 — a.x)° is 7,. 
Its coefficient is °C, (-a)* = —20a°. 
According to question, 
6a? = -20a3 
=> 3a’+10a7=0 
> a?(34+10a)=0 
3 
10 


11. b. (1 -x) (1 - x)" 


a= 


Therefore the required coefficient is equal to the coefficient 


Ey he i ee em a ee ee 
of a2?b~“c-'d-' in | —+—+—+— | , which is given b 
d g y 


abe 
! 
10! _ 10x9x8X7 _ 5599 
2!6ttl! 2 


15. d. &- 2) (x + 1) 
SPCC ed eon PC 4G ee 
= Coefficient of x° 
=*C5C,-*C, x2 x °C, 49C, 2? x°C,—*C, x2? X°C, 
+ °C, x 2*x SC, -9C, x 2° x °C, 
=1-5x5x24+10x10x4—-10x10x8+5x5~x 16-32 


=-81 
16. d. The general term in the expansion of (1 — x + y)’° is 
! 
GY: where r+s+t=20 
ristt! 


For xy’, we have the term 
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6.38 Algebra 


20! as 27,3 
151213! ser 


Hence, the coefficient of x’y’ is 
20! 
15!213! 


AT, Tnct,g SPC. ba 


-ky 
= OC x8-5°2(—-ky 


2 
x 
For this to be independent of x, r must be 2, so that 
CP =405 > k=+3 
18. a. We rewrite the given expression as [1 +x°(1 — x)]* and expand 
by using the binomial theorem. We have, 
{1+ (1-»]}* 
= °C) +8C, 2? (1 - x) +8C, x4 (1-x)? + °C, x (1 —x/ +. 
8C, 23 (1 — x) + °C, x (1 —xpte 


The two terms which contain x'° are °C, x* (1 — x)* and BC. x (1 - xy. 


Thus, the coefficient of x!° in the given expression is given by 
8C, [coefficient of x2 in the expansion of (1 - x)*} + °C, 
="C,0)+9C,= pa O+ Ge 
= (70)(6) + 56 = 476 - 

19. c. We have, 
(tx)! xt 2) s (1 +x) (1 +x) dd -* + x?))100 
=(1+x) (14+ 8)= (14x) (C,+ Cx + Cyxo tet Ege} 


Jae yc.” =y'Cx" Sew 
r=0 r=0 r=0 
Hence, there will be no term containing 3r + 2. 
20. +b. + x3 — x8) 

= (14+23 (1 —2°)}? 

a Oc Ober ak Cat oe ae ON x (1-8 +: 
Obviously, each term will contain x", me N. But 28 is not 
divisible by 3. Therefore, there will be no term containing x”*. 


; -30 
1 
2, b. |1+Va 
1, a+) 


a 


a 


=(avay" 
a 


1 
2 cal C5 *C Jat + 0 lay) 
There is no term independent of a. 


22. c. The given sigma is the expansion of 
[x — 3) +2]! =@- 1 =(1-x)' 
Therefore, x°* will occur in T,,. 
T, = Oe (= x) 


Therefore, the coefficient is —'°C,,. 


23. a. We have, 


x+1 x-1 
P2841 x x2 
_ Gy +r x-l 


ee ad x2? 1) 
(x'3 + (x2? = x? +1) x2 4] 
4 x? 


2/3 
Px 


ax'8 4] —)—x tax? 


10 
x+1 _ x-1 = (x? — “W210 
213 1/73 2 a(x e# 
xr —-x +1 x-x 


Let T_,, be the general term in (x!3 — x71”) 10, Then, 
T.,, = 0c (x18) !0-r (-1y (2) 
For this term to be independent of x, we must have 


10-1 _ © _9 3 20-2r-3r=0>r=4 
3 2 
So, the required coefficient is °C, (-1)* = 210. 


24. d. (L4xtx3 4x) =(14+x) (1 +2)” 
= (14 Cx Cyt + Cpe +!9C at) (1+ Ca Cah +) 
Therefore, coefficient of x* is °C,'°C, + °C, = 310. 
25. a. (1.0002) = (1 + 0.0002) 


= 1 + (3000) (0.0002) + pode 


(0.0002) + --. 
= 1 + (3000) (0.0002) = 1.6 
26. d. 34° = 81100 = (1 + 80)'® 
= 100 + IC BO + ++ + MC, 80 - 
= Last two digits are 01 


27. a. We have, 


2 
y2x +14 {2x° -1 
2(J2x° Per prae 1) 


(2x? +1) - (2x -1) 


=J2x? +1-4/2x -1 
Thus, the given expression can be written as 


(Joe + fai) + (fae 1 a=) 


But (a + b)® + (a — b)® = 2[a® + °C, ab? + °C,a°b* + bs] 


Therefore, (2x +1 + 42x? — i) + (J2 +1- (a? =1) 


= 2[(2x2 + 1)8 + 15(2x? + LY (2x? — 1) + 15(2x? + 1) 
x (2x2 — 1)? + (2x? - 19] 
which is a polynomial of degree 6. 
28. b. We have, 
(x + 3)! + (x + 3)" (4+ 2) + (+ 3) "3 (e422 bot (x4+2)" 
(x + 3)" -— (x + 2)” 
~ (x+3)-(4+2) 


a n 

x -@ 1 =) are | es, 

“ atl g gt? qh a gta? te-4a"! 
xX-a 


= (x + 3)" —(x + 2)" 


Therefore, coefficient of x’ in the given expression is equal to 
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coefficient of x’ in [(x + 3)" — & + 2)"], which is given by 
TO cas = Care me Cc Br = 2rr), 
29. b. @, = coefficient of x in (1 + 2x + 3x7)! 
= coefficient of x in ((1 + 2x) + 3x’) 
= coefficient of x in 
(PCG + 2x)! + PC, 1 + 2x)°(3x?) +--+) ° 
= coefficient of x in '°C,(1 + 2x)! 
= 10€2.°°C, = 20 
30. b T = 10247 (51/2) 1024-17 UB) 
eM Apel r 
Now this term is an integer if 1024 — r is an even integer, for which 
r=O, 2, 4, 6,...., 1022, 1024 of which r = 0, 8, 16, 
2424, ...,1024 are divisible by 8 which makes r/8 an integer. 


For A.P., r =0, 8, 16, 24, ..., 1024, 
1024 =0+ (n-1)8 => n= 129 


4 Ly so ckigle eee ee eee 
31. «. (« -2+ 5 ==> (x? -2x +1)" = nh 
x x 


Total number of terms that are dependent on x is equal to number of 
terms in the expansion of (x? — 1)" that have degree of x 
different from 2n, which is given by (2n + 1) - 1 = 2h. 


8 
i 
32. c. Itis given that 6" term in the expansion of (zat logy x 
is 5600, therefore 


3 
°C, (x? log,.x) Ea = 5600 
x 
= 56x!'°(logi ot = 5600 
x 


=> x (log, x)* =100 

=> x (log,, x) = 10? (log,, 10)° 

> x=10 

(21—ny! 21! 
ue ae 
when *!C, is maximum which occurs when n = 10 


' 
33. ben! (21 -n)!= aire which is minimum 


34. a. To get sum of coefficients put x = 0. Given that sum of 
coefficients is 


2" = 64 
=> n=6 - § 
The greatest binomial coefficient is °C,. 
Now given that 
T,-~T,=6-1=5 
= Cottey a Seay (35"4)4 = 5 
which is satisfied by x = 0. 


35. a. Last term of [2" = 


an - any(- ="C, (1) 1 = (-1) 


nl2 nie 
2 2 


Also, we have 


log, 8 : 
1 es S 1 3765/3 logs 2? _ 9-5 
3573 oa (35/3318? 7 7 


Thus, 


Binomial Theorem. 6.39 


(-1)" 2 
gale = 2 : 
1)” _Gi" 
guia 7 23 
=> n/2=5 
=> n=10 
Now, Y 
By ee nC. (218)10-4 & a 
10! 13,6 149-254 
= wet yy a"") 


210 (2?) (1) (27) = 210 
36. d. Given, 
n+1 
mC 11 rt+l we Td 
= 

“Cc; 6 "C. 6 
=> 6n+6=11lr4+11> 6n-llr=5 (1) 
Also, 


6 n x wes 
e545 == nar (2) 
ae C,.1 3 C4 
From (1) and (2), r=5 andn = 10, 
nr = 50 
37. b. By the given condition, 
84 = T, = T, . 


= 1 (a VO +7 ) 1 


1 
= log, Ge + 1) 
25 


=21 glee: (9! +7) 271082037 +1) 


U 
£ 
il 
N 
; 


(3°'? -4 x 3*'4+3=0 
(3*-'- 1) B*'!-3)=0 
3*!=1or3 

3*-' = 3° or 3! 
x-1=0Oorl 

x= 122 


UU UU 


38. a. General term, 
te, = a 83 (/3 25>" @/5)" 


286-r or 


SPEC Be “5 
256 — 


The terms are integral if 

integers. 

“. r=0, 8, 16, 24, ..., 256 

Hence, there are 33 integral terms. 
39. a. T= °C (ixy 


and A are both positive 


r+l 
T_,, is negative, if i” is negative and real. 
Y=-l>r=2,6, 10,... which form an A.P. 
Osrs4n-2 
4n-2=2+(r-l4>re=n 
The required number of terms is n. 


40. b. T,="C, a" (-2b)! 
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6.40 Algebra 


and T, - aC. ais (- 2by 
As T,+T,=0, we get 
"C, 24 qt bt = "€, 2 ar b> 


Ai(n—4)! 


a’*b4 nl25 
= 7 pp 5n—5)! nt2! 
as #22@=9 
b 5 
15 
41. b. [s+d++3] 
x: x 


15 
vtxtx tl 
=). 4g 


2 60 
Ay FAX FAX +7 FAgoX 
a 30 
x 


Hence, the total number of terms is 61. 
42. c& (ltxt+ 4x aa,taxt A,X +a, to + a,;x"* 
Putting x = | and x = —1 alternatively, we have 
G,+4, +4, +A,t +4, =4 (1) 
a,-4,+4,-a,+--a,, =0 (2) 
Adding (1) and (2), we have 
2(a, + a, + a,+ +> +4,,) =4 
=> atatat +a, =2°=512 
43. c. Sum of coefficients in (1 — x sinO + x’)" is (1 - sinO + 1)" 
(putting x = 1) 
This sum is greatest when sin 6 = —1, then maximum sum is 3". 
44. a. We know that the sum of the coefficients in a binomial 
expansion is obtained by replacing each variable by unit 
in the given expression. Therefore, sum of the coefficients in 
(a + by’ is given by (1 + 1)". 
4096 = 2" => 2"= 2" => n=12 
Hence, n is even. So, the greatest coefficient is "C_,,, 1.€., 
PC, = 924. 
45. b. We have, a = sum of the coefficients in the expansion of 
(1 — 3x + 10x2)" = (1 — 3 + 10)" = (8)" = (2) (putting x = 1) 
Now, b = sum of the coefficients in the expansion of (1 +x)" 
=(1+1)"=2". Clearly, a= b’. 
46. b. (l+x-2x)§=]lt+ax+ AX? ++ 
Putting x = 1, we get 
O=lta t+a,t+a,+--+4, Q) 
Putting x = —1, we get 
64=1-at+a,-a,+-- +4, (2) 
(1) + (2) gives 
64=2[l+a,+a,+-4),] 
=> lta,ta,t--+a,,=32 
=> a,ta,+-+4,,=31 


an a 
47. a. 2m _ 5+)" 
15 15 
("Cy15" + "C15"! + + "C15 + "C,) 
15 
| 
= Integer + — 
15 j 
ge 


Hence, the fractional part of —— is —. 
15 15 


n 


48. c. As we know that "C,-"C? + "C2}- "Cj +--+ (1) "Ci =0 
(if n is odd) and in the question n = 15 (odd). Hence, sum of 
given series is 0. 

49. b. (1 a a is Or cies OF +°C,x° tet (-1)” be Oe (1) 

(c+ 1) = a Oa a OF ag + Cx 4 See io OF ad 
tee $C xP (2) 
Multiplying (1) and (2) and equating the coefficient of x” on | 
both sides, we get required sum is equal to coefficient of x”° in 
(1 — x*)°, which is given by °C,,. 
50. b. We have, f(x) =x". So, 
fi@=am"'=fU)=n 
f(x) =n(n-I)x"? = f(1) = n(n-1), 
f(x) =nn-1)(n-2)x"F = f(D = n(n—1)(n-2) 


f (x) = n(n-1)(n-2) - Le fr CD = n(n—1)(n—2) «+. 1 
AO. ew) 


=> 1 
FA) + 1 2! n} 
AG 4) n(n —- 1) x n(n — 1)(n — 2) a MAD -2) 1 
1 2! 3! n!} 
SPE EC tC, Poke, 
=2" 


51. b. Given series is °C, + °C, + °C, + +++ + *C, 
= 5a", $22°C, +++. 2-°CQ) 
= s("¢o+ anne 
$C, + Cy + MC tet 20C,4) 
= Cy + C9 + PC) 
= s[2" _ IAC, = ACs 


_ (2:9C, + C9) 


= 29 
2 
Be 2 Cia) = Cc a 29 “s PC, + 2 x *®C,) 
2 = 2 
52. b. Let, 
S= Cy + C, + 2 foe fp n 
n n+l n+2 2n 


l 1 i 
-_" -) f it un ane 
="C, fa" dx + C, [detent Cle ‘dx 
0 0 0 


[" Cx"! a "Cx" she ck "Cx" dx 


= fru —1)"'dx 
iy 


53. b. (Ltan aC, +Cxt+Cxt Cw Cet + Cx" 
(L-xy"=C,-Cxt+ Cx? — CP to + (HDC 2X" 
=> [tx"-CU-xy]=21C x4 C+ Ce ++] 


=> sta 4xy-(L-xy] aC xt C+ Cet 
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Putting x = 2, we have 


3" _ —1 n 
2. CAP CBC 
n i¢ 1 n 
4, da. (-1)""' r ee 1 r+l Ce 
sa OD el 
acto sivgaije 
n+l n+l 
55. c. (lt xyt=CtCx+ C+ Crt. 
+C_ rt + Cx" qd) 
Cee lta t Catt Cart tC, xt, (2) 


Miultiplying Eqs. (1) and (2) and equating the coefficient of 
x", we get 

C,C, + C,C,+ C,C, +--+ C,.C, 

= Coefficient of x? in (1 + x)*" 


2n C a 


= (2n)! 
~ (n-2)'(n +2)! 
56. a. We know that 
ao -1j%= °C, ait tal *C, ae Cyto + 
20C ,- nC. + go ee | NG: =0 
2 et nf, AG. + a Oo = aC. Bete *C,) + "Ci =0 
[v Cy = C,, Cy. = C,, etc.] 
= 20¢C, a ot + 8k = sa ites a Op + ia OF 


=> Cig + MC = ; Cro 


57. b. The given expression is the coefficient of x* in 
4C, (1 +x)™-4C, (L+2)” +4C, (1+ xP-4C, (14x) +4C, 
= Coefficient of x4 in [(1+x)!°! — 1]* 
= Coefficient of x4 in (I'C, xt "Cy? +++)’ 
= (101)! 
58. c. Putx=a, w? 
Btoto’?yY=a+amt+awort-- 
=> =a, +4,0'+4,0 +a,+aat-- (1) 
and 
270 =a, + 4,0? +4,0 +4,+ao +-- (2) 
Adding (1) and (2), we have 
2 x 27 = 2a, -a,-a,+2a,-a,-a,+2a,—-~ 


] 1 
=> 2M=a,- —4a, Tages + a, 7 iy igs + a, - 


10 
59. de D'C,3'(-2)"" 


r=0 


10 
=10> "Cel 
r=0 


10 
=10x3¥ °C,_.3°'(-2)°" 


r=0 
= 30(3 - 2)'° 
= 30 
40 
60k, Sere. 


r=0 


40 
2409 C7 €, 
=0 


40 , 
=40> = CF Ca, 


r=0 


Binomial Theorem 6.41 


— AN39+30 
=40 Co ts30-r 


=40 Cx, 
rx27 | (r+ 2—2)2" 
"+2! (+2)! 
2 De a 7 
(r+)! (r +2)! 
os grtl 7 2° 
“laa. (r+ D! 
= -(V(r) - Vir - 1) 
IS rx 2" 
Vea 
96 2 
(iia) 
56 
many 6. 
62. c. t,,=(- 1) (n—r + 2)"C, 2"! 


= (n+2) 2" (-1)'"C, (=) = 21 (1) r"C, (5) 


1 r 1 r=] 
= (n +2) 21°C (-7| r2nec..(-3] 


2 
n : n 1 n 1 
Sum = (n +2) 2" Cy — "Cy x 5 + "Cy (3) | 


2 
l 1 
n-l n-1 n=l by 
foes Cy - eas cx(5| + 


=oe2e(1-5] an 3) 
2 2 
=2(n+2)+2n 

=4n+4 


63. c. Here, 


50 

Cc 
T= (-1)’— 
os ere 


; OG 
=(-]y )-—————— 
ae be yr Dr +2) 


52 
C 
= (-1 (r +.) — 
CE a 5 
[(r +2) -—1°C,,, 
51x 52 


=(-1 


(62"'Cie Gaal 
51x 52 


=(-)' 


[5210 = PC (DI 


51x 52 
50 NC 
-1ly a 
a ) r+2 
= sy [-52 on On co) iat = 2c (-1)"*7) 
= 51x 52 
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6.42 Algebra 


d=piee, ds 1? — 2¢, + 2C, 


51x 52 51x 52 
ees 
51 52 
piel 
51x 52 


Alternative solution: 


Q- =Socnx 


r=0 
= x(1-x)" =))(-1) "Cx" 
r=0 
Inte grating both sides within the limits 0 to I, we get 


u “GC 
fxd - x)" de eRe a 


0 z 


= HG Nv Se = fx— 2) 


’ 
=fa — x)x"dx (Replace x by I-x) 
0 


xn! xt? : 
“n+l nt2h, 
a See 
n+l n+2 
1 


“(n+ Din +2) 


Now put n = 50. 
64. a. Given term can be written as 


(+x 1 —x)? = (1 + 20427) (14+ 2x43 4-- 


+(n—1) 


xx" + nx '4 (nt Let 


Coefficient of x" is (n+ 1+2n+n-1)=4n. 


1 +1 1) 
65. a. l¢+n|l—-— Prec ) [P= | Aeuics 
Xx 2! x 


=1-n| fle bli tee 


=142t+3f+ 


=(1-1)? 


a aC 


67. a. rae x] = 1 (vi tx = 
l+x-—x “Ci +x +x) 
-witets +x 


l+x- 


1, 1f 1)x* 
=x4+l+—-x+-/-~ fF +: 
2 2\ 2 Ja! 


Obviously, the coefficient of x* is -1/8. 


xtqVltx axe (lex)” 


68. d. Let, 
(+yy S14 ee Sad 1x4 a 1x4Xx7 3, 
3 3x 7a 3x6x9 
n(n-1) 2 
=l+ny+ ry yote 
Comparing the terms, we get 
1 n(n-l) 2. 1x4 4 
ny = —x, =——-x 
3 2! 3x6 


Solving, n =—1/3, y= -x, Hence, the given series is (1 — x)"'"?. 


69. a. Let the given series be identical with 


a(n-l) 2 


(1 +x)" = 1+ 0x +—— x + -- 
1x2 


=> Be ee 
16 
Also, 
2s 
n(n—1) 13 _, 20 16 _2 
2 32 n-1 3 3 
32 
=> 3n=n-1 
=> 2n=- 
1 
=> n=-— 
2 
1 
> x=-= 


en 
= Required sum = faut = Ze 
2 2 


= (2)? 
70. d. Required value is 
1 ae [exeax \- l-x ” _(l+x)’ 
l+x l+x lex 1-x 
y3? = [G1 —x) 2]? 
=(1 -xfP =1-3x4+37-¥ 


om 


71. do (14+2x4+3x7+-> 


Therefore, coefficient of x° is 0. 


Pa (l= 'P = (1-2)? 


=14+2x+3x4--- 


72. d. l+x4+x4+ 


Therefore, coefficient of x" isn +1. 


73. b. T. 


ret 


in (1 +x)" is 


V3 
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n(n—1)(n-2) +++ @—-rt+) e 
r! 


For first negative term, 


n~rt+i<0 

“—r+i<0 
=> ee 

re 5 


Thus, first negative term occurs when r= 7. 
1 3 
da +xy?-|1+=x 
74, d. Z 


a — x)? m, 
ere a ia seg 
2 8 2 4 
d—x)'? 
-3 
=— xX (1~x)y 
3 (1 ~ x) 
= 3 2 fe 
3.a(t4 
=—— x 
, eee Maa 2 a 
75. d. G2 adan) HA, + AX4+ AX te tax" t-- 


But (1 — axy' (1-bxy' =(1 taxtaxt+---)(1+bx 


+ Bt 


= Coefficient of x"isb"+ab"-!+ab"?+---+a"™ b+a" 
pb"! agit 

7 b-a 
pb eer ie 


n b-a 


77. ad. General term in the expansion of (/2 + 4/3 + 9/5)" is 
! 
2 ABBY wherea+b+c=10. 
albie! 


For rational term, we have the following: 


Value of a, bc 


10! 


| Gagigi 2°35)" = 4200 


BinomialTheorem 6.43 


78. b. fx) =1l-x4¢ 2-4 ---— x4 xl - x7 = — 


=> fo- p= ic@=b* 


Therefore, required coefficient of x? is equal to coefficient of x° in 
1 — (x — 1)'8, which is given by 'C, = 816. 


79. a. p= (8+3V7)"="C,8" +"C, 8" (3V7) + 
Let, p, = (8 37)" ="C, 8" -7C, 8"! (3V7)+ ie 


P, + Py = 2(°C, 8" +"C, 8"? V7) ++.) =even integer 
p, Clearly belongs to (0, 1) 


y 


[p] +f + p, = even integer 


Y 


f+ p, = integer 

fe O),p,€ 0) 

= f+pe (0,2) 

=> ftp,=1 

=> p=i-f 

Now, p(1 —f) = pp, = (8 + 3V7)" (8 -3V7)I" =1 


10 10 
80. a. 2 (r) ss Os = 220 x ss OA 
r= ‘ r= 
= 20 (°C, + °C, + +°C9) 
=20 (PC) + PC, 4 + Cy) 


= 20 Gas "Go| 


= 20 (2'° + °C,,) 
81. ¢. (23)!* = (529)’ = (530 - 1)’ 
= 7C, (530)? —7C, (530)° + --- —7C, (530) + 7C, 530-1 
= 'C, (530) —’C, (530)° + --- + 3710 — 1 = 100m + 3709 
Therefore, last two digits are 09. 
82. b. SO) ab tb xt bee tb xe 
1-x 
> AF AXtAX + Fax be 
=(1-x)(b, tbxt+ br te tb xh te) 
Comparing the coefficient of x" on both the sides, 
a,=b,-b. 
83. d. (1—-x)"(l+x)"= Yax'(1 —x)"(l-x)"" 


r=0 
=> (1-x+2xy"= Vax (l-x)"" 
r=0 


un 


=> Y"C (t-x)"" (2x) = ae day 


r=0 
Comparing general term, we get a,="C_ 2’: 


downloaded from jeemain.guru 


6.44 Algebra 


s4. d. el +o)" ="C,+'"C, Oe 


=") 


accra rece eee) 2 


1) 


eeeereenol ) 


n Hn 1 Hu n a a 
=("C,H"C, +0) = SOPH CHC) 


ee rer 
rages C,-"C, +"C,—"Co+ +) 
Equating the modulus, we get I(—w ’)'l = 1. 


+ 


(2+ x+D0-x) _ 


ge ee 


85. c 


=(1-x*)\1+2x+3x°+--) 


Now, a, =(r+1)-(r-2)=3 
But a,=2 
So, 

. 50 

dia, =2+49x3= 149 


86. a N="C = (2n)! _ (a+ Dnt 2): (n +n) 
"(aly (n!) 

= (nt)N=(n+1) (nt+2)- (tn) 

Since n <p < 2n, so p divides (n + 1) (n+ 2) + (n +7). 


300 
87. « Yaxx’ =U txt x? + x3)100 
r=0 
Clearly, ‘a,’ is the coefficient of x’ in the expansion of 
(14x +x? + 23), 
Replacing x by 1/x in the given equation, we get 


Sa a pee Or ee ree 
i x x 


r=) 


300 
> Soe =(l¢xtx+ xy 
r=0 


Here, a, represents the coefficient of 8%-"in (1 +x4+x7 4+), 


. Thus, 2, = 4, _, 
300 

Let /= ¥ rXa, 
r=0 


300 
= ¥' 300 = rary, 
r=0 


300 


= ¥' (300 - ra, 
r=0 : 


300 300 


= 3005) a,— Yira, 
r=(} r=0 
= 2/=300a 
= [=150a 


89. b. We have, 

(L-xy"=a,+axtavrtrr tanto 

and 
(-xyptal+xt +O te tx tee 

Hence, 
a,+a,+4,+- +4, 
= Coefficient of x’ in the product of the two series 
= Coefficient of x’ in (1 — x)" (L -— x)! 
= Coefficient of x" in (1 — x)-"*? 


bs (n+1)(n+2)---(n+r) 
r} 


— renti-l tr 
= C C, 


atl-] 


20 20 
90. a. ¥ r20-Nx MC) = Te OI C53 
r=0 r= 
20 
=> ¥20"C_,x20x"Cpo_, 
r=0 
20 
= 400 > PC x Oils 
r=0 
= 400 x coefficient of x'* in (1 + x)!® (1 +x)" 
= 400 x *C,, 
= 400 x *C,, 


Multiple Correct Answers Type fim 


1. a,e. 
Inclusion of log x implies x > 0. 
Now, 3 term in the expansion is 
T,,, =5C, x5? (x"*°*)’ = 1000000 (given) 


or 
xo t? opin * =10° 

Taking logarithm of both sides, we get 
(3 +2 log,, x) log,,x=5 


or 
2y? + 3y -5 =0, where log,, x = y 
or 
(y- 1) Qy +5) =0 or y=1 or —-5/2 
or : 


log,, x = 1 or -5/2 
x= 10'=10 or 10°? 
2. a,d. 
Coefficients of r, (r + 1)" and (r + 2)" terms are 
4C_,, 4C, and 5 lee 
If these coefficients are in A.P., then 
ANC) = MC, + Cy 
214)! (14)! " (14)! 
rid4—r)t @-)id5—r)! + 1I!d3 - r) 
2(14)! d4)'{F + )r+d5-r)d4—-7)] 
=> rd4—n! (r+DI05—r)! 
=> 2(15-r(r4+ 1) =2P - 287 +210 
=> pP-14r+45=0or(r—5)(r-9) =0 
=> r=S5or9 
3. a,b,c. 
We have, ; 
(x + a)" a Oe + "Cha + Cai Qt +"C, a" 


= ["C, x” + *C. xg? 4 s+] + [PC x"! at "Cx a Shes ib tes 
or 
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(x+ a)" =P+Q 
Similarly , 
(c— ay"=P-Q 


(i) (1) >< (2) = P? oe (ey = (?? ome a’y" 
Gi) Squaring (1) and (2) and subtracting (2) from (1), we get 
4PO = (x + a)" =. (x < a)" : 
(ii) Squaring (1) and (2) and adding, 
2P2 + Q)=(x +a)" + (x-a)™ 
4. a,c, d. 
I+ f= (4415) 
Let f’= (4 os vi5)’. Then 0</f’<1 
I+ f= "C, 4" + "C, 4) V15 + "C, 4-2 15 


@) 


(2) 


+"C, 4" (vis) poe 


3 
f’ = ue qn "C qr Vi5 + aC 42.15 - so 43 (vis) fe 8 


[+ f+f =2°0C, 4° +"C, 4"? x 15 +--+) = even integer 


O<ftf<2>ftfelal-f=f 
Thus, J is an odd integer. Now, 
1—f=f =(4- 15)" 
G+ fPU-fyadtf/yf = 
5. c,d. 
si C3,- + OCs, =° Co - °C, 
= 7 Ci 70 Cs 
Thus, r2 = 3r or 70 - 3r =r? so that r= 0, 3 or 7, —10. 
Hence, r = 3 and 7 (as the given equation is not defined for 
r= OQ and -10). 


6. a, d. : 
It is given that the fourth term in the expansion of 


[« + | is 3 , therefore 
x 2 


3 
1 5 5 
"C_ (ax w-3} Oo Je > o3"C qh xh st. 
ate (;] 2 : 2 


@) 


[.: R.HLS. is independent of x] 


Putting n=6 in (i), we get°C, a= > = a= 2 > a= > 


7. a,b,c, d. 

We know that to get the sum of coefficients, we put x= 1. 
Then, sum of coefficients is (1 + ax -2x’)" is (a -1)’. 
Obviously, when a > 1, sum is positive for any n. 

8. a, b, d. 


»( 30 Y 20 ™(30¥ 20) 
— = rey | 
nor= Sop: iLme)= 37 [neal Cn 


f(m) is greatest when m = 25. Also, | 
FO) + fC) +--+ +f(50) 
ad NC, + oc + a range Ome = 250 


Also, °C, is not divisible by 50 for any m as 50 is not a prime number 


50 
DS Fomy = Cy + Cy + °C, tet °C, = mG 
m=0 
9. a, b,d. 
el 424278 =C +C 2+C zit tC vais 
: ! 2 16 


() 


BinomialTheorem 6.45 
Putting z = i, where i = ft, 
(1-14 D)§=C,-C,+C, -C+- +, 
=> C,-C,+C,-C,+--+C,=1 
Also, putting z= a, 
(L+@?+@*8=C,+C,@7?+ Cott +C,0” 
=> C,+Cw7?+CorC,++-+€,@7=0 (2) 
Putting x = 7, 
‘(+o4+@%8=C,+Cowtt+C,o8 +: +C.0* 


=> Ct+CorC,o?+--+C,@=0 (3) 
Putting x= 1, 
B=C4+C,+C,+--+C, (4) 


Adding (2), (3) and (4), we have 
3(C,+ C+ $C, = 3* 
3 Ca 4uieCe? 
Similarly, first multiplying (1) by z and then putting 1, w, w? and 
adding, we get 
C,+C,+C,+C,+C,+C,=3' 
Multiplying (1) by 2? and then putting 1, @, w? and adding, we get 
C,+C,+O,4+C,+C,=3' 
10. a,b,c. 


656l-r or 
General term is °'C_7 3 11°. 


To make the term free of radical sign, r should be a multiple of 9. 
r=0, 9, 18, 27, ..., 6561. 
Hence, there are 730 terms. The greatest binomial coefficients are 


6561 6561 6561 6561 
Cos61-1 and Cos61-3 or Cy290 and Cyo79 
2 2 . 
Now, 3280 are 3279 are not a multiple of 3; hence, both terms invol- 
ving greatest binomial coefficients are irrational. 


11. b,c. 
For n = 2m, the given expression is 
Cy- (CG, + €) + (QQ tC, +C,)-(C, + €, + C, + C;) 
tee (Hl (Cot, t+.) 
=C,-(C,+ C)+(C,+C, + C)-(Ga+C,+ 0,46) | 
He (Ct, to +O) 
=-(C,+C,+C,+---+C,,,) 
=-(C,+C,+C, ++ +C,,)=-2"" 


12. a,c, [e145] 
x 


2 n 
l 
="C,+"C, [ +4] +"C, [ +4) tet" [ ee 


This contains each of the term x°, x”, x*, ... xn, 7, x74, ...,.0077" 


coefficient of constant term = nC, + (nC,) (2) + (nC,) (4C,) 
+ (nC,) (6C,) + ... # 2"~' coefficient of x"? innC, ,=n 


coefficient of x? is "C, + ("C,) CC,) + (nC,) CCD) +... > 


13. a,c, d. 
aC + mC + m2C Serres ntm—l 
1 2. 3 m 


="C 


nel 


nei n+2 at n+n-} 
+ C., + Cs + + CL 


= Coefficient of x*!in (1 + x)" + (1 + x)" 4+ (1 + x"? 
poet ad + xy! 
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6.46 Algebra 


= Gociicientofs tin Ue 
(ee 
(1+xy""*" -(1+ x)" 


Xx 


= Coefficient of x"! in 


= Coefficient of x"in [ (1+ x)"*"-(1+ x)" ] 
="™"C-1 
Similarly, we can prove 
aC, pnt C, rs BEC, Paes ies Oo = mtn Cc -i 
14. a,b,d. 
(n—1)(n-2)--(n—-m+1) 
(m - 1)! 


_(n-1)(n-2)--(n-m+1)(n-m)--2-1 


(n - m)\(m = 1)! 


— nl 


m~1 
= Coefficient of x"-' in (1 + x)" 
= Coefficient of x”-' in (1 + x)" (1 +x)! 
Now, 
(+x C+ Cx+ Cx? te tC xml ge tx" (1) 
(l4¢xyt=1-x4+ 2-4-4 (ly xm 4. (2) 
Collecting the coefficients of x"! in the product of (1) and (2), we get 
(-1)y"' Cot (- 1)? Ct tO 
= Coefficient of x"! in (1 + x)""! 


=n 
m=! 


Cy- Ct Cn tlre 


mi 


= er Cee (-1)"" 
-1 -2):-(n-m+l1 wis 
_ Nn 2) mF) et 
cm —-1)! 
15. a 
We have, 


tnd = 79 +8+12V2) 


=7.6 +22) 


3— Jt +3v2 =3-2G +23) 


=e) 
2 


fi7 (34s a 
Hence, the 10" term of - Fash) - (3-4) is 


20-9 
Cy (3} (V2) 
2 
which is an irrational number. 
16. a,b,c. 

(x sinp + x-'cosp)" 
The general term in the expansion is 

T= '°C.@ sin p)!°" (x! cos py 
For the term independent of x, we have 10- 2r=QOorr=5. 


Hence, the independent term is 


10, n>. Sn 
C,sin*p cos*p = 32 
. which is the greatest when sin 2p = 1. 


sin’2p . 10! 
is — 5 
32 2°(5!) 


The least value of '°C, when sin 2p 


=-lorp= (4n-1)",neZ. 


Sum of coefficient is (sin p + cos p)!°, when x = 1 

or (1 + sin 2p)*, which is least when sin 2p = -1. 

Hence, least sum of coefficients is zero. Greatest sum of coefficient 

occurs when sin 2p = 1. Hence, greatest sum is 2° = 32. 

17. b,c, d. 

LHS. = (142744) (1+ Cx+C07+C.+---) 

RHS.=a,taxtaxv?traxe+-- 

Comparing the coefficients of x. x”, x7, ... 
a,=C,,4,=C,+2,4a,=C,+2C, (1) 

Now, 2a, = a, + a, (A.P.) 

=> 2(°C,+2)="C, + ("C,+2'C,) [Using (1)] 


2 2 MD 43,4 MaDe —-2) 
2 6 

=> n—9n?+26n—-24=0 

=> (n-2)(W’-7n+12)=0 

=> (n-2)(n-3)n-4=0 

=> n=2,3,4 

18. a,d. 


th 
Middle term is E + 3 or (4+ 1)" or T, 


4 
= T,= *c(2) x 2* = 1120 


ESET Dy mee, 
1x2x3x4 
xte L120 _ 
70 
=> #+40’?-4=0 
=> x=+2(- xe R) 
19. a,b, c, d. 
Let T, be numerically the greatest term in the expansion of (1 +.x/3)"°. 
Then, 


> 16 


—=!2>1 and To} cy 

4 5 
Now, 

T, _10-r41 x 

T, r ) 

Te 6 x 
=> 4% 3/2! and eae 
= tis 22 anata 3 (1) 

7 2 
sy de eige 3 
7 2, 
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20. a, c- 
(1d -y)" (+ yy 
= C1 -"C, y+ "Cy? - ++) ad +"C y+" ee) 


= 1+ (n= mys mad, me 


2 2 
Given, 
a, = 10 
> a,=n-m=10 (1) 
as m+ni-m-n-2mn _,» 
2 
(m —ny —(mt+n)=20 
=> m+n=80 , (2) 


Solving (1) and (2), we get m= 35,n=45. 


Reasoning Type ae 


La. C°C,) + (OC #C,) + (CHC 49°C.) 
Hire + (MCHC +9 + ++ 41°C) 
= 10°C, + 91°C, +8 °C, +++ + PC, 
= FG 2 OCS OO a 10 ME. 


Hl 


10 10 
re S10 "Co = 1042? : 
r=! r=], 


_W-rtill 


Da 
Be T. r 10 
Let 

T,,, 27,3 13-r2 11x 
> 1322Ar 
> rs619 


Hence, the greatest term occurs for r= 6. Hence, 7" term is the greatest 
term. Also, the binomial coefficient of 7" term is '*C, which is the 
greatest binomial coefficient. 

But this is not the reason for which T, is the greatest. Here, it is co- 
incident that the greatest term has the greatest binomial coefficient 
Hence, statement 1 is true, statement 2 is true; but statement 2 is 
not a correct explanation of statement 1. 
3. a. 3456? = (7 x 493 + 5)??22 
= (7k + 5)? 
= Tm + 52222 
Now, 
52222 = 52(53)7# 
= 25(125)”° 
= 25(126 -1)*° 
=25[7n + 1] 
= 175n + 25 
Remainder when 175n + 25 is divided by 7 is 4. 
Hence, both the statements are correct and statement 2 is a correct 
explanation of statement 1. 
4. d. Statement 2is true as itis the property of binomial coefficients. 
But statement | is false as three consecutive binomial 
coefficients may be in A.P. but not always. 


2n 


5. a. (l+xtxry= bax (1) 
We know that = 
él -x)" = »y (-1"~" "Cx" = »Y (-l)"" "Gx"? (2) 
r=0 r=0 


BinomialTheorem 6.47 
Multiplying (1) and (2), we get 


¥ C)"~’ "Ca, = coefficient of x" in(l- x?)" 


r=0 

‘Since n # 3k, therefore 
y cy" a,"C, = 0 
r=0 


= DC'a"C,=0 


r=0 
Hence, both the statements are correct and statement 2 is a 
correct explanation of statement 1.- 
6. a. (L+x)"—nx—-1=(14+"C x 4"C yn? ++ +"C x") — nx 1 (1) 
=" to $C x" 
=x? ("Cl "Cx + + $C x) 
Hence, (1 + x)" — nx — | is divisible by x’. 
Now in (1), replace x by 8 and n by n + 1. Then, we have 
(1+ 8y"" — (2 + 8 - 1 =8°("C, + "C8 +--+ +"C 8") 
=> 9" — Bn —9 = 8°("C, +"C,8 + +"C 8") 
which is divisible by 64. 
Hence, both the statements are correct and statement 2 is a 
correct explanation of statement 1. 


7 bd. (1 +x 4x7 42x37 + x4)! HA, tAXt AL +4, 0 ++ +a, x 
Clearly, there are 4001 terms. Also, number of term in the expansion 
(a,+4a,+-- +a, ris ™ Cais 
Clearly, statement 2 has nothing to do with statement 1. 


2) 3 n 3 
, . Xo. x 

8. a. Coefficient of x" in f +x+—+—4+- “| 
2! 3! n! 


x x" 3 
= Coefficient of x" in | 1+x+ ei tne =e -] 
! n! 


as higher powers of x are not 
counted while calculating the coefficient of x") 


= Coefficient of x” in e?* = z 
n! 

9 b. (1 +x)"(1 — x + x?) 

=(1+x)(1 +x)(1 -—x +27)” 

=(1+x(1 +2)” 

= (1 +23) + x(1 +23) 

= (1 + PC 7 + OC xo + PC I) + (8C, + WC x4 + 

40 x74 ct ene I21) 

Hence, the coefficient of x** is zero as there is no term in the 
above expansion which has x*°. 


Also, statement 2 is correct but it is not a correct explanation 
of statement 1. 


10.b. We know that the total number of terms in @,+4,+°" 
+ x)" is "T'C_. So, the total number of term in 
(x, +X, +++ +x) is 


(n+2)(n+1)n 


— 142 — nt2 —_ 
~ Co a C, - 6 


34n-1 C 


n-t 
and the total number of terms in (x, + x, + x,)" is 


(n+2)(n+1)n 


ut3-1 C 
"e 6 


— nt2, as 
be C, = 
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6.48 Algebra 
11, «a. We have, 
(2+ V5)"+(2- 


+ °C, 27-4 524 


V5)" =2[2°+°C, 2°55 
°C, 2X 50M] () 


Fromm (1), (2 + V5)" + (2 - V5)" is an ee and 


= <(2- V5)’ <0 (+ pis odd) 
So, . 
Pp 
[(2 +98)" | =o + Vir + 0-5 
a la ak SI ee cd OTe i 
(2 + V5 "| = 241 = PC, 2°75 + °C," 5? 


Peel 2X 5e-V2] 
Now, all the binomial coefficients 


p(p-1) 
Oe aa 
P(p — 1)(p — 2)(p - 3) 
Se Tory a a es 


are divisible by the prime p. Thus, R.HLS. is divisible by p. 


12. a. Statement 2 is true (can be checked easily) and that is why 
a oe < ae, < a 6 ard es Coe < as OF > Ci o> a OF 


13. b. Obviously, statement 2 is true. But to get the sum of 


coefficiénts in the expansion of (3-*/* + 3°"’*)", we must put 
x=0. 
14, a. We know that 
"Cc. + "Ck "C, + "C_. "C, or 4 "C. 


= Coefficient of x” in (1 + x)"(1 + x)" 
Coefficient of x"in (1 + x)"*" 

— a On * 
=Oasmt+tn<r 


15, a. S= XE re : | 
Osi<jsn} " C, ad as 
= 35 oe a2 | 
Osi<jsn OG =; 
=n LD . sf 
osicjsn] "Co "CL 
Te oe 


a-l 
a a ide 
n[{Gin 
“(5-¢] 


=—a 


Linked Comprehension Type (iam 


For Problems 1-3 
1. b, 2. d,3.¢. 
Sol. The coefficient of the 2", 3" and 4" terms in the expansion 
are "C,,"C, and "C,, which are given in A.P. Hence, 
2"C,="C, +"C, 
— 2m(m-1) ae m(m — 1)(1—2) 
2! 3} 
=> mm—-9m+14=0 
=> m(m—-2)(m-7)=0 
=> m=7(. m#0or2 as 6" term is given equal to 21) 
Now, 6* term in the expansion, when m = 7, is 


ery) 3 vere = 
iG,| sem x[' Qix log 3 | = 


7x6 glog (10-37). 9(x-2) log 3 


7 =21 


> 


3" 2 
=> gloat! 3°) + (x- 2)log 3 1 = 7° 


= log (10- 3") +(x-2) log 3 =0 
=> log (10 - 3%) 3)" =0 

=> (10-3)x3*x37%=1 

=> 10x3-GY=9 

=> (3?-10x3*+9=0 

> (3-13°-9)=0 

=> 3-1=053%=1=3°>x=0 
=> 3-9=053=37? >x=2 
Hence, x = 0 or 2. When x = 2, 


=[1+1]’=128 
When x = 0, 


-[ Jer} 2y] 


7 
log9 
= reo >2? 
q 5° 


Hence, the minimum value is 128. 


For Problems 4-6 

4. b, 5. c, 6. c. 

Sol. 2" term is "C,x""'a = 240 (1) 
3 term is *C, x"? a? = 720 (2) 
4" term is *C, x" a? = 1080 (3) 

Multiplying (1) and (3) and dividing by the square of (2), we get 
"C,x"C, _ 2401080 
("CY (720)? 


nx n(n-I(n-2)(2)" 1 
w(n-ly x3! 2 
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= 4n—2)=3-1) (2 n¥1) 

=> n=5 

Putting n = 5, from (1) and (2), we get 
5x4a@ = 240 and 10x3a? = 720 


(xtay _ (2407 


10x°a? ~—s- 720 
or 
x» = 32 
x=2 
240 48 
a= Zz LJ =e = 
5x 2 


Hence, x = 2,a=3andn=S. 
(x~ay'=(2-3p =-1 

Also, 
(243)? =2°+°C 243 +5C,23 x 3? + 5C,2?x 3? +5C,2 x 34+ 5C,35 
= 32 + 240 + 720 + 1080 + 810 + 243 

Hence, least value of the term is 32. 

Sum of odd-numbered terms is 32 + 720 + 810 = 1562. 

For Problems 7-9 


7. b, 8.a, 9. c. 
Sol. Let, 


40 
(l+x+xy%= Vax’ (1) 


r=0 


Replacing x by 1/x, we get 


20 r 
1.1 nu 1 
14+] =¥al- 
( x 7] cA iG 


40 
=> (ltx+x)"=)Sax" (2) 
r=0 


Since (1) and (2) are same series, coefficient of x’ in (1) = coefficient 
of x’ in (2) 
> 4=ay_, 
In (1), putting x = 1, we get 
3% =a,+a,+a,++- +a, 


=(a,+4,+4,+--+4,,)+4,,+(a, +a to 


ut2 


+44) 


=2(a,ta,+a,t+-> +4,.) +4, (~ a, =ay_,) 


=> ata, +a,+--+a,= 


Te55 1 
19 7B" ~ ap) orice ayy) 


Also, 
a, +3a,+5a,+--- + 8la,, 
= (4, + 81a,,) + 3a, + 79A,y) + 00+ + (39a,, + 43a,,) + 41a,, 
= 82(a,+4,+a,+ ++ +a.) + 4la,, 
=41(9" - a,,)+ 41a,, 
= 41 x 3 
da,’ -a,+a,’—a, + -- suggests that we have to multiply the two 
‘xpansions. 
Replacing x by —I/x in (1), we get 


> Ory 
= 4 & G49 
(ae ee 


x x x 
> (L-x 4x) =ax% —ax¥ +ax8—-- +a, (3) 
Clearly, 


Binomial Theorem 6.49 


ap -aptart- +.a,, is the coefficient of x in 
(1 + x +x?) (1 — x + x2) 
= Coefficient of x in (1 + x? + x4) 
In (1 + x? + x4), replace x? by’y, then the coefficient of y”? in 
(+y+y’) is 4, Hence, 


22 ge 2 eee oe + a 
a ay +a, Fay = 4, 
2 2 | es: 2 a Pde oe: 2y)— 
=> (ay — a? + a? - a5) + a,” + ¢ Gt +ap) =a, 
2 2 ee | 2 
=> 2(aj -a? +a? - a) + a, = 4 
> a?-q?+q2~...-q?= 2 _ 4 ] 
0 1 2 19 2 20 
For Problems 10-12 
10. c, 11. a, 12. c. 


Sol. a, + a,x + ax? + + + ax” + x! = 0 has roots °C, °C, 


99 99 
reid OF 
cranes 99 100 — ¢y _ 99, _ 99 
PAF AX FAX + +A? + x! =x Cx C)) 
(x i: aC) cate (x -_ *C.) 
Now, sum of roots is 
bas On Oe Oe | ee i 
pe ee 2 2 coefficient of x'® 
= 99 
=> 4,=-2 
Also, sum of product of roots taken two at a time is 
Ago 
coefficient of x' 


e 


99 99 99 , 
: pas "cre, cal SCey 
7 i=0 


paps 90 9C _ \r0 J0 
osicjsso § oF 5 
99 99 
> 99 C2” Le ye cy 
_ Uso i=0 
> > 
9999 Wt 99 2 
2°27 D(C) 
ome 


2 
2198 _ 1980 
= 
2 
(°C,)? + CC y hens (Gu eme g 


=, (C+ °C, + i ee bod. en 6 OP 9 ee 990 9C 


O<i <j <99 : j 
=Aetig) 2a5 
= aso ag, 
For Problems 13-15 
13. a, 14. c, 15. a. 


r=0 r=0 


100 100 
Sol. a. >  C, sinrx = in( ie OF (Im = imaginary part) 


100 i 
= in( MC (ei y] 


r=0 


= Im((1+e*)™) 
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650 Algebra 


=Im (1 +cosx+isinx)' 


=Im 


100 
=Im 2cos.~ cos~ + isin = 
2 2 2 


= 2' egg! 5 sin (50x) 


100 
2cos” ie + 2isin a x cos— 
2 2 2, ; 


50 
baer xb" x cos(rB — (50 - r)A) 


r=0 


50 ‘ 
= rel & 50 C,a" x pe x cite) 


r=0 
50 -é 
= re XC (axe®y x(b xe -) 
r=0 
= Re(ae® + b e4) 
= Re(a cos B+ ia sin B+ b cos A — ib sin Ay® 
=Re(acosB+bcosA)*=c%( asin B= b sin A) 


50 50 
» °C _sin2rx > C,9., sin 2(50 — r)x 


r=0 — +=0 


50 ~ 50 

¥ °C, cos2rx  }' Cyq_, c082(50 — r)x 

r=0 r=0 

. 50 ; ; ; 

- py °C [sin 2rx + sin2(50 — r)x] _a_c_ate 
me “b .d btd 


5 
py °C [cos2rx + cos2(50 — r)x] 


r=0 


"30 ‘ 
S) C,2sin(50x)cos(2r — 50)x 


y °C 2cos(50x)cos(2r — 50)x 


r=0 
= tan(50x) 
=> f(a/8) = tan(252/4) = tan(6a + /4) = 3 


For Problems 16-18 
16. b, 17. b, 18. ¢. 
Sol. 
General term of the series is 


2, °C (27 — 1) 
TW= % ae (50 +7) 


rs] 


mre (  5s0-rtl 
= “50 1- 
C, 5046 
. nog: ck oP (* =p+ ‘ 


°C "Cc | 50+r 


r 


Now, 
rc (50-rt+l 
°C, 50+1r 
_6O-rt 1)(50 + r)tr!(S0 —r)! 
r$50!(50 + r)50! 


— 60-r+I)IG0+r- 1)! 
50!50! 


50t+r-1 Cc 
50+r C S0+r-1 C 
=> T= -— = V(r) -V(r-1 
50 C, 50 Gx, ( ) ( ) 
SO+r 
where V(r) = EG. 


HE 


r 


Now, sum of the given series 


50 

P= S'T(r) =V(50) — VO) 
ral 

ee pirome 7 ay oe _ 106 


0c 500 50 
5 0 


Also, 


50 : 
507442 — sgpsa S08 4 8002 ares 
Q= x CS PCM, + OC2 +0 + PCL = on 
=> P-Q=-1 
We know that 


C2- C24 C2406 +1" C? 
0, ifnis odd 
~ )(-D""C,,., ifnis even 


100 2 
=e EY (ME) OD Gas en 


r=0 
=> P-R=-1 
Q+R=2'C,,=2P +2 
For Problems 19-21 


19. a, 20. b, 21. ¢. 
Sol. Suppose A contains r (0 $ r Sn) elements. 
Then, B is constructed by selecting some elements from the 
remaining n — r elements. Here, A can be chosen in"C_ ways 
and B in ued ORS: ahi Orr tetas Ces 2" ways. 
So, the total number of ways of choosing A and B is"C. x2", 
But r can vary from 0 to n. So, total number of ways is 


>", x2" = (14+ 2" = 3" 

r=Q 
If A contains r elements, then B contains (r + 1) elements. 
Then, the number of ways of choosing A and B is "C, x "C,,, 
=C_C,,,. 
But rcan vary from 0 to (x — 1). 
So, the number of ways is 


n=l 

y eC. = OC, + CC, ++ +O, ,C, = ai che 

r20 
Let A contains r (0 <r <n) elements. 
Then, A can be chosen in "C, ways. The subset B of A can have 
at most r elements, and the number of ways of choosing B is 2”. 
Therefore, the number of ways of choosing A and B is "C_ x 2”. 
But r can vary from 0 to n. 
So, the total number of ways is 


¥"C,x2"=(1 + 2)" = 3" 


r= 
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Matrix-Match Type @ 


1, a—>a,r,8; b> p,q,r,s; cp, q,r;d— p,q. 


(Cael) (n+l) (+2), — (143) 
a. Cy + OC, + OPC, = MC, 
nt3 
(n+3) (n+3) 4 
=> MAC SMC => =>! 
3 


=> n>4orn25 
b. (3053)*° - (2417)3 
= (339 x 9 + 2)*6 — (269 x 9 — 4)333 
Remainder of given number is same as remainder of 
9456 af 4333 
and 
2456 + 4333 = (64) se (64)!!! 
= (1 + 63) + (1 + 63)!" 
=(1+9x7)%+(1+9x 7)! 
Hence, the remainder is 2. 
c. We know that n! terminates in 0 for n > 5 and 3 terminates 
inl(. 34=81). 
Therefore, 3!'8° = (34)* terminates in 1. 
Also, 3° = 27 terminates in 7. 
Hence, 183! + 3'* terminates in 7. 
That is, the digit in the unit place is 7. 
d. We are given 
"Cy tC, +"C, = 46 
=> am +m(m - 1) =90 
=> m’+m-90=0 
=> m=9asm>0 


mn 
Now, (r + 1)" term of [e+4) is 
x 


: 
"Cire ( BY ="C oe 


x 
For this to be independent of x, 2m -3r=O0>r=6. 
2,a—>q; bos; cop; dr. 
We know that 

"Cy MCP te C2 HMC, 
and , 
0, ifnisodd 


"C.(-])" if niseven 


1G ad Oe a es +(-1)" "C? = 


From this, 1G)" = C Pot ME Fe ae IC 20 
a OF nay a Or a 7G A + Cs = °C, 
as On + BC? + Oy fA +°C,7 = is Oe 
Also, (1/32)(1 x *C? +2 x C= --- +32 x =e) 


1 B27 C. Pee. 
32 1 


= 63 — 6367 
_ C= Cy 


Binomial Theorem 6.51 


3. a>q; bs; eens d-r. 


In the sum of series TSO x fj) = [1 ofr) 


i=l j=l i=l 
i iandj j are independent. In this summation, three types of terms 
occur, for which i<j, i>j and i=. Also, the sum of terms 
when i <j is equal to the sum of the terms when i > / if f(i) 
and f(j) are symmetrical. So, in that case 


>> L/OxXfD= YY fOxAi+ 


i=0 j;=0 O<i<jsn 


=> f@OF + LUSOLD 


O<j<isan 


r= a 2 FOLD + VY FOLD 


Osi<j<n i=j 


YE (Ox I)-LELOL) 
= 22 ron - 2 


2 
a. yy Cre =S¥ "CC 3"? = 220 _ 200 
; Ne. Pod i 10 
é#j i=0 j=0 i=0 
10 10 acl 10 fe 
C.-C,+ C. 
b. "CXC, . i as pe O 22a G. 
Osis jsl0 2 3 
x ‘ 1009 yc? 
eo GC, _ mame a 
Osi<js!0 2 
we _20 Ce 
2 
10 10 7 10 1 
d. oC ceHy "Cy "e = 220 
i=0 j=0 i=0 j=0 


4. a>p,q,s; b> p,q,r,s; cp, q,r,s;d — p, q,s. 
a In(L +x)" =C)48C x4 Cx? + + 41C x 

41 21 eg, 4| 4) 

ai On ia areal C,)x 


41 41 wee pe 4 — 940 
=", 49C, +0 + 9C, = 2 


b. (1+ V2) ="C, + (CV2) + °C,(/2)° 
+°C,(V2)) + +8C,, (V2)? 


Sum of binomial coefficients of rational terms is 
2C + 2C + 2C a ee 2C = has 
0 2 ‘4 42 


, 21 
i, Ly (xe+xu4x'41 
« fxt+—-t+r4—] = : 
x xe x 


2 82 
At AX + AX $0 +A (1) 


Now, putting x = 1, we get 
2b eae 
l=a,ta ta,t--+a, 
Putting x =-1, we get 
O=a,-a,+4,-a,+-+++4,, 
Adding, we get 
= 2(a,+4,+ ++ +4,,) 


ee — 34! 
=> ata,t+--+4a,=2 


downloaded from jeemain.guru 


6.52 Algebra 


d. We know that 
"Cy —"C, +C, —"C, + ++ = 2"? cos 
and . 
soe + aC: ue "C, ef oC fee = Dre! 
=> "Cy +", +"Cot 
For 71 = 42, 
aC. + RG + ne. pe 


5. a—p,r; b>p,r.> p,q;d—-q,r,s. 


a. [et consecutive coefficients be "C_and"C_,,. Then, 
n! n!} 
(n - r)trt a (n -r- IM(r + 1)! 
1 1 


ac (n—r)(n—r—Wir! (n—r—1)(r + Ir! 


=> 
“= n=2r+l 


rtl=n-r 


Hence, n is odd. 


b. E=(19-4)"+ (19 +4)" 


2[ *Cy19" + °C, 19°- 74? +--+ "C, 4") when nis even 


or 


2[ "Cyl" + "Cy 197-4 eo + "C, _19-4"~"] then nisodd 


E is divisible by 19 when n is odd 
c a Os a OH a °C, Ge + meen i OF mae’ 
= Coefficient of x!° in [!°C, (1 + x)? — "°C, 


x (L+x)!8 + PC, (1 +x)'*- 


= Coefficient of x!® in ['°C, (1 +.x)?) — °C, 


x (1 +.x)?)?+ °C, (CL + x)?)8 - 


= Coefficient of x'? in [(1 + x)? - 1]!° 
= Coefficient of x!° in [2x + x?]!° 
= 7210 
d. T, = "Cy x; T, = MC x Tha = 8C etl 


By the given condition, 
4c HC 415C 
r rt r+] 


=> 2= som + noe 
at OF ss Cp 
r 14-(r+1)+1 
2= + 
= 14—r+] r+] 
es ye aes 
= is-r rtl 
=> r=9 


Integer Type | 


1.1) Let x’ occurs in T_,, term, then 


1 r 
Tes = "C. (ax’y* (+) 


for x’ 22-3r=7=r=5 F 


7 ; a 
Hence, coefficients of x’ is ''C, mi 


Let x77 occur in T.,, term, then 


1 r 
ie = Ne. cay-{-3) 


='1¢ 4 ie tl 3r 
"(-by’ 
For x7=> 11 -3r=-7>r=6 


5 
Hence, coefficient of x7 is 'C, ca 


5 6 
Now", = ="'C,<— 
b 


6 BS 

a 
"C.a= "Ce . 
"C,a= scars 

1 
NCja= NC 
ab=1 
Coefficients of (2r + 4)" and (r — 2)" terms are equal. 


8C,_, = '8C_,(when "C,="C,, then x = y or x+y =n) 


art3 
Qr+34+r-3=18 => r=6 


According to the question, 


BC. MC, MC are in. ALP so 1° = “re 


5.(8) 


23 24C=H4C_ +E, 
2.14! 14! 14! 
=> OO = + —_—___ 
(4-r)ir! 4-r4+)'r-)! (4-r-1)l(r+D! 
1 2 { 
ode 2s = Ba hs 
(4-r)3-nir(r-D! (5-r)d4-—r)d3-n)r—-D)! 
a | _ 1 
(3-r)'(r+)Drr-D! 
2 1 1 
> = + 
(4-nr (5-r)d4-r) r(r+)) 
2 Lo A 1 
7 4-nr (rt) 05-1) 04-7) 
() = 3r-12 _ 1 
rirt+l) (5-r) 
=> r=S5or9 
4.(8) Let the three consecutive coefficients be "C_, = 28, 
"C,=56and"C,,, = 70, 
"C, _n-rtl_ 56 
so that > = =—~ =2 and 
Cy r 28 
2. ARP AO: > 
"C, r+) 56 4 
This gives n+ 1 =3rand4n—5=9r 
4n—-5 
= =3> n=8 
n+l 


Wee? —it+[e ve 1] 
orca (Ji) 0, (Ne) 2-1) 
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toe) (il «oF 


which has degree 8. 


50000 
50000 — | ] 
6.(3) (1 + 0.00002) ( +a] 


x n 
‘ 1 
Now we know that 2 < f + +) <3Vn21 => Least 
integer is 3 e 


th 
7.(0) Middle term is (4+) vie., (4+ 1)", Le., 7, 


4 
=8¢.(%) 94 21120 = xt = 2259 4 1490 
T; <,(2] 2 1234° 
IDO: te 
70 


=> +4) (7-4) =0 
+, x=t2onlyasxe R 


8.(4) 7, ="C, a3)". aJa = 14a 
n-t 
= na =14a 
nee 
=> na =14 


n-l4 9 
13 
=>n=14 
ue OP 14! 2112! 12 
27D OO lCUCC OOOO OC ET =4 
“Cc, 3hil! 14! 3 


r+) r+2 rl 


*, (r+2)can be 10, 11,12, 13 and 15 
so 5 elements. 


95) BC +2.2C,,, +2C,,=4C_,+4C_,=3C.,,24C,, 


10.(4) : 
sits V4 444 n i 
gloss Forlag 


8 
1 
=| V4" +44 + Card 
3fox-! ey 


8 
1 
= 4 edge 
( ) (2°! +7)'8 


Now T,=T,,, =°C, (4" + 44)")* 


1 
(2°71 “s Tey 
ae 


Given 336 = o[S = 


Let 2°*=y 
=> 336= ‘of 


2 
wasn 8x 7x 6{ 2(y? +44) 
3x2x1 y+14 


=> y-3y+2=0 => y=0,2 


y? +44 
(y/2)+7 


BinomialTheorem 6.53 
11.4)7T,="C, (x?y'-7 (-1) x 
="C x-(- 1) 
Constant term = "C_ (— 1)’ if 2n = 3r 
i.e., coefficient of x =0 
hence, "C,,, (— 1)" = 15 = °C, n=6 


12.(9) f(n) = iC at _ aC. qr att "Ca" e+ S208 +-1)"C,_ a 
1 , 

mh (°C, qi — "C, qe + "C, qr t+ veep (C-)r'c,, a ) 

a 


= L ((a-1)" ~(-1)" 1G) 
a 


1 1 i 
Hga-ey] 


n 


3223 (2 ] n 
fo= cena 
[= + } 
2007 
373 +1 
= f(2007)'= — 
323 41 
2008 
3 223 _] 
=> (2008) = — 
3223 4] 
2007, 2008 
223 223 
=> f(2007) + (2008) = a 
323" 
343 28 
i 
3223 4] 


l 
fae) 
= 3? 3° 
Coal 


=> 3?=3* thenk=9 


10 
13.(5) We have 1+ ¥5(3"."°C, + r."°C,) 


10 = 10 
= 14+ )3"-C,+103,°C._, 
r=] r=l 
=14+4!0-14+10-2° 
= 4!0 4 5,2!0 = 219 (45 + 5) 
= 2" (a- 4+ B), soa~=1 and B=5 
Ax) 


Fig. 6.1 
Now f (1) < 0 andf(5) <0 
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6.54 Algebra 


fay<0 => -k#<0 => k#0 
and f(5)<0 
16-kK<0 
k?-16>0 
ke (--, 4) u (4, ») 
Hence, the smallest positive integral value of k = 5. 


Y Jy 


Y 


14.14) We have b = coefficient of x? in 
. (4x4 2x7 432°) +4x4) 
= coefficient of x in [*C,(1 +x + 2x? + 3x3) (4x4)? 
+4C +x 42x? + 3x) (4x4)! + ---] 
= coefficient of x3 in (1 +x + 2x27 + 3x3) = 
Hence, 4a/b = 4. 
15.(7) (1 + 7)8 + (7 - 18 =(1 + 7)8 - (1 -7)® 
= 2(PC T+ BC oP to + 8C,, 7") = (2-7 - 83) + 497 
where J is an integer 
Now 14 x 83 = 1162 


Remainder is 35 
16.(0) Consider (5 + 2)! — (5 - cian , 
=2 ii OF 59.24 mG. 597.23 4 + 96,5 : 299] 
= 2 [1000- 5% + 1000.'°C,. 5% + --- + 1000 - 2°] 
=> Minimum 000 as last three digits 


17.(6) (1 - 2x + 5x2 10%°) ["C, 4 °Cx $C x? +] 
=ltaxta.’+-- 


nO) a4 
2 


=> a,=n-2anda,= 

Given that a’, = 2a, 
= (n—-2Y=n(n—-1)-4n+ 10 
=> w—4n+4=n?-5n+4 10 
=> n=6 


18.(0) 1+24+27+2?4.---+ 21 
= 127" -1) ‘ 
1 
= 22000_ 4 
=(1- 51000 _ | 
=] — 10007 5 4 10000 524... 4 1000 51000 _ | 
: 2 1000 
which is divisible by 5. 


4 34% xt 
var Saami) 


k 
Ch OS ‘ \4! 
- Seales 


= pos negate Gta) 

k=0 4! 4! 
‘Aceotding to the question, 
+x)? 32 

4! 3 


=> (34.x)' = 256 
=> x+3=4 > x=1l 
n r-l 
20.(1) lim Sdr6,(Sro3 }- lim a "C_(4'- 3’) 


ne fy 1=0 neo 7) 5" 


= lim — = ({3" C, 4’ - ¥"C, x] = lim = (5"— 4") =| 
r=! : N00 


Neo 5” r=! 


Subjective Type 
1. Given that 


C, + 2C, x4 3C, 2 + + 20 C2"! = 2n(1 + xP! 


where 
1 
GE. ae (1) 
"  rlQn-ry 


Integrating both sides with respect to x, under the limits 0 to x, 
we get . 
[Cx+ Cy? + Cyt + C2" = [a +x)" i 
=> Cxt CeCe tC x= +x- 1 
=> Ct xt C+ Certo t C2" = (Lh +)" (2) 


Changing x by —1/x, we get 


B-Ball 
x x 


xr x 


=> C, xen ey Cyr! + Cer = ery wipe Cy, = (x = 1)” (3) 
Multiplying Eqs. (1) and (3) cae equating aie coefficient of x*""' on 
both sides, we get 


—~C2+2C2 -3C3 + + 2n Ci, 


= Coefficient of x?"-'in (x? — 1)"-'(x- 1) 
= 2n[coefficient of x?" in (x? — 1)?""! - coefficient of x?""' in 


(xe = 1p] 
= 2nP'C_(-1)" = 0} 
= (-1)"! Qn 'C = 
> C-2034+3C5 +--+ 2nCj, 
= (-1)" 2n™'C 
an 2n f=. 
= (-1) n( x? ei 
= (-1)" n nC 
=(-brnc, (« "C,=C) 
2. See solved example 6.81 
3. s, is in geometric progression, hence 
n+] -1 is : 
S= ; 
nw q may | q 
(! + 1 iA 
2 ¥; nl La n+l 
S,= = 4+) 2 (A) 
Cae 2"(q-1) 
2 


Consider 
(n4C + NC s+ DC a oes ODE s 
t 1 3°3 


atlon 
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2 wel 
=O+DC, (2; re “ $e FOC zi : 
q- ~ qe q- 


= 1 [[ereuarnc Pee gt 
qg ue l if 2 ntl 


=f, $C, po HMC, I 


-(gaifore ae al] a. (B) 


: ad + qv" = grel 

= ie 1 
Thus, atl atl 

MDC FOC S te FNC 5 = Gg" 2" 


ntlon 
: q-} 
But from (A), we have 

ak Oe + mC s. fee (M4 Ss -_ 2"S, 


atl ntl 


4, gcvre(Z-(2) (2) +m ms 
ie + jae + rere + ieee +++ m terms 
2 4 8 16 


eg’ oT 
a 2” 9°" Qe" oar 


af 
2" Og qm | 


Ae ~ 2 (2° = 1) 


5. Here f= R — [R] is the fractional part of R. Thus, if / is the 
integral part of R, then 
R=1+f=(5V5 + 11)""!, and 0<f< 
Let f= (5V5 - 11". Then0</f’< I (as V5 - 11 <1) 
Now, 1+f-f’ =(5V5 + 11y""- (6 V5 - Lyn" 
= 2p"1C, (545 x 11+ IC, (S V5 Pre x IP +] 
= an even integer (1) 
=> f-—f’ must also be an integer 
=> f-f=9, 0<f<10<f'<1 
= f=f 
Rf=RP =(5V5 +1 (5 V5 - 11"! 
= (125 — 121)! = 4"! 
6. S=C,- PC, + 8C,--- +1" (n+ IPC, 
Teele 
=(-l)y r(r"C) 
=(-ly ra"'C_) 
=n(-ly (r- 1+ DCO'C,)) 
=n(-1y (r-D"'C_, +7'C_,) 
=n(-l)' ((n-1y?C_,+"'C._,) 
=en(n—-1)?C_(-b? -a"'! CCl 


=... $= yr. 
r=0 


Binomial Theorem 6.55 


=n(n—1)(1 -1)"?-n(1- 


=0 
7. Given that 


2n 2n . 
Sa, (x-2)' => 2, (x-3)' a) 
r=0 r=0 
and 
a,=1,Vk2n 
In Eq. (1), let us putx -3=yorx-3=yorx-Zyr 1 and we 
get 
2n ‘ 2n ‘ 
D4, (1+) =De,(y) 
r=0 r=0 
=> ata (lty)t-s+a,,(lt+y)"" 
+ (+e (L ayy e en tL tay Dy" 


r=0 
[Using a,=1, Vk 2] 
Equating the coefficients of y" on both the sides, we get 


n C, quit C, + sis 6 a ents au Go = b, 


n+l n+) 2 2. 
> ( os Coe a = G:) fF - C, tee t "C, = b, 


ig [Using "C, 7 C4 = 1] 
=> b, = ah Oop + mC, + ore 9 uC. [Using "C, + NG 3 = mC] 
Combining the terms in similar way, we get 

a2 2n 
b, = "Cat + C, 


— 2nt+] 
=> b=" 


n+l 


P 
8. S= C3) Cy k= = and n is even 
r=] 
= k= — =3m 


3m 
sS= ¥(-3)"'x a OP = ca oe 2:3. a OF +32 GG ran he? 
r=l 


(-3)"! onc 


_ [8 Shiai (v3)? al cee (V3)° 6 


6m-1 


Rate Gyan sc OF i 


There is an alternate sign series with odd binomial coefficients. 
Hence, we should replace x by V3i in (1 + x). Therefore, 


(d+ 31)" a mC, + (31) + "C, (131)? + "C, (37° 
, fot adi OMA CC) hid 


=> JIRC =OAy iG #QBy MG. shee 


Gin 


= Imaginary part in (1 + V3i) 


6m 
= ml[; + S| | 
2 2 
Girt 
= Im] 2"! cos= + isin 
3 3 


=Im Eee (cos2mn + isin2mn »| =Im{2°"] =0 
= S=0 
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6.56 Algebra 


9. Qa +ap-—ar+ ibe 
two expansions 
(l+xt+xy=a,taxtaxet+--t+a yen : Q) 


suggests that we have to multiply 


Replacing x by —1i/x, we get 
1 1 y a a 
{—~—+—]<=a ~4544 ae fp Soe 
(eek eee eae 
=> (lL-xtxryeax ax! +a + +a (2) 


‘Qn 
Clearly, 
a2 ~ a? +a} «+ +a, is the coefficient of x" in 


0 A 
(+x42x)" (1-x4+2°)" 


=> a-art+ae—--+a,? 
= = Coefiicient of a in “(l +x? 4x4)" 


In (1 +. x2 +.2*)", replace x? by y, then the coefficient of y" in 
(1+y+y*)" is a. Hence, 


= n! 3!r! 


r=0 (n—r)ir!(r +3)! 


=31C 1) 


r=0 =a 


rnt3 
SEG NECTT EE? Coes 


= 3! 7+3 n4+3 
= ae ae ” Crs 


3! n+3 nt3 nt3 n+3 
= tig, pati, c 
(n+1(n+2)\(n+3) es ~ vo] 


oot 3! [e6, mC 4 MIC, MIC Fe 
(n+ 1)(n + 2)(n + 3) : 


(- py’? "™®C 4) _ ¢ Cy a ihe GF he "| 


3! 
= 1-p'?-d 3), 
(n+ 1(n + 2)(n + 3) [ PME AEDS), 


_ (mt 3\n+ 2 
2 


7 3! k oe aaa 
(n+ 1)(n + 2)(n + 3) 2 


7 3! (n?+3n+2) 3! 
~ (n+ 1\(n + 2)(n + 3) 2 ~ 2(n +3) 


11. We know that the coefficient of x’ in the binomial expansion of 
(1 +x)" is "C.. 


"C fue IC 4 2c Sez +"C,, 


m m m 


= Coefficient of x" in the expansion of [(1.+ x)"+ (1 + x)"*! 
+(L+xyP te + (1 +x)" 
= Coefficient of x” in [(l +x)" + (1 +x)" + (1 +x)? 


+e +(1 +x)" (writing in reserve order) 


‘ {+x -}} 


= Coefficient of x” | (1+x) 
l+x-1 


| {sum of G.P.] 


= Coefficient of x” in 


= Coefficient of x"! in [1 +.x)"! - (1 + x)"] 
= =miC 


m+ \ 


=MlcC 


m+] 


Now, we have to prove 


"C42" 'C, + 3°°C, +t (Q—mtly"C, ="PC 


m+2 


Let us consider 
Sa txt 2 tx) + 30 4 xr tg t+ (n-— m4 1) 
x (1 +x)" (1) 
(l+x)S=(14¢x)'*84 21 +x)" +311 4 x)"! + 


+(n—m+1)(1 +x"! (2) 
Subtracting (1) from (2), we get 
xS=(Ltxyt'+(Ltxy+(1txyt+(1 4x)? + 


+(1+x)"+(n-mt+1)G +x)" 


vores 


_d+ay[asayn—1] 


x(1+ x)" 


(1 + x)" [a + eae i| 


+(n-m+1)(14+x)" 


+(n—-m+1)(1+ x)” 


+(n—m+1)(1+ x)" 


(i + 3 te - Z (n —m+ 1)( + x 


x x 


> s= 


Now, ‘ 
"C+2x"1C, 43x "CC, + +(n- m$1)"C,, 


nm 


= Coefficient of x” is S 
= Coefficient of x” in 


enter 


(nama i(Le x)" 


x Xx 


= Coefficient of x"? in [(1 + x)"*? — (1 +.x)"*!] 


= 142 
m2 


12. (25)"*! - 24n + 5735 
= (1 + 24)"*! — 24n + 5735 
="1C4™C, 24 +™1C,242 + --- —24n + $735 
=1424(n4 1)+™'C,24 + — 24n + 5735 


= 5760 + 24°C, + = 


+™1C 240 
+™IC 24") 

=24 [10+ ('C,+--- 
which is divisible by 247. 


+ atl C,,,24")) 
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. 13. Sa 2% RYR) peal? n-l ye gk-2{7 n-2 
ee Ok 1 \k-1 2hk-2 
.{” n—-k 
-—-++(-1) k 0 


a Qk Cc. "C, , 21 "eG, n- Cie fe eae +(-1) "C, Wt. 


k 
= Sey 2 nC. mG) 


r=O0 

9 kar, ! (n—r)! 
=e ne aan (k—r)\(n—&)! 
“kin aopee ne Bers r)! 


k 
="C, >,(-b'2*" ', 
r=0 


= "Cc, [kC,2* C21 +kC 2k? Beery (-1) ‘C] 
="C, (2-1) ="C, 
Objective Type 
Fill in the blanks 
1. We have, 
10150 = (100 + 1) = 100° + 50 x 100" + 1 A ag - (1) 
x] 
995° = (100 - 1)° = 100° — 50 x 100” + 
50 x 49 10048— ... (2) 
2x1 
Subtracting (2) from (1), we get 
1015° — 9959 = 100 + 2 plete eS 10047 +---> 100% 


x2x3 


Hence, 101° > 100° + 99°, 


2. If we put x = 1 in the expansion of (1 + x - 3x2)718 = A,+A,x 
+A,x° + --- we will get the sum of coefficients of the given 
pol jHOHisl: which is equal to —1. 


3. (lt axy'=14+8x4+ 244°: 


=> l+nxat Mea) Pet = 1t 8x4 2407 + 
Comparing like powers of x, we get 
nax = 8x > na=8 (1) 
-la’ ’ 
mn Ne = 4 = a(n 1) a? = 48 (2) 


Solving (1) and (2),n = 4, a =2. 
10 
4. Let T_,, be the general term in the expansion of (v2 +3" *) 
T.,, = °C, (V2) 3)’ (OS r< 10) 


10! 25-12 3r5 
r!d0—r) 


T,, ,will be rational if 2>-” and 3” are rational numbers. Hence, 


5 — r/2 and 7/5 are integers. So, r= 0 and r= 10. Therefore, 


T, and 7, are rational terms. Now, sum of T, and T,, is 


1G, 25 x 3° + WC, 255 x 37 = 324 9=41. 


BinomialTheorem 6.57 


Multiple choice questions with one correct answer 
1. a. Given that r and n are +ve integers such that r > 1, > 2. 


Also, in the expansion of (1 + x)”, 
Coefficient of 3r term = coefficient of (r + 2)" term 
= i Oe 1 a ="C.., 


=> 3r-l=rt+lor3r-l+r+1=2n 
[using "C, ="C, > x=yorxt+y=n] 


=> r=lor2r=n. 


Butr>1 


General term in this expansion is 


o-r r rar 
T.,="C, x = uw! we your (1) 3 
2 x 2 


For coefficient of x*, we should have r = 2. 
(-1)'3* _ 405 
9% 256 


Therefore, coefficient of x* is '°C, 


3. c. Since n is even, let n = 2m. Then, 


2mm! - 
LHS. =S= uml C?-2C7? + 3C? + +(-1)? 
x (2m + C;,, | (1) 
= Paitin Dan +(2m-1) 
(2m)! 
XC} +++ C,'] @) (Using C,=C,,,) 


Adding (1) and (2), we get 


ty} 
nT +2)[Cj-Ch+Cp+--+C, | 


Now keeping in mind that C} — C?+ Ci---- +Ci =(- A) if Spa 


if n is even, we get 


5-2 im m+) [- 1" ames 


2g (3 4 oy" 


= (-1)"” (n+ 2) 


4. c. Let, 


n 


b= 2,7 (1) 


(we can replace rbyn—r) © 


n-r 7 
= 257 (2) 
Adding we and (2), we have 


n-r 
+ Stet 


aaa r=0 
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5. c. The given expression is (« + P-1) + (x -x- 1) : 
We know that , ; 

(x + a)" + (x- a)" =2 ["C, x" + "Cx" Pa? +°C, x Aat +] 
Therefore the given expression is equal to 2[SC,x° + °C 8 (3 — 1) 
+ °C x03 — 1°). : 

Maximum power of x involved here is 7, also only +ve integral 


powers of x are involved, therefore the given expression is a 
polynomial of degree 7. 


a0 (JQ) 
(no alenuee 


7. b. (a-b)',n2=5 
In the binomial expansion, 
T,+-T,=0 
=> "6, q's bi — "C, qr b = 0 


Boe, PGC 


mi 


— 10 20 10 20 
= Oy Ot, Cnt + PC, °C 


m-2 


we 4 1077 20 
ter $C MC, 


= Coefficient of x” in the expansion of product (1 +.x)'°(x+ 1)” 


= Coefficient of x” in the expansion of (1+ x)*° 
ce *C,, 
Hence, the maximum value *°C,, is °C... 
9d.04+7P 0479047 
=(147? +4409) (14 7)" 
Coefficient of £4 
= 1 x coefficient of #* in (1 + )'? + 1 x coefficient of #'? in 
(1 + #)'? + 1 x constant term in (1 + 2)” 
=PC + PC. 4.2C=14+ PC +15 "C42 


10. d. ™'C ="C,,, (@-3) 


nl 
= P-3= ; C. ates 
Coa n 
Now, 
O<rsn-l 


sag lertle, 
n n 
1 yo 
=>—-<sk°-3<1 
n 
=> 3+-<h<4>5 344 <ks2 
nr n 
When n — 9, we have 
V3<k<2 
=> ke (3,2) 


11. a. Given series is 


oh Ome = aC mG. i “GC; OG asi eae 9C,, 
which is 
sa NG. rae NC, on + aC nC. es a 0G 
= Coefficient of x” in the expansion of (x + 1)"(1 — x)" 
= Coefficient of x”° in the expansion of (1 — x)" 
= 30 


10 
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7.2 Algebra 
INTRODUCTION 


A sys tem of equations can be expressed in the form of matrices. 
This means, a system of linear equations like 


axt+by=c, 
ax + by=c, 


can be represented as 


ale 


Now whether this system of equations has a unique solution 
or not, is determined by the number a,b, — a,b,. The number 
a,b, — a,b, which determines the uniqueness of solution is asso- 


ab 


ciated. with the matrix A -| and is called determinant of 


My Dy 
A or det(A). Determinants have wide applications in engineer- 
ing, science, economics, social science, etc. 


Definition 
Let a, b, c, d be any four numbers, real or complex. Then the 
b , : 
symbol i denotes ad — be and is called a determinant of 
c 


second order; a, b, c, d are called elements of the determinant 
and ad — bc is called its value. As shown above, the elements of 
a determinant are arranged in the form of a square in its desig- 
nation. The diagonal on which the elements a and d are situated 
is called the principal diagonal and the diagonal on which the 
elements.c and b are situated is called the secondary diagonal. 
The elements which lie in the same horizontal line constitute 
one row and the elements which lie in the same vertical line 
constitute one column. 


Let a,, a,, a,, b,, b,, b,, C,, C,, C, be any nine numbers. Then 


4 4 & 
the symbol |b, 6, b,| is another way of denoting 
i he 
b, by b, b, b, b, 
a -ay +a, 
Cy 63 CC; CC 


i.e., a,(B,c, — b,C,) - a,(b,c,—6,c,) + a,(b,c, — b,c). 


Here we see that +, — and + signs occur before a,, a, and a,, 
respectively. 


Minors and Cofactors 


Let us consider a determinant 


4, 42 43 
A=l4y, 42 a3 () 


43, A 433 


In the above determinant, if we leave the row and the column 
passing through the element a,, then the second order determi- 
nant thus obtained is called the minor of a and is denoted by 
M,, Thus we can get 9 minors corresponding to the 9 elements. 


For example, in determinant (1) the minor of the element a,, is 


G2 43 
M,,= 
a3. 33 
a, a 
; : 1] 1 
The minor of the element a,, is M,, = : 
5 . 2, a3 


In terms of the notation of minors if we expand the determinant 
along the first row, then 
A= (-1)"'a,.M,, + 1) aM, + Cys a,,M.,, 
=a,,M,,-a,M,,+a,,M,, 
Similarly expanding A along the second column, we have 
A= ~a,,M.,, + a,.M,, S a,M,, 
The minor M,, multiplied by (-1)” is called the cofactor of the 
element a. 
If we denote the cofactor of the element An by Cis then 
cofactor of a, is C, = (-l)# M,, 
Cofactor of the element a,, is 


a a 
Cy =(-1)?*!M,, =— 12 13 


437 33 


In terms of the notation of the cofactors, 
A =a,C,,+4,,C,,+4,,C,, 
=a,,C,, + 4,,C,, + 4,,C,, 


= 4,,C,, + dyCy, + 4,,C;, 


Also, a,,C,, + aC, + a,,C,, i 0,-4,,C,, + Cy, + aC, 
= 0, etc. Therefore, in a determinant the sum of the products 
of the elements of any row or column with the corresponding 
cofactors is equal to value of the determinant. Also the sum 
of the products of the elements of any row or column with the 
cofactors of the corresponding elements of any other row or 


column is zero. 
Value of n-order determinant, 


a, a2 Ay3 Q, 

42, 42 423 ayy 

G3, 43 33 43, 
A= 

ayy aya ans a Ee, Any 


= aC, + aC, + aC, re +a,,C,,, 


(when expanded along first row) 


Note: For easier calculations, we shall expand the deter- 
minant along that row or column which contains-maximum 
number of zeros. ae 


Sarrus Rule for Expansion 
Sarrus gave a rule for a determinant of order 3. 


Rule: The three diagonals sloping down to the right give the 
three positive terms and the three diagonals sloping down to the 
left the three negative terms. 
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a b 


a, by €o/= a,b,c, + b\c,a, + c\a,b, — a,b,c, — b,c,a, — c,a,b, 


a, by C3 


A determinant of second order is made 
e elements 0 and 1. Find the number of determinants 
with non-negative values. 


Sol. There are only three determinants of second order with 
negative values, viz. 

1 

1 


Oo 4 jo l 

1 OF f}l 1 
The Number of possible determinants with elements 
0 and 1 is 24 = 16. Therefore number of determinants with 
non-negative values is 13. 


i 
0 


12 4 
>Chilelieweeem, Find the value of |-1 3 0 
. 410 


Sol. Here in the third column, two entries are zero. So expanding 
along third column (C,), we get 


=1.%3 12 1 2 
A=4 - +0 

4 1 4 | -1 3 
=4-—1-12)-0+0 
=-52 


m2 cluleicweeee, Find the largest value of a third-order 
determinant whose elements are 0 or 1. 
a Bb ¢ 
Sol. Let A=|a, 6, c,} be a determinant of order 3. Then, 
a; by C3 
A=a,b,c, + a,b,c, + a,b,c, — a,b,c, - a,b,c, — a,b,c, 
= (a,b,c, + a,b,c, + a,b,c.) — (a,b,c, + aie + a,b,C,) 
Since each element of A is either | or 0, therefore the value 
of the determinant cannot exceed 3. 
Clearly, the value of A is maximum when the value of each 
term in first bracket is 1 and the value of each term in the 
second bracket is zero. But a,b,c, = a,b,c, = 1 implies that 
every element of the determinant Ai is | and j in that case A = 0. 
Thus, we may have 


0 | 
A=|1 0 
1 1 


Determinants 7.3 


Sclhidicweeme ifa,b,c < R, then find the number of real 
roots of the equation A= |-c. x a{l=0. 
b -a -x 


Sol. From the symmetry of the determinant, it is simple to 
expand by Sarrus rule. 


A =x3+abce-—abe+(b'x+ax+cx)=0 
=> YP tx(?4+b? +0?) =0 
> x =Oorxr=-(7 +b? +c?) 


=> x =Oor xstiva’? +b? +c? 


Exam ple Yeme ifx+y+z=0, prove that 


ax by cz] ja be 
cy az bx\=xyz\e a b 
bz cx ay bea 
Sol. Since determinant is symmetrical it is simple to expand by 
Sarrus rule. 
ax by cz 
cy az bx| =xyzat+ b+ 03)—abce(e + y? + 2) 
bz cx ay 
= xyz(a@ + b° + c— 3abc) — abc(x? + y? + 
2 3xyz) 
= xyz(a* + b? + c3- 3abc) -— abc(x + y + 2) 
x (x? +? +2?— xy — yz - 2x) 
= xyz(a’ + b’ + c3— 3abc) 
abe 
= xyzlc a b 
becoa 


Concept Application Exercise 7.1 


. IfA, B and C are the angles of non-right angled triangle ABC, 
then find the value of 


tanA 1 
| tan B 
I ] 


I 
l 
tanC 


. Ife” =cos 6+ isin 0, find the value of 


l eit l3 Be 


-in!3 i213 
e" l é 


—inld 


1271/3 
e e ae l 


. Find the number of real roots of the equation 


Q x-a x-b 
x—cl=0, a#b#cand b(at+c)>ac 
0 
. Ifa, £, y are the roots of ax* + bx + cx+d=0 and 
a py 

B y a =0, a#f#), then find the equation whose roots 
y a B 
areat+P-y,f+y-aandy+a_-f. 


x+a 0 
x+b 


Sie ox 63 
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7.4 Aslgebra 


Some Operations 


First, second and third rows of a determinant are denoted by R,, 
R, andi R,, respectively and the first, second and third columns 
by C,, C, and C,, respectively, 


(i). The interchange of its 7" row and j" row is denoted by 
Ro R. 
(ii) The interchange of i* column and j" column is denoted 
by C, C.. 
(iii) The addition of m-times the elements of j row of the 
corresponding elements of i row is denoted by R, — R, 
+ mR.. 
(iv) The addition of m-times the elements of j" column to the 
corresponding elements of i column is denoted by C, > 
C+ mC.. 
(v) The addition of m-times the elements of j" row to n-times 
the elements of i" row is denoted by R, > nR,+ mR, 


PROPERTIES OF DETERMINANTS 


Property I. The value of the determinant is not changed when 
rows are changed into corresponding columns. 
Naturally when rows are changed into corresponding 
columns, then columns will change into corresponding 


rows. 
a b & 
Proof: Let, A=|a, © 
a, b; ¢ 


Expanding the determinant along the first row, 

a,(b,c, — b,c,) — b(a,c, - G6 )4C (aby a,b,) (1) 
If A’ be the value of the determinant when rows of 
determinant A are changed into corresponding columns, 


then 
a a @ 
A’ = |b, db, db, 
a 


= a,(b,c, — b,c,) — a,(b,c, — b,c,) + a,(b,c, - 5,¢,) 
— b,c,) — a,b,c, + a,b,c, + a,b.6,—-4,0;¢; 
= a,(b,c, - b,c,) - (a,c, — 4,c,) + ¢,(a,b, - a,b,) (2) 
From Eggs. (1) and (2), A’ =A 
Property II. If any two rows or columns of a determinant are 
interchanged, the sign of the value of the determinant is 


=a,(0,c, 


changed. 
a b G 
Proof: Let, A= ja, 2, 
a; bs C, 


Expanding the determinant along the first row, 
A=a,(b,c, — b,c,) — b(ae, - a,c,) + ¢,(a,b,—a,b,) (1) 
Now, 
a, by ¢ 
A’=|a, b, c} [R, oR] 
a bh GY 


= a,(b,c, - b,c,) - b,(a,c, — 4,C,) + c,(a,b, — 4,b,) 

= a,b,c, — a,b,c, - b,a,c, + a,b,c, + c,a,b, - a,b,c, 

=~ a,(b,c, — b,c,) + b (aye, - a,c,)—¢,(a,b,—a,b,) (2) 
From Eqs. (1) and (2), A’ =-A 


Property III. The value of a determinant is zero if any two 
rows of columns are identical. 
Proof: Let, 


a b & 
A= |a, b, c 
a b 4 
Then, 
a b G a b& & 
A= |a, b, |=-|a, b, C|=—-A [by R, > R,] 
a4 b ¢ a bh ¢ 
Thus, 
A=-A 
= 2A =0 
=> A =0 


Property IV. A common factor of all elements of any row (or 
of any column) may be taken outside the sign of the 
determinant. In other words, if all the elements of the 
same row (or the same column) are multiplied by a cer- 
tain number, then the determinant becomes multiplied 
by that number. 

a b 

Proof: Let, A= |@. 2 

a, bs Cy 

Expanding the determinant along the first row, we get 

A=a,(b,c, — b,c,) - 5 (a,c, - a,c,) + c,(a,b, — a,b,) (1) 


and 
ma, mb, mc, 
N=ala b 
a, b & 
= ma,(b,c, — b,c,) — mb (a,c, - a,C,) 
+mc,(a,b, — 4,b,) 
=mA [from (1)] 
Thus, 
ma, mb, mc a b & 
a, by C,/=mla, by 
a, b CG a, by Cy 
32 24 16 43 2 
Example: |8 3 5/=8xj8 3 5 
4 5 3 4 5 3 


[taking 8 common from first row] 
he 23: £2 
= 8x4 /2 3 5 
15 3 


[taking 4 common from the first column] 
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Property V. If every element of some col';mn or (row) is the 


sum of two terms, then the determinant is equal to the 
sum of two determinants; one containing only the first 
terrm in place of each sum, the other only the second 
terrm. The remaining elements of both determinants are 
the same as in the given determinant. 


Proof: We have to prove that 


at+a b G a b «o| ja & cy 


Ga, +Q, by Cy) =\a, by Cy) +\Q, by Cy 
a, +0; 6b; 3] ja, Bb, 3] |O, bs cg 
Let, 
ata bb ¢ 
A=|a,+a, b, ¢, 
a,+0, db, ¢; 
Then, 
by cy 1 bY 
A=(a,+q@) — (a, + Oy) + (a; + G3) 
by C3 by Cy 2 C2 
by Cy b cy b by C 
=a ~a, +a,\'  ‘l+a, 
by C3 by C3 2 ©2 by cs 
bh ie bh ¢ 
-a, a 
by ¢; “|b, C2 


=la, by C)|+]@, by cy 
ad, by c3} |a, bs Cc; 
Note: 
ath otd e@ 
a,+b, ¢,+d, @ 
a,t+b; (td, & 


a co 4) Ia de] JB cg @| 1 ad gE 
=|d, Cy €|+1@, d, @|+)b, 


a, Cz 3 |a,; ds | |B; cs &) [bs 43 


Property VI. The value of a determinant does not change 


Proof: 


when any row or column is multiplied by a number or 
an expression and is then added to or subtracted from 
any other row or column. 
Here it should be noted that if the row or column which is 
changed is multiplied by a number, then the determinant 
will have to be divided by that number. 

a b ¢| |at+mb b ¢ 
To prove ja, 6, c,|=|]a,+mb, b, cy, 


a, b, C3) |a,+mb, b, Cc; 


atmbh b ¢ 
Let, A=|a,+mb, b, c, 


a,+mb,; b; c; 


Determinants 7.5 
Then, 
a b et jmb Bb 
A=|a, b, c|+|mb, b, 
a, b, c3| |mb, by C3 
a Bb ¢ hb bh 
=|a, b, c)|+m|b, by Cc 
a, b, cy by by 3 
a b G b bh 4 
=|a, by Cy [. |b, by ¢y|/=0] 
a, bs Cy by by cy 
1 3 
Example: Let, A=|2 3 4)=—7 
2 0 5 
5 2 13 
A’='2 3 4|[R, > R, + 2R,] 
20 5 
= 5(15 — 0) — 2(10 — 8) + 13(0 - 6) 
=75-—4-78=-7 
, 7 6 19 
Av= 3 23 4 
20 5 


[Here A” has been obtained from A_ by applying 


Note: 


Property VIE. If A, =| a b c 


R, > 3R, + 2R,] 
= $ {115 -0)~ 6110-8) +190 6)} =5(-20)=—7 


In obtaining A” from A, R, has been changed and it has 
been multiplied by 3, therefore, the determinant has 
been divided by 3. 


If more than one operation like R,>R; + KR, is done 
in one step, care should be taken to see that a row 
that is affected in one operation should not be used in 
another operation. A similar remark applies to column 
operations. 


Many times we use this operation to get as many zeros 
as we can. 


LO AM AO 
where f(r), £07), (9) 
d e f | 


are functions of r and a, b, c, d, e, f are constants. Then, 
LAM) VAM LAM 
r=l r=| r=1 


YA, = a b c 
e 
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Am) fit) A@ 
Also for A(x) = | a b c 
d e f 

are functions of x and a, b, c, d, e, f are constants, we have 


where f,(x), £2), £,@) 


q q q 
JA@dde ffAQddx J KCddx 
P P P 


[ A(x)de = a b c 


a e 


ote: “All the above properties are applicable for 
-order determinants also. 


SOME IMPORTANT DETERMINANTS 


1 x y 2 =-y) 0-2) @-x) 
x? y 2 
Proof 
1 1 4 
x y 2 
x? y 2 


Applying C, > C,-C,, C, > C,-—C,, we get 


1 0 0 
A=|x (y- x) (z-y) 
x (y—x)\ytx) (e-y)(zty) 
1 
=(y-x) (z-y)x ike Sas 
(Expanding along R,) 
=(x-y) -2) @-x) 
1 1 1 
2. x y zl =-y)Q-2)(@-x) (x+yt+2) 
x 3 2 


3. xy? 27] =(x-y) (y—2) @- x) Gy t+ yz +2) 


4, Circulant: Let a, b, c be positive and not all equal. 
abe 


Then the value of the determinant|b c aljis nega- 
tive. cab 


Proof: A= al[bc — a’] — b[b* - ac] + clab—c’] 
=-[a? + b> + c? - 3abc] 


=-(a+b+c) [a’+b? +c —ab—be-ca] 
=-F(a+b+oll(a~b)+(b- oF + (c-a}'1 <0 


Asa+b+c>0,a, b,c are all positive and not all equal. 


>chilacwacme Without expanding at any stage, prove 
that the value of each of the following determinants is zero. 


2 


0 p-q p-r 41 1 5 lI ww 
a. lg-p. 0 q-r| b |79 7 9} c |w w? 1 
r—-p r-q 0 29 5 3 wotoow 


where w is cube root of unity 


Sol. 
0 p-q p-r 
a. Let, A=|q-p 90 @q-r 
r-p r-q 0 


(Taking transpose] 


r-p r-q 0 
[Taking (—1) common from each row] 
., A=—Aor2A=0o0rA=0 


41.1 5 

b. A=|79 7 9 
29 5 3 

Applying C, — C, + (-8) C,, we get 
1 $1 =5 
A=|7 7 9/=0 ['.. C, and C, are identical] 

5.5.23 
1 w w? 


c. Let, A=|w w? 1/=0 
1 


Applying C, > C,+ C,+C,, we get 
Ww w? 


A=|w+w +1 w* 1 


l+wtw? 


wtltw 1 w 


2 


0 w w 
=|0 w? I 
Oo l w 
[. l+w+w?=0] 
=0 ['. C, consists of all zeros] 
abe b’c cb 
MAA If A=labe c’a ca’|=0, (a,b,c eR 


abc a’b ba 
and are all different and non-zero) then prove that a + b 
+c=0. 
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Sol. 
abe 


A=0 = be.caablb c al=0 


c a b 


= -@bhc(a +b +c -3abc) =0 
(expanding by Sarrus Rule) 


=> a? bec (atb+e)5[a-by poy +(c—a’)]=0 


> atb+c=0 


x+1 x x 
Provethata#0,| x <x+ta x |=0 
x x x+a’ 


represents a straight line parallel to y-axis. 
Sol. 
xt+1 -l -l 
A=0>|} x a O0j=0 C,2C,-C¢, 
x 0 a 


>(e8+a@+a)x=-a 


3 
—a oe ‘ ; : 
=> x= = which is a straight line parallel to y-axis 
ata +a 


Be Cuneceée Prove that the value of the determinant 
7 5 4+3i = 4i 
3 
5 -3i 8 445i | is real. 


244i 4-519 
3 


2 ee ae 
3 
Sol. Let z= | 5-3i 8 4+5i (1) 
243 4-5i 9 
3 


To prove that this number (z) is real we have to prove that 
ZZ 

Now we know that conjugate of complex number is distribu- 
tive over all algebraic operations. 

Hence to take conjugate of z in (1) we need not to expand 
determinant. 

To get the conjugate of z we can take conjugate of each ele- 
ment of determinant. 


=] S31 244i 
3 
+3i 8 4—-3i (2) 


—-4i 4+5i 9 


Determinants 7.7 


Now interchanging rows into columns (taking transpose) in 


(2) 
7 5431 2=4i 
3 
wehave Z=|5-3i 8 445i) (3) 
= +i 4-Si 9 


or Z=z (4) (from (1) & (3)) 
= zis purely real 


1 
If a, =(cos2rz +isin 2rrz)°, then prove that 


1 .2rn 
ae t 
Sol. a, = (cos2rz + isin 2rm)? =e 9 


a, ag a 
2% ja jo 
e? e€% @? 
8t Ona 
e? e% e? 


je Am 
e? e% @? 
OF ;2% ja j9% jot 
=e%/e® e°% e°% | {taking e ? common from 
jaz 16m jist R,] 
e 2 Sen? ce? 


= 0 [R, and R, are identical] 


Example 7.11 
prove that 


Without expanding the determinants, 


103 115 114) |113 116 104 
111 108 106/+|108 106 111/=0 © 
104 113 116) {115 114 103 


103 115 114 113 116 104 
Sol. D=] 111 108 106 |+} 108 106 111 
104 113 116 115 114 103 

dD D2 


In D,, interchanging C, and C,, 


103 115 114 104 116 113 
D=| 111 108 106 |-}] 111 106 108 


104 113 116 103 114 115 
dD D2 
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7.8 Algebra 
In. D,, interchanging C, and C,, x-2 -2x-3 3x-4 
103 115 114 104 113 116 cudweee Solveforx:|x-4 2x-9 3x-16}=0. 
D=| 111 108 106 |+! 111 108 106 , x-8 2x-27 3x-64 
104 113 116 (103 115 114 
D D2 x-2 2x-3 3x-4 
In D,, interchanging R, and R,, Sok A=|x-4 2x-9 3x-16/=0 
103 115 114 103 115 114 x-8 2x-27 3x-64 


D=j 111 108 106 J-| Ill 108 106 | =0 
104 113 116 104 113 116 


Applying R> R,-R,& R,— R,— R, then we get 


dD D2 ; : 
x-2 2x-3 3x-4 
Find the value of the determinant or Az=| 2 6 -~12 |=0 
Ja3)+V3. 25 V5. 6 -24 -60 
V5) + /(26) 5 (10) x-2 2x-3 3x-4 
3+,(65) Jas) 5 or A=| 1 3 6 |=0 
1 4 10 
GIES. “2-4 
I i expanding along 1“ row 
A=(v5)" (15 26) V5 V2] (Cs 3 -=C,,,C; 9 = C 
Sol. A= (55) +V29) V5 V2) (> EO.G> REG) or  (x—2).6 —(2x—3).4 + (3x—4).1 =0 
3465 V3 V5 or x=4 
Now applying C, > C, - 3c, - /(13)C,, we get Senn GWAEM Prove that 
“V3 21 sina cosa sin(a@+6) 
A=5) 0 V5 v2 sinB cosf sin(B+6)|/=0 
0 v3 V5 siny cosy sin(y +6) 
=~ 53 (5-6) (expanding along C,) sina cosa sin(a+6) 
1. = i i 
Example 7.13 | Using properties of determinants, evaluate Sol. A ane cos ste i‘ ie 
18 40 89 siny cosy sin(y+0) 
40 89 198 sin@ cos@ sina@cosé+sinécosa 
89 198 440 =|sinB cosB sin Bcosé+sindcos B 
sin cos sinycos6 + sind cos 
18 40 89 i ' t r 
: ol: 
Sol. LetD=|40 89 198 Se Seng 
=|sinB cosB 0| [R, > R,-cos oR, — sin oR,] 
89 198 440 : f z 
‘ , siny cosy 0 
Let first reduce the value of elements by performing some ; =0 
operation. - 
Applying R,-> R, — 2R, and R,> R,—5R, 2 Clu eALe ‘Find the value of the determinant 
18 40 89 - ? 
D=-|}4 9 20 123 4 
cs 13 6 10 
1 4 10 20 


Applying C,> C, - 2C, 


Bd 2 Sol. We have, 
a | eee is eames Nemes Gf | ate A 
Fin. ee oa 12 3 4! fo 12 3 
Now applying C\— C, — 2C, to get zeros in C, 13 6 10) jo 25 9 
0 40 9 1 4 10 20) |(0 3 9 19 
D=|0 9 2 -1|% 5] =80-81=—1 [Applying R, > R,—-R,,R, > R,-R,,R, > R,-R,] 


} —2 -1 one 


downloaded from jeemain.guru 


Determinants 7.9 


23h lt. 2-3 x? x? -(y-2z)’ yz 
=(2 5 9/=/0 1 3 Sol. D= y y?—-(z—x) Pit 
3.9 19 Jo 3 10 2 


zg —(x-y)? xy 
[Applying R, > R,-2R,, R, > R, —3R,] 


=(10-9)=1 x (xr ty? +27) yz 
; ; 5 = y ~(x? + y? +27) 2x 
hepa amid @ a Bo de BD 
[ BEA Prove that | 25 b-c-a 2b ; i ae 
. Bo. 23 -a-b [Operating C, > C,-2C, — 2C,] 
_=(at+b +c)’. % 7 ae e ° F : 
; : x1 yz 
Sol. Applying C, - C, — C, and C, — C, — C, and taking Sessa 
(a+b + c) common from each of C, and C,, we get A 
z I xy 
. -1 0 2a 
D=(at+tb+cPx|1 -1 2a 5. yy 
0 1 c-a-b =e) y y XYZ 
xyz P ‘ 
Now, RK, > R, +R, +R, gives Bo PON 
-1 0 2a (Multiplying R,, R,, R, by x, y, z, respectively) 
D=(a+b4+cYx]1 -1 2b x xl 
0 O (at+b+c) . =-(2 +2422)? yi 
Expanding along R,, we get , (ae ae | 
Dz=(atb+c(at+b+c)=(at+b+cy ar des og 
Cl eA Prove that arty +2? yy? 
. bax ee 
a b+e @ 
b ct+a b\=-(a+b +c) x (a—-b) (b-c) (c-a). =@-WNO-DE-—MEty+ Ae +y¥ +z) 
c ath 7 


If a, b,c are all different and 


2 
a b+c a 


Sol. A=lb cta vb? b b> b*-1\|=0, show that abc(ab + be +ca)=a+b+e. 
c ath ¢ ec ec ct-1 
ine , Sol. Expressing the given determinant as sum of two determi- | 
a a 


nants, we get 


= 2 
=(at+b+c)x |b 1 b ep bat call larg 4 


b b b-\b bP =0 
[Applying C,—> C, + C, and taking c 8 ct} te od 
(a + b +c) common from C,] 


2 3 
, 1 a. a a a 1 


oF 
ce ok se 


laa : 
: orabc|0 b?-a? b’-a’|=|b-a b-a’ 0 
=-(at+tbt+c)x|l b b 7 ns a 3. 3 
\ » 0 ci-a cra c-a c-a 0 
coc 


[We take a, b, c common from the first determinant and 
apply R, > R,-R,, R, > R, — R, in both determinants. } 
As a, b, c are all distinct, canceling out b — a and c — a, we 
get 


=-(a+b+c)(a—b)(b-—c)(c-a) 


x? x?-(y-z) yz 


| Prove that ly? y’-(z-x)?_ zx 


bta b+a°t+abl Il be +a?+ab 


ze 2?-(x-yy oxy abc 
= (x — yy -2(Z—-X)X + y+ DO? +y? +2). 


2-2 ee 
cta cta°t+ac| |l ce’ +a +ac 


Applying R, > R, - R, and then cancelling c — b on both 
sides, we get 
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7.10 Algebra 


1 b+a*+ab 
0 atbt+c 


b+a b’ +a’ tab 
abc = 
1 at+bt+e 


abc(ab+ b’+be+a@+abt+ac—bh*- 
or abc(ab+be+ca)=at+bt+c 
Hence the result. 


@-ab)=at+bt+e 


Ifx,=a,b,c,i=1, 2, 3 are three-digit posi- 


tiv integers such that each x,is a multiple of 19, then for 


a4 a a, 


some integer 7, prove that |b, 5, »,| is divisible by 19. 


G C2 
a, ay as 
Sol. A= b, b, b, 


(100a,+10b,+¢,) (100a,+10b, +c) (100a, +10b; +¢3) 
[R, > Rk, + 100R, + 10R,] 


a Ay ay) a, ay a, 
=|b, b, b= 6, b, b, | [where each me N] 
x X, X3/ [9m 19m, 19m, 


a a a, 
b;|=19n 
|m om, m; 

a a 4G; 


where n=|b, b,  6,| is certainly an integer. 


m Mm, mM, 
(b+c) ba ac 
Provethat | ba  (c+a)? ~~ cb 
ca cb (a+b)? 
(b+ce" a? a 
=| Bb? (cta Bb |=2abc(lat+b+c). 
ce roa (a+b) 


Sol. Multiplying R,, R,, R, by a, b, c, respectively, and dividing 
by abc, we get 


a(b+ cy ba? ca” 

A= J x ab b(c +a) cb? 
abc ‘ j 
ac” be c(at+b)° 


Taking a, b, c common from C,, C, and C,, respectively, we 
get 


(b+ cy e a 
A=| B (cta? Bb 
road road (a+by 


Now, applying C, > C,—C,, C, > C,- C, gives 
(b+cY (at+bt+c\a-—b-c) (a-b-clatbte) 

A=| Bb? (cta+b\c+a—b) 0 
c 0 


Ww 


(a+b+c\a+b-—-c) 


(b+cy a-b~c a-—b-c 
=(a+b+c)x} B? cta-b 0 
¢ 0 a+b-c 


Applying R, > R, — (R, + R,) and then taking 2 common 
from R,, we get 


be -c —b 
A=2(at+bt+c)x |b? cta-b 0 
(oa 0 atb-c 


Now, applying C, > bC,+C,,C, > C,+C, gives 


be 0 0 
a= 2eteer xlb? b(cta)—B 
C 
on c c{a+b) 
_ Aatb+c) 


bc[(be + ba)ica + cb) -— bc 7] 
be 


=2(a+b+c)[be(ac + be+ab+ Ge bc)| 
= 2abc(at+tb+cy 


a b-c ct+b 
Show that la+c  b 
a-b bta c 


c-a 


Example 7.23 | 


. =(a+b+c) (a@ + b? +02), 

a b-c ctb 
Sol. Let, A=Ja+c  b 
a-b b+a c 


c—a 


a’ b-c ctb 


=> A= es a+ac 6 c—al [Multiplying first column by a] 


2 
a -ab bta Cc 


@+b+c b-c ctd 


=—|a’ +b? +c? b c-a 
; @+bh?t+c b+a c 
[Applying C, > C, + bC, + cC,] 
1 b-c ctb 
et eRe “b c-a 
“ | bt+a c 
(Taking a’ + b* + c’ common from C,] 
1 b-c ct+b 
See reyes 0 Cc -a-b 
0 atc —-b 


[Applying R,—> R,-R, and R, > R,-R,] 
c i 


ee si? Head 
a atc —b 


[Expanding along C,] 
=< + b? +c’) be +a’ + ac + ba + be) 


ig +b?+0?)(a+b+c) 
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Example 7 um Let a, b,c be real numbers with a’ + Bb 
+c? =1, Show that the equation 


Determinants 71 1 


[Taking common a, b, c from R, R,, R;, respectively ] 


1¢@ +b? +c? b? c 


ax-—by-c bx + ay cx +a al4@4R42 B41 2 [C, > C,+C,+C,] 
bxt+ay  —-axtby-c cy+b |=0 Leetepeaee be tad 7 
cx+a cy +b —ax —by+c 
represents a straight line. t & ¢ 
=(l+@+b?+c%)]1 B41 
Sol. Given, 7 2 
1 b c+] 
ax—by-c bx +ay cxt+a 
bx+ay  -ax+by-c cyt+b j;=0 a aoe 
cx ta cy+b -ax—byt+c =(1+@4+b?+c2)|0 1 0 
(a? +b? +07)x bx + ay cx +a ae eae 
= \(a?+b’+c°)y -axtby-c  cytb }=0 [Applying R, > R,-R, and R, > R,-R} 
(a? +b’ +c’) cyt+b —ax —by+c =(l+@+bh+c’) 
[Applying C > aC, + bC, + cC,] 
: : ; If a? + b? +c? = 1, then prove that 
x bx + ay cxta 
as ee er +b [<0 [v @+R4e=1] a’ +(b? +c?)cosd  — ab(1—cos 6) ac(1— cos $) 
1 cytb -ax —by+c ba(1 - cos) b? +(c? +.a”)coso bc(1 — cos) 
. S , ca(1—cos¢) ch(1—cos?) —c? + (a* +.B”) cos 
a Ee bs | |=0 is independent of a, b,c. 
1 cy —ax — by 
[Applying C,> C,— bC, and C, > C,-cC,] Sol. Multiplying C, by a, C, by b and C, by c, we have 
at ab’ + c”)cos ab’ (1-cos@) 
: ae A= ae ba?(1 — cos@) b+ b(c? +.a’)cosd 
=> y -ax~c b/=0 ~ abe ; : 
2 aye el 0 0 ca“(1—cos@) cb* (1 —cos $) 


[Applying R, > R,+xR, + yR,, we get] 
=> Ot +y?+ l(abyt+ax+ac)=0> axt+ by+c=0 


ab’ (1—cos@) 
be* (1-cos@) 


c 


Pu ab 2 o+c(a’+b*)coso 
a2 clujacweee Prove that | ab b+1 be | =1+a" Now take a, b and c common from R,, R, and R,, respectively, 
yes ac be +i to give 

a’ +(b? +c’) cos@ b* (1—cos ¢) 
5 ee a’ (1—cos @) b? +(c? +a’) cos@ 
a +1: ab ac abe 5 : 
Sol.| ab fb? 41. be a’ (1—cos $) b> (1—cos 6) 
ac be c+ C (1—cos @) | 
C (l—cos @) 
ala’ +1) ab’ ac? 2 + (a? +b?) cos ¢ 
re ab bb +) . 
“ae be? OES Applying C, > C,+C,+C,, we get 
[Multiplying C,, C,, C, by a, b, c, respectively] : 7 : 7 a ) 2 aie 
A=|l b’ +(c +a°)cos@ c” (1—cos @) 
he a = i a 1 b? (1—cos ) c+ (a’ +b’) cos @ 
= aoe a b° +1 c — , ae 
2 Bee ea [te @+b+c?=1) 


Applying R, > R,—R,andR,>R,-R,, 
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7.12 . Algebra 
1 b? (I —cos 6) Ce (1—cos @) 
A=10 (a? +b’ +c?)cos@ 0 

0 0 (a? +b? +c”) cos @ 

. cos@ 0. hs 5 

Expanding along C,, we get & eos” cos" 
r-l n 6 
tal weya LetA,=|(r-1)? 2n’* 4n-2 |. Show 

(r-1)? 3n? 3n?-3n 


that >_ 4, is constant. 


=) 


Sol. Since C, has variable terms and C, and C, are constant,. 


summation runs on C i 


n 


Sir-l) on 6 


1 


YA,=[Sr-)?. 2n?  4n-2 
r=l 1 
YS(r-)? 3n? 3n? —3n 
1 
esta n 6 
2 


=|E (n= Dat2n—1 2n? 4n-2 


3n? —3n 


xn -1)*n? 3n? 


Taking ann —1) common from C, and n common from C,, 
we get 
: 6 1 6 
A, =a a-Dx 2(2n-1) 2n 2(2n—1) 
3n(n—- 1) 3n? 3n(n—1) 
= 0, which is constant [-.. C, and C;, are identical] 
l+a 1 1 1 
1 1+b 1 1 


1 l+e 1 
1 1 I lid 


Prove that 


Example 7.28 


= abcd [ + 2 + ; + ea + | Hence find the value of the deter- 
a c 


minant if a, b, c, d are the roots of the equation px’ + gx° 
+7x? + 5x +t=0. 


; 1 
Sol. Applying R, >—R, Rk, > RAR ee R;,R, > : R,, we 
a ° b c (eae 
get 

wt 1 1 1 
a a a a 
1 , I 1 
= (eo fats — 
A=abcd b b b b 
1 1 | ] 

I+ 
c Cc c c 

a3 u i 1+— 
d d d 


ag 1 1 1 1 
Applying R, > R, + R,+R, +R, and taking eietatst) 


c d 
common, we get 


1 1 1 1 

144i 1 21 

ide ee ee 

A=abcd} 1+—+—+—+—|x}] 1 1 1 
abead — —- I4+- — 

Cc c Cc Cc 

1 1 1 1 
te ae. = 1+— 
dad a d d 


Now applying C, > C,-C,,C, 7 C,-C,,C, -C,-C,, 


1000 
- 1 0 0 
a=abed{tstetetet)x \ 
abe dj\|- 010 
f . 
ES 001 
d 


Expanding along R,, we get 


1 1 1 41 eee 
A=abcd|1+—+—+—-+—|x/0 1 0 
a be ad 01 


Expanding again along R,, we get 


axabed{Irtetstst) 

a bead 

2nd part: A = abcd + (bcd + acd + abd + abc) 
t os _t-s 


Pp pp 


USE OF DETERMINANT IN COORDINATE GEOMETRY 


Area of Triangle 
The area of a triangle, the coordinates of whose vertices are 
(x,, ¥,), (,, y,) and (x,, y,) 18 


x pes 
il! J 
Zll%2 Ye 1 
|" 2 

Xo yy 


Condition of Concurrency of Three Lines 


Three. lines are said to be concurrent if they pass through a 


" common point i.e., they meet at a point. 


Let a,xtbyte,=0 (1) 
a,x +by+c,=0 (2) 
axt+byt+c,=0 (3) 

a b G 
be three concurrent lines then Ja, 6, c,| =0 
a, bs C3 
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Condition for General 2"! Degree Equation in x 
and y Represent Pair of Straight Lines 


The general second degree equation ax? + 2hxy + by? + 2gx 


+ 2fy +c = 0 represents pair of straight lines if 


ah g 
h b f\=0 
a me 


Example 7.29 i Find the area of a triangle whose vertices 
are A(3, 2), , 8) and C(8, 12). 
: BF Dol 
Sol. The area of triangleisA=—|/11 8 1 
8 12 1 


Operating RR, — R, and R,> R,- R, 


-§ -6 0 
=>A=-—|3 -4 0 
8 12 1 

*2 ah Re 8 

2/3 -4 

= 25 sq. units 


Example 7.30 | 


(x, Y,) and (x,, y,) are collinear. 


Sol. Since points are collinear, we have to prove that area is 


“ —yr = 2 7 ¥y, San yp Pay ee 2 
ZeVO. X, = XP, X, = XP and so is y,=y\",¥; =)" 


x yd 


A=\x, y, | 


x, y; | 
x, y, 1 
= | rx, ry, 1 


x ] 


=0 
Hence the points are collinear. 


2culuceeam ‘ifthe linesa,x + by+1=0,axr+b,y+1=0 
and a,x + by + 1 = 0 are concurrent, show that the points 
(a,,5,), (a, b,) and (a,, b,) are collinear. 
Sol. The given lines are 
ax+by+1=0 (1) 
a,x+by+1=0 (2) 
and a,x+b,y+1=0 (3) 


If x,,x,,X, as well as y,, y,, y, are in G.P. 
with same common ratio, then prove that the points (x,, y,) 


Determinants 7.13 


a, b | 
If these lines are concurrent, we must have ja, 5, 1| =0, 
a, b, 1 


which is the condition of collinearity of three points (a,, b,), 
(a,, b,) and (a,, b,). 

Hence, if the given lies are concurrent, the given points are 
collinear. 


Find the values of ‘a’ for which the lines 
axt+y-1=0 ; 


ax + 3y-3=0 
3x + 2y-2=0 
are concurrent. 
2 1 -l 
Sol. Lines are concurrent if |@ 3 —3) =0 
3 2 -2 


Since C, and C, are proportional, lines are concurrent for 
infinite values of a. 


If the lines ax +y +1=0,x+by+1=0 
(a, b, c being distinct and different from 1) 


1 1 1 
are concurrent, then prove that oa +—— + =1. 


1-b l-c 


Example 
andx+y+c= 


all 
Sol. If the given lines are concurrent, then |1 b 1] =0 


1 lie 
a l-a li-a 


=> |1 b-l 0j=0 
I, ‘Or —e=1 
(Applying C,>C,- C, and C,>C,- C,) 


> ab-l)(e-l-(e-YNUd-a-@-)d 


a)=0 


a 1 1 
+ + 
l-a 1-b l-c 


=0 


(Dividing by (1 — a) (1 —b) (I -¢)) 


Example 7.34 2 If lines px + gy +r =0, gx +ry +p =0 and 
rx + py + q = 0 are concurrent then prove that p+q+r= 0 
(where p, q, r are distinct). 


Sol. For concurrency of three lines 
pxtgy+r=0;qxt+ryt+p=0;rx+ py+q=0 


Pq*F 
We must have, |g r p| =0 
ro op q 


=> 3pgqr-p-g-r=0 
=> (ptgtnNipt+gtr—pg-pr-1q)=9 
=> ptqtr=0 
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7.14 Algebra 


ry +A=0 represent a pair of straight lines. 


Sol. ax’ + 2hxy + by? + 2ex + 2fy+c=0 represents a pair of 


limes if 
ah g 
h b f\=0 
Bg te 
2 Rf2-A 
Sy RID 3 OTS 
4 OR 
7 : 4 a 
=> 6A+2(7) (4) (Z)-2 —3 (4) -4(2] =0 


=> 61+ 196-98 ag SA <0 


ay St 6h = = 196 - 146 = 50 
=> 254 _ 59 1g = 20 _ 
4 5 


‘Concept Application Exercise 7.2 


Zero. 


a la + mh b 
a la, la, + mb, b, 


a; la, + mb, b; 


a-b b-c cra 


«|x-y 
P-4q 
logx 


g-r r-p 


logy  logz 


c. flog2x log2y log2z 


log3x log3y log3z 


(a*+a"*y 
d. (b* ae by (b* = by 1 


|b+e a-ba 
ct+a b-c bl =3abe-a-b- 3. 


atb c-aic 


2. Prove that 


Find the value of / if 2x? + 7xy + 3y? + 8x 


J. Prove that the value of each the following determinants is 


a b? Ce 
~ I a+l? (+1? (+1)?|=ka-b)\(b-c)(c—a), then 
(2-1? (6-1? (c-1) 
find the value of k. 


1 1 ] 
4. Prove that A=| a b c 
be+a’ act+b? abt+c? 
= 2(a —b) (b-c) (c-a) 
jl l+p l+p+t+q 
5. Show that |2 3+2p 1+3pt2q/=1. 
3 6+3p 10+ 6p+3q 


2ab —2b 
l-a+h 2a 
2a l-a’-b? 


l+a’?-—b? 
2ab 
2b 


. Show that 


=(l+a? +b?) 


3a -at+b -at+c 
—b+a 3b —b+c 
—cta -ct+b 3c 

=3(a+b+c) (ab+ be +ca) 


. Show that 


Ye mY oxy 
8. Find the value of |p 2q 3r|, where x, y, z are respectively 
bi Mh A . 


p, (2q)" and (3r)" terms of an H.P. 


. Show that if x,, x,, x, #0 


x; + a,b, ab, ab; 
ayb, X) + ab, yb, 
a3h, azb, X3; + axb; 
Qh, ab, ab. 
= XXX, {14+ 21422435), 
* x2 %3 


4.5" —1 
Y 


2.3’ -1 


, then find the value of A. 


wherea+b+c#0. 
x -6 -1 

12. Solve forx,}2 -3x x -3/=0. 

—3 2x 


x+2) 


» IfA,B,C,,A, B, C,, and A, B, C, are three three-digit num- 
bers, each of which is divisible by k, then prove that 
A BC, 
A=|A, B, C, is divisible by k. 
A, B, C; 


downloaded from jeemain.guru 


PRODUCT OF TWO DETERMINANTS 


ay h eG ao BON 
Let, A, =Ja) 6, clandA,=la, PB, 2 
a, bs cy a Bs 3 
Then row by row multiplication of A, and A, is given by 
4G, +b By +ey, a0; + dB, +c72 
Ay X Ay = [420 +5,B, + C27; 4,0, +b, B, + O72 
0, + b,B, + c3Y, — 4,0t, + Bs By + ¢372 
a,0; +b, Bs + C73 
a,0; + b> + C73 
a0, + bsBs + C375 
Multiplication can also be performed row by column; column 
by row or column by column as required in the problem. 
To express a determinant as product of two determinants, 
one requires a lots of practice and this can be done only by 
inspection and trial. 


Property: If A,, B,, C,, ... are respectively the cofactors of the 


elements a,, b,, c,, ... of the determinant 
| A BG 
A= |@, 0, ©¢,|, A#0, then A, B, C, =A? 
a; b, ¢; A; B;, C; 
Proof : Given, 
a b ¢ 
A=|a, by cy 
ad, b; ¢; 
and A,, B,, C,, ... are cofactors of a,, b,, Cy, --. Hence, 


a 8 «| JA BC, 
da, 6, ¢,|x]A, By, C, 
a, b, ¢3| |A; BC, 


aA, + bB, +¢,C, 
= |a,A, + b,B, +¢,C, 
QA, + bB, +¢3C, 


aA, +b,B, +¢,C, 
QA, +b, By +C,C, 


dyAy + DyBy + 65C. 
Pe pe ed Ab Bae, 


aA; + 6,By +¢,C; 
3A, + b,B, + 65C, 


(row by row multiplication) 


A 0 0 
=|0 A Oj (asaA,+b6,+¢,0,=A,i= 1, 2,3 and 
0 0 A 
aA,+ bB,+¢,C,=0) 
=A} 
A, B,C, A BC 
=> AIA, B, C,J=A*> or JA, B, C,}=A’ 
A; B, C; Ay. Be 3, 


Note: For n-order determinant A. = A”! where A, is the 
determinant formed by the cofactors of A and n is order of 
determinant. This property is very useful in studying adjoint 
of matrix. 
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i cluldcweiee Prove that 
4,0, +b,B, a0, +b,B,. a,0,+5,B, 
2,0, +b,B, a,0,+b,8, a,0,+b,B3|=0 
a0, +538, a,0,+b,B, 4,0, + by, 


Sol. The given determinant is the product of the determinants 
a ob O ja B O 

O}x|a, B, O|=0 

0} ja, B, 9 


a, b, 


a, bd; 


Schwere. if a, 8, y are real numbers, then without 
expanding at any stage, show that 


1 cos(B-—a) cos(y —a) 
cos (a — B) 1 cos(y — B)|=0 
cos(a—y) cos(B-y) 1 


Sol. 


1 cosacos 8B +sincsin B 
A=\cosa@cos PB +sinasin B 1 


cosacosy+sinasiny cosBcosy +sin Bsiny 


cosacosy +sina@siny 
cosy cos $+siny sin B 
1 


sina 0 
sinB 0 
siny 0 


sina O| |cosa 
sinB 0|x|cosB 
siny 0 


cosa 
=|cos B 


cosy cosy 


7=0x0=0 


x’? 1|=3, then find the value of 
1 x 


xed 0 x—x4 
0 x—-x* 39-1 

x—-x' x°-1 0 
ya] 0 x-x' 


Sol. D.=| 0  x-x* x*-1/is the determinant formed by 


x-xt P=] 0 


the cofactors of determinant 


Hence, D. = D? = 3? = 9. 
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(a-xyY (a-yy (a-zy 
Betanceeee Prove that |(—x)” (-y) (-z)’ 
|(e-x)? (e-y* (e-2)" 


(lax) (1+bx)? (1+ex) 
=|(1-+ay) (1+byy (1+ey)’| =2(-c) (c-a) @-5) 
(1+az)? (1+bz)? (1+ez)? 


x (y — 2) (@-x) yy). 
(a-xy (b-xy (c-xy 
Sol. A= |(a-yy (b-yy (e-yy? 


(a-zY (bz) (¢-2) 

@—laxtx? b?-2bxtx?  c? -2cxt¢x? 
=|a?-2ay +y? b’-2by+y? c?-2cy +y’ 

a@—-2aztz be -2bzet+2 C7? -2czt+2" 


1 x x7] la? -2a 1 


=|l y y'|x|b? -2b 1 


1 z zi tle" 2c 1 
1 x xii 2 


=|1 y y’|{l 2b 7} (in second determinant C, < C,) 


2a a 


1x x] {lL 2a @ 
=|1 y y'lxfl 2b b? 
1 2c ¢? 


= 2(x — yy - 2(z—x)(a- b) (b- c(c -@) 
Multiplying row by row, we get 


lt+2axtarx? 142bx+b?x? 142ex4+07x? 


A=(|1+2ay+4 ay 1+2by+b?y? 14+2cyte?y’ 
1+2az+a7z? 14+2bz4+b*2? 14224072? 
(tax)? U+bx)? tex) 


=|l(I1+ay” (+by) (+cy)? 
(+azy (t+bz)? (+e) 


2be-a’ ce b? 
Example 7.40 Express A= toa 2ca—h? a 
B a 2ab—c? 


as square of a determinant and hence evaluate it. 


Sol. Keeping in mind the term 2bc — a’, we have 


[row by row multiplication] 


Therefore, 
ab cla b e| ja b cf 
Az=|b c allb c aj=|b ec 
c a blic a bl fe a bi. 


= [a(be — a’) + b(ac — b*) + c(ab — c?)P 


= [Babe - a — Bb? - 7? 


Prove without expansion that 


Example 7.41 | 


ah+bg g ab+ch ah+bg ah 
bf +ba- f hb+bej\=a\bf+ba h b 
af+be c bg+fe af+be g fi 


Sol. Rewriting the given determinant, we have 


ah+bg gc ab+ch ah+bg a ch 
A=—lbft+ba fe hb+bcl=-“|bf+ba h be 

c c 

af+be c bgt fe af+be g fe 


By operating in second determinant C, — C, + bC,, we get 


ah+bg a ab+ch 
A=—A,-“|bf+ba h hb+be 
© lapebe g be+fe 
; ah+bg -a? ab+ch 
=—A,+—|bf +ba —-ah hb+be 
‘ : af+bce -ag bgt fe 
PA ei gc—a’ ab+ch 
=—|bf+ba fe-ah hb+bec 
c 
af +be c’ —ag be + fe 


Concept Application Exercise 7.3 


1. Prove that ; 
2 at+Bp+y+6 


at+B+yt+d a+ By +6) 
ap +y6 apy + 6)+ y6(a + B) 
aB + 6 
aB(y + 6) + y6(a + B)| =0 
2apys 
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2. Show that the determinant 


a+ebt+c? bet+catab be+catab 


bet catab a+b +c? bet+catab 


beo+ catab bet+cat+ab +P te? 


is always non-negative. When is the determinant zero? 


(b+x)(c+x) (c+x\(at+x) (a+x)(b+x) 
. Prove that| (b+y)(c+y) (ct+y\aty) (at+y)(bt+y) 
(b+zc+z) (c+zatz) (a+z\(b+z) 


=(b— c)(c—a)(a— b)\(y — z)(z- x)(x— y). 
Factorize the following: 

3 atb+c &@+b+e° 

atbt+tc @4bht+e ait+bitc? 


e+ete tht a@ +h 40 


DIFFERENTIATION OF A DETERMINANT 


I. Let Ax) bea determinant of order two. If we write 


A(x) = [C, C,], where C, and C, denote the first and second 


columns then 


A(x) = [CC] + IC, Cy, 


where C,’ denotes the column which contains the deriva- 
tive of all the functions in the i” column C.. In a similar 


fashion, if we write 


A(x) = a then A'(x) = a + Ki 
oa R,| = R, Ry 


sinx log x 


Example: Let, A(x) = ie 


,x>0 


Then, A’(x)= |cosx logx| |sinx 1/x 


0 l/x 


e -1/x? 


II. Let A(x) be a determinant of order three. If we write 


A(x) = [C, C, C,], then 


A(x) = (CC, CJ] +[1C, CY C,] + [C, C, C,’] and similarly 


if we consider 


R, ed ea te: 
A(x) =| R, |, then A’(x) =| Rp | +] R, [+] R 
R Re} ER] |p 


III. If only one row (column) consists functions of x and other 


rows are constant, viz., let 


Determinants 7.17 


Am AQ) AO 
AM =f 4 b, b, | (say) 
C C2 C3 | > 


Then 


£® £WH f£O 
N@we=| & by by 
ca C2 C3 
and in general 
fi@) fa) f(x) 
Aa) =| b, b, 


where 7 is any positive integer and f"(x) denotes the n™ 
derivative of f(x). 


sinx cosx sinx P 
If y =|cosx -sinx cosx|, find a 


x I 1 


Example 7.42 | 


3 cosx —sinx cosx sinx cosx sinx 
Sol. 2 =|cos x —sin x cos x}+|-sinx —cosx —sin x 
ax : 
x 1 1 x 1 1 


sinx cosx sinx 
+\cosx —-sinx cosx 


1 0 0 
sinx cosx sinx . 
; ; cosx sin x 
=0-—|sinx cosx sin x| +1 


x l 1 


—sinx cos x 


= 0 + (cos? x + sin’ x) 


n 


x n! 2 


BOUEGEAEM If fix) =|cosx cos 4), then find the 


‘ ~ AN 
sin x st 8 


value of fe. =o" €Z). 
dx” 


n n 


Sol. = Lon = | (cosa) cos 4 


n 


—(sinx) sin OS 
dx" 2 


=fos{ x47] ease 4 (n EZ) 
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d" 
=> yr FM ls=0 =0 


| If f, g and h are differentiable functions 
f Bap oh 
(xfY (xg) (xh) |, 
(x? fy” (x?g)” (x*hy” 


of x« and A(x*) = prove that 


f g h 


A’(x) ss f’ g’ h’ 
(g”) (x3h"y 


(xf) 


Sol. Gf)’ =f’ +fand 02)” = [Daf + ef’) = 2ft 4af’ +.2f” 


f g h 
af’ +f xg’ +2 xh’ +h 
Qf+4af’ 42x76" 2get4xg’ tx?” Wht+4xh’+3x7h” 


=> A= 


R,— R, — R, and then R, > R,-4R,-2R, 


f 8 Ah 
= A=laf’ xg’ xh’ 
xe” x79" xh” 


Taking x common from R, and multiplying with R,, we have 


f 8 h 
A= f’ g’ h’ 
vf x39!” eh” 
, ts . h’ h 
a a a ee ee 
=> =F g h’ |+) f g h 
dx 3 3 3 377 3 3ye7 
x f” x g” x h”’ x f’ x gs x h 
f 8g h 
4 ff e h’ 
OP f”Y (ie) hy 
f 8 h 
=0+0+] f/f’ g’ h’ 


xe f’y (397) CeAn’y 


Let a be a repeated root of a quadratic 


“0 and A(x), B(x), C(x) be polynomials of 
degrees 3, 4 and 5, respectively, then show that 

A(x) B(x) C(x) 

A(a@) B(a) C(o)| is divisible by f(x) where prime (6) 


A’(a) Bia) Ca) 
denotes the derivatives. 


Sol. Since a is a repeated root of the quadratic equation 
fix) = 0, f(x) can be written as 


S) = k(x — a)’, where k is some non-zero constant. 
A(x) B(x) C(x) 


Let, g(x) = |A(@) Bla) C(a@) 
Aa) Bia) C(a@) 


g(x) is divisible by f(x) if it is divisible by (x — a)’, ie., 
g(a) =O and g’(a) = 0. 


As A(x), B(x) and C(x) are polynomials of degrees 3, 4 and 5, 
respectively, deg. g(x) >2. . 


Now, 
A(a@) Bia) C(a@) 
e(a)=|A(a@) Bla) C(a)|=0 
Aa) Bla) C(a@) , 
(R, and R, are identical) 
Also 
A(x) B(x) C(x) 
g(x)=|A(a) Ba) C(@) 
Aa) Ba) C(a) 
Aa) Ba) C'(a) 
g’(a)=|A(@) Bla) C(a@)}=0 
Aa) Ba) Ca) 


(R, and R, are identical) 


This implies that f(x) divides g(x). 


Concept Application Exercise 7.4 


cos(x + x”) sin(x + x”) —cos(x + x") 
1. Let f(x) =|sin(x- x?) cos(x—x?)  sin(x—x’) |. Find the 
sin2x 0 sin(2x”) 


value of f’(0). 


. If fix), g(x) and A(x) are three polynomials of degree 2, 
then prove that 
f@) s@ AQ) 
oO) =|’) g’(x) A’c@)/is a constant polynomial. 
FoR) 8!) WG 


f(x) 
(x -a)(x—b)(x-e) 
of degree <3, then prove that 


. if g@® = 


, where f(x) is a. polynomial 


loa flayix—ay” 
1 b f(b\(x-by?|+] 6 
lc f(che-cy?* 


dg(x) _ 
dx 
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SYSTEM) OF LINEAR EQUATIONS 


System of consistent linear equations: A system of (linear) 
‘equations iS Said to be consistent if it has at least one solution. 


; +y=2 
(i) System of equations eae 
2x+2y=5 


because it has no solutions, i.e., there is no value 
of x and y which satisfy both the equations. 


Example: is inconsistent 


Here the two straight lines are parallel. 
ee : +y=2]. : 
Gi) System of equations pine 2| is consistent 
x-y=0 
because it has a solution x = 1, y= 1. 


Here the two lines intersect at one point. 


Cramer’s Rule 
I. System of linear equations in two variables: 
Let the given system of equations be 


+ byte =0 
ax ry rey (1) 


a,x +hy+c,=0 
where 21 #1 ul 
a by. 
Solving by -cross-multiplication, we have 


x a -y = 1 
By, — xc, acy -— aye, ab, — and, 
x - ine 
or = y = 
bh ¢ a ¢ a & 
by C3} lay ©] ja, b 


II. System of linear equations in three variables: 


Let the given system of linear eqnanons in three variables x, y 
and z be 


axtby+ez=d, (1) 

ax + by + ¢,z2=d, (2) 

ax+bytez=d, (3) 
a b&b e| * d bh ¢ a dad ¢ 

Let, A=Ja, 5b, ©|,A,=|d, b, ©|,A,=la, d> cy 


a; b; cy d, bs ¢ a; dy © 


a hb dy 
A, =|a, b, dy, 


a,b; d; 
Let, A #0. Now, 

d bh ¢ axtbhytqz b ¢ 

A =ld, by oe) =laxt+byteoz by Cy 
d; by ¢3| |ax+byy+o,z bc, 
ax b ¢ a Bb ¢ 

=la,x b, c)=xlay b, c,|=xA- 

ax by C3 a; bs 6c; 


[C, = C, = yC, - zCy] 


Determinants 7.19 


A, 
= —, where A#0 
A where A # 


Similarly, A,=yA 


A, 
re 


Thus x=", y= (4) 


The rule given in Eq. (4) to find the values of x, y, z is called 
the Cramer’s rule. 


_ Notes : Pye wae ade : : 
(®) A, is obtained by replacing elements of i* column by d,, 
d, d, where i=1,2,3. — 
-@) Cramer: s rule can be used only when A# 0. 


Nature of Solution of System of Linear Equations 
Let the given system of linear equations be 
axtbytez=d, 
ax + by +c,z=d, 
a,xt+by+cz=d, 
Now there are two possibilities. 
Case I: A #0 
In this case, from . (ii) and (iii), we have 


= A, As 
ee 7 A 


Hence, unique es of x, y, z will be obtained and the system 
of equations will have unique solution. 


Case II: A = 0 


(a) When at least one of A,, A,, A, is non-zero 


Let A, #0, then from (i), A, =xA will not be satisfied 
for any value of x because A = 0 and A, #0 and hence 
no value of x is possible in this case. 


A and z=" 


Similarly when A, #0, A, = yA will not be possible for 
any value of y and hence no value of y will be possible 
when A, #0, A, = zA will not be possible for any value 
of z and hence t no value of z will be possible. 


Thus if A = 0 and any of A, A, and A, is non-zero, then 
no solution is possible and hence system of equations 
will be inconsistent. 


(b) when A = 0 and A, = A, =A,=0 


A, =xA 
In this case A, = yA? will be true for all values Side y 
A,=7zA 


and z. 


But since a,x + b,y + c,z = d.,, therefore, only two of 
x,y, Z will be independent and the third will be depen- 
dent on other two. 


Thus infinitely many values of x, y, z are possible 
and out of x, y, z only two can be given independent 
values. 
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Hence if A= A, = A, =A, = 0, then the system of equa- 
tions will be consistent and it will have infinitely many 
solutions. 


Si ammmary: 
Tf A-# 0, then given system of equations is consistent Fond it has 
unique ( one ) solution. 


A= 0 and. any of A, Ay A, is non-zero, then given system of: 
equations is inconsistent ae it will have no.solution. 


all of A., A, and A, are zero, then given system of i ota is 
Consistent and has infinitely many. solutions. 


Conditions for Consistency of Three Linear Equations 
in Two Unknowns 


System of three linear equations in x and y 
axt+bytc,=0 
a,x+b,y+c,=0 
a,x+by+c,=0 
will be consistent if the values of x and y obtained from any two 
equations satisfy the third equation. 
Solving first two equations by Cramer’s rule, we have 


hb 
by ©, 


aq Cc 


a, Cy a, b, 


These values of x and y will satisfy the third equation if 


a bh ¢ 
bh 4 aq Cy a by 
a —b +c =Oorla, b, c,}=9 
3 3 3 2 2 
by Cy a, Cy a, by, 
2 © 2 ©2 2 bog 
a3 3 C3 


This is the required condition for consistency of three linear 
equations in two unknown. If such system of equations is con- 
sistent, then number of solutions is one. 


System of Homogeneous Linear Equations 
A system of linear equations is said to be homogeneous if the 
sum of powers of variable in each term is |. 


Let the three homogeneous linear equations in three unknown 
x, y, z be 


axtbhy+cz=0 (i) 
axt+b,y+e,z=0 (ii) (A) 
a,x+b,y+e,z=0 (iii) 


Clearly x = 0, y = 0, z = 0 is a solution of system of Eq. (A). 
This solution is called a trivial solution. Any other solution is 
called a non-trivial solution. Let, system of Eq. (A) has non- 
trivial solution. 


a bh 
Let, A=|a, by cy 
a, b, 
From (i) and (ii), we have 
et bs. » = £ = 
Bc, — b,c, a,b, — ab, = heey) 
x =k (bc, —-5,¢,) 
y =k (a,c,— 4,¢,) 
z =k (a,b, -a,b,) 


Putting these values of x, y, z in (ili), we get 


Ciaq — Coy 


k [a,(b,c, — b,c,) — b,{a,c, — a,c.) +.c,(a,b, —a,b,)]=90 
or a,(b,c, —b,c,) — b,(a,c, — a,c,) + c,(a,b, b)=0 
[. k#0] 
a b ¢ , 
or ja, b, c,|=0 
a, bs C3 
or A=0 


This is the condition for system af Eq. (A) to have nontrivial 
solution. 


Summary: 


@IfA #0, then given system of equations has only trivial solution 
and the number of solutions in this case is one. 


(i) Jf A= O, then given system of equations has non- -trivial solution . 
as well as trivial solution and number of pauaEONS in this case is 
infinite. : 


Solve by Cramer’s rule 


Example 725. 
x+y+z=6 
x-ytz=2 
3x + 2y -4z=-5 


1 1 6| | 1 6 
and A.=|1 —-1 
3.2 -5| |O -1 ~23 


Hence by Cramer’s rule, 


A. A, A. 
: y= =2,2=— 
A A A 
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Example eat For what values of p and q, the system of 

equatioras 2x + py + 6z = 8,x + 2y +qz=5, ae ie 4 has 

(i) no solution, 

(ii) +a usmiique solution, 

(iii) infinitely many solutions. 

Sol. The given system of equation is 

Ix +py+6z=8 

x + 2y+qz=5. 

x+yt3z= 4 
2 p 6 

A=|l 2 4 
1 1 3 


=(2—p) (3-4) 


By Cramer’s rule, if A #0, ie., p #2, q #3, the system 
has unique solution. 

If p=2o0rqg=3,A= 0, then if A. = A, = A_ = Q, the 
system has infinite solutions and if any one of A, A., A 
# O, system has no solution. Now, 

8 p 6 
A=) 2 4@ 

4 1 3 

30 — 8q- 
2 8 6 
A =jl1 5 q 
1 4 3 


15p + 4pq = (p — 2)(4q - 15) 


=p-—2 

Thos if p = 2, A,=A,=A_=0 for all g ER, so the 

system has infinite solutions. 

And if p #2, q = 3, A, A #0, the system has no 
solution. 

Hence the system has | 

(i) no solution, if p # 2, g = 3, 

(ii) a unique solution, if p #2, g #3, 


(iii) infinitely many solutions, p = 2,q ER. 


Example 7. 


Find 4 for which the system of equations 
x+y—2z=0, 2x -3y+z=0,x — 5y + 4z =/ is consistent and 
find the solutions for all such values of 4. 


Sol. The given system is 


x—-Sy+4z=4 (1) 
x+y—-2z=0 (2) 
2x -3y+z2=0 : (3) 
1 -5 4 1-5 4 
A=|l 1 -2)=/0 6 -6/=0 
2 -3 1 0 7 -7 


Determinants 7.21. 


Hence, system is consistent only when A = A =A =0. 


Now, 
A -5 4 
A.=|0 1 -2} =-5A=0 
0-3 1 
=> 1 =0 


For 2 = 0, clearly A =A,=0. 
Therefore, system is consistent if 2 = 0. Then on eliminating 
x from (1), (2) and (3), we have y-—z=0. 


Let, y=z=k ER. Then from (1), we have 
x=5k-—4k=k 
Hence, solution isx=y=z=keR. 


For what values of k, the following system 


of equations possesses a non-trivial solution over the set of 
rationals: x + ky + 3z = 0, 3x + ky -— 2z = 0, 2x + 3y -4z = 0. 
Also find the solution for this value of k. 


Sol. The system 
x+ky +3z=0 
3x + ky —2z=0 
2x + 3y—4z=0 


has non-trivial solution (i.e., non-zero solution) if the 
determinant of coefficients of x, y and z is zero. Here, 


1k 3 
A=|3 k -2)=0 
23 -4 
= 2k-33=0o0rk=33/2 (1) 
Then the equations become 
2x + 33y + 6z=0 (2) 
6x + 33y-4z=0 (3) 
2x + 3y-4z=0 (4) 
Eliminating x; we get from (2) and (4), 
30y + 10z=0, Le., 3y +z=0 (5) 


Let, y=4 ER. Then z = —34 and so 
2x = —33/ + 181 =-152 


2x +az=0 have a non-trivial anton: find the value of a. 


Sol. For non-trivial solution, we must have 
2a -—2 3 
1 a 2j=0 
2 0 a 
= 2a(a’?-0)+2(a—4)+3(0-2a)=0 


=> 2a0+2a-84+0-6a=0 
=> 2a-4a-8=0 
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= @-2a-4=0 
= a@-2a+2a-4a+2a—-4=0 
= a(a—2)+2a(a—2)+2(a-2)=0 
=> (a-2)(a+2a+2)=0 
—> a=2 
Exam If x, y and z are not all zero and connected 


by the equations ax+by+cz=0,ax+ by +cz = 0 and 
(p, + 4q,)x + (p, + Aq,)y + (DP, + 4q,)z = 9, show that 


a, b | jag bb gy 
A=-la, b, C,\+]a, b cy 
Py Pro Ps) |% 42 4 
Sol. Since x, y and z are not all zero, the determinant of the coef- 
ficient of the given set of equations must satisfy ‘ 
ay b, Cc 
a, b, Cc, -{=0 
PitAq PrtAd, p3tAgs 
a b «al ja B® 4 
=> |la b Oltla bk Cy 


Pi Po P3| |% 4 


Subjective Type 


2 2 
va ab x?-¢? 


Solutions on page 7.38 


1. Solve for x, (x-—ay (x—by (x-cYl=0,a#¢b#c. 


(xtay (x+byP (x+c) 


a- c c~-a atc 
b b-c bte 


2. Prove that A= = 0 implies 
a-b b-c 0 a-c 
x y z l+xt+y 
that a, b, c are in A.P.or a, c, b are in G.P. 
3. If f(x) is a polynomial of degree <3, prove that 
loa fla)lx-a) la a@ 
: 2 f(x) 
1 b f(b)\Kx-b)+{l b b= 
(x -—a)(x — b)(x —c) 
Lic f(ce\Kx-c)) fl ce e? 
4. Prove that for any A.P. a,, a,, @,, ... the determinant 
a, af Qnem aE Ay 22m 2a, a 34 yam a 422m 
ay a gam + Ga t2m 2a, + 34g 4m + 4a442m 
a, ne Gram + Ge 42m 2a, + 34, 4m oF 4a, 2m 


4a, + 9a +1l6a 


ptm o“pt2m 


4a, a 94g 4m + 164542 =0 


4a,+94a,,,, + 16a 


rtm r+2m 


EXERCISES 


Concept Application Exercise 7.5. 


1. If the equations 2x + 3y + 1=0,3x+y-2=0 and 
ax + 2y— b =O are consistent, then prove that a — b = 2. 


. Ifx=cy+ bz, y=az+ cx, z= bx + ay where x, y, z are not 
all zeros, then find the value of a? + b? + c? + 2abc. 


If the following system of equations is consistent, 
(a+ 1)x + (a+ 2)y = (a+ 3) 
(a+ 1)x+(a+2)y=a+3 
x+y=l, 
then find the value of a. 
4. Solve the system of the equations: 
ax+by+ez=d 
axt+by+Cz=& 
axtby+ez=a 


Will the solution always exist and be unique? 


5. Let n and r be two positive integers such that n >r+ 2 and 
'G "Cras i r+2 
n+l Ci 


n+2 n+2 n+2 
C, Coat C,.4.2| 


A(n, r)=|""'C, nlc |. Show that 


n+2 


A(n,r) 3 A(n—1,r—1). Hence or otherwise, prove 


r+2 
3 


nt2o0 nto aort3c : 
3 3. 3 


r+2 r+l 3 
Cero, 


that A(u, r) = 


6. Show that in general there are three values of t for which the 
following system of equations has a non-trivial solution: 


(a-nNx+by+cz=0 

bx +(c-—ty+az=0 

cx tayt(b- hz =0 

Express the product of these values of tin the form of a 
determinant. 


7. Leta,, a, and f,, B, be the roots of ax'+bx+c=0 
and px? + qx + = 0, respectively. If the system of equations 
a,y + a,z =0 and B,y + B,z = 0 has a non-trivial solution, then 
prove that b’pr = q’ac. 


8. IfA, Band Care the angles of a triangle, show that the system of 
equations xsin2A+ysinC+zsinB=0,xsinC+ysin2B+zsinA 
=O and x sin B+ ysin A +z sin 2C = 0 possesses non-trivial 
solution. Hence, system has infinite solutions. 
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10. 


11. 


12. 


13. 


14. 


15. 


Objective Type 


If ax,’ + by? + cz? = ax, + by, + cz, = ax, + by? + cz2 =, 
AX, X + by y, + C22, = AX,X; + axx, + byyy, + €2,2, 
= ax,x, + by y, + cz,z, =f, then prove that 


xy My % “1/2 
(d+2f) 
my Me -a-p{ 220! 
abc 
x3 3 «2% . 
2a,b, a,b, +a,b, a,b, +.a,b, 


Let A=|a,b, + a,b, 
a,b, + a,b, 


2ayb, 
a3b, + ayb, 


a,b, + a;b,|. Expressing A 
2a3b, 


as the product of two determinants, show that A = 0. 


Hence show that if ax? + 2hxy + by? + 2ex + 2fy+c 


ah g 
=(le+my+n)(x+m'y+n),then|h b fl=0. 
g fie 


Ifina triangle, s denotes the semi-perimeter and a, b, c denote 
the lengths of sides, then prove that 


a (s~ayY (s—ay 
(s—by = — (s—b)’} =2s°(s—a)(s —b)(s—c) 
(s— cy (s—c)’ ce 
<C. FCs -*G, 
Evaluate }?C, "C, °C)). 
*C, “Cz, °C; 


—2a atb ate 
Prove that]b+a -2b b+c|=4(b+c)(c+a) (a+b). 


cta ¢e+b -2c 
ax — by -cz ay+bx CX +aZ 
Prove that} ay+bx  by-cz—ax bz +cy 
cxtaz bz+cy cz—ax—by 


=O? + y+ 2) (a+b? +0?) (ax + by + cz). 


atx b+x 
If A(x) =a, +x b,+x c+], show that A’(x) = 0 and that 


ctx 


a,+x dDy+x C,4+%x 


A(x) = A(O) + Sx, where S denotes the sum of all the cofactors 
of all the elements in A(O). 


Solutions on page 7.42 


Each question has four choices a, b, c and d, out of which only 
one answer is correct. Find the correrct answer. 


1. 


If p+q+r=0=a+b+c, then the value of the determinant 
pa qb re 

qe ra pblis 

rb pe qa 


7) 
$ 


n A> n 1 1 
7a a i yaa-wo-ae-a[tetet), 


Determinants 7,23 
a. 0 b. pa+ qb+re 
cl d. none of these 


. Ifadeterminant of order 3 x 3 is formed by using the numbers 


1 or —1, then the minimum value of the determinant is 


a. —2 b. ~4 
c.0 d.-8 
—-5 34+4i 5-Ti 
If z=|3 -4 6 8 + 7i|, then z is 
5+7i 8-7i 9 
a. purely real b. purely imaginary 


c.a+tib, wherea#0,b#0 d. a + ib, where b = 4- 


If a, 8, y are the roots of px? + gx? + r= 0, then the value of the 
ap By ya | 
determinant |By ya a} is 
ya af By 
a.p b.q 
c.0 d.r 
cos2x sin?x cos4x 


2 


When the determinant |sin?x cos2x cos? x] is expanded in 


cos4x cos*x cos2x 


powers of sin x, then the constant term in that expression is 


a. 1 b.0 
c—1 d. 2 
Ifa=cos 6+ isin 0, b=cos 29 — isin 20, c= cos 36+ isin 30 
. abe 
andif |b c a|=0, then 
c ab 
a. 0=2knr,k EZ b. 6=(2k + Iz, keZ 


ce. O=(4k + 1), k EZ d. none of these 


a b-c ctb 
If late b 
a-—b a+b c 


c—a| =, then the line ax + by +c =0 passes 


through the fixed point which is 


a. (1, 2) 
ec. (—2, 1) 


b. (1, 1) 
d. (1, 0) 


x” x" +2 x" +3 
1 


n n+2 n+3 * y a 
Zz z z 


then n equals 
a. 1 b.-1 
e.2 d. —2 


If f(x) = a + bx + cx’ and a, £, y are the roots of the equation 
abe 


x=1,then |b c al is equal to 


c ab 
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7.24 


10. 


11. 


12. 


13. 


14. 


Algebra 


a. f(a) + fB) +f) 

b. f@f(B) +fOFO) + fMFO 
. f(a) KALY) 

d. f(a) SOF) 


If [ ] denotes the greatest integer less than or equal to the real 
number under consideration, and -1 < x <0, O0<y<1, 
1 <z< 2, then the value of the determinant 


[xl¢+] bl] fal 
[x] bl+l [2 | is 
[x] bl {241 


b. Ly] 


d. none of these 


a. [x] 
c. [z] 


Let a, b, c ER such that no two of them are equal and satisfy 


2a boc 
bc. 2al=0, then equation 24ax? + 4bx + c = 0 has 
c 2a b 


a. at least one root in [0, 1] 
. 1 1 
b. at least one root in} -—, — 
2. 2 


¢. at least one root in[-1, 0] 
d. at least two roots in [0, 2] 


If p, g, rare in A.P., then the value of determinant 


ara +2p b? +2"? +34 c+p 


2" +p 4g 2q | is 
a+"t+p b+2""42¢ c-r 
a.l b. 0 
c. ab?c? — 2" d. (2 +h +c?)-2"g 


If (x,-x,)°+0,7-¥, 2 = a 
(x,-%, +0, 79,7 =2 
(x,-*4+0,-y9P =e 

x y I 


andk | x, yy 1 =(a+b+oa(b+ce-a (c+a—b) 


Xz; yz 1 
x (a+ b—c), then the value of k is 
a. | b. 2 
c4 d. none of these 


ka kta’ 1 
The value of the determinant |kb +b? Nis 
ke ke +e? 1 


a. k(a + b)(b + c)(c + a) 

b. k abc(a? + b? +c?) 

c. k(a— by\(b- ce - @) 

d. k(a+b-c\b+c—al(ct+a-—b) 


15. 


16. 


17. 


18. 


19. 


20. 


1 1 1 
Ifla boc =(a—b)(b-c) (c- a) (a+b +0), where a, b, 
eo We 
c are all different, then the determinant 
1 1 1 
(x-ay" (x—by’ (x-c)? 


(x-b)(x-c) (~-c)e-a) (@—alx—b) 


vanishes when 


1 
a.atb+c=0 b.x=7 (athe) 


ex=5(a+b+0) d.x=atbt+e 


yo-xy x 
The determinant}a 6b  c|is equal to 
ab ¢ 
bx+ay cxt+by ax+by bx+cy 
“lb’xta’y c’x+b’y “la'x+b’y b’xtc’y 
bx +cy ax+by  bxt+cy 


ax+b’y b’xt+c’y 


ax + by | 


b’x+c’y a’x+b’y 


be +c? ab ac / 
If| ab +a’ be | = ka’b?c?, then the value of k is 
ca cb a+b? 
a. 2 b. 4 
c.0 d. none of these 


If a, b and c are non-zero real numbers, then 


b’c? be bte 
A=\c?a* ca c+t.ajis equal to 
ab’ ab atb 
a. abc b. ab’c? 


c.be+ca+ab d. none of these 


-| 2 1 
The value of 3422 94909 1 | is equal to 
q292" 22/2. | 

b. -16V2 


d. none of these 


a. ZeTO 


c. Ny) 


Let (D,, D,, Dy + D,} be the set of third-order determinants 
that can be made with the distinct non-zero real numbers a, a,, 
vey Ay. Then 


b. YD=0 
i=l 


d. None of these 


nH 
a. )D= 1 
i=l 


e.D,=D, Vij 
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21. Ifw is acomplex cube root of unity, then value of 
a, t+bw aw +b ¢+bw 

Azla,tbw aw tb, c, +b, is 
a,+bw aw +b, c, +b 


a. 0 b.-1 


c. 2 d. none of these 


22. Ifx, y, z are in AP., then the value of the determinant 


at+2 at3 at+2x 
at+3 at4 at2ylis 
at+4 at+5 at+2z 
al b. 0 
c. 2a d.a 
a-xXx c b 
23. Ifa + b+c=0, one root of c b-x a 
b a c-x 
ax= 1 b.x=2 
exe @+Prc d.x=0 
24. In triangle ABC, if 
] 1 1 
cot — Sie cot — 
2 2 
tan — + tan— PN ca tan — + tan— 
2 2,2 2 


triangle must be 
b. isosceles 
d. none of these 


a. equilateral 
c. obtuse angled 


25. Ifa, b,c, d, e and fare in G.P., then the value of 


= 0), then the 


a dad x 
b? e’ y|depends on 
co f? z 
a. x and y b. x and z 
c. y and z d. independent of x, y and z 
lt+a’x (1+b7)x (+c?) x 
26. alth+ct=—2andfix)=|+a7)x 14+b? x (+c?) x1, 
(+a2)x (l+b?)x l4+e?x 
then f(x) is a polynomial of degree 
a. 0 b. 1 
c. 2 d. 3 
1 1 1 
27, The value of the determinant |"C, "* 'G, BS *C, is 
"Cs MNCS ey 
equal to 
a. l b.-1 
c. 0 d. none of these 


29.. 


30. 


31. 


32. 


33. 


34. 


2 


x x l4x 


Determinants 7.25 


Ifx#y#zand jy y* 1+y°}=0, then the value of xyz is 


zz 1+ 
al b. 2 
cl d. —2 
I+x 1 1 
Ifx#0,y#0,z#O0andjl+y 1+2y 1 |=0, then 
l+z l+z 14+3z 
x'+y!+ zis equal to 
a.—1 b. -2 
c.-3 d. none of these 
yo we xy 
The value of |p 2q 3r|, where x, y, z are, respectively, p’, 
| ae cee | 
(2q)" and (3r)" terms of an H.P., is 
a.-1 b. 0 
ce. 1 d. none of these 
Ifa,b,c,, a,b,c, and a,b,c, are 3-digit even natural numbers and 
Gg a 2b 
A=|c, a, 6], then Ais 
C; 4; »b, 


a. divisible by 2 but not necessarily by 4 
b. divisible by 4 but not necessarily by 8 


c. divisible by 8 
d. none of these 


The value of the determinant of n™ order, being given by 


x°. de ~ 1 
| oes a 
1 1 x 


a. (x—1)""' @+n-1) 
ec (l-xy! w+n-1) 


b. (x- 1)" (x +n- 1) 
d. none of these 


If a, b, c are positive and are the p®, g" and r® terms, respec- 
pos Pi Pp 


loga p 1 
tively, of aG.P., then A=|logb q_ jis 
loge rl 
a. 0 b. log (abc) 
c-(ptqtnr) d. none of these 
mx mx — p mx+p 
If f(x) = n n+p n-p |, theny=f(x) 
mx+2n mxt+2n+p mx+2n-p 
represents 


a. a straight line parallel to x-axis 

b. a straight line parallel to y-axis 

c. parabola 

d. a straight line with negative slope 
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7.26 


35. 


36. 


37. 


38. 


40. 


41. 


42. 


- ¢. negative 


Algebra 
x 3 6 2 OT 45 x 
If}3 6 x jJ=| x 7 2/=15 x 4) =0, then ‘x’ is 
6 x 3 ae ee 6 x 4 5 
equal to 
a. 0 : b. -9 
c.3 d. none of these 
x" nt? xr 
If} 1 x? a = 0, Vx ER, where n EN, then value 
xt 216 2s 
of ‘a’ is 
an b.n- 1 
antl d. none of these 
345 x 
4 5 
IfA= G2 Gahan 
5 7 
x y z 0 
a. x,y, zarein A.P. b. x, y, z are in G.P. 
c. x, y, Z are in H.P. d. none of these 
x°+2 2x41 1 
Let x < 1, then value of} 2x+1 x+2 1 Jis 
3 35> 


b. non-positive 
d. positive 


a. non-negative 


x+y Zz z 
Value of x yz x |, where x, y, z are non-zero 
y y Z+x 
real numbers, is equal to 
a. XYZ b. 2xyz 
c. 3xyz d. 4xyz 


Which of the following is not the root of the equation 
x -6 -l 
2 -3x x-3}=0? 


—3. 2x x+2 
a. 2 b. 0 
c. 1 d. -3 
x aa 
Iffx)=| a x a |=0, then 
aa x 


a. f(x) = 0 and f(x) = 0 has one common root 
b. f(x) = 0 and f(x) = 0 has one common root 
c. sum of roots of f(x) = 0 is —3a 


d. none of these 


Roots of the equation =O are 


2 & A Ww 
Yr oe. 8 
So & BS 
ee ee 


43. 


44. 


45. 


46. 


47. 


48. 


a. independent of m and n 
b. independent of a, b andc 
c. depend on m, n and a, b, c 


d. independent of m, n and a, b, c 


If a, b, c are different, then the value of x satisfying 


0 va xb) 


x ta 0 x’ +cl=0is 
x'+b x-c 0 
a.c boc 
c. b d.0 
b+e c+ta atb abe 
Iilat+b b+c ctal=kle a_ bj, then the value of k is 
cta at+b b+c boca 
a. | ‘ b. 2 
c. 3 d.4 
a b ¢ 


Suppose D=|a, 6, c,| and 


a, bs 
a+pb b+qc, Ctra, 
D'=\a,+pb, b,+qc, Cc,+ra,|. Then 
gt pW, 0, TGC, Cy 2 
a,+ pb; b,+qc, C,+7ra; 


a. D'=D b. D'= D(i — par) 


ce D'=D+pt+qtn d. D'= D(1 + pqr) 


The value of the determinant 


1 ae ae 

2 32 42 571. 
A= 1g 3 @ is equal to 

3° 4 

es 6 7 
a. 1 b. 0 
c. 2 d.3 


If a> 0 and discriminant of ax? + 2bx + c is negative, then 
a b 

A=] b c 
axt+b bx+e 0 


ax+b 
bx +c] is 


a. + ve b. (ac — bY )(ax? + 2bx + c) 
c. —ve d.0 
(AIEEE, 2002) 
Tf Gd), yy 12 Ay form a G.P. and a, > 0, for all i 2 1, 
log a, log Qn+1 log G42 
then jloga,,; loga,,4 log a,,5| is equal to 
log an+6 log Qn47 log nig 
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Determinants 7.27 


a. 0 b. 1 55. Let m be a positive integer and 
e.2 d.3 7 ar -] m om l 
CATEEE; 2005) A,=|m> —-1 2" =m + 1|@<rsm). 
49, Leta’. = xi +y, j +2,k, r= 1, 2,3 be three mutually perpen- sin? (m) sin*(m) sin°(m +1) 
xX, X X m 
dicular unit vectors, then the value of |y, y) —_y3| is equal to Then the value of dA, is given by 
Z% 2 % 
Py a. 0 b. m?- 1 
a. zero b. + 1 e2 d. 2” sin? (2”) 
c.t2 d. none of these 
sinx cosx cosx 1 n n 
50. The number of distinct real roots of |cosx sinx cosx|=0 56. IfD,=| 2k n’+n+1 rn? +n and > D, =56, 
cosx cosx sinx k-1 n apa, oo 
in the interval —7/4 <x < 2/4 is then n equals 
Pas b.2 a.4 b. 6 
c. 8 d. none of these 
cl d.3 
V43A A-1 A+3 
n-2 n-2 n-2 
51. Ifpit+ qe t+r2+sdtt=|A?4+1 2-A A-3l, then pis n Gs oo igs 
eae ‘ 57. The value of §\(-2)"| -3 1 1 |(n>2)is 
Ar -3 A+4 3A r=2 
; 2 -1 0 
equal to 
a. 2n—1 + (— 1)" b.2n+1+(-1)""! 
aE aa c.2n-3+(-1)" . ‘d. none of these 
c. 3 d. —2 
a b-y e-q . (C0 SC.” ery MAG. o 
52. Ifx, y, z are different from zeroandA=la-x b c-z 58. The value of the determinant}"C. "C,,,_ (r +2) n+2 C, a] is 
a-x b-y oc He PCL eS) n42 Ce 
; po De. 
= 0, then the value of the expression — + — + — is awtn—|] b. 0 
x Zz 
y CQ i Coane d. "Cy +°C. +°C 
a. 0 b. -1 
é1 d. 2 


yr2(z—y) x42°?-23) x*y*(y? - 2°) 
59. A, =|y?z*(y° — 2°) xz*(2°-x°) —-xy?(x° -— y®)] and 


53. If A, B, C are angles of a triangle, then the value of y=) x(xd—23)  xy?(y? - 23) 


gia iC GiB 
; ; ‘g BF 8 
ee eB -iA is : 3 : - 
giB gid Bric A,=|x" y° 2°}. Then AA, is equal to 
x7 y 2 
a. | b. -1 
ce. —2 d.-4 a. A’, b. A’, 
i eg? c. At, d. None of these 
is 2 = 
54. For the equation jx" 1 x/=0, 60. If + mi +n = 1, etc. and / 1, + mm, + nn, = 0, etc. and 
2 
ae? ae : Lom om 


ae A= mM, nN}, then 
a. There are exactly two distinct roots Be Yak 


b. There is one pair of equation real roots 6 Mee Ie 
c. There are three pairs of equal roots a. IA =3 b. |Al= 2 


d. Modulus of each root is 2 ; - GlAl=1 d.A=0 
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7.28 Algebra 


61. The value of the determinant 


62. 


63. 


64. 


65. 


66. 


67. 


(a-byY (a,-b)? (@-bY (a-by) 
(a) -b,)? (a,—b)? (a2— by) (Q—hy)” 
(a,-b,)? (a;-by)? (abs) (az—by)?| #8 
N(ag—b)? (ay— by)? (ag 83)? (ag - by)” 


a. dependant on a, i= 1, 2, 3,4 

b. dependant on b, i= 1, 2, 3, 4 

c. dependant on a; b,i=1,2,3,4 
d. 0 


be-a ac—b* ab-c? 


2 be-a’| is 


ac-b? 


The value of determinant |ac b? ab-c 
ab-c? be-a? 


a. always positive b. always negative 


c. always zero d. cannot say anything 


l+x, 1lt+xx 1+x,x° 
Value of | l+x, l+x,x 1+ x,x° | depends upon 
I+x, 1+23x 1+ x,x° 
a. x only b. x, only 
c. x, only d. none of these 
ata? abtca ca-bAl|A c -b 
Iflab-cA b? +A? be+adl|-c A a 
cat+ba be-ad c+A2|[b -a A 
=(l+a@?+b? +c’), then the value of / is 
a. 8 b. 27 
c 1 d. ~1 


cosx x 1 


fo) = |2sinx x? 2x]. The value of lim fo) 
x x 


is equal to 
tanx x 1 


a. 1 b. -1 
d. none of these 


c. zero 
b-c c-a a-b 
If the determinant | b’-c’ c’-a@’s a’ -b’ 
b’-—c" c’-@”’ a’—b”’ 
a b ee 
=mla’ b’ c’|, then the value of m is 
FF. b”’ cc” 
a. 0 b. 2 
c.—l d. 1 
x 2 x 
Let [x2 x 6| = Ax! + Bx’ + Cx’ + Dx + E. Then the value of 
x x 6 


5A+4B+3C+2D+ E is equal to 


68. 


69. 


70. 


71. 


72. 


73. 


74, 


a. Zero b. -16 
c. 16 d.-11 
x b b 
. x b . . 
If A,=|a x bjandA, = are the given determi- 
a x 
aax 
nants, then 
2 d = 
a. A, = 3(A,) b. Eoeu =3A, 
d 
c. 5 A) =3(A,) dA, 53h" 
y Wy Ye 
If y=sin mx, then the value of the determinant} y,; yy Ys |; 
Ye Yr Ye 
d"y : 
where y, = —~, is 
dx" 
a. ni’? b. m7? 
cm d. none of these 
ail 
If the value of the determinant {1b 1) is positive, then 
(a, b, c> 0) io ie 
a. abc > | b. abc > -8 
c. abc <-8 d. abc > —2 


IfA,, B,, C,, ... are, respectively, the cofactors of the elements 


a bh G 

a,,b,,¢,, --. of the determinant A = |a, b, c,|, A #0, then 
a, by 63 

C3]. 
the value of is equal to 
3 &3 
a.a,’A b.a,A 
c.a,A? ce. a7? 
2cos?x sin2x  -sinx 
Let f(x) = | sin2x 2sin? x cosx |. Then the value of 
sinx —COSx 0 


("? (FG) + folder is 


0 


a. b. 2/2 


c. 2a d. 32/2 


The number of positive integral solutions of the equation 


xt xy xz 


xy’ y +1 yz = l|lis 

xz? yz? o+l 
a. 0 b. 3 
c. 6 d. 12 


a, b, c are distinct real numbers, not equal to one. Ifax+y+z 
=0,x+by+z=Oandx+yt+cz=Ohavea non-trivial solution, 
1 


then the value of edhe 
l-a i-b l-c 


is equal to 
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a.—1 b. 1 
d. none of these 


83. Ifa, b, c are in G.P. with common ratio r, and a, £, y are in 
G.P. with common ratio r,, and equations ax + ay + z= 0, 
bx + By +z=0, cx + yy + z=0 have only zero solution, then 


c. ZEeTO 


75. If the system of linear equations x + y+ z=6,x+2y+3z=14 which of the following is not true? 
and me Sy +4z=u, uw eR) hasa Nene solution, then ar #1 b.r,#1 
ak A b.A=8, #36 ar #r, d. none of these 
cad = 8, up = 36 © d. none of these — 

76. Ifa, ,7 are the angles of a triangle and the system of equa- 84. Ifa, b, c are non-zero real numbers and if the equations 
tions (a- Ix=ytz,(b- Dy=z+x, (c- Dz=x+y have anon- 
cos Cat B)x + cos (B— p) y + cos (y- &) z= 0 trivial solution, then ab + bc + ca equals 
cos (art B)x +cos (B + Y) y + cos (y+ @ z=0 watbh+c b. abe 
sin (a+ B)x+sin (B+ Yy+tsin (y+ a) z=0 ec. 1 d. none of these 
has non-trivial solutions, then triangle is necessarily 
a. equilateral b. isosceles : 5 i 
esa meangied a: acuteangled Multiple Correct Answers Type Solutions on page 7.53 

77. Given a =xKy > 2), b = yz — x) and c = (x — y), where x, y Each question has four choices a, b, c and d, out of which one 
and z are not all zero, then the value of ab + be + ca is or more answers are correct. Find the correct answer. 
ay pat 1. Which of the following has/have value equal to zero? 
c~—1 d. none of these 

/ 2 
78. If pgr #0 and the system of equations a 24 ia - aS 
(p ta)x+by+cz=0. a. (12 3 b. |l/b b° ac 
ax +(q+b)y+cz=0 16 4 l/c c? ab 
ie ea Ba da ae a+b 2a+b 3a+b 2 43 6 
has a non-trivial solution, then value of —+—+-—is c. \2atb 3a+b 4atb d.|7 35 4 
Pqr 
Pes b.0 4at+b Sat+b 6a+b 3 17 2 
onl 2 ax 7 8e a x2 

79. The system of equations : 

ax-y-z=a-1 2. Ifg(x)s la ee" x"! then 

x-—ay-zZ=a- 1 a ert Be a 1] 

x~y~az=a-| a. graphs of g(x) is symmetrical about origin 
Hesne SOMGOn TGs b. graphs of g(x) is symmetrical about Y-axis 
a. either —2 or | b. -2 d'e(x) 

x 
cl d. not ~2 sl =0 
dx x=0 

80. The set of equations Ax — y + (cos 9) z=0, 3x + y + 2z=0, 

(cos @)x + y + 2z=0, 0 < 8 < 27, has non-trivial solution(s) d. fix) = g(x) x oe a 4 is an odd function 
a+x 

a. for no value of 4 and @ 

b. for all values of 4 and 0 we bs & 

c. for all values of 2 and only two values of 0 SASS <p oa helactine at Ads 

d. for only one value of 2 and all values of @ a & i 

81. Ifa, b, c are non-zeros, then the system of equations aatb+x 

(atax+aytaz=0,ar+(atb)y+az=0, b.2-(a-byxt+a+h? + ab 
ax Fay (a+ c)z = 0 has a non-trivial solution if Gad bea eb 
aat=-(a!+b'+c') boa'=atbt+e aeoepes 
: +b+c=1 d. : sn 
Kamin a : HOU Or Es sinOcos@ sin@sing@ cos@ 

82. Ifc <1 and the system of equations x + y- 1=0,2x-y-—c=0 IfA= Q Asi Salt 
and bx + 3by — c = 0 is consistent, then the possible real 4. =|cosGcos@ cos@sing@ —sin 6} then 
values of b are —sin@sing sin@cosd 0 
abe (-3 ;| bbe [-2. 4] a. A is independent of 0 b. A is independent of @ 

30 c. A is a constant d. 4) =0 
cbe (-2. 3 d. none of these dO |p 2/2 
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7.30 


10. 


Algebra 
cosa —sing 1 
If g(a, B) = sina cosa 1 |, then 
cos(a+B) —sin(a+B) 1 


a. f(300, 200) = (400, 200) 
c. f(100, 200) = (200, 200) 


b. (200, 400) = (200, 600) 
d. none of these 


a +x ab ac 
The determinant A=| ab b?+x be | is divisible by 
ac bo +x 
a.x b. x? 
cx? _ d. none of these 
a -1 0 
Ifftx)=|ax a —Ij, then (2x) — f(x) is divisible by 
ax” ax a 
a.x b.a 
ce. 2a + 3x d. x? 
1 l+ac 1+be 
A=|l 1+ad 1+bd| is independent of 
1 l+ae 1+be 
a.a b.b 
cc, d, e d. none of these 


ff) 
(x-a)(x-b)(x-c)’ 
degree < 3, then 


If g(x) = where f(x) is a polynomial of: 


l a f(alogix-al [i a @ 


a. fa(xidx=|l b f(b)loglx—bi=|l bb +k 


lc f(c)logix—-cll lt ee ¢? 

1 a flalx-ay’*| |a’ a l 
bp, Ee = b f(blx-by’|=|b? b 1 

lc f(elx—cy*| |e? c 1 

l a fla\x-a)y? laa 


a, f(b\x—by?|=|l bb? 
loc f(clx-c)?] Il ¢ ¢ 


“tl a f(a)logix-all |@ a 1 


d. [g(xdx=|l b f(b)loglx—bl]+|b° b +k 


lc f(c)loglx—cll |e? ¢ 1 
x? +4x-3 2x44 13 
If A(x) = 2x7 +5x-9 4x45 26/=a04+bet+extd, 
8x? -6x+1 16x-6 104 
then 
aa=3 b. b=0 
ec=0 d. None of these 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


sin@ cos@ sin@ 
If (8) =|cos@ sin@ cos@}, then 
sin@ 


cos@ sin@ 


a. f(@) = 0 has exactly 2 real solutions in [0, z] 


‘b. f(@) = 0 has exactly 3 real solutions in [0, z} 


c. range of function ae is [2 PP) ] 


1—sin26 
d. range of function _ FQ) is [-3, 3] 
: sin26 -1 
sin?A cotA 1 
If ff) =|sin?B cosB 1}, then 
sin*C cosC 1 
a.tanA+tanB+C b. Cot A cot B cot C 
c. sin? A + sin? B + sin? C d. 0 
i Se ag 6 sy Co 
The roots of the equation |**'C,  "C, —-"C,_, | =O are 
xt20 ntl ntl : 
ax=n bx=nt+l 
ax=n-1 d.x=n-2 
3 3x 3x? + 2a? 
If f(x)=| 3x 3x? +2a? 3x3 + 6a°x , then 
3x2 42a? 3x3 4+6a?x 3x4+12a’x? +2a4 
a. f(x) =0 


b. y = f(x) is a straight line parallel to x-axis 
c. [5 f(xde =32a° 


d. none of these 


ye-x? wey gy-2] I? ow we 
If xz-y" xy-Z ye~ x7} =u? r’ u?|, then 

y—-2 oye? ox yl be ? 
ar=axtytz braxrty4+2 
cw = yzt+ax+xy d. uv? = xyz 

n n+] n+2 
Let fin) =|"P, "'P,, "**P,,,| where the symbols have 
‘ C, his one sae! Be 

their usual meanings. Then f() is divisible by 
arwt+nt+1 b. (n+ 1)! 
cn! d. none of these 
If a, b, c are non-zero real numbers such that 

bce ca ab 

ca ab bc |=0, then 


ab be ca 
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18. The values of k eR for which the system of equations 
xtky +32=0, kx + 2y + 2z =0, 2x + 3y + 4z = 0 admits of 
non-trivial solution is : 


a. 2 b. 5/2 
c.3 d. 5/4 
cos(9+@) —sin(@+) cos2¢| — 
19. Ifdeterminent| sin @ cos 8 sin @ | is 
—cos6 sin@ cos @ |. 
a. positive b. independent of 0 


c. independent of d. none of these 


Reasoning Type § 


Each question has four choices a, b, c and d, out of which only one is 
correct. Each question contains STATEMENT J and STATEMENT 
2. 


" Solutions-on page 7.55 


a. Both the statements are TRUE and STATEMENT 2 is the correct 
explanation of STATEMENT 1. 

b. Both the statements are TRUE but STATEMENT 2 is NOT the 
correct explanation of STATEMENT 1. 

c. STATEMENT 1 is TRUE and STATEMENT 2 is FALSE. 

d. STATEMENT 1 is FALSE and STATEMENT 2 is TRUE. 


1. Statement 1: If A, B and C are the angles of a triangle and 


l | 1 


1+sinA 1+sinB 1+sinC |= 0, then triangle 


sinA+sin2A sinB+sin?B sinC+sin°C 


may not be equilateral. 


Statement 2: If any two rows of a determinant are the same, then 
the value of that determinant is zero. 


2. Consider the system of the equations kx+y+z=1,x+ky+z=k 
andx+y+kz=F. 
Statement 1: System of equations has infinite solutions when & =1. 
1 1 1 


Statement 2: If the determinant|k & 1|/=0,thenk=-l. 


Rol k 
0 xa xb 
3. Consider the determinant f(x) = x +a 0 x +e 
xitb x-c 0 


Statement 1: f(x) = 0 has one root x = 0. 


Determinants 7.31 


Statement 2: The value of skew-symmetric determinant of odd- 
order is always zero. 


4. Statement 1: If the system of equations 
Ax + (b-a)y + (c-a)z=0, (a—b)x + Ay + (c— b)z = 0 and (a—c) 
x+(b-—c)y + Az = 0 has a non-trivial solution, then the value of A 
is 0. 
Statement 2: The value of skew-symmetric matrix of order 3 is 
zero. 
my+nz mgqtnr mb+nc 
5. Statement 1: A=|kz—mx kr—mp 
—nx—ky —np-—kq 
Statement 2: The value of skew-symmetric matrix of order 3 is 
zero. 


kc — ma| is equal to 0. 
—na — kb 


6. Statement 1: If bc + gr=ca+rp=ab+pq=—l, 
ap a Pp 
then |jbg b g|=0 


cr ¢c fF 


(abc, pqr # 0). 


Statement 2: If system of equations a,x + by +c, =0, 
axt boy +¢,= 0, a,x + b,y +¢,= O has non-trivial solutions, 


jy Bb 
ay by ©,)=0 
a, db, 6; 


7. Consider the system of equation x + y+ z=6,x + 2y + 3z = 10 
and x+2y+Az=y. 


Statement 1: If the system has infinite number of solutions, then 
“w= 10. 


1 1 6 

Statement 2: The determinant |l 2 1!0/=0 for y= 10. 
1: 2. , 
athx ax+bh ¢ 


8. Consider the determinant A=|a,+b,x* a,x? +b, c)|=0, 


2 2 
a,+b,x° ax +b, Cc; 


where a,, b, C, ERG=1,2,3)andxeR. 


Statement 1: The values of x satisfying A = 0 are x= 1, —1. 
a b 
Statement 2: If ja, 6b, c,{=0,thenA=0. 


a, b, ¢; 


3 3 3 


Linked Comprehension Type BRR Raa casera 


Based upon each paragraph, three multiple choice questions have 
to be answered. Each question has four choices a, b, c and d, out of 
which only one is correct. 


For Problems 1-3 


xX+C, xX+a xta 
fx) =|x+b xtc, xtaland g(x) =(c,— x)(c,— xc, ~ x) 
x+b xt+b xtc; 
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L- Coefficient of x in f(x) is 


9, 8O—F(b) p, 89-8) 
b-a b-a 
c. (a) ~ gb) d. none of these 


b-a 


2. Which of the following is not a constant term in f(x)? 
 g, 28(a)~ag(b) p, 28(@)= afb) 


EG) (b—a) 
c. bf(=a) ~ ag(b) d. none of these 
(b-a) ES 


3. Which of the following is not true? 
a. f(— a) = g(a) b. f(-a) = g(-a) 
ce. f(—b) = g(b) d. none of these 


For Problems 4-6 


atx ab ac 
’ Consider the function fiy)=| ab b? +x be 
ac be +x 


4. Which of the following is true? 
a. f(x) = 0 and f(x) = 0 have one positive common root. 
b. f(x) = 0 and f(x) = 0 have one negative common root. 
c. f(x) = 0 and f(x) = 0 have no common root. 
d. None of these. : 


5. Which of the following is true? 
a. f(x) has one +ve point of maxima. 


b. f(x) has one —ve point of minima. 
c. f(x) = 0 has three distinct roots. 


d. Local minimum value of f(x) is zero. 
6. Jn which of the following interval f(x) is strictly increasing? 
b. (- 20, 0) 
d. None of these 


a. (—00, 00) 
c. (0, 2) 


For Problems 7-9 


Given that the system of equations x = cy + bz, y = az + cx, 5 = bx 
+ ay has non-zero solutions and at least one of the a, b. ¢ is a proper 
fraction. 


7 w+bt+cis 


a. >2 c. >3 

d. <3. d. <2 
8. abc is 

a.>-l b.>1 

c. <2 d. <3 


9, System has solution such that 


a. xyz = (1 — 2a*):(1 — 267): — 2c’) 


Ip se he et 
1-2a? 1-2b? 1—2c? 


Db. axis = 


a bc 
ta? 1-B? 1-¢? 

d. xyz = ieee -Vil—b? Vl-c 
For Problems 10-12 


Consider the system of equations 


GAZ = 


X+y+z=6 

x+2y+3z=10 

xX+2yt+dAgap 
10. The system has unique solution if 

aAF3 b.A=3, n= 10 

c.A=3, 4710 d. none of these 
11. The system has infinite solutions if 

arAFt3 b.A4=3,u=10 

c.A4=3,u# 10 d. none of these 
12. The system has no solution if 

aA#3 b.2 = 3, = 10 

e4=3, uF 10 d. none of these 


For Problems 13-15 
Let a, # be the roots of the equation ax? + bx +c =0. Let S =a" + p" 
3 1+S, 1+58, 
forn>1andA=|1+S, 1+S, 1+5,}. 
1+S, 1+8; 14+58, 


13. If A <0, then the equation ax’ + bx + c = 0 has 
b. negative real roots 
d. imaginary roots 


a. positive real roots 
c. equal roots 


14. If a, b, c are rational and one of the roots of the equation isl+ “fe: ; 
then the value of A is 


a. 8 b. 12 
ce. 30 d. 32 
15. If A> 0, then 
a. fil) >0 b. fl) <0 
ce. fll) =0 d. cannot say. anything about f(1) 


For Problems 16-18 


—bc b’+be c +be 
LetA=|a?+ac  ~ac  c* +ac\and the equation 


a +ab b’+ab° -ab 
px’ + gx+rx+s =0 has roots a, b, c, where a, b,c € Rt. 


16. The value of A is 
a. P/p? b. F'/p* 


c.— sip d. none of these 


17. The value of A is * 
a. <9r/p? 
c. < 27s/p* 


b. = 2787/p? 


d. none of these 


18. If A =27 and a? + b? +c? =2, then 
a. 3p +2q=0 
c.3p+q=0 


b. 4p + 3g =0 
d. none of these 
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For Problems 19-21 a. (7/16, 00) b. (2, 15/16] 
Consicler the polynomial function 

(+x (42x 1 
fwo= 1 (l+x)° d+ 2x)? , a, b being positive integers. 


(1 +2x) 1 (l+x)* Matrix-Match Type Solutions on page 7.59 


19. The constant term in f(x) is 


c. (3/4, 2) d. none of these 


a. 2 b. 1 Each question contains statements given in two columns 
eee d.0 which have to be matched. Statements a, b, c, d in column I 
20. The coefficient of x in f(x) is have to be matched with statements p, q, r, s in column II. If 
a. 24 b. 24-3 x 24] the correct matches are a—p, s, b—r, c—p, q and d—s, then 
cO d. none of these the correctly bubbled 4 x 4 matrix should be as follows: 


21. Which of the following is true? 
a. All the roots of the equation f(x) = 0 are positive. 
b. All the roots of the equation f(x) = 0 are negative. 
c. At least one of the equation f(x) = 0 is repeating one. 
d. None of these. 
For Problems 22-24 


xXx nN Tr 


Ifx>m,y>n,z>r(x,y,z>0) such that |m y rj=0. 


mn z 
22. The value of —~—+—2- +—*_ is anes 
: xX-m y-n z-r . x -+sinx) - cosx|- 
a. 1 b. -1 a. Coefficient of xin fx) =11. log+x) ° 2 
c. 2 d. -2 x Le? 0 
23. The value of ae 1+ aes 1+ i is oy 
x-m y-n Z-r- “| 1 3cosé 1 
a.—2 b.4 b. Value of|sin@ = 1 ~~ 3cos@Jis 
c. 0 d.-1 1 sin@ 1 
24. The greatest value of ave is 
(x-m)(y—n)(Z-1r) xta x*41 1 
a. 27 ee c. Ifa, b, carein AP. and ftx)=|x+b 2x?-1 1 
64 a then (0) is xtc 3x7-2. 1 
CS d. none of these Le ; se 
27 
ee Se : 
For Problems 25-27 alfji- x 6 | =axttartar+axta,, 
Suppose f(x) is a function satisfying the following conditions: x x x41 
(i) fi) = 2, fC) me 1, then a, 1S 


(ii) fhas a minimum value at x = 5/2 
2ax 2ax—1 2axt+b+1 
(iii) For all x, f(x) = b b+1 -| 


2ax+b) 2ax+2b+1 2axt+b a. The value of the determinant 


25. The value of f(2) is xX4+2 x+3 x+5 


jWxt+4 x+6 x+9/is 


ait Be x+8 x41] x+15 
c.-1 d.3 ; 
; b. If one of the roots of the equation 
26. f(x) = 0 has 7 (6 x-13 
a. both roots positive __b. both roots negative | 2 x’ -13 2 |=Oisx+ 2, then 
c. roots of opposite sign d. imaginary roots x -13 3 7 


sum of all other five roots is 


27. Range of f(x) is 
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c. The value of 
V6 2i 


2 3+V6 |is 
Viz v3+vBi 


342+ Voi 
V27 +23, 


Vis \2+Vi2 i 


cos’ 6 : cosOsin@ —sin@ 
dit KO) = cos@sin@ sin? @ cos@ | , 
oe sind _—cos@. 0 


“then fa/3) 


a. 


Column II 


1/c Ie -(a+b)/c? 
~(b+e)/a Va Wa 
~b(b+o)la’c (a+2b+e)/ac —b(a+b)/ac? 


p. independent 
of a 


is 


sinacosb sinasinb cosa ae Yous 
q. independent 
of b 


b. |cosacosb cosasinb —sinalis 


—sinasinb sinacosb 0 


- 1 


sinacosb  sinasinb cosa 
_|_=60sa cosa sina | r. independent 
“|sin?acosb  sin’asinb cosa ofc 
‘sinb —cosb 


sinacos?b. sinasin?b 


d. If a, b, and ¢ are the sides of a triangle and A, 
B and C are the angles opposite to a, b, and ¢, 
respectively, then 


s. dependent. 
a bsinA csinA on.a, b : 
A=|bsinA | 


csinA cos A 1 


Integer Type 


1. Let @, , yare the real roots of the equation x° + ax° + bx +c=0 
(a,b,c € Randa #0). If the system of equations (in w, v and w) 
given by 


cosA 


Solutions on page 7.60 


au+ By+yw=0 
Bu+yvt+aw=0 
yu+ avt+ Bw=0 
has non-trivial solutions, then the value of a’/b is. 
4 4 4, 


2. Ifa), ay 45,4, dg a, 


d,a,aeinHP.,andD=|5 4 a, 

a, ag ay 
then the value of [D] is (where [ ] represents the greatest inte- 
ger function) 


10. 


11. 


12. 


13. 


14. 


. LetD,=|c d ctd| andD,=|b d 


. If A= {sind 1 


(B+y-a—6)) (B+y-a-6) 1 
If |(yt+a-B-6)* (y+a-B-éy 1 
(a+B-y-5)) (@+p-y-d) | 
=-k(a— B) (a- f (a- 8) (B- 9 (B- 9) (y- 8), 
then the value of (4)'” is. 
Absolute value of sum of roots of the equation 
x+2 2x+3 3x+4 


2x+3 3x+4 4x45 
3x+5 5x+8 10x4+17 


=0 is. 


The value of lad for which the system of equation 
a+yt+z=a-)1 

xt+ay+z=a-1 

xty+az=a-1 

has no solution, is. 

Sum of values of p for which, the equations: x + y + z = 1; 
x+2y+4z=pandx +4y+ 10z =p’ have a solution is. 

Three distinct points P(3u’, 2u3) ; Ov’, 2v3) and R3w?, 2w>) 
are collinear then uv + vw + wu is equal to. 


ab atb ae ate 
b+d 


ac atbt+e 


then the 
ab a-b 


2 


value of is where b # 0 and ad # bc, 


1 3cos@ 1 


3cos@} , then the value of (Aon /2 is. 
1 sin@ 1. 


xX  xty 
If |2x 3x+2y 
3x 6x+3y 


x+yt+z 
4x+3y+2z]= 64, then the real value of xis. 
10x + 6y + 3z 


Ifa,a 


19 yy Gy, Q,, are in A.P. and : 


aa5 a a, A249 4, 3 


A, =|@)4, 4 4, 


3 


A; =|a3q, 4; ay 
434, 43 a4 G34). aq as 
then A,: A, = 


x yt? gt 


wanted wet ay 
If y" a y" 5 5 I 
z" nt+2 gue J * : 


z 


then — 77 is. 
a b 2c f 2d e 

Given A=|d e 2f|,B=|2n 4! 2mi, then the value of 
£ m 2n c 2a b 

BIA is. 


2x1y Xi¥q t%QV,  XY3 TAZ), 
X2Y3 + X3Yo) Is. 


2x33 


The value of |+4,¥2 + xy, 
X\¥3 + 3); 


2X5) 


Xn V3 + X3Y2 
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15. 


If Cl taxt+bxy=a,tar+ a0 ++ +ag%, where a, be dy, 
a 4 a 

A,2 1 AE R such thata,+a@,+4,#Oand |a, a, 4% =0 
a a & 


then the value of ore is. 


Solutions on page 7.62 


Subjective Type 


1. 


For what value of k do the following system of equations 


posses a non-trivial (i.e., not all zero) solution over the set of 


rationals Q? 
xtky+3z=0 
3x+ky—2z=0 
2x + 3y-4z=0 
For that value of k, find all the solutions for the system. 
(IIT-JEE, 1979) 


2. Leta, b,c be positive and not all equal. Show that the value of 
abe 
the determinant |b c  ajis negative. 
c a b (IIT-JEE, 1981) 
3. Without expanding a determinant at any stage, show that 
wax xt+l x-2 
2x2 43x—-1 3x  3x—3|=xA +B, where A and B are 
xe+2x+3 2x-1 2x-1 
determinants of order 3 not involving -x. (IIT-JEE, 1982) 
4. Show that the system of equations 3x — y + 4z = 3, 
x +2y — 3z=-2, 6x + Sy + Az = 3 has at least one solution 
for any real number A. Find the set of solutions if A =—5. 
(UT-JEE, 1983) 
. Cc, : Cre : Ch42 : C, a Cy sls C42 
5. Show that |"C, "C.gy "Coaal=["C, "Car PP Caal- 
°C, . "Coat “Char *C, NC a said Saher 


(HT-JEE, 1985) 


Consider the system of linear equations in x, y and < given by 
(sin 36)x — y +z = 0, (cos 20)x + 4y + 325 0, 2x +7) + 7z=0. 
Find the values of @ for which the system has a non-trivial 
solution. (IIT-JEE, 1986) 


. Let the three-digit numbers A28, 3B9 and 62C, where A, B,C 


are integers between 0 and 9, be divisible by a fixed integer k. 


A 3 6 
Show that the determinant |8 9 C| is also divisible by the 
2 B 2 


same integer k. (IT-JEE, 1990) 


10. 


11. 


12. 


13. 


14. 


Determinants 7.35 


p be 


Ifatp,b#q,c#rand ja q c)=0, then find the value of 


abr 
Pee) tee St (IIT-JEE, 1991) 
p-a q-b r-ce 
nt (ntl! (n+2)! 
For afixed positive integern,ifA=|(n + LD! (n+2)! (n +3)! 
(n+2)! (n+3)! (n +4)! 
A Sve S03) ite 
then show that 774] is divisible by x. 
(n}) 
(IIT-JEE, 1992) 


Let J and a be real. Find the set of all values of 2 for which 
the system of linear equations 2v + (sin av + (cos a)z = 
0, x + (cos ay + (sin az = 0, —v + (sin ay — (cos az = 0. 

(UIT-JEE, 1993) 


For all values of A, B, C and P, Q, R show that 
cos(A-P) cos(A-Q) cos(A-R) 
cos(B-P) cos(B-Q) cos (B-R)| =0 


cos(C-P) cos(C-Q) cos(C-R) 
(IIT-JEE, 1994) 


Let a>0,d> 0. Find the value of the determinant 


1 l 1 


a a(at+d) (at+d)(at+2d) 
se yo een! 
(atd) (atd)at+2d) (at+2d)a+3d) 


1 l 1 
(at+2d) (at+2dyat3d) (at+3d)\a+4d) 


(IT-JEE, 1996) 


bce ca ab 


Find the value of the determinant |p q where a, band 


re re | 
c are, respectively, the p®, g"" and r" terms of a harmonic pro- 
gression. (IIT-JEE, 1997) 


Prove that for all values of @, the value of the determinant 


sin@ cos@ sin 20 


sin 9122) cos 0+ sin( 20+ 0: 
3 3 3 
sin( 0-2 cos( 9-2 sin( 20-* 

3 3 3 


(IIT-JEE, 2000) 
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7.36 Algebra 
Objective Type 
Fill in thze blanks 
243A A-1 A4+3 
1. Let p+ gR +r? t+slt+t=| A+1 -2A A-4| bean 
A-3 A+4 3A 


identity in 1, where p, g, r, s and fare constants. Then, the value 
of 7 is 


(HIT-JEE, 1981) 
: jl 4 20 
The solution set of the equation || -—2 5 |=0 
1 2x 5x? 


is ; (IIT-JEE, 1981) 


A determinant is chosen at random from the set of all determi- 
nants of order 2 with elements 0 or | only. The probability that 
the value of determinant chosen is positive is 


(IIT-JEE, 1982) 


x 37 
Given that x = —9 is aroot of |2 x 2/= 0. The other two 
7 6 x 
roots are and ; 
(HIT-JEE, 1983) 
The system of equation 


Axt+y+z=0 
—xtiy+z=0 
-x-y+iz=0 


will have a non-zero solution if real values of J are given by 
(IIT-JEE, 1984) 


1a a—be 


. The value of the determinant |l1 b 6? —cal is 


lc c-ab 


(IIT-JEE, 1988) 


. For positive numbers x, y and z, the numerical value of the 


1 log. y log, s 
determinant log, x | log, = iS 
log. x log.) 1 
(IT-JEE, 1993) 
1 tan @ 1 
. If f(@) = |-tané@ I tan 6}, then the set 
=] —tan@ 1 


{re.0s0<4| is 
(IT-JEE, 2011) 


True or false 


1. 


loa be la @ 


cajand| 1 b 5} are not identi- 
2 


The determinants|1 b 


1 c¢ ab l ce 


cally equal. 
(UT-JEE, 1983) 


x y WY ja & 1 


If jx, y, l}=|a, ob, 1), then the two triangles with verti- 


x3 Ys Yo ja, b& 1 
ces (X,, Y,)s (Xy Yo) (Xp Y,) and (a, b,), (@,, B,), (a, 6,) must be 


congruent. 
(IIT-JEE, 1985) 


Multiple choice questions with one correct answer 


1. 


5. 


Consider the set A of all determinants of order 3 with entries 
0 or | only. Let B be the subset of A consisting of all determi- 
nants with values ~1. Then : 
a. C is empty 
b. B has‘as many elements as G 
cA=BUC 
d. B has twice as many elements as elements as C 

(IT-JEE, 1981) 
If w (4 1) isa cube root of unity, then value of the determinant 


1 +i+@ @? 


1-i -1 
-i -i+@-l -l 


@” —1| is 


a. 0 b. | 
Cut d. @ 


(IIT-JEE, 1995) 


Let a, b, c be the real numbers. Then following system of 


2 2 2 2 2 2 
: : x Zz x Zz 
equations in x, y and z, = +25 See wa) ere = =: =; 
- a b c a b c 
2 2 2 
x z 
aoe +5 +—=1, has 
a b c 


a. no solution b. unique solution 
d. finitely many solutions 


(IIT-JEE, 1995) 


c. infinitely many solutions 


xpty x y 
The determinant] yp + z y z |=O0if 


0 xp+y ypt+z 


a. x, y, z are in A.P. b. x, y, zare in G.P. 
d. xy, yz, zx are in A.P. 


(IIT-JEE, 1995) 


ce. x, y, Z are in H.P. 


The parameter, on which the value of the determinant 


2 
1 a a 


cos(p—d)x cos px  cos(p+d) x] does not depend, is 


sin(p—d)x sin px sin(p+d)x 
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10. 


11. 


12. 
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ad b. p 
cd d.x 
(IIT-JEE, 1997) 
I x x+1 
. I flx)=} 2x x(x-1) (x+1)x | then 


Bx(x-l x(x-V(x—-2) (x +1) x(x-]) 
(500) is equal to 
a. 0 
ce. 500 


b. | 
d. —500 
(IIT-JEE, 1999) 


. If the system of equations x — ky—z=0,kx-y—z=0, 


x+y—z =Ohas a non-zero solution then the possible values 
of k are 


a.—1,2 b. 1,2 
c. 0, 1 d.-1, 1 
(IT-JEE, 2000) 
. Letwo= — : +i eH . Then the value of the determinant 

1 1 1 

1 -l—@ ois 

1 @ @ 
a. 3a b. 3@(@ — 1) 
c. 30? d. 3@(1 — @) 


(IIT-JEE, 2002) 


. The number of values of k for which the system of equations 


(k + 1)x + 8y = 4k; kx + (k + 3)y = 3k — 1 has infinitely many 
solutions is 


b. 1 
d. infinite 


a. 0 
c. 2 

(IT-JEE, 2002) 
If the system of equations x + ay =0,az+y=Oandax+z=0 
has infinite solutions, then the value of a is 


b. | 


d. no real values 


a.-1 
c. 0 


Given 2x-y+2z2=2,x-2y+z=-4, x+y +42 =4 then the 
value of A such that the given system of equation has no solu- 


"tion is 


a.-3 b. | 
c.0 d.3 
(IIT-JEE, 2004) 
64 -3i 1 
If|4 3% —l) =x+ Jy, then 
20 3 i 
ax=3,y=1 box=I,y=3 
ex=0,y=3 d.x=0, y=0 


(IIT-JEE, 1998) 


Determinants 7.37 


Multiple choice questions with one or more than one correct 


answer 
a 


1. The determinant | b 


b aatb 
c ba +c|=0, if 


aat+b bat+c 0 


a. a, b; c are in A.P. 
b. a, b, c are in GP. 
c. a, b, c are in H.P. 


d. a is a root of the equation ax? + bx+c=0 © 


e. (x — a) is a factor of ax? + 2bx + ¢ 


Matrix-match type 


(IIT-JEE, 1986) 


This question contains statements given in two columns which 
have to be matched. Statements a, b, c, d in column I have to be 
matched with statements p, q, r, s in column IJ. The answers to 
these questions have to be appropriately bubbled as illustrated in 
the following example. If the correct matchs are a—p, a—s, bq, 
b—r, cq, d—s, then the correctly bubbled 4 x 4 matrix should 


be as follows: 


1. Consider the following linear equations: 


ax + by+cz=9 
bx +cy +.az=0 
cxtayt+bz=0 


Match the expressions/statements in column | with expres- 


sions/statements in column II. 


(IIT-JEE, 2007) 


(— 
Column I 


Column IT 


aatb+c#Oand@’+h’ 
' +C=ab+bc+ca | 


p. the equations represent planes 
meeting only at a single point 


batb+c=Oanda+h? 
+C#ab+bet+ca 


a linex=y=z 


q. the equations represent the 


catb+c#O0and@?+h+c° 
#ab+bce+ca Pe 


r. the equations represent 
identical planes 


-diatb+c=Oande+h 
+C=ab+bce+ca 


s. the equations represent 
the whole of the three- 
dimensional space 


I nteger type 


2 
1. Let @ be the complex number cos isin 


Then 


the number of distinct complex numbers z_ satisfying 


2 


ztl (a) oOo 
o zto 1 

ys 
or I Z+O 


=0 is equal to 


(IT-JEE, 2010) 
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738 Algebra 


Subjective Type §f 


1. Applying R, — R,— R,, we have 


x2 —@? yp? eae 
A=| (x-ay (x—by (x—cy 
6x2a+2a> 6x7b+2b* 6x7c+2c° 


; 1 
Applying R, > Pai then R, + R, + R,, we get 


va v-b r-c 
Ax=2\x3 43x02 x 4+3xb? x 43xc? 
Beata 3x°b4+b? 3xr%c+0° 


Applying R, — (1/x) R, and then C, + C,-C,, C,3C,-C, 
we obtain 


2 
a c. 


3(c? — a”) 


3x2(c-a)+c-a 


2 2 
xa a -b 


A=2x| x? +3a? 3(b? — a’) 


3xr°ata 3x7(b—-a)+b?-a ° 


3 


x-a —(at+b) 
=2x(b- a)(c—a) x? +3? 3(b +a) 
3x°ata? 3x°+b?+abt+a 
—(a+c) 
3(¢ +a) 


3x4 C+ a? +ac 


Applying R, > R, + 3R,, and R, > R, + aR,, we get 


_|xt-a -(at+b) -(atc) 
A=2x(b-a)(c-—a)xX 4x? 0 0 
4x°q 3x7 +b? 3x? +c? 


Expanding along R,, we have 
A= 8xb—al(c ~a){(a + b)3x' +c?) — (a + c)(3x° + b*)} 
= 8x(b — a)(c — a) {3x°(b — ¢) + ac? + be? — ab’ — cb} 
= 8x(b — ale — a){3x°(b —c) + be(c — b) + alc - b°)} 
= 8x(b — a)(c — ab — c){3x? — (be +. ac + ab)} 


As a, b, c are distinct, A = 0 gives x = 0 or x’ = 1/3(bc + ca + 
ab). If ab + be + ca <0, the only real root is x = 0. If ab + be + ca 


> 0, roots arex =0, + [5(be-+oa+ ab), 


2. Applying C, > C,-(C,- C,) and C, > C,-(C, + C,), we get 


ANSWERS AND SOLUTIONS 


a cu 0 0 
flee b 0 0 
“la-b b-c at+ce-2b 0 
x y ztx-y 1 
a c 0 
=| c b- 0 (expanding along C,) 


a-b b-c at+c-—2b 


=(a+c-—2b)(ab — c’) 
A=0 ad 
=> at+c-2b=0 
or ab-c?=0 
=> a,b,careinA.P. ora,c, b are in GP. 


(expanding along C,) 


laa@ 


3. Wehave [lL b b?|=(a-—b)(b-c)(c—a) 


lee 


L.H.S. =——————_ 
(a—b)(b—c)(c- a) 


‘ ke -b) , fYa-o , fOb= 2| 


(x-a) (x—b) (x-c) 
(expanding along C,) 
From R.H.S. by partial fractions, we get 
RHs.= ——/@™ 
(x-a)(x— b)(x—c) 
= A + Bi + [since degree of f(x) is less than 3] 
x-a x-b x- 
Then, 
_[__f@ ___ fa) 
(x—b){x-c)],_-, (a-b)(a-c) 
Similarly, 
___ fe) 
(b-a)(b—c) 
and 
J. SS 
(c-ay(c—-b) 
R.H.S 


 (a—b\(b-c)(c-a) 


[=P F@ , @-o)f 0) , b- af) 
(x-b) (x—b) (x-c) 


Hence, L.H.S. = R.H.S. 
24, +34yam + 4a 


ay, at Ayam uy Qys2m pra opt2n 
4. D=| 4,4 Qy4m +g42m 24g + 344m + 44g42m 
QF Opn + Ape2m 24, + 30pm + 4G, 2m 

4a, + IA pam + 164,42 

4a, + gam + 164).2m 


4a, + 94,44, + 164,29 


downloaded from jeemain.guru 


ay a Qotm +4y.2m Gaim + 24 n42m Sap4m + 124,.9m 
= ay + Go+m + Qa+2m Qaim + 24542m 5Ay 4m cs 124,,9m 
a, + Gram + G42m Grim te 24,42m 54, 4m + 124, 
[Applying C, + C,-2C, and C,— C,-4C)] 
Ay ~ Ay 2m ao+m + 24 542m 2A p42m 
= 14g ~4o42m — Uam t 2a542m 24542m 
A, -Ars9m Fam + 24,42m 24,42m 


[Applying C, > C,-C,, C, > C,-5C,] 


1 
Applying C, > C, - C,, then C, + C, + —C,, then taking 2 
common from C,, we get 2 


a 


Determinants 


Now, 
n-r a crG see GN 
A(n -r, 0) = EG RPC, meas 6 
n-rt2 Cy n~r+2 CG n-r+2 a 
1 
1 n-r aa-rMa-r—l) 
1 
=|1 n—-r+li prt D@-r) 


1 n-r+2 Smart 2(n—r+) 


lo on-r S(n=Win-r=1 


7.39 


Pp ptm pt2m 
D=2 Ag Agem — Agzrm 
r rem Ere 2m 
a, F 242m — 24 pm Qnim Qo42m 
=2 a, + Qg42m ea 28g 4m Ao4m o+2m 
4, + Oe 49m — 244m Grem  Fr42m 


[Applying C, > C, + C,-2C,] 


a 


ptm p+2m 
= 2/0 Gg4m — Ug+2m 
0 Fram Fram 
(as yr myo Fy 2 WE in A.P. like others) 
=0 
5. We know that 
nt! 
"C, ao C,-1 
r 
nM n-l n n-l n n-| 
_ C, : Cc 
r rT r+ " 7+2 
n+l n+l n+i 
A ; = n C,_ n C n Cc, 
i) r ! r+l 7 r+2 mi 
a+2 n+l Ce n+2 n+l ‘ n+2 ntl Coa 
r r+l r+2 
1 2 
ST Ee r-D 
r(r+)(r +2) 
n+2 
ra 3 
= FC, A(n-1, r-~]) (1) 
Repeating the process, we have 
el a ntl ‘ 
A(a,r) rac, Fc A(n—2, r—2) 
n+2 ntl n an-r+3 : 
Cc Cc; "C. 
— 2A(n-r, 0) (2) 


eG al 6 2G; °C, 


={0 1 n-r 
1 n-r+] 
(R, > R,-R,, R,->R,-R,) 
=n-rt+l1-nt+r=1 (3) 


Hence from (2) and (3), we get 


cnt? C; yt C;) - (re C;) 


A(a, r) = 
(n r) CGC CC C3 


6. The given system of equations will have a non-trivial solution 
if the determinant of coefficients 


a-t b c 
A=| b c-t a|s=0 (1) 


c a b-t 


A= 0 is a cubic equation (equation of degree 3) in ¢ so it has 
in general 3 solutions. Let r,, t, and t, be the solutions and 


A=p,i+p.+p,ttp, (2) 


Clearly, coefficient of 1° is p, =-1. So 


ttt, =— ay = p,; [constant term in the expansion of A, i.e. 
A(t = 0)) 
Hence, 
abe 
hthht,=|b c a 
cab 


7. Clearly a, + a, =—b/a, a,a, = cla and B, + 8, =—-q/p, BB, = rip. 


- System of equations a,y + a,z = 0, B,y + £,z = 0 has a non-trivial 
solution. So, 


Qa a, : 
=0,i¢.,4,8,-af,=0 

BB, : 

ge Se 
a, By 
a eo. a+ a a, 

= SAG, _ (A, 
B PB B,+B, B,B, 
a+ 

a tH _ (MO, 


B, +B, BiB, 
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7.40 Algebra 
—bla cla : d f f 
-qip \rip ; =—|f d f 
abc 
Pp ad 
= Pbpr=qac 
8. Determinant of coefficients is 1 d+2f f f 
=—|d+2f d f [C, 7 C,+C,+C] 
2sinAcosA sin(A+B) _ sin(A+C) abc d+2f fd 
A=|sin(A+B) 2sinBcosB  sin(B+C) 
sin(A+C) sin(B+C) 2sinCcosC 1 f f 
: _(d+2f) i ag 
sinAcosA+sinAcosA sinAcosB+sinBcosA abc foro 
=|sinAcosB+sinBcosA _ 2sin BcosB 
sinAcosC +sinCcosA sinBcosC +sinCcosB 1 f f 
(d+2f) 
sin AcosC +sinC cosA earner 0 d-f 90 
sin BcosC + sinCcosB 1 a d 
2sinCcosC 
eg al ‘| [R, > R,-R)} 
sinAcosA+sinAcosA sinAcosB+sinBcosA ab d ; 
=|sinAcosB+sinBcosA sinBcosB+sinBcosB 
; : : . ie 
sinAcosC +sinCcosA sinBcosC +sinCcosB ———(d- f)(d-f) 
sin AcosC +sinCcosA ; ; 
sin BcosC + sinCcosB _+2fyd-=fy 
sinC cosC + sinCcosC abe 
1/2 
d+2 
sinA cosA OllcosA sinA 0 =D -d-/j 22 =R.HS. 
=|sinB cosB OljcosB sinB 0 . 
sinC cosC OQjlcosC sinC 0 ; ab, +ba, ab, t+a,b, ab; +a, 
10. Az=la,b,+b,a, a,b, +a 2b, ab, + a,b, 
= ayb, + ba, ab, +b;a, ab, + ab; 
x oy & a b, O| jh a O 
9, Let, D =|x,° yy 2 = |a, b, 0 x |b, a, 0} =0 (1) 
Xx, Ys % a, b, 0} |b; a, O 
(row by row multiplication) 
D?=DxD 
Now, 
oo eo od ax? + 2hxy + by? + 2gx + 2fy tc 
=|xX. Yo %/X|X2 Yr 2% =(Ix+my +n) (Ux+myt+n’) 
X; yz; 23] |%3 Y3 23 = Wx + (in! + ml’)xy + my? + (In! + U'n)x + (mn! + m’n)y 
i +nn’ 
1 Ree aeah een ah ak Comparing the coefficients, we get 
ram AX, by, €22)X|X._ V2 \ 1 
ax, by, cz) |x; ys 23 a=l’,h= 3 (Im! + ml’), b= mm’, g = 5 Un’ + U'n), 
f= —(mn' +m’n),c = nn’ 
ax? + by? + cz XX + by Yy + C%Zp . 3 : 
1 . 
= Janine + by,yy tC%Z «aK, + by; + cz} ole we 
AX3X, + byyy, + C%3Z,  AXQX3 + bys + C2225 gfe 
AX4X, + by3y, + C232; Ll’ Lin! +m’) Le +1’n) 
AX_X3 + byzy3 + C2225 2 2 
} 1 
ax; + by; + czy = at + ml’) mn’ ae +m’'n) 


Low +I’n) Lait +m’n’) nn 
2 2 
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2’ Im’+I’'m. In’ +n 
= —|lm’+I'm 2mm! mn’ +m’n 
, in’ +I’n mn’+m’n 2nn’ 


= O [From (1)] 


1]. Puttings—a=a,s—b=f,s-—c=y, we get 
a = 2s—b-—c=(s—b)+(s—c)=atP 
Similarly, b=) + a,c =a +B. Also, , 


at+Bt+y=3s—-(at+bt+c)=3s—2s=s 


(B+yy ar 
A=| B (y+ayr Bp? 
y? y? (a+ py 


(B+yy a -(B+yy a? -(B+yy 
=| 8 (y+a)’-p’ 0 
7 0 (a+ py -7? 
[C, + €,-C,€,>C,-C]] 
(B+yyY a-B-7 a-B-7| 
=(a+B+y)x| BP’ y+a-B 0 
i ee a 0 at+B-y 
{Taking (a + # + y) common from C, and Cy] 


By -¥ =f 
=2at+B+yy’x|p? y+a-B 0 
y’ 0 a+B-y 


1 
[R, — R,—R,—R, and then R7- 7h 


Now applying C,,— PC, + C, and C, — yC, + C,, we get 


, Py 0 0 
a= Met le porto) BP 
y YY y@+B) 


2 
s 2+ fer By (By + Ba) (ya. + 9B) — BY 


=2(a+B+y) (apy + Py + oBy + af'y — Py] 
=2(at+P+y) apy 


= 257(s — a)(s — b)\(s —c) 


x 58-0 exe = 1a -2) 


1 1 
12. A=ly By -D G2 -DO-2) 


1 1 ; 
z 5H) Gee DE - 2) 


Determinants 7.41 


1 x-1 x?-3x+2| - 


S| y-1. y?-3y+2 


12 ‘ 
1 zg-1l 2° -3z+2 
1 x x*-3x4+2 
=< nx y y?-3y+2 [R, > R, +R) 


1 z z*-3z+2 
[R; > R, +3R, —2R,] 


1 
= De — yy — zz - x) 


—2a at+b ate 
13. Let, A=|b+a -2b btc 
cta ctb -2c 


Putting a + b = 0 or b =-a, we get 


—2a 0 ate 
A=| 0 2a ca 
cta c-a -—2e 


Expanding along R,, 
A =-2a{-4ac — (c — a)?} -0 + (a+ c){0 — 2a(c + a)} 
= 2a(c + a) - 2a(c + ay’ 
=0 


Hence a + b is a factor of A. Similarly b + c and c + a are the fac- 
tors of A. 


On expansion of determinant, we can see that each term of the 
determinant is a homogeneous expression in a, b, c of degree 3 and 
also R.HLS. is a homogeneous expression of degree 3. 


A=k(a+ b)(b+c)(c +a) 
-2a a+b atc ~-— 
=|b+a -2b bte 
cta ctb 2c 


=k(at+b)(b+c\(c+a) 
Putting a= 0, b= 1, c =2, we get 
0 1 2 
1 —2 3/=k(0+1)(1+2)2+0) 
23 -4 
=> 0-1-4-6)+23+4)=6k 
=> 24=6k 
k=4 
Hence, 
—2a at+b atc 
b+a -2b b+c\=4at+b\b+cl(c+a) 
cta ct+b -2e 
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7.42 Algebra 


14. Applying C, > xC, + yC, + zC, [to get the term (x? + y? + z’)], 


we get 
; ax ty? +2") ay+bx cx +az 
hae B(x? +y° +27) by-cz—ax be+cy 
: c(x? + y? +27) bz+cy 


cz—-ax— by 


Now taking (x?+ y? + 2?) common from C, and then applying R, 
— aR, +5R,+cR, {to get the term (a? + b? + c’)], we get 


(x? + y? + 2’) 
ax 


A= 


(a2 +b* +c’) yla? +b? +07) (a? +b? +c’) 
x b 
c bz+cy 


by —cz—ax bz+cy 


cz—ax—by 


Taking (a? + b? + c?) common from R, and then applying 
C,— C,-yC, and C, — C,-2C,, we get 


0 0 
2 2 2 2 2 2 
i a EY ONG EO eee. “ey 
= c bz ~ax — by 


Now expanding along R,, we get 
Kee +y +z 2\@ +b +0? ) 
o x [aczx + bezy + ax? + abxy — beyz] 


=(x + y+ 2a +b? + c’)(ax + by + cz) 


atx b+x ctx 
15. A(x)=|a, +x by+x Cy+x 
a,+x b,+x C3+x 


1 b+x 


A’ (x)=|1 by +x Cytx|+la,+x 1 cy +x 


ctx] Jatx 1 ctx 


1 bj+x ¢3+x) Jaztx 1 c3+x 


atx bt+x 1 
tla,+x by +x 1 


a,+x b,t+x 1 


Applying C, > C,-xC, and C, > C, + xC, in the first determinant 
of R.H.S., C, > C, =4G, and CLC, XC, in the second determinant 
and C, > C - xC, and c => € - xC, in the third determinant, we 
get 

1b Gg} jq Lt al ja & 1 
A’ (xy=|1 b,c] t]ag 1 c|tla, 2 1 


1 bs; cs) Ja; 1 oc) Ja, & 1 


Now consider the cofactors of 


a b ¢ 
A(O)=ja, Bb, cy 
a, by Cc; 


which are b,c, — b,c,, C4, — C,@,,.a,b, — b,a,, etc. Clearly, 
1b ¢ 
1 b, ¢,| =(b,c,-b,c,) + (c,b, - ¢,b,) + (6,¢, - 8,c,) 
1b Cc 


which is the sum of cofactors of the first row elements of A(0). 
Similarly, 


are the sum of cofactors of secong row and third row elements, 
respectively, of A(O). Hence A’(x) = S, where S$ denotes the sum of all 
cofactors of elements of A(0). 


A’ (x) =0 

Since A’(x) = S, A@x) = Sx + k. So, 
A(0) =k 

Hence, , 


A(x) = xS + A(O) 


Objective Type § 


pa qb rc 
lia. gc ra pb 
rb pe qa . 
= pqr(a} + b° + c8— 3abc) — abc(p? + q? + °-3pqr) 
=pqrat+b+ cya? +b? +c? —ab— be - ca) 
—abe(p+ q+ r\(p? +g +P —pq—ar—pr) 
=0 
a, 4% 43 
2.b. Let D= 44, A ay 
43, 432 433 


Applying C, > C, - “2. ¢,,C, > C, - “2c, we get 
a1 ayy 


which has minimum value of -4. 
-5 344: 5-7i 
3.b. 2=/3-4i 6 84+ 7i 
5+7i 8-Ti 9 
5 3-4) 5+7i -5 344) 5-7i 
=> 7=|3+4i 6 8-7i)=|3-4 6 84+7i=z 
5-7i 8+7i 9 5+7i 8-Ti os 
(Taking transpose) 
=> zis purely real 
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Determinants 7.43 


4.c. Operation C >C,+C,+C, gives (af + By + ya) a ae 
P Pe Ge es _@ +b +e) (be + a@? + ab + ac + bc) (expanding along C,) 
1 By yo a 
1 -ya af =(?+B+c)(atb+c) 
1 aB By Hence, A=O > a+b+c=0 
From the given equation, af + By + ya = 0. So, the value of deter- Therefore, line ax + by + c = 0 passes through the fixed point (1, 1). 
minant is O. , 


8.b. The degree of the determinant is n + (n+ 2)+ (H+ 3) 


5.¢. 
= 3n + 5 and the degree of the expression on R.HLS. is 2. 
= a ee) = Pay: _ oin2 
1-2 sin*x sin*x 1—8sin*x(1—sin“x) ee, eee 
fCxX= sin? x 1-2sin*x 1—sin?x 
1—8sin?x(1—sin?x) 1—sin?x 1-2 sin?x abe 
9.4. |b c al=—-(a@t+b'+ © —3abc) 

The required constant term is & & db 

i ea iro. 8 =-(atb+c)(at+bo* +co)(a+bo+co’) 


f@)=|0 1 Y=|0 1 1)=10-l)=-1 


112 £3121 «0 (where @ is cube roots of unity) 


=fa fA [-. a=1,f=0,y7= 07] 
eK : ei Wee -l<x<0) [x] =-1 
a: = c a 
c a b O<y<l1 -.fy] =0 


= (a+b +0)(a? +b? +c —ab— be —ca) isz<2 [z= 


Hence, the given determinant is 


‘1 
=Flatb+cla-by +@-c) +(c~ay]=0 001 
-1 f 1=1=[z] 
=0 =p= 
=> atb+c=O0ora=b=c Lae 3 


Ifa+b+c=0, we have 
cos 0 + cos 26 + cos 39 = 0 and sin 0 — sin 26 + sin 30 =0 11. a. Given determinant, 


= cos 20(2 cos 6+ 1) =0 and sin 20(1 - 2 cos 6) = 0 (i) 2a(be — 4a") + b(2ac — b*) + e(2ab— c°) =0 
=> 6abc-8a-b3-c=0 


which is not possible as cos 20 = 0 gives sin 20 # 0, cos @ 


# 1/2. And cos 6 = —1/2 gives sin 26 # 0, cos 0 # 1/2. Therefore, Eq. => (2at+b+c) [Qa-by+(b—c) + (c- 2a] =0 
(i) does not hold simultaneously. = a+b+c=0 (. b#0) 
a+b+c#0 Let f(x) = 8ax* + 2bx? + cx 
. a=b=c . flO) =0 | 
; j(E]eavkrSa2ethre ag 


ei = etl? = eit 
So, f(x) satisfies the Rolle’s theorem and hence, 
which is satisfied only by e” = 1, i.e., cos 9= 1, sind =0so0@ 1 
=2ka, ke Z. fC) = 0 has at Jeast one root in jo | : 
7.b. Applying C, > aC, and then C, > C, + bC,+cC,, and taking 12. b. The given determinant is 
(a? + b? +c?) common from C,, we get 
oun! _ 3" ci p grt a gnel a q p +r 


(a? +b? +c”) Pees 2" +p a per 
A= 1 b c—a 2 n 2 n 2 
a ib bale. . 4 a+2"+p bé+2"4+2q ci-r 
(a +b? +07) b-c ct+b (Using R, > R, - R, and 2q =p +r) 
= c  -a-b 2"(2-D+p 2*(2-Y)+q ptr 
a 
0 atc —-b Q"4+p ag ptr 


(R, > R,-R,,R, > R,-R)) at2+p w42"*!42¢ ce -r 
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7.44 Algebra 
2" +p a"*+@ ptr 
=| 2"+p tag ptr|=0 (R,=R) 


at2"+p b?4+2"'42¢ c’-r 


13, c. Consider the triangle with vertices B(x,, y,), C(x, y,) and 
A(X,» 3), and AB = c, BC = aand AC = b. Then area of triangle is 


1 x yt 
5) Yo l}=./s(s—a)(s—b)(s—c) where 2s=a+b+c 
x3 yz 1 


Squaring and simplifying, we get 


x yt 
4|x,. 2 W=(at+tb+c)(b+c-a)(c+a—b)(atb-c) 
Xx; y3 | 
Hence, k = 4. 


14. c. We have, 


ka ke+a? | lka 7 1 |ka a? 1 aa | 
kb +b? alk 2 M+lkb b? =0+klb WD? 1 
ke kee Wy lke k? WY (ke c? 1 c cl 


=k(a—b)(b-—c)(c- a) 


15. b. We have, 


1 i641 
a b cl=(a-b\(b-cle-alatbte) (1) 


e@bve 


= oa | 
= SI 
m Oo 


= abc (taking a,b,c common from R,, R,, R;) 


a by? Ce 


be ac ab 
1 |(Multiplying R,; by abc) 


be ac, ab 


Then, 


1 1 | 1 
D=| (x-a)’ (x — by’ (x-c? 
(x—b)(x-c) (x-c)(x-a) (x-al(x-5) 


= (a—b)(b-—c)(e-a)\Bx-a-b-c) 


Now given that a, b, c are all different, then D = 0. 


ga eC 
3 
yy -xy x? 
16.d. Let, A=] a b c 
a b c 


Then, 


& 
| 
S 
& 
~ 
<< 


[Applying C, > xC,, C, > yC,] 


0 —xy 0 
=—lax+by 0b 
* axtb’y bd’ 


bx+cy 
b’x+c’y 


[Applying C, > C, + yC,, C, > C, + xC,] 
ax+by bx+cy 


oy axt+b’y b’x+c’y 


[Expanding along R,] 


axt+tby  bx+cy 


ax+b’y b’xt+c’y 


bt+c ab ac 
17.b. A=| ab ct+a’ be 
ca cb a+b 


Applying R, — aR,, R, > dR,, R, > cR,, we get 


b +e? a’b a’c 
A= we x} ab? b(c? +a’) cb? 
abe 2 2 Qu 2 
ac be c(a* +b*) 


: 1 l 1 
Now, applying C, — —C,,C, > ra C; > —C;, we get 
a c 


b? +c? a a 
A= _ Pe eta BP 
abc 
c? om at+h 
2c? — -2b? 
=|? +a wb [R, > R, -— R.—R3] 
rons om a’ +b? 
0 -c? -b? 
=2|b a 0 (Taking 2 common from R, 


and applying R, > R,+R, 
_ and R, > R,+R,) 
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Evaluating along R,, we get 
A = 2[c?(a?b’) — b*(-a’c*)] 
= 4@°b’c? 
Hence, k = 4. 
18. d. Applying R, > aR,, R,  bR, and R, — cR,, we ek 


ab’c? abe ab+ac 
abe bc+ab 


abc act+be 


bce .1 abtac 
1 bet+ab 
ab | 


act+be 


Applying C, > C,+C, and taking (bc + ca + ab) common, we 
get : 
: be 1 1 
A =abc(be+cat+ab)jac 1 =0 


b 1 1 
: [- C, and C, are identical] 


19. b. Applying R, > R,- R,, R, > R, — Ry we get 


ee 


Aa ode 


Determinants 7.45 


22. b. Since x, y, z are in AP., therefore, x + z— 2y = 0. Now, 


at+2 a+3 at+2x 0 0 2(x+z-2y) 
at+3 at+4 a+2yl=jat+3 at4 at+2y 
at+4 at+5 at+2z) jat+4 at5 at+2z 


[Applying R, > &, +R, -2R,] 


0 0 0 
=ja+3 at4 at2y 
at+4 at+5 a+2z 


[. x+z-2y=0] 


=0 


23. d. Operating C, + C,+C,+C,, we get 


j ee b 
(a+b+c—x)]] b-x a \=0 


1 a c-x 


x=at+tb+c=0 


24. b. Applying C, > C,-C,, C, > C,- C,, we get 
0 0 1 

A B B C 

A=} cot——cot— cot——cot— 

2 2 2 2 


.B A Cc B A B 
tan—-—tan— -tan——tan— tan—+tan— 
2 2 2 2 2 2 


A=| 4/2  4V2 0 0 ; 0 1 
a = A B B Cc 
3 2v2 2 22 | = Co — cot 2 Ore = as as, 
= (-(4+ 2V2)) 4V2 + 2V2 x 4/2 ae ae vie 
cot— — cot — cot— — cot — 
ae A B 
16V2 2 2 2 tan — + tan — 
A B B 2 2 
cot > Pera. a ror 
20. b. The total number of third-order determinants is 9! Since the 
number of determinants is even and in which there are 9!/2 pairs of 
determinants which are obtained by changing two consecutive rows, =| cot . ee 5 age > Sie S ) 
so > D,=0. : 
i=l 
0 0 1 
a, + bw aw tb ¢,+bw C 
: = x 1 1 cot — 
2ha. A=|a,+b.w aywi+b, c,+bhw 2 
2 — A Cc B 
d,t+bw aw +b, c,+b,w tan — tan tan — tan tan — tan— 
2 2 2 
Operating C, > wC,, we have A B B Cc Cc A 
7 =| cot——cot cot cot tan — — tan— |tan 
2 2 2 2 2 2 
3 — 
1 ara ane YS “2 ae Since A = 0, therefore 
Ee acs aw +b,w ¢,+b,w AL B B_ c A_ 
a,+bw awi+bw c, +b, cot— =co 5 or cers =co ey or fan = tan 
athw atbhw o+bhe Hence, the triangle is definitely isosceles. 
L 1 1 
=—la,+b,w a,+bw c,+b,w (- @'=1) 25. d. Since a, b, c, d, e, fare in G. P. and if r is the common ratio 
Ww a,+bw a,tbw o+b0 of the G.P., then 
i} b=ar 


c=ar 
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7.46  Aigebra 
d = ar ="C, mG. Smee. "C, 
e=ar =m+1l-m 
f=ar : =1 
Therefore, given determinant is 
a 28. c. Since each element of C, is the sum of two elements, put- 
Selgin. ting the determinant as sum of two determinants, we get 
ar oar y 
ge LOO x x? x fl ox? x 
ar ar 3 2 2 
A=ly yo ytil yy 
1 1x gge_zihi 2 2 
= a’a’r® =r r? y 
2 2 
4 4 xX x Vi fl x* x 
r r Zz 4 
‘ ts =xyzly" y til yy 
_ = at’ (0) =0- ['- C,, C, are identical] phe yl ap oe 
26. c- Operating C, > C,+C,+C,, we get toe 42 
2 
1+2x4+ (+b 4+e?)x 4+b?)x (l+c?)x =-(yz+Dil y y 
2 
f(x)a|lt2xt+(@ +b? +c7)x 140? x Ate?)x} Le 2 
1+2x+(a? +b? 4+07)x (+b*)x 1l4+x?x =—(xyz+ 1) (x-y) G-2 (z@-Dty4+D 
Since A = 0, x, y, z all are distinct, we have xyz + 1 =0 or 
1 (1+b?)x (l+e?)x xyz=—l. 
=|l 1+b?x (1+c?)x [v @+P4+C=-2] 
rae pa 1+x l 1 
+ 
ee ARES 29.c. |l+y 1+2y 1 
1+ 1+ 3+3 
1 (1+b?)x (+e?)x en Se : 
=/0 l-x 0 1 1 1 
0 0 1-x PhS os a, 
x x x 
[Operating R, > R, —R, and R, > R,-R] 2 Jolie Eyl? . o 
=(1) [1-2-0] ae 
2 1+-— 1l+-— 3+- 
= ad - x)? Zz Zz z 
which is a polynomial of degree 2. 
1 1 1 
i 1 1 
1 I 1 =m (3+t+ + Jp piss 
27. a. m C, m+l C, m+2 C, . x y z y y y 
m c, | Se sak 1+ i 1+ I 34 1 
z z 2 
1 1 1 
=| C as Oo waa or + moles 1 0 0 
nt m Mm m 1 1 
C; ee C+ <6 = (3+ +—+ 1+ : 1 -1 
x y Z y 
1 1 - 0 1 
m m+l m+i . ; [+= 0 2 
=/"C, C Co {Applying C,—> C,-C,] e 
m m+ti m+ 1 
C, C, ""C =2mc[3+t+442) 
1 1 0 Bae 
SOG Deg Gey Hence, the given equation gives x! +y!+z'=-3. 
mC MOE MO emt 30. b. Let a be the first term and d be the common difference of 
2 } f : corresponding A.P. Then 
1 0 0 I/x I/y Iz 
Se MG, TG, [Applying C,> C,-C,] A=xyz}p  2q  3r 
m C3 m C, m+1 C, 1 1 1 
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at+(p-)d a+(2q-ld at+Gr-id 
= XYZ Pp ' 24 3r 
1 1 1 
Applying R, > R, — aR,, R, > R, — R, and then taking d 
common from R,, we get 
(p-l) @q-1) Gr-) 
A =xyzd|\(p-1) (2q-1) Gr-1|=0 


1 1 1 
31.a. As a,b,c,, a,b,c, and a,b,c, are even natural numbers, each 
Of c,,C,, C3 is divisible by 2. Let c, = 2k, for i= 1, 2, 3. Thus, 
ka by 
A=2\k, a, b,| =2m 
ky a, by 


where mm is some natural number. Thus, A is divisible by 2.That A 
may not be divisible by 4 can be seen by taking the three numbers as 
112, 122 and 134. Note that 


211 
A=[2 1 2)=2 
4 1 3 
which is divisible by 2 but not by 4. 
32.a. We have, 

x Ll Tie x Ee og 41 

gael d (ae 2 0 

1 1 ox | (d-x) 0 (x-1 


[Applying R, > R,-R,,R, 7 R,- RK, +R, 2 R,- RI 
= x(x— Ly"! lx Ly +(e Dy + + @- 2! (n— 1) times! 
[Expanding along R,] 
=xix— 1) + (-D@-1)"'! 
=(x-1)"' (4+ n-1) 


33. a. Let first term of G.P. is A and common ratio is R. Then, 
a=AR’-'= loga=logA + (p-— 1) log R, etc. 


loga p 1 logA+(p-logR pl 
= |logb g l=llogAt+(q—llogR q 1 
logA+(r-llogR r 1 
(p-llogR p 1 
=|(q-llogR gq 1 
(r-DlogR r 1 
(p-1) 1 
=logRi(q-) 1 
(r-)) 1 


loge r l 


[C, > C, - (og)C,] 


sO NU 


p pl 
=logR|q g IC, 70,+C,) 


r rl 


Determinants 7.47 


34. b. R, — R, — 2R,, hence two identical rows = f(x) = constant. 
35. b. In each determinant applying R, > R, + R, + R, and then 
taking out (x + 9) common, we get 


x+9=0>x=-9 


36. c. Taking x° common from last row, we get 


x" xt? 2" 
x1  x* a|=0,VxeER 
x” xa xen 


=> atl=an+2>5a=n+1 


(as it will make first and third row is identical) 


37. a. Applying R, — R, + R, - 2R,, we get 


0 0 0 x+z-2y 
ve 4 5 6 y 
5 6 7 z 
x y Z 0 
4 5 6 
=-(x+z-2y)|5 6 7 [Expanding along R,] 
x y Zz 
0 -1 6 
=—-(x+z-2y)| 0 -1 7 
x-2y+Z y-z Zz 
[Applying C, > C,+ C,-2C, and C, > C,- C,] 
-1 6 
=-(x+z-2yf F , 
= (x—2y +z) 


Hence A=0 => x, y, zare in A.P. 
38.c. Applying R, > R,-R, and R, > R,-R, reduce the deter- 
minant to 


x?-2x4+1 x-1 0 
2x-2 x-l 0 
3 3 1 


=(x—-13-2(@-1P =@-1’ @-1 
which is clearly negative for x < I. 


2) = (x- 1) -3), 


39. d. Applying R, — R, — (R, + R,), we get 


Q -2y -2x 
D=|x yz Xx 
yy zx 
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7.48 Algebra 
QO -y -x 
Z2le- 2g <B (R, > R, +R, and R, > R, +R,) 
y O 2z 
= 4xyz 
40. Ib. Operation R, > R, - R,, gives 
x-2 3(x-2) -(x-2) 
A=| 2 3x x-3 
-3 2x x+2 
] 3 -1 
=(x—2)|2 -3x x-3 
—3 2x x+2 
1 3 -l 
= (x — 2)/0 —3(x+2) x-1 
0 2x+9 = x-l 


[R, > R,-2R,,R, > R, + 3R,) 


= (x -2){-3x + 6) - 1)-@- 1)(2x + 9)} 


= (x — 2)(x — I)(Sx + 15) 


Therefore, A= 0 gives x = 2, 1, -3. 


41. b. Applying C, > C, + C, + C,, we get 


x+2a aoa laa 
Az=l|lx+2a x al=(@+2a)|l x 
x+2a a x lax 


Applying R, > R, - R, and R, > R, — R,, we get 


42. a. 


> 


0 a-x 0 


A=(x+2a)|0 x-a a—xj=(x-a) + 2a) 


2 § QS & 
ca 


(x—a) 


j a x 


nl 
nl 
oes R,, R, > R, R,, R, >R,-R,] 
x 
] 


ited 

j 

> 

3 

| 

rd 
-_ & Oo SO 


m-x 90 
x—b 
0 x-C 
(x—b) 
0 (x-c) 


n—-x\=0 


n-x 


(x — a) (x— b) (x—c) = 0 = roots are independent of m, n 


43. d. Since for x = 0, the determinant reduces to the determinant 
of a skew-symmetric matrix of odd order which is always zero, 
hence x = 0 is the solution of the given equation. 


44. b. We have, 


> 


bt+e 


atbt+c 
Qlatbte 
atbtc 


a —b 
c -a 


—C 


a, + pb, 
45. d. D' = |a, + ph, 
a, + pb; 


a 


a; 


cta atb 
a+b bt+c 
cta atb bte 


‘\Qatbt+e) cta 
Aatb+c) bte 
Yatbt+c) at+b bt+e 


b+ qc, 
by + qcz 
b+ cy 


abe 
=k\|c a b 


b ca 


c+a 


a+b abe 

ctaj=k\|c a b 

boca 

[Applying C, > C, + (C,+ C,) on L.H.S.] 
—c abe 

—bl=kic a.b 


—a bca 


—b 
—a 
-c 
[Applying C, + C,-C,, C, > C,-C,on L.H.S.] 
-—c abe 
—bl=k\c a b 
-a bca 
{Applying C, > C,+ C,+ C, on LHS.) 


abe 


c, + 1a, 
Cy, + 1A, 
C, +10, 


poh, b+qce otra, 
+|pb, 


pb, 


c, + ra, 


Cy + Fay by + qe, Cy + 1a, 


C3 + 1a; b;+qc3 Cy; +1d, 


In the first determinant, apply C, > C,-rC, and then 
C,— C,- gC. 

In second determinant take p common from C, and then apply 
C, > C,- C,. Then take q common from C, and apply 
C,7 C,-C, Finally taking r common from C,, we have 


46.b. A= 


16 


ultimately D’ = (1 + pgr)D. 


4 9 16 
9 16 25 er a. 
Sm - — = 
16 25 36 3 3 ao ANY 4 3 
25 36 49 
9 16 
16 25 
7 9 ii 
21 27 33 
4 9 16 
9 16 25 
7 rin (R,>R,-R,) 
7 9 (il 
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47.c. Here a> 0 and 4b? — 4ac < 0, i-e., ac— b*? > 0. 
ax? +2bx+c>0,VxeEeR 


Now, 
ab ax+b 
A=|b c bx+c 
0 0 -(ax’ +2bx +c) 
[Operating R, > R,- xR, —R,] 
= —(ax? + 2bx + c) (ac — b?) 
= -—(+ve) (+ve) =—ve 
48. a. We have, 
Bei = Fao 
= 2loga,,,=loga +loga,, 
Similarly, 


2 log Gass = log G43 + log Gas 
2loga,,,=loga,,,+loga, ,. 
Substituting these values in second column of determinant, we 


- get 
loga, loga,t+loga,,, loga,,, 
om log On+3 log Ana3 t log On 45 log B45 
log 4n+6 log,s6+ log En+8 log En+8 
= 5 (0)=0 [Using C,+C,-C,-C] 
49. b. x %. Xa) 1M OM OY 


A=1¥, Yo Y3]=]X2 Ye 2 
Z 22 23] [X33 
A OM 22M 
AP=lx, yy 2|[e Yo X 
~3 V3 %3{]X3 V3 Sy 
XX3 + Yj¥3 + 223 


aay ae: 
Xt yy +z XX + MY. + %2Zy 


= Pe ore 
=X 1Xq + Yay + 222 x2 + Y2 +2 X 2X3 + Yr V3 + 2723 


HAAN’ AHA+WMy+AH%y tM + 
10 0 

=|0 1 O=l15A=+1 

001 

50.c. Using C, > C,+C,+C,, 


sinx+2cosx cosx cosx 


A=|sinx+2cosx sinx cosx 


sinx+2cosx cosx sinx 
1 cosx cosx 
COs x 


=(sinx+2cosx){l sinx 


1 cosx sinx 


Applying R, > R,—K, and R, > R,-R,, we get 


1 cos x cOsx 
A=(sinx+2cosx)|0 sinx—cosx 0 
0 0 sin x — cos x 


= (sin x + 2 cos x) (sin x — cos x)?+ 
Thus, A=0 => tanx =-2ortanx=1 
As— 7/4 <x < 7/4, we get -1 <tanx <1 


Determinants 7.49 


tanx=1lo>x= 2/4 


§1.b. We divide L.HLS. by 4* and C, by 1?, C, by A and C, by A on 
the R.HL.S. to abtain 


mea) al 


14+3/A 1-1/A 14+3/A 
=|14+1/A? 2/A4-1 1-3/4 
1-3/0? 144/43 
Taking limit as 1 — oo, we get 
11 iy i) 11 
p=|l -1 1/=|0 2 o}=-4 
1 1 3 [0 0 2 


[Applying R, > 8, -R,, R, > R,-R] 


52. d. Applying R, > R,- R,, R, > R, — R,, we get 
a b-y c-z 


Expanding along C,, we get 


-x y a b- 
(c-2) ; z 1=0 
—-x 0 -x oy 
= (c-2z) Gy) + z(ay + bx —xy) =0 
=> cxy—xyz + ayz + bxz-xyz=0 
=> ayzt bex + cxy = 2xyz 
=> Oph. e _¢ 
x y Z 


53. d. Since A +B+C=zxande”=cosz+isinz=-l, 
el(B+0) = gilt-A) = _ gidand e-ilB+O = _giA 


By taking e”, e, e common from R,, R, and R,, respectively, 


we have 
eA er HAC) gi A+B) 
Az_letotO 28 eo WAtB) 
en BHC)  G-i(A+C) ec 
iA _ eB elf 
= —|igiA  yiB LIC 
_)iA —¢'8 iC 


By taking e”, e”, e° common from C,, C, and C,, respectively, 
we have 


54.c. A=(14x4x)]x? 1 xf=CUtx42x-1) 
x x 1 


Therefore, A = 0 has roots 1, 1, @, w, w?, @. 
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7.50 Algebra 


55. a. Using the sum property, we get 


¥2r-l) ¥"C, yi 
r=0 r=0 r=0 
A.=| m1 2” m+l1 


sin? (m”) sin? (m) sin? (m+1) 


mn af 
But 2 @r ==> (m+) Qm—1-l =m -1, 
r=0 : 
¥ "C, =2” and 1 =m -+ 1. Therefore, 
r=0 r=0 
m1 2” m+l 
¥ A, =| m?-1 2" m+1 =0 


sin? (m?) sin? (m)_ sin? (m+1) 


k= 
D,=56=>| ¥2k ntntl n’tn 


M: 


56. d. 


= 
I 

> 
I 


n 
Y2k-1l) nr? w+ntl 
k=) 


n n n 
=> |n(nt+)]) wtntl ntn |=56 
nv - n+ntl 
Applying C, > C,- C, and C, > C,—C,, we get 
n 0 0 


nnt+l) 1 0 |=56 Sa(nt+l1)=56>5n=7 


vr 0 ntl 
57. a. Applying C, > C, + 2C,+C,, we get 


~2 2 
AG. n C4 n ron 


S=>3(-2)'| 0 1 1 
ie 0 =| 0 
a 
= 5 (-2)"C, 
r=2 


= 2 (2) "6s A ("Cy 29 "C\) 


=(1—2)"-(1-2n) =2n-14+(-1)" 
RCs "C, (r +1) Mies Core 
58.b.A=/"C, "Cay (r+2)"7C.4) 
"Ga TCay EHS Cas 


Applying C, > C, + C, and using "Cat ""'C_, in C,, we get 
2 : 3 


mG. "C, (n a 2) mC 


A= ME Cia n Cx (n fe 2) teas Or 


n+l n ntl 
Cha2 r+2 (n + 2) Cra 


n+l n ntl 
Ce. . "eG: Cc, 
& ntl n n+l 
_ (n + 2) Chat Cha Coat 


ntl u atl 
Car r+2 C42 


= 0 (as C, and C, are identical) 
59. a. The given determenant A, is obtained by corresponding co- 
factors of determinant A,; hence A, = A?. Now A, A, = A? A, = A}; 
60. c. We have, 
. L om milly om nl- 
M=AA= |b mM, Nl Mm Mm 


Lm, ml lh m3 Ny 


Pam +n, LL +mm,t+nn, 1ht+mm,t+nn, 
=|) +mm, + mn, B+ms +n; LL+m m, + non, 
Lhtmm,+nnz bb +m nm, +Nnn, E + my + ny 

10 0 
=l0 1 o}1SA=41>/1Al=1 
00 1 


61. d. The given determinant, on simplification, gives 


gens), mame ie) |i aa 


faite 2a, 1 0) |1 by bs 0 
a Das. 0) By bs 0 
ae 2 2ay VO) dy BG. 
=0x0=0 


ab 
62. a. Determinant formed by the cofactors of |b c 
c a 


be-a? ac-b? ab-c 


ac-b? ab-c? be-a 


63.d. Jl+x, 1+xx 1+ xx? 


64. c. We observe that the elements in the pre-factor are the cofac- 
tors of the corresponding elements of the post-factor. Hence, 
3 


A c -b ; 
-c A oa =(AVeathtc?)P ata tbte’y 
b -a A 
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Alterna tive solution: 
Writing a =0, b=0,c =0 on both sides, we get 
AAR =lL asa 
-sinx 1 O] |cosx x J| |cosx x 1 
65.c. f’(xc) =|2sinx x 2x/+|2cosx 2x 2}+)2sinx x? 2x 


tanx x 1 tanx x 1! |sec?x 1 O 


010 71 0 HY ft 01 


=> f(O=|0 0 O+12 0 2+/0 0 O =0 
00 tf fO O WF f1 1:0 


Now, lim 2 = lim f(x) [as f(0) = 0) 
=fO)=0- 
66. a. Operating C, > C,+C, + C, on the L.HS. we get 
0 c-a a-b a bee 
A=10 c-a a-b'|=mi\a bo Cc 
0 c’-a” a”-b” a” bY 
=> m=0 


67. d. Let the given determinant be equal to A(x). Then, 
5A +4B+3C+2D+ E=A(1)+A(1) 
Now, A(1) = 0 as R, and R, are identical. 


1 01 x 2x x 


2 x 
A’(x) = |x? x 6+)|2x 1 O;t|x? x 6 
x x 6 |x x 6 1 1 0 
12 i 2 2 1 
A(1I)=|2 1 O+i 1 6 =-17+(124+1-1-6)=-11 
1 1 6 {I 1 0 


68. b. A, = x(x? — ab) — b(ax — ab) + b(@ — ax) 
=x-3abx+ab?+ab 


d 
cu = 3x? — 3ab = 3(x? — ab) = 3A, 


69. d. We have y = sin mx, therefore y, = m cos mx, y, = —m?* sin mx, 
etc. 


yay a 
A=1¥3 Ya Ys 
Yo Ya Ys 
sin mx mcosmx  ~—m?sinmx 
=|—m'cosmx m'sinmx — m>cosmx 
—msinmx —m'cosmx m®sinmx 
sin mx cosmx —sinmx 
=m"|-—cosmx — sin mx cosmx |= 0 
—sinmx —-cosmx  sinmx 


70. b. We have, 
al] 
Az=|l b Il) =abe-(at+b+c)+2 
1 loc 
A>0>abe+2>a+bt+e 


at+b+e 


=5. gheloeSsGnes E AM.>G.M.= > abe] 


Determinants 7.51 


=> x°+2> 3x, where x = (abc)'" 

=> °-3x4+2>05(0-1¥% 4+2)>0 

=> x+2>0>x%>-2 > (abe)'" >-2 => abc >-8 
71. b. B, = a,c, -a,c,, C, =—(a,b, -a,b,) 


B, = (a,c, ~ a,C\), C, 5 a,b, a,b, 


By Cc, | C3 —A3C,  —ayb, + ab, 
B, Cy] |-aqc,+a,c, a,b, — ab, 
ac; —@b;} |ac,; a,b] |-a,c, —a,b, 
—AC, ab,| |-ayc, —a,b| | a,c, ab, 
—a,¢, a3, 
aC, —Ayb, 
c; —b c a 
21 3 3 3 
=a +ab, 
Fe be —C,  —@y 
-—a, —b —a a 
3 3 3 3 
+ac, +be, 
a 2 a4, —@, 
=a,{a,(b,c, — b,c,) — b (a,c, — 4,c,) + ¢,(a,b, — a,b,)} 
a b ¢ 


a, by C3 
72.a. Applying C, > C, — 2 sinxC, and C, > C, + 2.cos x C,, we 
get 
2 0 —sinx 
fa=) 0 2 cosx 
sinx —cosx 0 


= 2cos? x + 2sin? x = 2 
f(x) =0 


OLR + f= de = [2d = 2 
e+] xy xz 
73.b. | xy yr +i 


x2” ye? o4+l 


yz ]=1l 


Multiplying R, by x, R, by y and R, by z, we get 
xit+x xy xz 
1 
xy yi ty yz =11 


XE 3 4 
XZ yo 2 +z 


Taking x, y, z common from C,, C,, C,, respectively, we get 


+l x x 
ys y +1 y =11 
as as 


Using R,> R, + R, + R,, we have 


1 1 1 
(P+y4e2+D y yi +l y3 =]] 
ze z zl 


Using C, > C,-C, and C, > C,—C,, we get 
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7.52 Algebra 


1 0 0 
Gityt241) y 1 0|=11 
ee 
Hence, 
e+yp4+2=10 
Therefore, the ordered triplets are (2, 1, 1), (1, 2, 1, (1, 1, 2). 
74. bb. Since the system has non-trivial solution, 


ali 
1 b t=0 
1 lc 
Applying R, > R,- 8, R, > R,—R,, we get 
a-1 1-b 0. 
A=| 0 b-1 1t-cl=0 
1 1 c 


=> c(l-a(i-b)+(1-b)1-c)-(-c)a-1)=0 
Dividing throughout by (1 — a) (1 —b) (1 —c), we get 
c 1 1 


——_. +. ——_— 4 ——- = 0 
-—C -c l- 
1 1 1 
—-1+—+—+—— =0 
= fae 1G La 
1 1 1 
=> ——+——+-— = 


l-c l-a 1-b 
75. a. The given system of linear equations has a unique solution 
if 
111 
1 2 340 
25 4 
ie., if2-8 40 0r2, £8. 
cos(a — B) cos(B-y) cos(y - &) 
76. b. Let, A=|cos(a+ B): cos(B+y) cos(y + a) 
sin(a+B) sin(B+y) sin(y +@) 
It is clear that either a = £ or 8 = y or y = a is sufficient to make 
A =(0. It is not necessary that triangle is equilateral. : 
Also, isosceles triangle can be obtuse one. 


77.c. a=xl(y—z) => x-ay+az=0 (1) - 
b=yi(z-x) => bx+y-bz=0 (2) 
c=w(x—-y) => -cx+evy+z=0 (3) 


Since x, y, z are not all zero, the above system has a non-trivial 
solution. So, 


1 -a a 
A=|b 1 -b/=0 
-c ¢ | 


l+ab+bc+ca=0 


pta ob c 
78a. A=| a qtb 
a b rtc 


Applying R, -+ R,— R, and R, > R, —R,, we get 


pta be 
-—p q 0=0 
—-p Or 


=> pgct([g(pt+a)+ bpjr=0 
Dividing by pgr, we obtain 


a be 
—+—-+-=-] 
Pqr 
79. b. For no solution or infinitely many solutions 
a -l -l 
1 -a -1l/=0 
1 -l -a@ 


a(e?—1)-1(a—1)+ 10 -a)=0 

a(@ -1)-2a+2=0 

a(a—1)(a+1)-2(a-1)=0 

(a-1)(@ +a—2)=0 

(a-1)(a+2)(a—-1)=0 

(a—-1)(a+2)=0 

-a=1,1,-2 

But for a = 1, there are infinite solutions. When a =—2, we have 


VUUUUVIEY 


-2x-y-z=-3 
x+2y-z=-3 
x-yt2z=-3 
Adding, we get 0 = —9, which is not true. Hence there is no solu- 
tion. 
80. a. D = cos — cos?. + 6 > 0. Since D > 0 only trivial solution is 
possible. 
81.a The given system of equations will have a non-trivial solu- 
tion if 


Qa+a a a 
a a+b a |=0 
a a ate 


Operating R, > R, — R, and R, > R, — R,, we get 


ataaa 
-a b O=0 
-a Oc 


=> aab+c(ab+ab+aa)=0> abc + ca t+ ab) + abc =0 
La(tstst) (. a, b,c #0) 
abe 
82. c. The given system is consistent. , 

1 1 -l 

Az=|2 -1 -c\/=0 

-—b 3b -c 
=> ct+bce—-6b+b+2c + 3bc=0 
=> 3c+4bce-5b=0 


5b 
C= 
4b +3 
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<1 
= 4b +3 
iy OTe 
4b +3 
=> bs <0 
4b +3 


3 
> -—,3 
be( 4 ) 


83.c. As a, b,c are in G:P. with,common ratio r, and a, £, y are in 
GP. having, common ratio r,,a#0,a#0,b=ar,,c= ar, 
Bear,y= ar,. 


Also the system of equations has only zero (trivial) solution. 
aa li 
A=|b B \#0 
c y il 


1 1 1 
=> acai, m ls0 
n i 1 
= aacr,-1)r,- 1G, - r,) #0 
=> r#lr,élandrér, 
84. b. For non-trivial solution 
a-l -1 ~1 
1 —(b-1) 1 =0 
1 ,. 1 -(c-l) 
a-1 -l 0 
=> 1 -(b-1) b{=0 
1 1 —c 
(a — 1) (bc-c-—b) + l(-c-—b) = 0 
abc —ac—ab-bc+b+c-c-b=0 
=> ab+bct+ac=abe 


Multiple Correct Answers Type @ 


=> 
=> 


l.a, b, ¢. 
8 2 7 8 2 7 
12 3 5/=/4 1 -2] [R,>8,-R,andR,->R,-K]] 
16 4 3 4 1 -2 
=0 
l/a a’? be 1 a abe 
1 
1/b Bb? acl=—|l Bb abc 
5 abc : 
l/c c’ ab lL c¢ abc 
IR, > aR,, R, > bR,, R, > cR,] 
l1@ i 
abc 3 ; 
= abel b° \| [taking abe common from C,] 
1c I 


Determinants 7.53 


atb 2at+b 3at+b) jatb 2a+b 3a+b 
2at+b 3a+b 4at+bl\=| a a a 
4at+b S5at+b 6at+b 2a 2a 2a 


[R, + R,-R,, R, > R,-R,] 


=0 
2 43 6 |2 1 6 
35 4[=|7 7 4 [C, > €,-7C,] 
3°17 2 133 3 2 
1 6 | 
=l0 7 4 Ronee ome at 
03.2 
=2 
2. a, €. 
Zy loge aX 2 
a e x at a x? 
g(x)=la2* ele" xt ala gt xt (emss"=e") 
a* loge ar l aot a I 
a a* x a a x? 
=> g-x)=|a" a™* x{t=-la* gx! 
an a 1 ae 5x 1 
[interchanging 1“ and 2" columns] 
=-g(x) 


=> g(x) +e(-x) =0 
= g(x) is an odd function 
Hence, the graph is symmetrical about origin. Also, g,(x) is an 
odd function [where g,(x) is fourth derivative of g(x)]. Hence, 
8,(x) = -8,(-*) 
= g,(0) =-g,(0) 


= g,(0)=0 
3. ¢, d. 
Applying C, > C, + C, + C,, we get 
atb-x a bl l1 a ob 
Az=latb—-x -x al=(at+b-x)ll -x a 
at+b-x b ~-x 1 b -x 
l a b 


=(a+b-x)|0 ar ee a-b 
0 b-a -x-b 
[Applying R, > R,-R, and R, > R,- R,] 


= (a +b—x)((x+a)(xt b) + (a—b) [expanding along C] 


=(at+b-xn[?+(atb)xt+a’? +b’ - ab] 


4. b, d. 
Applying C, + C, — (cot ¢) C,, we get 
0 sin@sing cos@ 
A= 0 cos@sing —sin®@ 


—sin@/sing@ sin@cosd 0 


downloaded from jeemain.guru 


7.54 Algebra 


oe = [-sin @ sin? @- cos? @ sin ¢] [expanding along C,] 
sin 


=sin@ 


which is independent of @. Also, 


ces =cos@=> an = = 
de d0 ie = cos(z/2) = 0 
5.a, Cc. 

cosa sina ° 1 

sin a cosa 1 


cos(a+P) -sin(a+B) 1 


cosa —sing “a 
=|sin@ cosa 1 
0 0 1+sin B—cos B 


[Applying R, > R,—R,(cos £) + R, (sin f)] 
= (1 +sin 8 —cos f) (cos?a + sin’?a) = 1 + sin 8 — cos B which is 
independent of a. 


6. a, b, 
at+ax ab ac 
Nee ab b'+x be 
ie 2 2 
a‘c be co +x 
Applying C, > C, + bC, + cC, and taking a? + b? +c? +x 
common, we get 
; a ab ac 
hatte +h +0 4+x)|b bet+x be 
a 
c be ctx 


Applying C, — C,- bC, and C, > C, —cC,, we get 


a 


; a 0 
A=—(@ +b +c? +x)\b x 
0 


x oOo Oo 


Cc 


=— (C+ P+? +x)(ax’) =a +b? +c? +x) 
Thus A is divisible by x and x’. 
7. a, b, ¢. 
Applying R, > R,-xR, and R, > R, —xR,, we get 
a -l 0 
f(x)=|0 atx -1]=a(a+x) 
0 0 atx 
Hence, 
F(2x) ~ fy) = al(a + 2x)? - (a + x)] = ala + 2x-a—x) (a+ 2x4 
a+ x) = ax (2a + 3x) 
8. a, b, c, Operating C, — C,-C,, C, > C,- C,, we get 


1 ac be lLecoe 
A=|l1 ad bd|=abj1 d_ djab(0)=0 
1 ae be lee 
9. a, b. 
By partial fractions, we have 
(a) (b) 
ear oe A a eee re —b\(b—c) 


fe) 
(c—a)(c— b\(x -c) 


1 


=> g(x)= 


x 


|l a f@Kx-a| fl @ a 


(a—by\(b— ce —a) 
flare-b) , fOXa-0) , fOb-a) 
(x—a) 


(x-b) 


2 


=> g(x)=|1 b f(b)(x—b=|l bb’ 
lc f(e)\Kx-c)} lt c¢ 


1 a f(@logix-all |1 a @ 
=> fa(xddx=| 1 b f(b)loglx—-bl+}1 b B? 


lc f(cjloglx—cl Lee 
and 
1 a —f(ax—-ay?| |1 a @ 
wee 1 —f(b\(x—b)?|+] 1 bb? 
le —f(e\x—-c)? lee 
1- a. f(ax—a)? a al 
=| 1 f(b\x—by*|+] b? bo 1 
Lie flo\x—cy? Coc l 
10. b, c. 
2x+4 2x44 13] |x? +4x-3 
A(x)=|4x+5 4x45 26] 4+]2x74+5x-9 
16x-6 16x—6 104 |gy?-6x41 


=04+2x13x(0)=0 
=> A(x) =constant>a=0,b=0,c=0 


11. a,c. 


JO) = sin? 6 + cos? 


= (sin 6 + cos 6) — 4 sin 8 cos Asin 6 + cos 8) 


= (sin 0 + cos 
Now, 


fl@) =0 


6—cos 6 sin @ (sin 8 + cos 8) 


9) [1 sin 20] 


=> tand=-1 orsin20=1 


=> (9) =0 has 2 real solutions in [0, z] 


f(9) 


Also, ——~ = sin@ 
1-sin2@ 


12. d. Applying R, — R, 


+cos@ €[-V2,V2] 


-R, and R, > R,-R, we get 


sin? A cotA ] 
in(A —B 
KalG MASA) oO 
sin A sin B 
in(A —C 
nena ance ay ne 
; sin A sinC 
erase pee ©. 
sin @ sin B | 


Expanding along C,, we 


get 


(x—-c) 


2 13 
4 26 
16 104 


| 
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Ree sin(A — B) sin (A —C) ie sin(B + A) a sin(C + A) 
sin A sinc sin B 


_ sin(A~ B) sin(A-C) [ 


sin(w—C) sin(x — 2) 


sin A [ sin C sin B 
_ sin(A-B)sin(A-C)[_ sin ,sinB]_y 
sin A | sin Cc sinB 
13. a,c. 
x C, n-l C, n C, 
Cia Gh "CG. mec. =0 (i) 
x+2 C, te n+2 C, 7 
x! (n-1)! n! 
r\(x—r)! riu—r—D! ri(n—r)! 
(x+l1)! n! (n+! 
=> =0 
ri(x+l—-r)! ri(n—r)! ri(n-—r+l)! 
(x +2)! (n+)! (n+ 2)! 
ril(x+2~-r)! ri(atlar)! rl\(—r+2)! 
' 
Taking a common from C,, we have quadratic equa- 
r\(x+2-r)! 
tion in x. 


Now in (i), if we put x =n ~ 1, C, and C, are the same, hence 
x =n-— 1] is one root of the equation. 


If we put x =n, then C, and C, are same. Hence, x = n is the other 
root. 


14. a,b, Applying C, — C, —xC,, C, > C,-xC,, we obtain 
3 0 2a’ 
A(x) = 3x 2a’ 4a*x 


3x7 +2a? 4a?x 6a?x* +2? 


Applying C, > C,—xC,, we get 


3 0 1 
A(x) = 4a‘ 3x 1 Xx 
3x7 +207 2x x24 2a? 


Applying C, — C, — 3C,, we get 
0 0 1 
A(x)=4a*} 0 I x 


4a? 2x x? +2? 


=16a° 


15. b,c. 


In the left-hand determinant, each element is the cofactor of the 
elements of the determinant 


XYZ 
z x|= A* (say) 
Z * y 
Hence, 
xX y Zix y z 
AvP aly 2 xy Z x 
2 x yWikz x y 


Determinants 7.55 


x+y tz? xsytycte xtyxty 


=| Ly Xx? Zxy 
Ly ry pg 
row Ww 
=|? r? x? [Since xP +y?+2=P, xyt+yzt+zar=v’] 
eae 9 
16. a,c. - 
n n+l n+2 n | 1 
f(n=|n! (nt)! (242) = In! nl (n+)(n+D! 
1 1 1 1 0 0 


[Applying C, > C,—C, and C, > C,- Ci) 
=(n+1) (n+ 1)!-nnl=nl[(n+1)?-nlanloP+n41) 
Thus, f(7) is divisible by n! and n?+n+ 1. 
17. a, b,c. 

We have, 

be ca ab 

ca ab bc|=0 

ab be ca 


= (aby + (bc) + (ca) — 3(ab)(be)(ca) = 0 

=> (ab + bew? + caw)(abw + bew? + ca)(abw? + bew + ca) =0 
=> ab+bcw + caw =0, abw + bew? + ca = 0, abw? + bew + ca =0 
=> 


1 1 1 1 1 1 | ree 1 
Sg ty Sg 
ca” a bo ca a ba c aw bo 
sp Ag oh Wg gee Ml 
a bo co bo’ co ‘aw bw’? c 
1 k 3 
18.a,b. jk 2 2/=0 
23 4 
=> 8+4k+9k-12-4K-6=0 
=> 4P-13k+10=0 
=> 4k -8k-5k+10=0 
=> (2k-5)(kK-2)=0 
=> k=5/2,2 
19. a, b. 
Applying R, > R, + sin ¢(R,) + cos  (R,), 
0 0 cos2¢+1 
f(x) =A=| sin@ cos@ sing 
~cos@ sin@ cos 
= (cos 2@ + 1) (sin? 8+ cos? 6) 
=(1 +cos 24) 
Hence, A is independent of @. 
reasoning ye | 
1 1 1 
Lia. 1+sinA l+sinB I+sinC |=0 (1) 


sinA+sin?A sinB+sin?B sinC +sin?C 
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7.56 Algebra 


Then A = B or B=C or C =A, for which any two rows are same. 
For (1) t@ hold it is not necessary that all the three rows are same or A 


=B=C. 
2. b. The system of equations kx +y+z=l,xtkyt+z=k,xt+y 
k 1 1 
+ke=k isinconsistent if A=|l k 1)=0 and one of A, A,, A, is 
non-zero where 11k 
1 141 kK ji 1 k 1 4 
A,=|k & lj, A,=]1 & 1)A;=|1 kk 
Rok 1 ok (ich oe? 
We have, 


A =(k+2) (k- 1A, =k + 1) K- IY, 
A, = -k(k- 1, A, = (ke + 1)°(k- 1)? 
The determinant given in statement 2 is A, = 0, for whichk = 1 or k 
=-l. 
k= 1 makes all the determinants zero. But for k =-1, all the deter- 
minants are not zero. 
Hence, both statements are true but statement 2 is not correct expla- 
‘nation of statement 1. 

3.a. For x = 0, the determinant reduces to the determinant of a 
skew-symmetric matrix of odd order which is always zero. Hence, 
x =O is the solution of the given equation. 

4.a. As the given system of equations has non-trivial solutions, 
hence 

“A b-a c-a 
a-b A c—b=0 
a-c b-c A 
When J = 0, then the determinant becomes skew-symmetric of 
odd order, which is equal to zero. Thus, 4 = 0. 


x y z |O mn O min 
5.a. A=|p q r\ |-m 0 &klwhere|-m 0 k\ is skew 
a bc j-n -k O -n -k 0 
symmetric. 
A=0 
6.a. Weare given that 
1+bce+qr=0 (i) 
l+cat+pr=0 (ii) 
l+ab+pq=0 (iii) 


The determinant in the question involves a column consisting the 
elements ap, bq and cr. So multiplying (i), (ii) and (iii) by ap, bq 
and cr, respectively, we get 


ap + abcp + apqr =0 (iv) 
bq + abcq + bpqr =0 (v) 
cq + abcr + cpgr=0 (vi) 


Since abc and pqr occur in all the three equations, putting abc 
=x, pgr=y, we get the system 
ap + px+ay=0 
bq + qxt+ by =0 (vii) 


cr+rx+cy=0 


System (vii) must have a common solution (i.e., system is Consis- 
tent). So, 

ap 

bq 


a 
b) =0 
cr c 


~ 2 9 


ap a 


Pp 
=> |bq b q=0 
cr r 

111 


7.b. Let A=|I 2. 3)=0524=3:Now, 


12 A 
6 1 
A,=|10 2 3 
2 
6 1 
=10 2 3)/=yu—-10 a 
Bu 2 
16 yf 6 t 
A,-{1 10 3/=|1 10 3)=20—-2u 
1p A i p 3 
{il 1 .6 
A,=]1 2 10)=y-10 
12 p 


Clearly, for p= 10, all of A,, A,, A, are zero. 


a b, Cc 1 x? 0 
8.b. A=A, A, where Aj=|ay by, c| andA,=|x° 1 0 
a, bd; © 0 0 1 


Hence, both the statements are true but statement 2 is not correct 
explanation of statement 1. 


Linked Comprehension Type 


For Problems 1-3 

1. c, 2. d, 3. b. 

Sol. In given determinant applying C, > C,- C, and C, > C,- 
C,, we get 


x+¢, a-c¢, 0 
-f(xj=|xt+b c,-b a-c, 
x+b 0 c,;—b 
. 1 a-¢ 0 CG ac 0 
=x|l c,-b a-c,|t+|b %-b a-cy 
l 0 c,—b| |b 0 c3—b 
So, f(x) is linear. Let f(x) = Px + Q. Then 
f-a) =-aP + Q, f(-b) =-bP + Q 
Then, 
(i=pkoso-2 = meet) 


(b- a) 
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Also, 
q-a 0 0 
f(-a)=|b-a c,-a 0 
b-a b-a c3-a 
= (c,- a) (¢,- 4) (c,- 4) 
Similarly, , 


fib) = (c, — 5) (c, - 5) (c, - 5) 

g(x) = Ce, — x) (c, — x) (c, — x) = g(a) = fa) and g(b) =f-b) 
Now from (1), we get 

fo) = 2860-286) 


(b-a) 
For Problems 4—6 
‘4. d, 5. d, 6. c. 
a@+ax ab ac 
Sok A= ES wb b+x be 
a 2 2 
ac be c+Kx 


Applying C, — C, + bC, + cC, and taking +b? +c? +x 
common, we get 


a ab ac 
eee ae ey b?+x be 
a 
c be C+x 


Applying C, > C,- bC, and C, -C, —cC,, we get 


; a0 0 

A=-(a’? +b 4+c°4+x)|b x 0 
a 

c 0 x 


=l@ +b +c? +x) (ax’) 
a 
HEP(7+ B40 +x) 


Thus A is divisible by x and x*. Also, graph of f(x) is 


For Problems 7-9 
7. c, 8. a, 9. d. 
Sol. The system of equations 
—x+cy+bz=0 (1) 
cx-yt+az=0 (2) 
bx+ay-z=0 (3) 
has a non-zero solution if 
-l c b 
A=|c -l aJ=0 
boa -l 
=> @+b?+0°+2abc—-1=0 
=> @+b+04+2abce=1 (4) 
Then clearly the system has infinitely many solutions. From (1) 
and (2), we have 


Determinants 7.57 


x y _ 2 
act+b bet+a l-e 


2 


x? = y? _ . 2 
(ac+b? (be+ay (1—-c’y* 
x? y 2 
ane Taam eae eens) aa ee from (4 
eae) eee) dee 
2 2 2 
eee Dee a (5) 


1-2 Pe Nee 
From (5), we see that 1 — a?, 1 — b’, 1 — c? are all positive or all 
negative. Given that one of a, b, c is proper fraction, so 
1~a’>0,1-—b?>0, 1—c? >0, which gives 
P+P+2<3 mi (6) 
Using (4) and (6), we get 
1<3+2abe 
or 
abc > -1 (7) 
For Problems 10-12 ; 
10. a, 11. b, 12. ¢. 
bide a Le 
Sok A=/l 2 3)=2A+34+2-2-A-6=A-3 


6 1 1 
A,=|l0 2 3/=120+3u+20-2u-10A -36 
b2a 
=2+p-16 
1 6 1 
A, =| 10 3|=10A+18+p—-10-3u-6A 
lpia 


=4,-2+8 
i 1 6 
A,;=]l 2 10)=2u+10+12—-12—p-20 
12 u 


=yu-10 
Thus the system has unique solutions if A # 0 or A # 3 and the 
system has infinite solutions if A= A, = A, = A, = 0 or 2 = 3 and 
H = 10. System has no solution if A = 0 and at least one of A,, A,, A, 
is non-zero or A = 3 andy # 10. 
For Problems 13-15 


13. d, 14. d, 15. d. 
14141 Itat+B i+a7?+ 
Sol A=/|1l+a+B 1+0°+BP? 14+0°+f? 
1+07+f? 1+0°+f? 1+04+p' 


[multiplying row by row] 
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7.58 Algebra 
mae For Problems 19-21 
p= a 8B 19. d, 20. c, 21. ¢. 
; Let, 
1 a? PB b 
(l+x)°  (1+2x) 1 
=(1-a)(a-A)B-1) 1 (+x) (+2x))|= A+ Bx t+ Cx? +> 
= (8 -a) eee (1+2x) 1 (1+ x)" 
=(B-a)|<+—+1 HERO pipee) Ce 
aa a Putting x = 0, we get 
ap? 
aap? =P (a+b+0? Ls 
a r A=jl_ 1 =0 
—Lierbeor |B -a6] eo 
a a a 
\ Now differentiating both sides with respect to x and putting 
=—(atb+c)(b’ —4ac) x = 0, we get 
7 ep Oo ee a a1 
IfA <0, ie., b? — 4ac < 0, then roots are imaginary. pall 1 140 @ 2b+}1 1 1/=0 
If one root is 1+ 2 and since coefficients are real, the other root 
1 1 1 ili di) (2b 0 a 
is 1- «f . Hence the equation is x*- 2x—-1= 0. Then the value of A is 
(1-2- 1)?(4—4(1)(-D) = 32. Hence coefficient of x is 0. Since f(x) = 0 and f’(0) =0, x =Oisa 
If A> 0, ice., 6? — 4ac > 0, then roots are real and distinct but repeating root of the equation f(x) = 0. 
nothing can be said about f(1). For Problems 22-24 
For Problems 16-18 ‘ 22. c, 23. d, 24. b. 
16. a, 17. b, 18. c. x ar 
Sol. Multiplying R,, R,, R, by 4, b, c, respectively, and then m y r=0 
taking a, b, c common from C,, C, and C,, we get ne hz 


—bc abtac ac+ab 


, Applying R R -R,andR R,—R,, we get 
Azlab+be -ac  bce+ab PRE ee % ie ae g 
actbe bet+tac —ab a ae ed 
0 y-n r-z7=0 
Now, using C, > C,- C, and C, > C,-C,, and then taking (ab 
: 3 3 m n Zz 
+ bc + ca) common from C, and C,, we get 
—be 1 1 => (x—-m(y-nzt -y)(r—z)m—n(r—2)x-m) =0 
Az=lab+bc -\1 0 x (ab + bc + ca)" Dividing by (x — m)(y — nz — r), we have 
actbc 0 -I Zz m n 
+ + =0 
Now, applying R, — R, + R,, we get Ba Ee 
—be 1. a =3 ee me n__9 
A=| ab 0 1 (ab + be + cay” Z-r x-m yn 
actbe 0 -1l a Zz pe 542 Bias 5 
Expanding along C,, we get ae = 20 
A = (ab + be + cay [ac + be + ab] =x 2 La, | 
= (ab + be + ca) LOPS Ne 
=(rlpy = rip z 4 , 
ee aye Be pe ty eel 
Now given a, b, c are all positive, then z-r x-m yon 
A.M. >G.M. : 
=> Licey npc eer | 
ab + BC+ MC » ah x be x ac)? x-m y-n Z-r 
= (ab+betacy>21abc’ Now, 
= (ab+be tac) >21(s*Ip’) AM. 2G.M. 
If A = 27, then ab + bc + ca = 3, and given that a? +b? + c= 3, Bie ay y i 
from (a+b +c =a? + + c+ Aab + be + ca), we have wi EE r=t| Zz x y 
atb+c=43 : 3 (z—r) (x-m) (y-") 
=> ga+b+c=3 (since all the roots are positive) a Z x y ee 


=> 3p+q=0 zorx-my-n 27 
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For Problems 25-27 
25. b, 26. d, 27. a. 
2ax 2ax—1 2ax+b+1 
So. f(x) =| b b+1 = 
2(axt+b) 2ax+2b+1 2ax+b 


Applying C, > €,-C,, C, > €,-C, 


—(b+1) -(b+2) 2ax+b+1 
f@M=|@+)D (b+2) +1 
b b+1 2ax +b 


Applying R, — R, +R, and R, > R, —R,, we get 


0 0 2ax+b- 
f(x) =|b+1l b+2 -1 
-] -1 2ax+b+1 


= (2ax+ b)[-b-1+b+2] 
f'@) =2ax+b 
fx) =a?+be+e 
fO) =2>c=2 
f0) =laatb+2=laat+b=-l 
f'(5/2) =0 => 5a+b=0 
=> a =1/4,b=-5/4 


2 


1 5 
H ; =—x° -—x+2 
ence, f(x) Pal 7 


Clearly, discriminant (D) of the equation f(x) = 0 is less than 0. 
Hence, f(x) = 0 has imaginary roots. Also, (2) = 1/2. And mini- 


mum value of f(x) is 


4 ; 
Hence, range of the f(x) is [z. ~| ; 


Matrix-Match Type 


1. a—s; b—p; c—s; d—s. 


a. Coefficient of x in f(x) is coefficient of xin|1 x 


No Ke 


& 
i) 
f=) 


Therefore, coefficient of x is —2. 


1 3cosO° 1 
b. Let D=|sin@ 1 3cos0 
1 sin@ 1 
= (3 cos @- sin 6)” 
Ang = 10 
Cc. f'@®=0 
=> f(0)=0 
0 2 0 
d. a=|1 0 6=—2(1)=-2 
0 0 1 
2. as; br; cq, r; dp. 
xX+2 x+3 x+5 
a. The givendeterminantisA=|x+4 x+6 x+9 


x+8 x+11 x+15 


Determinants 7.59 


Applying R, + R,—R, and R, > R, — R,, we have 
X+2 x+3 x+5 
A=| 2 3 4 


4 5 6 
x x xti 
=2|2 3 4 | [Applying R, > R, —R, and R, > R,- R,] 
11 1 
x 01 : 
=2/2 1 1| [Applying C, > C,-C, and C, > C,-C,] 
10 0 ae 
=-2 {Expanding along ,] 
7 6 x13 
b. 2 x-13 2 
x-13 3 7 
Let x? - 13 =1. Then 
f-—67t+ 126=0 
=> 1=-9,2,7x=42,4/20,4 Vi5 
Hence sum of other five roots is 2. 
V6 2 34+ V6 
ce A=|vI2 V3 + VB 3/2 + Voi 


Vis V2+ Vi2 i V27 + 2 


Taking V6 common from C,, we get 


1 2i 3+V6 
A=V6\J2 J3+2V2i 3/2 +J6i 
V3 J2+2V3i  3V3 +23 
Applying 8, > R, - V2R, and R, — R, - VBR, we get 
1 2 3+V6 
A= 6|0 V3 V6i-2V3 
O32. Baad: 
ecg ne V6i — 2.3 
V2 p< 42 
V3 -2y3 
=V6 [Applying C, > C,- V2iC,] 
V2 -3V2 a 


= V6 (-3V6 + 2V6) 


= —6, which is an integer 


cos?@  cos@sin@ —sin@ 
d. f(@)=\cos@sin@ sin’ @ cos@ 
sin@ —cos@ 0 


Applying R, — R, + (sin @)R, and R, — R, - (cos 8)R,, we get 


1 0 —sin@ 
F(@)=| 0 1 cos@ 
sin@ ~cos0 0 


=sin?0+cos*@=1° 


=> firl3)=1 
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7.60 Algebra 


3. a—p, q, r; bq; c—s; dp, q, Fr. 
a. Multiplying C, by a, C, by b and C, by c, we obtain 


a b _at b 
c c c 
foe Oe: b € 
abc a a a 
ne b(b+c) b(at+2b +c) _Ddlat b) 
ac ac ac 
Applying C, > C, + C, + C,, we get 
i Z _at b 
Cc Cc 
get. 2 é 
abc a a 
0 b(a+2b +c) _db(at b) 
ac ac 
This shows that A is independent of a, b and c. 
b. Applying C, > C, - (cot b)C,, we get 
0 sinasinb cosa 
A= 0 cosasinb, —sina 
—sina/sinb sinacosb 0 
=- ial {-sin b sin? a — cos? a sin b] [expanding along C;] 
_sin 
= sina 


c. Taking 1/sin a cos b, 1/sin a sin b, 1/cos a common from C,, 
C,, C,, respectively, we get 
1 


sin?a cosa sinbcosb 


1 1 }34 
where A,=|-cota -—cota tana 
tanb -cotb 0 


A= 


A, 


0 l 1 
a 0 —cota tana 
l/sinbcosb -cotb 0 


Applying C, > C, — C,, we get 


1 
A=———— [tan a+ cot a] 
sinb cosb 


sina cosa sinb cosb 


a bsinA csinA 


d. bsinA 1 cosA 
csinA cosA 1 


a asinB asinC 


=lasinB 1 cosA 


asinC cosA 1 


i sinB sinc 
=a’|sinB 1 cosA 
sinC cosA 1 


1 0 0 
1—sin? B cosA — sin BsinC 


1—sin?C 


=a’ |sinB 


sinC cosA-—sinBsinC 


[Applying C, > C, — (sin B)C, and C, > C, — (sin C)C,] 
= @{cos? B cos? C — (cos A — sin B sin C)’} 

@[cos? B cos? C — (cos(B + C) + sin B sin C)] 

a@[cos? B cos? C — cos? B cos? C} 

=0 


Integer Type 


1.(3) Equation x° + ax? + bx + c = 0 has roots @, B, ¥. 
at+Bt+y=-a 


aB+ Byt+ ya=b : 
Since the given system of equations has non-trivial solutions, so 
a BY 
By a =0 
y a Bp 
=> &+P+YP-3aBy=0 
=> (a+B+plae+ P+ f—-aB- By yal =0 
=> (a+P+Yl(at Bt py —3(oB+ By+ ya)1=0 
=> -ala’-3b])=0 => a@lb=3 
a a, a 
2.2) WehaveD=|5 4 4% 
a, ag dy 
Since a ae au 
"on 20 
» 2 2) =|, 2d 
2* <3 2 3 
3 
Hence, D= a 20 2 my j a 2 
4 5 6 4x7 5.3 
20 20 20 2 
7 8 9 8 9 
R,> R,-R,and R,> R,-R, 
(2 
10 3 
_ (207 |, -3 1} _ 50 
~ 4x7} 40 9) 21 
fi wee 
8 #9 
= [D]=2 


(B+y-a-6)' (B+y-a-6y 1 
3(8) LetD=|\(y+a-B-6)) (y+a-B-5y 1 
(a+B-y-6)' (at+B-y-6y 1 


Applying R,> R, -R, 
R,>R,-R, 
(B+y-a-6)'-(a+ B-y—6)" 
= |(y+5—-B-6)* -(a+B-y-6) 
(a+ B-y-6)° 
(B+y-a-6) -(a+B-y—6y 0 
(y+a-B-6y -(a+B-y-6y 0 
(a4 Bay=oy \ 


4.(4) 
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= 4(B- 5) (y~ a). 4(a-8) (7- B) 


(B+y-a-5) +(0+ B-y-6P 1 
>< |(y +a-B-6) +(a+ B-y-6y 1 
(a+ B-y-6)* (a+ B-—y-6y 


Apply R, > R,-R, 
= 16(B— 4) (y- & (a- 5).4(y- 8) (B- @ 


— 


1 0 
(y +a—B-6) + (a+ B-y-5) 1 
(a+ B-y-6)* (a+B-y-6) 1 
= — 64 (a— B) (a- 9 (a- 5) (B- y) (B- 8) (¥-8) 
x+2 2x+3 3x+4 
A=/]2x+3 3x+4 4x45 1=0. 
3x+5 5x4+8 10x+17 


Applying Rk, R,- R, and R,> R,-R, 


2x4+3 3x+4 
A={x+1 xtl1 x+I /=0 
X+2 2(x+2) 6(x+2) 


x+2 


x+2 2x+3 3x+4 
A=(x+1)(x+2)] 1 1 1 j=0 
1 2 6 


A=(x+ 1) +2) [+ 2). 4- (2x + 3).5 4+ Bx4+4).1] =0 


A =(*+ 1) («+ 2) -3x-3)=0 
or (x + 1°(x+ 2) =0 
x=-1,-1,2 © 
5.2) System of equations 
> axt+y+z=a-l 
x+ayt+z=a-1 
x+ytaz=a-1 
Since system has no solution. 
Therefore, (1) A= 0 and (2) a— 120 


a iol 
1 a tl/=0,0#1 
1 1@e@ 
ROR,-R, ROR, R, 
a-l1 0 I-a@ 
0 a-t l-a@|=0 
1 l a 


=> (a-l1)[a(a-1)-(l-@]+U-@ -(a-1]=0 


=> (a-l)[e(a~l)+(a 1°?=0 
=> (a-1Y((a+1)+1]=0 


=> a=1,1,-2>a=1,-2 


1)] + (a 


Since system has no solution, a # |. 
a=-2 
6.(3) xty+z=1 
x+2y+4z=p 
xt4y+ 10z =p? 


(1) 
(2) 
(3) 


() 
(2) 
(3) 


Determinants 


|e | 


A=|1 2 4 
1 4 10 
RAR_-R,, Rk, R,-R, 
0 -l -3 
=|0 -2 -6} =0 
1 4 10 


Since A = 0, solution is not unique solution. 


7.61 


The system will have infinite solutions if A, =0, A, =0, A, =0 


A= 


7.(0) 


1 1 1 
A=|p 2 4{=0 
p 4 10 
C,> C,-C, 
1 1 0 
p 2 2;=0 
p-4 6 
1(12 = 8) — 1 (6p — 2p?) =0 
4-6p + 2p*=0 
2(p? — 3p + 2) =0 
p’-3p+2=0 
p=lor2 
Also for these values of p, A,, A, = 0 
au? WI 
3v° 2? 1] =0 
3w? 2w? 1 
RR, - Rand R,> R,- R, 
wv w-y 0 


5 5 
v-w vow 0] =0 


= 
— 
— 


8.(2) 


2 
wo w | 


uty w+v+wu 0 
v+tw v+w+vw 0] =0 


2 3 
w w l 


RR, -R, 
u-Ww (W -w*)+v(u~w) 0 
vw? + ow 0) =0 


2 
we Ww l 


v+w 


] ut+wtv 0 


v+w v+w+vw 0] =0 


2 3 
w w l 


(? + w? + vw) - (v + w) [(v+w) 44] =0 

v+w? + vw—(v+wP—u(v+w)=0 
uv+vw+wu=0 : 

Using Cc C, -(C,+ C,) in D, and D,, we have 
D, _ ~2b(ad—be) 

D, b(ad — bc) 
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7.62 Axlgebra 


1 3cos@ I 


9,(5) A= |sin@ 1 3cosé 
1 siné l 


Applying ROR R, 


1 3cos0 1 
= |sin@ 1 3cos8 
0 -sin@—3cos@ 0 
= -—(sin @ 3 cos@) (3cos @- sin 8) 
= (3cos @ sin@)* 
Now, ~J941 <3 cos@- sin 0S /9 +1 
=> CGcosé@sin 6< 10.1 
=> A, =10 
10.(4) 
1 x+y X+Y+Z 
A=x|2 3x+2y 4x+3y+2z 
3 6x+3y 10x+6y+3z 
1 1 x+y 
=x7|2 3 4x+3y 
3 6 10x+6y 


C, > C;-2C, 
C, > C,- yC; 


Vas ae 
=x3|2 3 4\[C,->C,-yCy] 
3 6 10 
=x (6-8 +3)=64 
>xeP=64>x=4 
~ 1d) 
at+4ad a d 
Ayn laa thee a, dl I¢,30,-¢) 
a,t+4ad a, d 


where d is the common difference of A.P. 


2 
a a | a a a 
=d a; a, l|\+4dla, a, d 
2 
a, a; 1 a, a, d 


= d(a,—4a)(a, — a,)(a, - a,) = -2d* 
Similarly, A, = —2d". 


are 
I XE 290 


12.14) A=(xyz)"Il yy! 
1 2 24 
= (xyz)"(x? — y? Wy? — 2? (2? - x) 
Clearly when 
l 1 1- 1 1 1 
n=—-4,A= ea = 
fan pean eee 


13.(2) 


f de 
B=2.2\In 1 m 
c a b 


[Taking 2 common from R, and C,) 
2f de 

=2)2n 1 
2c a bl 


2c a b 
=212f de 


2n | m 


[R, © R,, then R, Rj] 
a b 2c 
=2/d e 2f|=2A 


1 om 2n 


[C, < C, and then CL, CG] 
x» yy OM 4 9 
14,0) A=|x, y, Oly x, 0) =0.0=0 
x, Ys Oy; %3 
15.(8) Putting x = 0, a, = 1 
(1 + ax + bx)*= (1 + ax + bx’) (1 + ax + bx’) 
(1 + ax + bx?) (1 + ax + bx’) 
Clearly.a, = 1, a, = coefficient ofx=a+ata+a= 4a 
a,= coefficient of x? = 4b + 6a 
Now A =~-(a3 + a} +a} —3a94,a)) 
dy +a, +a, #0 


a, = 4, = a, 


b= 


ae eas ge 
4 32 


Subjective Type 
1. We should have 
1 k 3 
3 k -2/=0 
23 -4 


=> 1(4k+6)—k(-12 + 4) + 39 - 2k) =0 
=> 2+ 33209 k= > 


Substituting k = pa and putting x = m where m € Q, we get the 
system as z 


33y + 6z=-2m (1) 
33y —4z =-6m (2) 
3y~4z=-2m (3) 


(1) - (2) = 10z=4m > z= =m 


22 
(1) 3 33y=-2m =e ie 


downloaded from jeemain.guru 


Therefore, the solution is x =m, y= ial. i= cull 
5, Be 15 5 
2. |b ¢ a=a +b’ +c? —3abc) 
c ab 


=-(a+b+o)[a? +b? + c?-ab— be - ca] 


1 
= “5 (a+b +0c)[2a? + 2b? + 2c? — 2ab — 2be — 2a] 


=- F (at+b+of(a—by + (b-cY + (c- a)’| 


Asa, b, c >0, thereforeatb+c>0. Alsoa¢b#c. 
(a— bY +(b-c + (c- a) >0 


Hence, the given determinant is —ve. 


xr+x x+l x-2 
3. 2x27 4+3x-1 3x 3x-3/=Axt+B 
x? +2x4+3 2x-1 2x-1 


On L.H.S. operating R, > R, - 2R, and R, > R, —R,, we get 


x? +x x4tl x-2 
x—-1l x-2 x+l 
x+3 x-2 x+l 
x? x +1 x-2 x x x-2 
=| 0 x-2 x4tll+}x-1 x-2 x41 
O x-2 xtl) |lx+3 x-2 x41 
x x x-2 
=O+/x-1 x-2 xt 


x+3 x-2 x41 


x x+l x-2 

=|-l -2 3 | (Operating R, > R, -R, and R, > R, - R,) 
4 0 0 , 
x x 0 1 -2 


=|-1 -2 3j)x+|-1 -2 3 
4 0 0 4 0 0 


=xA+B=RHS. 
Hence proved. 
3 -1 4 
4. Az=|i 2 -3)/=74+35 
6. 5.A 


If 7A + 35 #0, i.e. A#—5, system has a unique solution. 
{: A#0 = unique solution] 

But if 4 =—5, we have A = 0. Solution exists in this case if 
A= A, = A. = 0. Now for A=-5, 


Determinants 7.63 
3 -l 4 
A,={-2 2 -3|=0 
3 5 -5 
3 3 4 
A,= 1 —2 -3)=0 
6 -3 -5 
3 -1. 3 
A,=|1 2 —21=0 
6 5 -3 


ThusA=A =A =A.= 0, so there exists infinite number of solu- 
tions. Now eliminating x from the equations, we have 


Ty - 13z=-9 


Ty - 13z=-9 
which are same, so putting 
z=ke R,y = (13k—9)/7 and so x = (4 —5k)/7, where k is any 
real number. 
5. Applying C, > C, + C,, C, > C, + C, and using "C, +"C,,, 
="I!C__, we have 


C6. CS, i Sr 
A=)"C, aia Se C4 
°C, as OF aes 
xc HC, +2 Cop 
SC. Co [Applying C, > C, + C,] 
°C. Co, 220 
6. The system has a non-trivial solution if 
sin30 -1 1 
A=|cos2@ 4 3/=0 
2 eed 


7 sin 39 + 7 cos 20-6 +7 cos 20-8 =0 
sin 39 + 2 cos 20 =2 
3sin 0-4 sin 64+2-—4 sin? O=2 
sin 9 (4 sin? 6+ 4 sin 9-3) =0 
sin @ (2 sin @ + 3)(2 sin @- 1) =0 
sin 6 = 0; 1/2, since sin @ # -3/2 
Hence, @ = nz or na + (-1)" 2/6, n € Z. 
7. As A28, 3B9 and 62C are divisible by k, there exists ™m,, 1,, ™, 
€ Z such that 
100A + 20 + 8 = m,k, 300 + 10B + 9 = m,k and 600 + 20+ C 


YuuUTLS 


=m,k. 
Now, ; 
A 3 6 
A=|8 9 C 
2 B 2 


Applying R, > 100R, + R, + 10R,, we get 
A 3 6 
A=|100A+20+8 300+10B+9 600+20+C 
2 B 2 
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7.64 Algebra 
A 3 6 
=|mk mk mk 
2 B 2 
A 3 6 
=kim, m, m;|=kA, 
2 B 2 


As all elements of A, are integers, A, must be integer. 
-. A=kx some integer . 
=> Ais divisible by k. 
8. Given, 
: p be 
aqec |=0 
abr 
Applying R, > R, —R,and R, — R,—R, reduce the deterrhinant into 
p-a b-q 0 
0 q-b c-r=0 
a b r 
=> (p-a\q-—b)r+aib-—gi(c-n-bp-ayc-rn=0 
Dividing throughout by (p — a) (q -— b) (r-c), we get 
r. a b 


r-c p-a q-b 
9, Taking n!, (n+ 1)!, (2 + 2)! common from R,, R, and R,, 
respectively, we get 
1 (+1) (n+1)(n+2) 
A=(n)! (n+ 1)! (n+2)!x | (n+2) (n+2)(n +3) 
1 (n+3) (n+3)\n+4) 
1 ntl (n+1)(n+2) 


A> = (nt )?(n+2)x/0 1 2(n +2) 
ve 0 1 2(n+3) 
[R, 7) R, i} R,, R, —R, = Rj] 
= (n+ 1)°(1 + 2)2 = 2[n’ + 4n? + 5n + 2] 
an +4n+5) 
Hence, —— —4 is divisible by n. 


10. The given system has a non-trivial solution if 


A sin@ cosa 
1 cos@ sing |=0 


-l] sina -cosa@ 


By expanding the determinant along first column, we get 
A= sin 2a + cos 2a 

Now, 
~ V2 <sin 2a + cos 2a< V2 

= - 2 <is v2 

For A= 1, 
sin 2a + cos 2a = | 


1 


=> Berek cos 2a = 2. 
V2 v2 V2 


=> a=2nct a + re n being an integer 


cos(A—P) cos(A—Q) cos(A-— R) 
11. |cos(B-P) cos(B-Q) cos(B-R) 
cos(C—P) cos(C—Q) cos(C— R) 
cosA sinA Q| -|cosP sinP 0 
=lcosB sinB 0|x cosQ sinQ 0 
cos€ sinC O} |cosR sinR 0 
=0x0=0 
12. Taking ee nee 
a(a+d)\(a+2d) 
1 1 
———____—_—_—~ from R, aan —————______ 
(a+ d)(a+ 2d)(a+3d) “ (a+2d)(at+3d)(a+ 4d) 
from R,, we have 


common from R, 


1 , 
~ alatd)(a+2d)(a+3d)"(a+4d) 
where 
(a+d)(a+2d) a+2d a 
=l(a+2d)(a+3d) a+3d atd 
(a+3d)(a+4d) at+4d a+2d 


(a+d)a+2d) 2d a 

=|(a+2d)(at+3d) 2d . a+d|{ApplyingC, > C,~C,] 
(a+3d)(a+4d) 2d a+2d 
(at+d)(a+2d) 2d a 

=| (a+2d)2d 0 d| [applying R, > R,- R,, R, > 

(a+3d)2d 0 d R,-R] 
= ~2d[(a + 2d)2d* — (a + 3d)2d’] = 4d* 
Hence, A = 4d‘/[a(a + d)*(a + 2d)*(a + 3d)*(a + 4d). 


13. Given that a, b, c are p", gq" and r*" terms of a H.P. Hence, 


1 1 
—,—,—are p", g" and r terms of an A.P. So, 
abe 
1 
—=A+(p-l)D 
a 
ae Caer ys (1) 
b 
1 
-—=A+(r-1)D 
c 


Now given determinant is 


Pid 

be ca ab abe 
A=|p q rj=abce|lp q r 
1 $1 1 1 1 1 


downloaded from jeemain.guru 


Determinants 7.65 


Substituting the values of 1/a, 1/b, I/c from (i), we get Operating C, > C,-C,, C, + C,—C,, we get 
At+(p-)DD A+t+(q-)NDD A+t(r—-1)D A 141 
A& =abe Pp q r (x+9)}-1 A =0 
1 1 al : -1 -1 A 
Operating R, — R, —- (A — D)R, — DR,, we get => (&+9)@-2)a-7)=0 (Expanding along R,) 
0 0 O . => x=-9,2,7 


5. The given homogeneous system of equations will have non-zero 


N=abe|lp qr 
solutions if 


111 


D=0 
14. Operating R, —R,+ R, + R, and using trigonometric identi- > es Cae | 
ties, the given determinant becomes ei lage ote -0 
sind+2sino{ ~1] cos0-+200s0{ -1] aes i 
A => AG2+1)-1A4+ 1) + 11 +2) =0 
sin( 04-2) cos 04-22 => 24+31=0 
3 3 => AQ2+3)=0, but 2 +340 for real A 
2 = 
sin( 0-2) cos{ 0-28 ; a ae! 
3 3 ' 1 a a-—be 
sin 20 +2sin 20 (- +) 6. 1 b b-ca 
1 ¢ cab 
sin (204) 
3 laa 1a be 
: - 2) 
sin(20-“E =|1 b.B*{-|1 b ca 
3 lec ce 1 c ab 
0 0 , ° 
: ; d baa a a’ abe 
=|sin] 0+] cos| 0+! sin] 20+— |=0 = 6 bl-——|b &? abe 
3 3 3 abc 
On on dee le ¢ cc abe 
sin( 0-2) cas 0-22) sin( 20-22 neil 
3 3 3 [Multiplying R, by a, R, by b and R, by c] 
. wveT laa} la a 1 
Objective Type shy Bley aes a 
oe k 
Fillin the blanks ee ae eee 
0 -1 3 
1. Putting A=0, we have t=| 1 0 —4/=0 (skew-sym- laa ha@ 
PS CNN eae a ee sh pb pf 6 62} [Applying C, > C, and then C,  C,) 
2. Clearly for x=—1, R, = R, and for x = 2, R, = R,. Hence roots le cl fl c ¢ 
are x =-1, 2. 7 
3. With 0 and | as elements there are 2 x 2 x 2 x 2 = 16 determi- ae 
Oo} yt ty il oO I 1] J 
nants of order 2 x 2 out of which only ; ; are Ba 
0 1 jo Yl i 7 D=|log,x 1 log, z 
the three determinants whose values are +ve. Therefore, the log.x log, y 1 
required probability is 3/16. 7 ‘i 
X43". 7, : 1 logy logz 
4. 2 x 2/=0 logx logx 
7 6 x _ jlogx 1 log z 
Operating R, + R, + R,, we get logy log y 
xt+9 x+9 x4+9 : logx logy 7 
2 % 2° 0 _ jlogz logz 
7 6 x : 1 1 
(Taking i common from R,, R, and R,, respec- 
111 logx logy logz 
(x+9)}2 x 2)=0 tively) 


7 6x 
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logx logy logz 
logx logy logz 
logx logy logz 


1 
~ log x logy logz 


=0 


8. ROR +R, 
0 0 2 


=> f(@=|-tand 1 tan@ 
-1 — tan @ 1 


= 2 (tan?@ + 1) = 2 sec?@ 


True or false 


1 a be 
1. 1 b ca 
1 oc ab 
a a’ abe R,— aR, 
= lh # abe R, > bR, 
abc 
c abc] (RR; 
aa i 
=|b BD? 1 
c cl 
laa ; 
= bp B Ci eC; 
| (2 G3 
l coe : 


Hence, the given statement is false. 


x; yz | a, b; 1 
=> Area of A, = Area of A, 
where A, is the triangle with vertices (~,, y,), (% ),) and (x,, y,) 
and A, is the triangle with vertices (a,, b,), (a,, b,) and (a,, b,). 
But two triangles of same area may not be congruent. Hence, the 
given statement is false. 
Multiple choice questions with one correct answer 
1. b. For every ‘det. with 1’ (€ B) we can find.a det. with value 
~ 1 by changing the sign of one entry of ‘1’. Hence there are equal 
number of elements in B and C. 
Therefore, (b) is the correct option. 
0 I+@+a@* 0 
2.b  |l-2 -1 
-1 -l+q@-1 —! 


o -1 


3.b. Let ~ 
a 


0 0 0 
=il-i ~1 
-1 -i+@m-1 -l 


(Operating R, > R,-R,+R,) 
2 y 2 
=Xspa¥, G22 


@* -1 


2 


Then the given system of equations is 
X+Y-Z=1 
X-Y+Z=1 

-X+Y+Z=1 

Coefficient determinant is 


= 1(-1-1)- 141 + 1)- 11 -1) 
=-4#0 
Hence, the given system of equations has unique solutions. 
4.b. Given, 
xpty x y 
ypt+z y z |=0 
0 xp+y ypt+z 
Operating C, > C, — pC, — C,, we get 
0 x y 
0 oy 
(xp? +2py+z) xpty yptz 


z |=0 


=> (xz—y)(xp? + 2py +z) =0 
=> xz-y=0 
=> y=xrz 
Hence, x, y, z are in G.P. 
: 1 a a 
5.b. Let, A=|cos(p—d)x cospx cos(pt+d)x 
sin(p-—d)x sin px sin(p+d)x 
Expanding along first row, we have 
i[cos px sin(p + d)x — cos(p + d)x sin px] 
—a[cos(p — d)x sin(p + d)x — cos(p + d)x sin(p — d)x] 
+ a{cos(p — d)x sin px — cos px sin(p — d)x] 
= sin dx —a sin 2dx + a’sin dx 


which is independent of p. 


6. a. Taking x common from R, and x(x — 1) common from R,, we get 


1 x x+l 
f(yax? (x-Dj2 x-1 xl 


3 x-2 xl 
Applying C, — C,— C,, we get 
1 x 1 
f(x)=x? (x-1)|2 x-1 2/=0 
3 x-2 3 


Thus, f(500) = 0. 


[- l+o+@’?=0] 
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7,d. For the given homogeneous system of equations to have non- 
zero solution, determinant of coefficient matrix should be zero, i.e., 


to =k =f 
k Wl -I=1dtbt+k Ck +)-&+)=0 
1 1-1 

— 2—K+k-k-1=0 


> P=1 
=> k=! 
8. b. Given that o- 142, o%=-4- ae Also, 1+a@+o? 


= 0 and aw? = 1. Now given determinant is 
1 1 1 1 1-1 
A=|l -l-o o*/=|l 


1 @& @ 


o o 
1@ @ 
(Using w =—1 —@* and w= 1] 
Operating C, > C,+C,+C,, we-get 
3. 1 1 
A=|0 @ @ fas 1+@+o?=0] 
0 @ @ 
Expanding along C,, we get 
3(@ — w) = 3(w?- @) 
= 3a(@ - 1) 
9.b. For infinitely many solutions the two equations become 


identical. Hence, 
k+l 8 4k 


= k=] 


k  k+3  3k-1 


10. a. The given system is 


x +ay=0 
az+y=0 
ax+z=0 


‘ It is a system of homogeneous equations, therefore, it will have 
infinitely many solutions if determinant of coefficient matrix is zero. 


Therefore, 
1 ao 
0 | a=0 
a 01 
=> 1(1-0)-a0-a’)=0 
=> 1+a@=0 
> @ad=-l 
=> a=-!l 


11. d. Since the system has no solution 


2 -l 2 
1 —2 -l}/=0 
1 1 A 


2(-24 + 1) +104 1) +2) =0 
444+2+1+1+4+6=0 

3,=9 

A=3 


Wyuudy 


Determinants 7.67 


—1|= x + iy (given) 


6i 1 1 

=> -311/4 -1 —-ll=xtiy 
20 i i 

=> x+iy=0+i0 

=> x=y=0 


Multiple choice questions with one or more than one correct answer 
1. b.e. Given that 

a b 

b c 

aat+b bate 0 


aa+b 
ba+cl=0 


Operating C, > C, — C,a— C,, we get 
a b 0 
b c 0 =0 


aat+b bate (aa? +ba+batc). 


a b 0 
=> (aa? +2bat+c)| b C 0) =0 
aatb bat+c | 


=> (ac—b*\(ae + 2ba+c)=0 


either ac —b* = 0 or aa? + 2ba+c=0 


iV 


=. either a, b, c are in G_P. or (x — a) is a factor of 
ax*+2bx+e 


Hence, (b) and (e) are the correct answers. 


Matrix-match type 
1. aor; bq; cp; ds. 
a be 
A=|b c a 
c ab 


=-5 (a+ b+ o)[(a—by +66) +(e- a) 


a. Ifatb+c#O0and@+bh?+C=ab+be+ca 
=> A=Oanda=b=cF0 
Therefore, the equations represent identical planes. 
b. at+b+c=Oand@+P4+CF#ab+be+ca 
=> A=0 
Therefore, the equations have infinitely many solutions. 
ax + by =(a+ b)z 
bx+cy=(b+c)z 
=> (b-ac)jy=(b’-acjz>y=z 
=> axtby+cy=0>S>ax=ay>x=y=Z 
c. a+b+c#O0anda’?+b?+c’#ab+be+ca 
= AF0 
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Therefore, the equations represent planes meeting at only one 
point. 
d. at+b+c=Oanda’+bh?+c=ab+bce+ca 
=> a=b=c=0 
Therefore, the equations represent whole of the three-dimensional 
space. 


Integer Lype 
1.) 


o- ei2nl3 


uy 


1 zt+@’ 1 |=0 
1 1 z+o@ 


e[@+@)(¢+@)-1-o(2+@-1)+0°(1-z-@") |=0 


2=0 
z= 0 is only solution. 
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Matrices 


> System of Simultaneous Linear Equatio 

> Matrices of Reflection and Rotation . 

> ‘Characteristic Roots.and Characteristic Vector ofae 
Square Matrix : i nee 


| > A iaiont Mabrices ae 4 ee ee ee 


| Reenwererenesessmtceererene SHARIN PERRET 
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8.2 Algebra 


DE FINITION 


Arectangular array of symbols (which could be real or r complex 


nurmabers) along rows and columns is called a matrix. 


Thus a system of m x n symbols arranged in a rectangu- 
lar formation along m rows and n columns and bonded by the 
brackets [-] is called an m by n matrix (which is written as m x 


n matrix). Thus, 


A, ag ay, 

a a a 
21 22 Qn 

A= ; : 
any An? Ginn 


is a matrix of order m x n. 


ee a compact form, the above matrix is represented by 
= [a,], 1<i<m,1<j<nor simply [a,]_.The numbers a 


ij?mxn™ 


a.,, ---, etc., of this rectangular array are called the elements of 


i2? 


the faethe The element a, belongs to the i" row and j® column 


and 4s called the (i, j)" element of the matrix. 


Equal Matrices 


Two matrices are said to be equal if they have the same order 
and each element of one is equal to the corresponding element 


of the other. 


Example 8.1 
possible orders it can have? 


Sol. We know that if matrix is of order m x n, it has mn 
elements. Thus, to find all possible orders of a matrix with 8 
elements, we will find all ordered pairs of natural numbers, 


whose product is 8. 


Thus, all possible ordered pairs are (1, 8), (8, 1), (4, 2), (2, 4) 


Hence, possible orders are 1 x 8, 8 x1,4.x 2,2x4 


elements ae given by a,= =2i-j. be ie 
i] 12 


Sol. In general 3 x 2 matrix is given by | a,, a, 


Now a, = 2i—j 4, ayy 
=> a4,=20)-1=1 

a= 201)-2=0 

ay, = 2(2)-1=3 

a, = 2(2)-2=2 

a,, = 2(3)-1=5 

a,, = 2(3)-2=4 i 0 


Hence the required matrix is |3 2 
5 4 


x-y 2z+w 0 10 


dale Gey XyV5 ZW. 


x+y 2x4+z 4 7 
Sol. We have = 


0 10 


Comparing the elements we have 
x+y=4,2x4+z2=7,x-y=0and 2z+w=10 


x-y 2z+w 


Solving these equations we get x = 2 and y=2,z=3,w=4 


If a matrix has 8 elements, what are the 


Construct the matrix of order 3 x 2 whose 


x+y 2x+Z 4 7 
If = , then find the 


Seu eseme For what values of x and y are the 


following matrices equal? 


2x+1 3 2 
he: ; y _ B= x+3 y+2 
: 0 y —5y 0 -6 


Sol. We have, 
ee 3y 3 ae 
0 -y-sy} | 0 -6 
=> wx+1l=x+3 (1) 
3y=y +2 (2) 
y—Sy=-6 (3) 


=> x=2 [From Eq. (1)] 
y=lor2 [From Eq. (2)] 
y=2or3 [From Eq. (3)] 

=> x=2andy=2 


Classification of Matrices 

Row Matrix : 
A matrix having a single row is called a row matrix, 
e.g., [135 7]. 

Column Matrix 

A matrix having a single column is called a column matrix, e.g., 


Note: Matrices consisting of only one Slee: or. row are. 
called vectors. . 


Square Matrix 
An m X n matrix A is said to be a square matrix if m = n, Le., 
number of rows = number of columns. For example, 


1 2,3 


3 4 5 
is a square matrix of order 3 x 3. 


Note: The diagonal from left-hand side upper corner to 
right-hand side lower corner is known as leading diagonal 
or principal diagonal. In the above example, diagonal 
containing the elements 1, 3, 5 is called the feaains or 
principal diagonal. 


Diagonal Matrix 

A square matrix all of whose elements, except those in the lead- 
ing diagonal, are zero is called a diagonal matrix. For a square 
matrix, A = [a.]_ to be a diagonal matrix, a, = 0, whenever 


ipenxn 


if#j. 
A diagonal matrix of order n x n having d,, d,, ..., d, as diag- 
onal elements is denoted by diag [d,, d,, ..., d,]. For example, 
3 0 0 
A=|0 5 0 
0 0 -l 
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is a diagonal matrix of order 3 x 3 to be denoted by A = diag 
[3 5-1]. 
Scalar Matrix 
A diagorzal matrix whose all the leading diagonal elements are 
equal is called a scalar matrix. 

For a square matrix A = [a,] 


yon xn 
0, i#j 
a. = a 
y m, i=] 


where m #0. For example, 
5 0 0 
A=|/0 5 0 
00 5 


is ascalar matrix. 


to be a scalar matrix, 


Unit Matrix or Identity Matrix 
A diagonal matrix of order which has unity for ail its diagonal 
elements, is called a unit matrix of order n and is denoted by / . 


Thus, a square matrix A = la) cn is a unit matrix if 
ae 
a, = ; i 
? 0, i#j 
For example, 


Triangular Matrix 
A square matrix in which all the elements below the diagonal 
are zero is called upper triangular matrix and a square matrix in 
which all the elements above diagonal are zero is called lower 
triangular matrix. 

Given a square matrix A = [d,], , ,» For upper triangular 
matrix, a,,= 0, i >j and for lower triangular matrix, a, = O,i< 
j. For example, 


ah g 1 0 0 
O b fjand)2 3 0 
0 0 ¢ 1-5 4 


are, respectively, upper and lower triangular matrices. 


Note: 
* Diagonal matrix is both upper and lower triangular. 
_* A triangular matrix A = [ aid nxn is called strictly triangu- 
lar ifa,=O for 1 Sica. 


Null Matrix 


If all the elements of a matrix (square or rectangular) are zero, 
it is called a null or zero matrix. For A = [a,,] to be null matrix, 
a,,= 0, V i, j. For example, 
00 0 

0 0 0 
0 0 O},7 5 


6° 100 0} are null matrices. 
000 : 


0 


Matrices 8.3 


Trace of Matrix 


The sum of the elements of a’square matrix A lying along the 
principal diagonal is called the trace of A, i.e., tr(A). Thus, if A 
=[a_] then 


ijenxn? 


n 
tr(A) = Ya; = ay + ay) tetany, 


i=l 


Properties of Trace of a Matrix 
LetA=[a,],,,, and B=[b,), and / be a scalar. Then, 


(i). te(AA) = Atr(A): 
Gi) tr(A +B) = tr(A) + tr(B) 


(iii) tr(AB) = tr(BA) 


Determinant of Square Matrix : 

To every square matrix A = [a,] of order n, we can associate 
a number (real or complex) called determinant of the square 
matrix A, where a, = (i, J)" element of A. 

This may be thought of as a function which associates each 
square matrix with a unique number (real or complex). If M is 
the set of square matrices, K is the set of numbers (real or com- 
plex) and f: M — K is defined by f(A) =k, where A € M andk 
€ K, then f(A) is called the determinant of A. It is also denoted 
by IAI or det(A) or A. 


a b Stee ab 
If A= , then determinant of A is written as IAI = 
c d c ad 
= det(A). 
Note: 
* IfA, A, ..., A; are square matrices of the same order 


then |AA,...A,| = |A||IA,}... lA. 
¢ If k is scalar, then \kAl = k'lAl, where n is order of the 
matrix A. 


° If A and B are square matrices of same order then \AB\ 
= IBA even though AB # BA 


Singular and Non-Singular Matrix 
A square matrix A is said to be non-singular if IAI # 0, and a 
square matrix A is said to be singular if |Al = 0. 


B2cuudckeme ‘Find the values of x for which matrix 
3 -l+x 2 
3 -1 x+2/| singular. 


x+3 -1 2 


Sol. Given matrix is singular 


3 x-l 2 
> 3 -l1 x+2/=0 
x+3 -l 2 
0 x -Xx 
=> 3 -1 x4+2/=0 [R, > ,-] 
x+3 -1 2 
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8.4 Algebra 
0 x ~Xx 
> -x 0 x /=0 [R,>~R,-R,] 
x+3 -1 2 
0 x 0 
> -x 0 x/=0 [C,>7C,+C] 
x+3 -1 1 


=> —x[(-x) (r+ 3)] =0 = x0? + 4x) =0 = x=0,-4 
Hence only one value of x in closed interval [-4,-1] i.e. x = 4 


ALGEBRA OF MATRICES 
Addition and Subtraction of Matrices 


Before we give the formal definition of addition and subtraction 
of matrices, we will discuss an example from a real life situation. 
Let the marks of the three students S,, S,, S, in maths, physics 
and chemistry in two tests are as follows: 


Test | ‘ Test 2 

P- M P C M 
5S;|40 40 60 S,{55 65 78 
S,/30 70 40 S,|40 65 35 
S,{25 50 55 S,/42 65 70 


Now if we want to find the aggregate marks in both the tests, 


then we must have 


Test 1 Test 2 
M 


PE. M Pi 4é 
S,[40 40 60] S,[55 65 78 
Aggregate marks = S,|30 70 40|/+S,|/40 65 35 
S,|25 50 55] $,|42 65 70 
Cc M 
40+65 60+78 
70+65 40435 
50+65 55+70 


P 
5,40 +55 
= S,| 30+40 
S,| 25+42 


Test 1 
eee OF 


M 
S,[95 105 138 
=S,|70 135 75 
S,|67 115 125 


Thus, any two matrices can be added if they are of the same 
order and the resulting matrix is of the same order. If two matri- 
ces A and B are of the same order, they are said to be conform- 
able for addition. 

Let A, B be two matrices, each of order m x n. Then, their 
sum A + B is a matrix of order m x n and is obtained by adding 
the corresponding elements of A and B. 

Thus, if A = [4;,],, x, and B= [b,],, x, are two matrices of the 
same order, their sum A + B is defined to be the matrix of order 
mx nsuch that (A + B), =a, + b, for i= 1,2,..., mandj= 1, 
2,...,. For example, 


a b cq 4, ate b+td, 
a, by |t}c, d,|=|a,tc, b, +d, 
a, b, c; 4d, a,¢c, b, td, 


Note: ; 
' * Only matrices of the same order can be added or subtracted. ; 
* Addition of matrices is commutative [A + B = B+ A] as well 
as associative [(A+ B)+C=A+(B+O)]. : 
* Cancellation laws hold well in case of addition. 
¢ The equation A + X = O has a unique solution in the set 
of all m x n matrices (where O is null matrix). 


Scalar Multiplication 


Before we give the formal definition of scalar multiplication, 
we will discuss an example from a real life situation. Let the 
marks of the three students S,, S,, 5S; in maths, physics and 
chemistry are as follows: 


P C M 
8,[40 40 60 
5,130 70 40 
-$5)25 50 55 


After the result, the examination body realizes that the test 
papers were too difficult for the students to perform well. So 
they decided to give 10% grace marks to each students in each 
subject. Then the revised result is 


P oC M PoC M~ 

S,|40 40 60 S,| 44 44 66 

(1.1) x] S,130 70 40)|/=S5,} 33. 77 44 
S325 50 55 $3|27.5 55 60.5 


Thus, the matrix obtained by multiplying every element of a 
matrix A by a scalar A is called the scalar multiple of A by A and 
is denoted by JA, i.e., if A = [a,J, then JA = {Aa,}. For example, 


if 
2. 3-5 4 6 10 
A= , then 2A = 
6 7 B55, 12 14 16 bach 


Note: All the laws of ordinary algebra hold for the addition or 
subtraction of matrices and their multiplication with scalars. 


: Example 8.7 | IfA = diag (1-1 2) and B = diag (23 - 1), 
then find 3A + 4B. 


Sol. 3A + 4B = 3 diag (1 -1 2) + 4 diag (2 3 -1) 
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= diag (3 -3 6) + diag (8 12 — 4) 
= diag (11 9 2) 


Example 8.8 itt 
1 2 -3 -2 Pq 
A =|3 4]/and B=| 1 -5|, thenfind D=|r s|such 
5 6 4 3 t u 
thatA+B-D=0. 
Sol. Here A+B-D=0O. 
D=A+B 
P @ 1. 3 2 
=> |r sl=|3 4]/+)/ 1 -5 
t ou 5 6 4 3 
1-3 2-2 
=|34+1 4-5 
5+4 64+3 
—2 0 
=|4 -1 
9 9 
—2 O 
=> D=|4 -=-1 
9 9 
1 2 0 
Meme Let A+2B=|6 -3 3) and2A4-B 
2-15 ‘1-5 3 #1 
=|/2 -1 6| then find 7r(A) — 7r(B). 
0 1 2 


Sol. Here to find the value of Tr (A) — Tr(B), we need not to find 
the matrices A and B 
We can find Tr(A) — Tr(B) using the properties of Trace of 


matrix 
That is 
1 2:0 
A+2B=|6 -3 3 
-5 3 
= Tr(A+2B)=-1 
or T(A)+27(B)=-1 (i) 
2 -1 5 
2A-B=|2 -1 6 
0 1 2 
=> Tr(2A-B)=3 
or 27 (A)-T(B)=3 (ii) 


Solving (i) and (ii), we get Tr(A) = 1 and Tr(B) =—- 1 
= Tr(A)—Tr(B) =2 
Multiplication of Matrices 


Before we give the formal definition of how to multiply two 
matrices, we will discuss an example from a real life situation. 


Matrices 8.5 


Consider a city with two kinds of population: the inner city 
population and the suburb population. We assume that every year 
40% of the inner city population moves to the suburbs, while 
30% of the suburb population moves to the inner part of the city. 
Let J (resp. S) be-the initial population of the inner city (resp. the 
suburban area). So after one year, the population of the inner part 
is 0.6] + 0.38, while the population of the suburbs is 0.47 + 0.78. 

After two years, the population of the inner city is 0.6(0.6/ 
+ 0.35) + 0.3(0.4/ + 0.75) and the suburban population is given 
by 0.4(0.6/ + 0.3S) + 0.7(0.47 + 0.75). 

Is there a nice way of representing the two populations after a 
certain number of years? Let us show how matrices may be helpful 
to answer this question. Let us represent the two populations in> 
one table (meaning a column object with two entries): 

I 
s 
So after one year the table which gives the two populations is 
0.67 +0.3S 
i + He 
If we consider the following rule (the product of two matrices) 


Bebe 


then the populations after one year are given by the formula 


Gale 


After two years, the populations are 
0.6 0.3]//0.6 0.3) [J 
0.4 0.7/\|0.4-0.7] |S 


Combining this formula with the above result, we get 


0.6 0.3/0.6 0.3) | 0.6x06+03x0.4 0.6x0.3+0.30.7 
0.4 0.7|[0.4 0.7] |04x0.6+0.7x0.4 0.4x0.3+0.7x0.7 


In other words, we have 
a b\je fj _jaet+bg af+bh!, 
Le d|lg A] [ce+dg cf+dh 
In fact, we do not need to have two matrices of the same size 
to multiply them. Above, we did multiply a (2 x 2) matrix with 
a (2 x 1) matrix [which gave a (2 x 1) matrix]. In fact, the general 
rule says that in order to perform the multiplication AB, where A 


is am xn matrix and Bis ak x! matrix, then we must have n = k. 
The result will be a m x / matrix. For example, we have 


abe 3 _ | axt+by+cz 
\; e ‘| : Sie 
Two matrices A and B are conformable for the product AB ~ 
if the number of columns in A (pre-multiplier) is same as the 
number of rows in B (post-multiplier). Thus, if A = [a,],, ~, and B 
=[b,],,., are two matrices of order m x n and n x p, respectively, 
then their product AB is of order m x p and is defined as 


A 
(AB), = > G;,D,; = Gb, ; + Ajyb9 +++ + Aid, 
r=1 
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8.6 Algebra 
bj 
bs, 
= [Gj Gin °**Gin | - 
Bnj 
=i row of A) (j'" column of B) qj) 


where i= 1, 2,..., mandj=1, 2, ...,p 
Now, we define the product of a row matrix and a column 


matrix. Let A =[a, a, ... a] be a row matrix and 
b | 
b 
B=| 2 
b 


be a column matrix. Then, 

- AB=a,b,+a4,b,+ --+ab (2) 
Thus, from (1), we have (AB), is the sum of the product of 
elements of i'" row of A with the corresponding elements of j* 

column of B. For example, 


2 1 3 1 2 
A=|3 -2 tjandB=)2 1 
-1 0 1 4 -3 


Here A is a 3 x 3 matrix and B is a 3 x 2 matrix. Therefore, A 
and B are conformable for the product AB and it is of order 3 x 
2 such that 


(AB),, = (First row of A) (First column of B) 
[1 
=[213]|2]= 2x1+1x2+3x4=16 
[4 
(AB), = (First row of A) (Second column of B) 
| -2 
=(213]] 1 f= 2x (-2)+1x1+3x(-3)=-12 
-3 


(AB),, = (Second row of A) (First column of B) 
1 
=(3 -21])|/2j=3x1+(2)x2+1x4=3 


4 
Similarly, we have (AB),, =—11, (AB),, = 3 and (AB),, = 
16° -12 
AB=/3 -1I1 
3. =i 


Properties of Matrix Multiplication 


Commutative law does not necessarily hold for matrices. 

» IfAB = BA, then matrices A and B are called commutative 
matrices. 

+ Jf AB = ~BA,. then matrices A and B are called anti- 

commutative matrices. 

Matrix nuslep easlon is associative: ee ) = (AB)C. 


Proof: 

LetA= La iu B= 1B and C= fede Then, AB is an.. 
m x p matrix and so (AB)C isam x q matrix, Also, BC is: 
of order n x gq and so A(BC) is of order m x q. Thus (AB) 


C and A(BC) are of the same order. Now, 
mae Pp ; : : 
is r=! . 


: (Sap 1 Joa ES (abe 


=I\s=1 r=is=l 
PoR 
> =, = a;,(bC,;) 
r=ls=1 
[By association law of multiplication Gene numbers] 
= =h0,(E0, on »)- ¥4,(BC)y =(A(BC));, 
s=l s=l 
for alli, j 
Thus, (AB)€ and A( BC ) are two matrices.of the same order 
such that their corresponding elements are equal. Hence, 
(AB)C = A(BC). 
Matrix multiplication is distributive with respect to nadgean 
A(B+C)=ABH AC. 
If the product AB = O, it is not necessary that atleast 
one of the matrix should be zero matrix. For example, if 


A= ee and B= Po , then AB= oe while neither A 
0 0 0 0 


e 


0 0 
nor B is the null matrix. 


Cancellation law does not necessarily hold, ie., 
= AC, then in general B# C, evenifA#O. 
Matrix eee eae A x A is represented as A’. Thus 
A"=AA+:-n times. 
IfA = diag (a, ay ay .. 
then A x B = diag (ab, djby es 
a; ay, key a; F : 
If A and B are diagonal matrices of the.same order, then 
AB = BA or diagonal matrices are commutative. © 
If A and Bare commutative, then’ 

(A +B? =(A+ B\A+B) 

=A? +AB+ BA + B- 
= A? + 2AB + B? 


if AB 


, a) and B = diag (b,, b, by ..., b,), 
, a,b,). Thus A" = dign (a}, 


° 


Similarly, 
(A + By = A> + 3A°B + 3AB° + B 
. In general, ; 
(A + By = "CA" +"C,A""'B + "C,A"~ 2BP bee +t neLBY 
Matrices A and I are always commutative. Hence, 
(T+ Av ="C, + °C A +"CA? $0 4 "C A" 


Transpose of Matrix 

The matrix obtained from any given matrix A, by interchanging 
rows and columns, is called the transpose of A and is denoted 
by AV. IfA= Let ise , and AT = LDidasct then b, =a, V i, j. For 
example, if , 
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wees of Transpose 


e (A) = — 

° (AF or = A’ + BT, A and B being conformable matrices 

* (aA)? = aA", a being scalar 

° (AB)? = BTA (reversal law), A and B baie conformable for 

multiplication 

Proof: 
Let A= Tey, cn and B = [b, He be two matrices. Then, AB is 
an m x p matrix and. therefore (AB)' is a p x m matrix. Since 
A’ and B’ are n x mand p x n matrices, therefore B’ A’ is ap 
x m matrix. Thus, the two matrices (AB)’ and BTA’ are of the 
same order such that — 
((AB)’),, = (AB), 


= Layb vi 
=2e ri Gir 


S =L0%, (A’),; 


=(B'Al), 
Hence, by the definition of equality of two imatrices, we have 
(AB) = = BTAT. Transpose of matrix A is also denoted by A’. 
« IA7=IAl 


Matrix Polynomial 


If matrix A satisfies the polynomial f(x) = a, + 4.x + a,x ++ 


+ ax", then f(A) =a,J+aAt+aA*t+--+a,A" 
2 3 
-3 
| and B=|4 5) then 
2 1 
2 3 
l 2 3 
Sol Aa =| | 5 
4 2 5 
2 1 
_f 2-84+6 3-104+3 |_|0 +4 
—8+84+10 -124+10+5 10 3 
2 3 
1 —2 3 
BA=|4 5 
-4 2 5 
2 1 
2-12 -4+6 6+15 -10 2 21 
=/|4—-20 -84+10 124+25}/=j-16 2 37 
2-4 -44+2 6+5 2 2 11 


Matrices 8.7 
Example 8.11 | Find the value of x and y that satisfy the 
3 -2 paar * 4a 
: y Y\_ 
equations |3 9 =|3y 3y)- 
x x 
24 [10 10 
3-2 [3 3 
Sol. Given |3 0 P | =|3y. 3y 
x x = 
2 4 110 10 


3y—2x 3y-2x 3 3 
> 3y 3y |= ]3y 3y 
2yt+4x 2y+4x 10 10 
Comparing elements we have 
3y-2x=3 (1) 
2y + 4x + 10 (2) 
Solving (1) and (2) we get we get x = 3/2 y= 2 


LetA = 28 and B = P x d . Such 
c d q|-.|0 


that AB = B and a + d = 2, then find the value of (ad — bc). 


Sol Leta = [4 and =|? 
c ad qd 


aiaea 
oral 


Example 8.12 | 


=> apt+bq=p (1) 
and cp+dq=4 (2) 
Eliminating p, g from (1) and (2) we have 
a-l b 
=0 
c  d-l 


= (a-—1)\(d—1)-—bc=0 
=> ad—-(at+td)+1l-bc=0 
be =(a+d)-l1=2-1=1 


=> ad- 


So. a2a|? 7? Fle p> pqtq)_ p q(pti) 
o ilo i} lo 1 os. 4 


aul? @\[P pata)_[P’ p’atpata 
o ilo 1 0 1 


_{P ap’ +p+h 
0 1 
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8.8 Algebra 


Simil arly, 


4 3 2 1 
a? a? es and so on. 


8 

-l 
- p g(p’ + pe +--+) : ps q P 
OGG 1 a a 


0 1 


The matrix R(d is defined by 
cost sint 
RH) = 


—sint cost 


. Show that R(s)R@ = R(s +2). 


[ coss sins |[ cost  sint 
Sol. R(s)R(t) = | 


[—-sins coss{|—sint cost 


[ coss cost—sins sint 


coss sint + sins | 


| —sin s cosf—coss sint coss cost — sins sint 


_ T cos(s+t)  sin(s +1) 
| -sin(s +f) cos(s +t) 


=R(s +h) 


psi 
Example 8.15 at a-(i HE show that A? = 3A - 21. 


Using this result, show that A® = 255A — 2541. 


Hence, A? =3A-2/ 
Now, 
A* = (A?) = (3A — 2)? 


= 9A’ — 12AIT+4P 


=9A?-12A +4] 
= 9(3A —21N -12A +4] 
= 15A - 147 


A’ = (A*) = (15A — 141° 
= 225A? — 420Al + 1967 
= 225(3A — 21) — 420A + 196] 
= 255A — 254] 


Example tem, Matrix A has m rows and n + 5 columns, 
matrix B has m rows and 11 —n columns. If both AB and BA 
exist, prove that AB and BA are square matrices. 


Sol. If both AB and BA exist, then the number of columns of A 
is equal to the number of rows of B. 


product}9 1 0O//0 1 0 


n+5=m (1) 
And the number of columns of B is equal to the number of 
rows of A. 
~ ll-n=m (2) 
Solving Eqs. (1) and (2), we get n = 3 and m = 8. Hence, A 
has order 8 x 8 and B has order 8 x 8. Hence, both AB and BA 
are square matrices. 


Example 8.17 
A* =I. 


si of Ts HE see 
Hole Sle SF sl 


=> Av=P=] 


If A= i ih n EN, then prove that 
l 


Find the value of x for which the matrix 
-x 14x 7x 


2 0 7 
equals an identity matrix. 
1 -2 1/| x -4x -2x 


2 0 Ti|—-x 14x Tx 
1 O01 0 1 0 
1 —2 || x« -4x -2x 


5x 0 0 100 
=| 0 1 0 |=|0 1 O} (given) 
0 10x-2 5x] |0 0 1 


<5 §¢= 10x20 wae 


1 2 b 
Schliemann Let A= and B=|° are two 
3 4 cd 


matrices such that they are commutative and c # 3b. Then 
find the value of (a — d)/(3b -c). 


Sol ph ee 
a “13 4lle d 


< a+2c b+2d 
“|3a+4c 3b+4d 


he a bjil 2 i a+3b 2a+4b 
“le dil3 4] |c+3d 2c+4d 
If AB = BA, then 


a+2c=a+3b 
=> 2c=3b>bF0 


b+2d=2a+4b 

=> 2a-2d=-3b 
3 

a-d 50 
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Example 8.20 | 


sf 11 
If A -| and n € N, then prove that 
A" Qed A. 11 


3 


4 
1-1? show that 


ta=| 


di a 4k 


ee 4) where k is any positive integer. 


Sol. We have, 
_, [3 -4] [3 -4]_ [5 -8]_[1+2x2 
A = . — = 
Pol aces 
3 [5 -8][3 -4]_[7 -12]_fi+2x3 
A — = = 
2 -3)}1 -l 3-5 3 


Thus, it is true for indices 2 and 3. Now, assume 
ak a[it2k He 
“| k  1-2k 


-4x2 
1-2x2 


-4x3 
1-—2x3 


Then, 


afi 142k —-4k ] [3 -4 
“lok 2k] fl =l 
342k —4(k+) 
cE Stak 


ee 


4k+h 
k+l 


1-2(k +1) 


Thus, if the law is true for A’, it is also true for A‘*'. But it 
is true for k = 2, 3, etc. Hence, by induction, the required result 
follows. 


2 


0 
| and X be 


a matrix such that A = BX. Then find X. 


Sol. Let, 


Pestle ales) eae 


a=1,b=2,2c=3,2d=-5 


p 2 a ‘] 
X= = 
3/2-=$72) 213-5 


Matrices 8.9 


Concept Application Exercise 8.1 


1. Solve the following equations for X and Y: 
ay oy 3 -3 0 a 7 ae 
EE ag poe ale a sal 


. If w is complex cube root of unity and A = 
calculate A'™. 


Ve 2k 1 - 
3. IfA=|0 1 
0 0 


2-y 
0}and B=/0 1 0 
1 0 O 1 


and AB = I,, then 


find the value of x + y. 


fi oO 
4. IfA= , then find A!, 
1/2 1 
cos@ —sin§@ ‘ hares 
5. IfA=| . , then find the values of 6 satisfying 
sin@  cos@ 


the equation A? +.A =I, 
[0 
6. IfA= 


\ dl , then find out the values of a, 8 such that 
| - 
(al + BAY = A?. 
7. Consider the matrices 
4 6 -1| 2 4 3 
A=|3 0 2[|,B=|0 1],C=)1 
1 -2 5] -1 2 2 
Out of the given matrix products, which one is not defined. 
a.(AB)'C  b. C'C(AB)" c. CTAB d. AT ABB’C 
0 1 0] 
8. If A=|0 0 1], then show that A?= pl + qA + rA’. 


Pqr 


} -] 1 
9, wa=| he-(} ( and (A + BY = A’ + B°, then 


find a and b. 


Conjugate of Matrix 

The matrix obtained from any given matrix A containing com- 
plex number as its elements, on replacing its elements by the 
corresponding conjugate numbers is called conjugate of A and 
is denoted by A. For example, if 


142i 2-3) 344i 
A=|4-5i 5+6i 6-T7i 
8 74+8i 7 
then, 
— 41-2i 243% 3-4 
A=|44+5i 5-61 647i 
8 7-8 7 


Properties of Conjugate 
* (A)=A 


* (A+B)=A+B 
* (@A)=GA, o being any number 


* (AB)= AB, A and B being conformable for multiplication 
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8.10 Algebra 


Trans pose Conjugate of a Matrix 


The transpose of the conjugate of a matrix A is called transposed 
conjugate of A and is denoted by A®. The conjugate of the 
transpose of A is the same as the transpose of the conjugate of 


A, i.@., 
IfA=[a,] 


(A) =(A) =A?. 


thenA’= (b,,] whereb =a, i.e.,the(j,i)"element 


of A%is equal to the conju gate of (i, 7)" element of A. For example, 
1+2i 2-3i 344 1-2i 4+5i 8 
if A=|4-5i 5+6i 6-7i|,thenA®°=|2+3i S—6i 7-8i 
| 8 7+8 7 3-4) 647i 7 


Properties of Transpose Conjugate 
* (A%%=A 

* (A +B)%= Ao + B? 

* (kA)? =kA%, k being any number. 

‘© (AB)? = BA? 


SPECIAL MATRICES 


Symmetric Matrix 


A square matrix A = [a,] is called a symmetric matrix if a, = a, 
for all i, j. For example, the matrix 


2 -=l 1 
A=|-1 2 5 
1 5 -2 


,=-l=4,,4,, ay, =5 =a, 
It follows from the detiiition of a symmetric matrix that A 
is symmetric = a, = 4; foralli,j © (A), = (A’),, for all i, 


JeA=A" 


is symmetric, because a, =l=a,, 


Thus, a square matrix A is a symmetric matrix if A’ = A. 
Matrices 


ah g 2+i 1 3 


A=|h b f|,B=| 1 On Bei 
gfe 3, -Fi2r a 


are Symmetric matrices, because A’ = A and B’ = B. 


Skew-Symmetric Matrix 


A square matrix A = la,,] is askew-symmetric matrix if ay= ty 
for all i, j. For example, matrix 


0 2 -3 

A=|-2 0 5; is skew-symmetric, because 
3. o=5'. 0 

a, =2,4,=2>4,=-4, 


a,,=-3,4,=3> ay, =-a, 
Ay, = 5, A, =—5 > a, = Ay, 
It follows from the definition of a skew-symmetric matrix 
that A is skew-symmetric. This implies ane is implied by 
a, =a, for all i, 7 
eS (A), — =-(A,, for all i, j 
= A =-AT 


= AT =-A 
Thus, a square matrix A is a skew-symmetric matrix if A? 
=—A, Therefore, matrices 


0 2 3 0 -3 5 
A=;-2i 0 4|/,B=;3 0 2 
3 -4 0 -5 2 0 


are skew-symmetric matrices, because A’ =—A and B’ = —B. 


Properties of Symmetric and Skew-Symmetric Matrices 


(i) IfAis a symmetric matrix, then ~A, kA, A’, A", A“!, BAB 
are also symmetric matrices, where n € N,ke Rand Bis 
a square matrix of order that of A : es 
(ii) If A is a skew-symmetric matrix, then 
(a) A” is a symmetric matrix for n € N, 
(b) A2"*! is a skew-symmetric matrix for n.€ N, 
(c) kA is also skew-symmetric matrix, where k € R, 
(d) B’ AB is also skew-symmetric matrix where B iS a 
square matrix of order that of A. 
(iti) If A, B are two symmetric matrices, then 
(a) A +B, AB + BA are also symmetric matrices, 
(b) AB — BA is a skew-symmetric matrix, 
(c) AB is a symmetric matrix, when AB = BA. 
(iv) If A, B are two skew-symmetric matrices, then 
(a) A + B, AB = BA are skew-symmetric matrices, 
(b) AB + BA is a symmetric matrix. 
(v) IfAisaskew-symmetric matrix and Cis a column matrix, 


then C7AC is a zero matrix. 


Show that the elements on the main 
ew-symmetric matrix are all zero. 


diag 


Sol. Let A = [a,] be a skew-symmetric matrix. Then, a, = 4, 
for all i, 7 (by definition). Hence, 
d,, = —4a, for all values of i 
=> 2a,=0 
= a, =0 forall values of i 
=> 4, =4,=4,, 5° =a,,=0 


Let A be a square matrix. Then prove 


that 
a. A +A’ is a symmetric matrix, 


b. A —A’ is a skew-symmetric matrix and 


c. AA’ and A‘A are symmetric matrices. 


Sol. 
a. Let P=A+A’. Then, 
=(A+A=ATH(A’ [ 
> PTH=AT+A [- (AD=A] 
=> PT=A+AT= 
[By commutative law of matrix addition] 
Therefore, P is a symmetric matrix. 


b. Let Q=A-—A’. Then, 
Q’= es ANS ATH (A) ofS 
=> Q=AT-A [v (ADT= 
OTs (AA) 2-0 


‘Therefore, Q is skew-symmetric. 


(A + By = A’ + B’] 


(A+ B)’=A"+ B']. 
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c. We have, 
(AA.7)" = ((A)'A’) [By reversal law] 
= AA? [ es (AT? = 


Therefore, AA’ is symmetric. Similarly, it can be proved that 
ATA is synametric. 


Prove that every square matrix can be 
quely expressed as the sum of a symmetric matrix and a 
skew-symamnetric matrix. 

Sol. Let A be a square matrix. Then, 


A= SAAN + =(4-A?) =P + Q (say) 


where P = (1/2)(A + A*) and Q = (1/2)(A — A”). 


Now A + A’ is symmetric and A — A’ is skew-symmetric. 
Therefore, P is symmetric and Q is skew-symmetric. Hence 
proved. 


0 1 -l 
Example IfmatrixA=|4 -3 4 |=B+C,where 
3 3 4 


B is symmetric matrix and C is skew-symmetric matrix. 
Then find matrix B and C. 


Sol. Here matrix A is expressed as sum of symmetric and skew- 
symmetric matrix. 


Then B = S(A+A") and C= S(A-A") 


0 1 -t 0 4 3 
NowA=]4 -3 4 => AT=/1 -3 -3 
3 -3 4 -1 4 4 
fo 1 -1] [0 4 3 0: <3 2 
Sug ace 4 3 4/4 3 -3)})= 5 -6 1 
2 2 
[3-3 4] |-1 4 4 2 1 8 
[Oo 1 -1] [0 4 3 0 -3 -4 
and C= = 4 -3 4 1 -3 -3 =3)3 0 7 
i ed Vi 4 -7 0 
3 a -l 
A = {2 5 cj} is symmetric and 
b 8 2 
d 3 a 
Bz=\|b-a e -2b-c)| is skew-symmetric, then find AB. 
—2 6 -f 
Sol. A is symmetric 
= AT=A 
3 2 b 3 a -l 
=> |a 5 8]/=/2 5 ¢ 
-l c¢ 2 b 8 2 


=> a=2,b=-1,c=8 


Matrices 8.11 
B is skew- ee 
=> ra 
cs [-d -3 -a 
=|a-b -e 2bt+e 
-2b-c 2 .-6 f 
= d=-d,f=—fande=-e 
= d=f=0 
3 2 -l 0 3 2 
SoA=|2 5 8] andB=/-3 0 -6 
-1 8 2 —2 6 0 
3 2 -1)/0 3 2] [4 3 -6 
>AB=|2 5 8|{-3 0 -6] =|-31 54 -26 
-1 8 2||2 6 O -28 9 -50 


a i Let A, B, C, D be (not necessarily square) 
real matrices such that 


A‘ = BCD; B' = CDA; C’ = DAB and D? = ABC 
for the matrix S = ABCD, prove that S* = S. 
Sol. S = ABCD = A(BCD) = AA’ (1) 
S° = (ABCD)(ABCD)(ABCD) 
-= (ABC)(DAB)(CDA)(BCD) 
= D'C™BTAT 
= (BCD)'AT = AA™ (2) 
from (1) and (2), S=S? 
12 2 
cues If A=|2 1 -2) is a matrix satisfying 


a2 b 
AA’ = 91, then find the values of a and 5. 
Sol. We have, 
1 2 2 1 2 a 
A=|2 1 -2}/SA7=|2 1 2 
a2 b 2 —2 b 
AA’ =9] 
1 2 2 )/1 2 +a 100 
=> {2 1 -2}/2 1 2'=9/0 1 0 
a2 bj j|2 —2 b 00 1 
9 0 a+2b+4 
=> 0 9 2a+2-2b] = 


9 0 0] 

0 9 0 
at+2b+4 2a+2-2b a? +4+b° 009 
=> a+2b4+4=0,2a+2-2b=O0anda?+4+b?=9 
=> a+2b4+4=0,a-b4+1=Oand@7+h=5 
Solving a+ 2b+4=0anda—b+1=0, we get 


a=-2,b=-~1. Clearly, these values satisfy a’? + b? =5. 
Hence, a =—2 and b=-1. 
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8.12 Algebra , 


Urvitary Matrix Ad. Aes et cee ag 
A square matrix is said to be unitary if A’A =I since 1A’! = | A| =|-2-3+4 2+9-8 4412-12 
and | A’A |= 1A’11AI, therefore if A’A =I, we have {A’I1Al | 2+2-3 -2-6+6 -4-8+9 
=1. Po ae ed 
‘Thus, the determinant of unitary matrix is of unit modulus. 
For a matrix to be unitary it must be non-singular. =a ae 
ee sae 2 | 
Hermitian and Skew-Hermitian Matrix : 
: : . . Pe ce =A 
u A =[a. : as 
A Square matrix [a] is said to be Hermitian matrix if Hence, the matrix A is idempotent. 
a, = jp V i,j, i.e., A = A®. For example, 
3. Bea) 542; ‘ao 
a 1 ra ar ee ee 2 Cluk eae ~=Show that A=|5 2 6) isa nilpotent 
b-ic d 5% 2-i 2 matrix of order 3. —2 -1 -3 
are Hermitian matrices. I. i 33 
A square matrix A = [a,,] is said to be skew-Hermitian if Sol. Let, A=| 5. 2 6 
the ae 6 _ 
a, = Fn V i,j, 1.e., A? = —-A. For example. Se ee | 
j -3+2i -l-i 
Oy ne ie : ; i PS fa tS 
+ — Sah pan 
Bete: vty Ep Pe ‘ : A?=AxA=|5 2 6|x|5 2 6 


l-i 2-4 ( 
are skew-Hermitian matrices. 


ee ee aes ae 
isc “Teas se6—0 


Note: =|54+10-12 544-6 15+12-18 
+ IfA is a Hermitian matrix, then a, = a, > a, is real, Vi. -2-S5+6 -2-24+3 -6-6+9 
Thus every diagonal element of a Hermitian matrix must 0 0 0 
be real. ale 14-5 ig 
+ A Hermitian matrix over the sét of real numbers is actually . sf Str23 


a real symmetric matrix. 
0 0 0 1 1 3 


A=A*xA=|3 3 9]xl 5 2 6 


¢ A skew-Hermitian matrix over the set of real numbers is Bee Sd eee 


actually a real skew-symmetric matrix. [0+0+0 O0+0+0 0+0+0 
=|3+15-18 34+6-9 9+18-27 
[-1-5+6 -1-2+3 -3-6+9 | 


+ IfA is a skew-Hermitian matrix, then a, = —@,, => a, + G,, 
= 0, i.e. a,, must be purely imaginary or zero. 


Orthogonal Matrix 


Any square matrix A of order n is said to be orthogonal, if AA’ 


=A’A=I. [ood 
‘ : =|0 0 0/=0 
tdempotent Matrix 00 


A square matrix A is called idempotent provided it satisfies the 


a= 
relation A* =A. A’=0 


Hence A is nilpotent of order 3. 


Involuntary Matrix -5 -8 0 

: ‘ F ; ix A=|3 5 i 
A square matrix such that A? = / is called involuntary matrix. Show that the matrix abe 1s 
Nilpotent Matrix javahitoty: 
A square matrix A is called a nilpotent matrix if there exists a -5 -§ O| [-5 -8 0 
positive integer m such that A” = O. If m is the least positive Sol. A2=AxA=13 5 Olxl3 5 OF 
integer such that A” = O, then m is called the index of the nil- — 12-1 
potent matrix A. ee : 

yy 25~24+0 40-40+0 0+0+0 


Show that the matrix A=|-I 3 4 | is 


15+15+0 -244+25+0 04+0+0 


ademipovent: bones | oR Seep DOU 
2 —2 -4 2 2 -4 lt 0 0 
Sol. A? =AxA=|-1 3 4 |xj-1 3. 4 316 4.26 


1 —-2 -3 1 —2 -3 jo 0 1 
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Hence, the given matrix A is involutory. 


hel Rageem, If A and B are n-rowed unitary matrices, 
then AB and BA are also unitary matrices. 


Sol. Let A and B be two unitary matrices. Then, 
A® A=AA® =/ and B°B = BB® =I 
Now, 
(A.B)? (AB) = (B°A®) (AB) 
” = B°(A°A)B = B° IB = B°B =I 
Hence, matrix AB is unitary. Similarly, we can show that 
(BA)® (BA) =I => BA is also unitary 


abe 
Ifabc=pand A=|c a b|, provethatA 


Example 8.34 | 
diated eer eas 
is orthogonal if and only if a, b, c are the roots of the equa- 
tion 3 + x? -p=0. 


Sol. Here AA? =|c a bilb a 


= 
a+b +c? actab+be abt+be+ca 
=|catab+be a+b? +c? ch+batac 
ab+cbh+ac be+catab a+b? +c? 
Now, AA’ = Jif 
a2+b?+c’=1andab+bce+ca=0 


=> (at+b+c)-—2(ab+be+ca)=1andab+be+ca=0 
=> at+bt+c=+landab+bc+ca=0 
Also, abc = p, so that a, b, c are the roots of the equation x* + 
— p= 0. Conversely, since a, b, c are the roots of x* + x°~ p= 
0,a+b+c=+landab+be+ca=0,henced?’+b?+cC?=1. 


Concept Application Exercise 8.2 


{2-23 
. Express the matrix A=|4 5 3} as the sum of a sym- 
2 4 5 
metric and a skew-symmetric matrix. 


. Show that all positive integral powers of a symmetric matrix 
are symmetric. 


. If A and B be n-rowed orthogonal matrices, then show that 
AB and BA are also orthogonal matrices. 


1 3 1 
. Given A= sts 
2. 2 0 


then find the values of A. 


, : 
|] . If A—ATis a singular matrix, 


ADJOINT OF SQUARE MATRIX 


LetA=[a, .] be a square matrix of order n and let C,, be cofactor of 
a, inA. Then, the transpose of the matrix of cofactors of elements 
of Ais called the adjoint of A and is denoted by adj A. Thus, 


Matrices 8.13 


adj A = [c,]” => (adj A), =C 
4, 42 43 


43 |, then 


43; 430 33 


If A=|a, a 


Cy Cp C3 Cy Cy C31 
adj A= Cy Cy Ci; = Cin Cy Cy 
C3, Cy. Coy C3 Cy Coy 


where C, denotes the cofactor of a, in A. For example, 


Re 


Here, C,, =5, C, =-r, Cy, 


T 
eee 
-q Pp ae 


Find the adjoint of the matrix 


=-4q, C,, =P. Therefore, 


1 1 1 
A=|2 1 -3 
-1 2 3 


Sol. Let C;, be cofactor of a, in A. Then, the cofactors of ele- 
ments of A are given by , 


Ib Ig lees 
2 3 
Cy =- i aj 
2 1 
C= hy s\=9 
11 
Cu =|, - 
1 1 
Cy = 1 31 
1 1 
Cam ali. 13 
Cc hl zeg 
31 hy =3) > 
1 1 
Cx =| aire 
C. ; eee 
B12 
; 
9 3 5 9 -1 -4 
adj A=|/-1 4 -3] =/-3 4 5 
4 § -1| |5 -3 -l 


Inverse of Matrix 


A non-singular square matrix of order n is invertible if there 
exists a square matrix B of the same order such that 
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8.14 Algebra 
AB=I,=BA 
In such a case, we say that the inverse of A is B and we write 
A'=B 
Also from A(adj A) = IAI, = (adj A)A, we can conclude that 
ae ee 
“ay os 


Properties of Adjoint and Inverse of a Matrix 
1. Let A be square matrix of order n. Then 
A(adj A) = IAI J, = (adj A) A. 
Proof: Let A = [a, ils anid let C; be cofactor of a, in A. Then, 
(adj A), =C,, Visi, j<n. Now, 


(A(adj A)),, = => (A), (adj A),, 


1 |Al, if i=j 
Gi’ jp = . : : 
hotnet 0, if i#j 


0 ‘Al O. .. O 
= A(adjA) =| 0 


0 0 0 0 IAI 
=IAIT, 
Similarly, 


((adj A)A), = (adj), (A), 
r=! 


rity 
r= 


n | Al, if i=j 
= a 
0, if if] 
Hence, A(adj A) = IAII, = (adj A)A 
2. Every invertible matrix possesses a unique inverse. 
Proof: Let A be an invertible matrix of order n x n. Let B and 
C be two inverses of A. Then, 
AB=BA=I, (1) 
AC=CA=I, (2) 
Now, 
AB=I, 
=> C(AB)=Cl, [pre-multiplying by C] 
= (CA)B=CI,_ [by associativity] 
= I[B=CI, [. CA=/ from (2)] 
= B=C [. 1 B=B,CI=C| 
Hence, an invertible matrix possesses a unique inverse. 
3. (Reversal law) If A and B are invertible matrices of the 
same order, then AB is invertible and (AB)' = B'A™. 
In general, if A, B, C, ... are invertible matrices, then 
(ABC:.-y) =--C'BIAT. 
Proof: It is given that A and B are invertible matrices. 
IAI # 0 and IBI 40 


= IAIIBI40 
= IABIZ0O [- IABI=IAl IB] 


Hence, AB is an invertible matrix. Now, 
(AB) (B" A-') = A(BB"')A" [by associativity] 


=(AI)AT [. BB' =I] 

=AA" [Al =A] 

=I [vw AA'=1] 
Also, 

(B" A") (AB) = B(A'A)B [by associativity] 
=B\IB) [v A'A=I] 
=B'B [. TLB=B) 
=I, [. B'B=I] 7 

Thus, 
(AB)(B1A"') = a = (B'A"')(AB) 
Hence, 

(ABY! = BIA"! 

4. If A is an invertible square matrix, then A’ is also invert- 


ible and (Ay! = (A7!)’. 
Proof: A is an invertible matrix. 

IAI #0 
= IAIZO [-- IA7=IAl] 
Hence, A’ is also invertible. Now, 

AA'=[ =A'A 
= (AA ns (I, ire (AA) 
= (ANNA) = 1, = ANA! 

[by reversal law for transpose] 


= (A’)'=(A")’ [by definition of inverse] 
5. If A is a non-singular square matrix of order n, then 
ladj Al = IAI’. 
Proof: We have, 
A(adj A) = IAI 7, 
IAL 0 0 - 0] 
0 IAI O - O 
=> A(adjA)=| 0 O JAl = 0 
0 0. 0 + IAI, 
|All O O -: O 
0 IAI O -:. O 
=  |lA(adj A)l=| 0 0 IAL: 0 f=IAl" 
0 0 0 -: IAI 


\Al ladj Al=!Al” [+ IAB] = JAI 1B) 


ladj Al = IAI"! 
6. Reversal law for adjoint: If A and B are non-singular 
square matrices of the same order, then 
adj (AB) = (adj B) (adj A) (using (AB)' = B!. A“) 
7. If A is an invertible square matrix, then 
adj (A’) = (adj A)’ (using (A’)? = (A™')’) 
8. If A is a non-singular square matrix, then 
adj (adj A) = IAI"? A 
Proof: We know that B(adj B) = |BiI, for every square matrix 
of order n. Replacing B by adj A, we get 
(adj A) [adj (adj A)] = ladj Al, 


Yu 
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(acdj A) [adj (adj A)] = IAP, 
A{ Cadj A) (adj adj A)} = A{IAr"'y } 

[pre-multiplying both sides by A] 
(A adj A) (adj adj A) = IAI"'(A/) 
ALL, (adj adj A) = IAI"'A 

[. AZ, =A and A adj A= IAI] 

\AICT (adj adj A)) = IAI"'A 
\AlCadj adj A) = IAI™'A 


[* ladj Al = Al] 


Yu 


[by associativity] 


Y U 


Y y 


= adj adjA= |Al?A [mung both sides by val 


9. If A is a non-singular matrix, then IA~'l = 1AM", ie., [AW 


= LIAL. 
Proof: Since |Al ¢ 0, therefore A-! exists such that 
AA'=1=A"A 
=> IAAN=ITI 
=> |ALIA'=1 [ IABI=IAIIBi and| 7! = 1] 
1 Ee al ¢ 0] 


=> IA = =— 
|Al 


10. Inverse of the k power of A is the k" power of the 
inverse of A. 


Proof: We have to prove that (A“')‘ = (A*)". 
(A’ty!=(AXAXA> x A)! 
=(A'A7A+1... An!) 
= (A-!) 


Find the values of K for which matrix 


is invertible. 


A=|2 1 3 
K 0 1 


Sol. Matrix A is invertible if [Al 40 


1 0 -K 
ie,|2 1 3-140 
kK 0 1 


=> 1(1)-KCK) 40 
= |Al = K* + 1 #0 which is true for all real K . 
Hence A is invertible for all real values of K 


a= Let p be a non-singular matrix, and J + p 
+p? +--+ p" =O then find p". 
Sol. We have/+pt+p?+--.+p"=O (1) 
Since p is non-singular matrix, p is invertible 
Multiplying (1) both sides by p"', 
= p titipt +p" 'l=O.p"' 


=> p'ti(tpt--+p"')=0 


= pi = -I(+ptp t--+p"") =p) =p". 


Matrices 8.15 


E le 8.38 | 
Example 8.38 | Rs 


1 -1 
Given the matrices A and BasA = 
and B = a . The two matrices X and Y are such that 


4 -1 
XA = B and AY =B then find the matrix 3(X + Y) = b ; } 


Sol. Here A is non singular but B is singular hence only A™' 
exists 
Now XA =B 
=> .X=BA'! (1) 
And AY=B 
=> Y=A'B (2) 


-1 1 
Also A! = uf 
3)-4 1 


app ee Silay ie [ee 
3 | 2 2) (aa de (20 


6 0 
1-1 1 4 2 2 
LetA=|2 1 -3}/and10B=|-5 0 ai. 
11 1] 1 -2 3 
If B is the inverse of A, then find the value a. 
Sol. Here, 
-1 1 
A=|2 1 -3 
1 l 
1 -1 1 
IA] =|2 1 -3 


=1(11+3)+122+3)4+1(2-1) 


=4+54+1=10 
a ee Na 
=> adj A=/2 0 -2| =/-5 0 
2 5 3 1 2 3 
4 2 2 
=> B=A'=—|-5 0 5 
1 2 3 
4 
=> 10B=|-5 0 
1 2 3 


Hence, a =5. 
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8.16 Algebra 


a 0 0 
p If A=|0 a 0}, then find the value of 
00a 


IAI lacdj Al. 


Sol. LAI ladj Al = lA adj Al = IlAI JI 


IAI 0 0 
=|0 IAl 0 
0 0 IAI 
= IAP =(@) =a 


3 11 
Claude, For the matrix A= ; | , find x and y so 
that A? + x/ = yA. Hence, find A“. 


Sol. We have, 
3 1 
Aaa 
A 3 14/3 1 9+7 3+5 16 8 
A =AA= — —! 
; all | he aa E | 


Now, 
A +xl=yA 


16 8], [1 0 3 1 
x = 
Pegg" |O eS 
l6+x 8+0) j3y y 
5640 324+x] |7y Sy 


=> 16+x=3y, y=8, 7y =56, 5y =32+x 


Putting y = 8 in 16 + x = 3y, we get x = 24-16 =8. Clearly, — 


x= 8 and y = 8 also satisfy 7y = 56 and 5y = 32 + x. Hence, 
x=8 and y=8. We have, 


3 1 
ae) 


So, A is invertible. 


IAI = 


|=840 


Putting x = 8, y = 8 in A? + x/ = yA, we get 
A? +87 =8A 
A7'(A? + 8) = 8A"'A [re-multiplying throughout by A™'] 
= A'A?4+8AU=8AA 
A+ 8A! =8/ 

[. ATA?=(ATA)A =JA=A,AU=A' and AA = J] 
= 8A'=8/-A 


= stood TE J 
8 8|}0 8} |7 5 

& ataz* - 3 lal pales a4 
8| 0-7 8-5] 8|-7 3} |-7/8 3/8 


By the method of matrix inversion, solve 


u 


u 


Example 8.42 | 
the system. 


-1/|x; 3 0 -l 

Sol. We have, 
ee Pans Fe A 
2 5 Ti)x, y,{=}52 15 


=> AX=B (1) 
Clearly iAl = —4 # 0. Therefore, 
“99 6? 8.-"J19, 2 
adjA=|} 2 -3 1] =|16 -3 -5 
2 1 3 -8§ 1 3 
= ae ae 
| adj.A _ —1 Bs 
1Al 4 
— 1 3 


—4 A) fist 
=—|-12 -8/=|3 2 
4 
-20 -4 | 
From Eq. (1), 
“OY 1 -l 
X=A'BS> |x, yr. f=|3 2 


X33 5 1 


=> x,=1,x,=3,x,=Sory,=-l,y,=2,y,= 1 


If A, B and C aren x n matrix and det (A) 


Example 8.43 . 
= 2, det (B) = 3 and det (C) = 5, then find the value of the 
det (A7BC"). 

Sol. Given that lA! = 2, IB] = 3, ICl=5. Now, 
IAPIBI_ 4x3 12 


2p!) = | A2RC! 
det (A*>BC"') =IA*BC|| = WaT 5 5 


cludcesamm ‘Matrices A and B satisfy AB = B”, where 


2-1] _ 
B= 5 0 . Find 
a. without finding B-', the value of K for which KA - 2B" 
+J=0. 
b. without finding A~’, the matrix X satisfying A-'XA = B. 
Sol. a. AB =B-' > AB’? = 
Now, 
KA-2B!+1=0O 
KAB-—2B'B+IB=O 
KAB-21+B=O 
KAB?-2B+B’=O 


YuUd 
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Example 8.45 | If there are three square matrix A, B, C of 


same order satisfying the equation A” = A“ and let B= A” 
&C= ave ” then prove that det.(B - C) =0,ne N. 


Sol. B= A2" = A? 
=(a7y 


so B=C>(B-Q=O0> det. (B-QC= 


4 If A is anon singular matrix satisfying AB 
hen prove that det. (B + J) = det. (B — J). 


Sol. A is non-singular det A #0 
Given AB- BA=A 
hence AB=A+BA=A(/ +B) 
= det.A-det. B=det.A- det. (1+B) _ 
= det. B=det. 7+ B) (1) (as A is non singular) 
agan AB-A=BA 
=> A(B-D=BA 
= (det. A)- det.(B—J) = det. B- det. A 
= det. (B-J)=det. (B) ~ (2) 
from (1) and (2), det. (B— J) = det. (B + 1) 


Matrices 8.17 


Example 8.47 qa iweehtg symmetric and B skew symmetric 
matrix and A +B is non singular and C = (4 + B)"(4 - B) 
then prove that 


(i) C™(A+B)C=A+B 
(ii) CYA-B)C=A-B 
(iii) C7AC=A 


Sol. 
(Gi) (A+B)C=(A+B)(At By'\(A -B) 
= (A+B)C=A-B (4) 
CT=(A-BY((At+ By')? 
=(A+B)(A+ By'y" 
{aslA+Bi40 = I(A+B)'#O = IA-Bl40} 


=(A+B)(A—By' (2) 
From (1) and (2), 
CT(A+ B)C=(A+B)A-BY'(A- B) 
= (A + B) (3) 


(ii) taking transpose in (3) 
CT (A +B)" (CY? = (A+B) | 
C(A-B)C=A-B " (4) 
(iii) adding (3) alnd (4) 
CTA+B+A-B\C=2A 
CTAC=A 


EQUIVALENT MATRICES 


If a matrix B is obtained from a matrix A by one or more ele- 
mentary transformations, then A and B are equivalent matrices 
and we write A ~ B. Let, 


fi 23 4 
A=|2 1 4 3 
3 12 4 
Then 
12 3 4| 
A~ |; -1 1 -1 ' [Applying R,— R, + CDR] 
3: 1629-40 
i343 1] 
~}1 -1 1 -2 [Applying C, > C,+ CDC,] 
31 2 24 


An elementary transformation is called a row transformation 
or a column transformation accordingly as it is applied to rows 
or columns. 


Theorem 1 


Every elementary row (column) transformation of an mxn matrix 
(not identity matrix) can be obtained by pre-multiplication 
(post-multiplication) with the corresponding elementary matrix 
obtained from the identity matrix J (J,) by subjecting it to the 
same elementary row (column) transformation. 


Theorem 2 


Let C = AB be a product of two matrices. Any elementary row 
(column) transformation of AB can be obtained by subjecting 
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8.18 Algebra 
the pre-factor A (post factor B) to the same elementary row We write, 
(column) transformation. ; 
a 
22 ge 7 1 
Method of Finding the Inverse of a Matrix by l+be\|= ; iA 
Elernentary Transformations: saa Cer 
Let A be anon singular matrix of order . Then A can be reduced [ b 
to the identity matrix J, by a finite sequence of elementary : a 1 9 R, 
transformation only. As we have discussed every elementary row = Lebey A G ra A) 
transformation of a matrix is equivalent to pre-multiplication € [ z 01 
by the corresponding elementary matrix. Therefore there exist = 
elementary matrices E,, E,, ... E, such that 1 g i 4) 
(E,E,, E,E)A=1, or | f|=|2 [A >Re) 
On — 1 
= (E,E,.,..E,E,)AA = 1, A"! (post multiplying by A”) Ne ere, Ot 
: I ! . 1 I 1 Us ES 0| 
=> (E,E,_\--E,E, ve =A (. La =A" and AA” = pe or a\=|a A (R, > aR,) 
0 1] |-c 
=> A'=(E,B,,..E,E)I, © 1 
1+be 
Algorithm for Finding the Inverse of a Non Singular _— or i ‘- ae A [R =n-2R,] 
Matrix by Elementary Row Transformations 01 uo ae a 
Let A be non-singular matrix of order n Fe: 
Cc 
Step 1: Write A=/A ast Atel ae 
Step Il : Perform a sequence of elementary row operations -c oa 


successively on A on the LHS and the pre factor J, on the RHS 
till we obtain the result J, = BA 


# Obtain the inverse of the following matrix 


Step Ill: Write A" = B 012 
; : : using elementary operations A =|1 2 3). 
The following steps will be helpful to find the inverse 311 


of a square matrix of order 3 by using elementary row 


transformations. ; Sol. We have, A =JA 


Step |: Introduce unity at the intersection of first row and 
first column either by interchanging two rows or by adding a 
constant multiple of elements of some other row to first row. 


Y 
We © 
- Ne 


Step II: After introducing unity at (1,1) place introduce zeros 1 3] /O 1 
_at all other places in first column. > 0 2\=|1 0 0|A (Applying R, © Rj) 
Step Ill : Introduce unity at the intersection of 2° row and 2" 3 1} |0 0 1 


column with the help of 2"¢ and 3 row. Bs aes 
1 2 3 0 1 0 


=> |0 1 2 =|1 0 O|A (Applying R, > R,—-3R,) 
-5 -8| [0 -3 1 


Step IV : Introduce zeros at all other places in the second 
column except at the intersection of 2" row and 2" column. 
Step V: Introduce unity at the intersection of 3" row and third hie 
column. 1 0 -l —2 1 0 

1 0 O|A (Applying R, > R,; -2R) 
0-5 -8}] [0 -3 1 


l 
oO 
_ 
N 
ll 


Step VI: Finally introduce zeros at all other places in the 
third column except at the intersection of third row and third L 


column. [1 0 -1] [-2 1 0 
Using elementary transformation, find => |0 1 2 )=)1 0 0JA (Applying R; > R,+5Ry) 
ae 0: 08-2.) 5 3 
the i f the matrix A = | ¢ (2% | 
e inverse of the matrix A = a II rr o <1] |2 


a b => 10 1 2)=/ 1 0 
Sol. A= P 1+be 00 1 5 3 1 
2 2 


a 


A (Applying R; > 5) 
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1 1 


[ = 
OD Nag 5 
=> [0 1 O|=|-4 3. -1/A(R,>R,+R,and R, > R,-2R;) 
o-O 1 5 3 1 
a ae 
Hence, 
1 -1 I 
ae ta | 
Atd=/|-4 3 -1 
5 -3 1 
ae ae) 


Concept Application Exercise 8.3 


10 0 
1. For any 2 x 2 matrix A, if A (adj A) = , then find IAI, 
; 0 10 
ie., det A. 
—sin@ 
cosé | 


2 0 7 


cos@ 


2. Find the multiplicative inverse of A -| ay 
sin 


3. Find the value of x for which the matrix A=!0. 1 Olis 
1°-2 1 
~x 14x 7x 
inverse of B=| 0 1 0 
x 4x -2x 
—sing 2 in2 
Pe er eae eS where 0 <f 
sin@ cosa sin2B —~cos2B 


< 2/2, then prove that BAB = A-'. Also find the least positive 
value of a for which BA*B = A“, 


. By using elementary operations, find the inverse of the matrix 


211 10 
2 2 1|,D=/13} and CB=D. 
iit 9 


Solve the equation AX = B. 


SYSTEM OF SIMULTANEOUS LINEAR 
EQUATIONS 


Consider the following system of n linear equations in n 
unknowns: 
GX, FAX, to ta X= b, 


A,X, +4,X, +--+ +a,x, =b, 


2n on 
a,,\%) * Tox, Fe ee Cie = b, 
This system of equations can be written in matrix form as 
4 42 7 Uy x b, 


Gy, Gyn gy, x2 b, 


Aye na. Gan nxn Xn nx by 2x1 


Matrices 8.19 


or AX=B 
Then # x n matrix A is called the coefficient matrix of the 
system of linear equations. 


Homogeneous and Non-Homogeneous System of 
Linear Equations 


A system of equations AX = B is called a homogeneous system 
if B = O. Otherwise, it is called a non-homogeneous system of - 
equations. , 


Solution of a System of Equations ° 

Consider the system of equations AX = B. A set of values of the 
variables X>Xyy «+, X, Which simultaneously satisfy all the equa- 
tions is called a solution of the system of equations. 


Consistent System. 

If the system of the equations has one or more solutions, then it 
is said to be a consistent system of equations, otherwise it is an 
inconsistent system of equations. 


Solution of a Non-Homogeneous System of Linear 
Equations 

There are two methods of solving a non-homogeneous system 
of simultaneous linear equations: 


a. Cramer’s rule: Discussed in the chapter on determinants. 


b.. Matrix method: 

Consider the equations 
ax+bytcz=d, 
axtbytcz=d, (1) 
ax+bytcz=d, 


If 
a b ¢ Xx d, 
A=l|a, b, c,|,X=|ylandD= d, 
a, bs c; Zz d; 


then, Eq. (1) is equivalent to the matrix equation 

AX =D | (2) 
Multiplying both sides of Eq. (2) by the inverse matrix A~', we 
get 


A“(AX) = A"'D = IX =A"'D [ATA STZ] 
x) Ae Ase Ay | [di 
=> X=A'D>ly =a B, B, B; |x| d, (3) 
Zz Cre: Cy. ak, 


where A,, B,, etc., are the cofactors of a,, b,, etc., in the deter- 
minant 
a b e 
A= la, b, c,| (A#0) 
a, bs C3 
(i) If A is a non-singular matrix, then the system of equa- 
tions given by AX = B has a unique solution given by X 
=A'B. 
(ii) IfA is singular matrix, and (adj A) D = O, then the system 
; of the equations given by AX = D is consistent with infi- 
nitely many solutions. 
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8.20 Algebra. 
(iii) If A is a singular matrix and (adj A) D # O, then the Sol. The given system is 
system of equations given by AX = D is inconsistent and 2 4 6\fx] [8 
has no solution. ; ta olels 
Solution of Homogeneous System of Linear 1 1 3})z| [4 
Equations a 
Let AX = O be a homogeneous system of n linear equations AX=B 
with 7 unknowns. Now if A is non-singular, then the system of where 
equations will have a unique solution, i.e., trivial solution and if 24 6 
Aisa singular, then the system of equations will have infinitely Az|1 2 3ix=lylandB=|5 
many solutions. nore 
a clalteae, Solve the following system of equations, Now 
using matrix method: x + 2y +z =7,x + 3z = 11, 2x —3y = 1. 
Sol. The given system of equations is 3 9 -l 
x+2y+z=7 adjA=|-6 0 2 
x+0y+3z=11 0 0 0 
2x —3y+0z=1 
fo) #IVe 7 3 0 -11/8 20 
gee ot ele adj(A)B=|-6 0 2 ||5|=|-40 
> 3 ollz 1 0 0 0|/4 0 
or AX =B, where Thus, the system of equations is inconsistent. 
1 2 1 x 7 
re are? ee eee MATRICES OF REFLECTION AND ROTATION 
230 z l Reflection Matrix 
Now, Reflection in the x-axis 
. 1 o~ J yh ea 
‘Al=|1 0 3) =18 
2 -3 0 
So, the given system of equations has a unique solution given 
— A-! 
by X =A™B. : D an 
9 6 -3 9 -3 6 : 
adj A=|-3 -2 7| =|6 2 -2 
6 -2 -2)| [3 7 -2 
9 3 6 A‘ (x1, 91) 
& 1... 1 
=> A : Sap a 6 —2 2 Fig. 8.1 
pees oh ee Let A be any point and A’ be its image after reflection in the 
Now, X-axis. 
X=A"'B If the coordinates of A and A’ be (x,y) and (x,, y,), respec- 
02 23 6 FZ : 63—33+6 tively, then x, = x and y, =—y. These may be written as 
= X=7/6 -2 -2 11j=—| 42-22-2 x=1xx+0xy 
3. 7 -2){/1 —214+77-2 y, =Oxx+(-Dy 
' 36{ | 2 Thus, system of equation in the matrix form will be 
=>] y/=—]18}=|1| =x=2,ysl,z2=3 
J 0 -I}L¥ 
Example 8.5 Show that the following system of equa- 41 0 ; ; : 
tions is inconsistent. Thus, the matrix | _ describes the sage of a point A 
2x + 4y + 6z=8 : (x, y) in the x-axis Similarly, the matrix 0 | will describe 
X+2y+32=5 the reflection of a point (x, y) in the y-axis. 


x+y+3z=4 
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yy sin2@ —cos2@|| y 


Thus, the matrix 
Ee sin20 


Reflectiora through the origin x, z ie 26 sin2e ] ‘ 


__M sin2@ —cos2@ 
a describes the reflection of a point (x, y) in the line y = tan 0. 
ALY) : Note: By putting 0 = 0, 7/2, 2/4 we can get the reflection 
y matrices in x-axis, y-axis and the line y = x, respectively. - 
Fig. 8.2 . 
If A’(x,, y,) be the image of A(x, y) after reflection through Rotation Through an Angle 6 
the origin, then ; Let A (x, y) be any point such that OA = r and ZAOX = @. 
a Let OA rotate through an angle 6 in the anti-clockwise direction 
ae | such that A’(x,, y,) is the new position. Then 
a= OA’ =r 
x, =xcos@0—ysin@ 


=> x,=(-Dx+0xyandy, =0xx+4(Dy ae ; 
y, =xsin@+ycos@ 


a 0 : 
Thus, the matrix 5 i describes the reflection of a point 
A(x, y) through the origin. 


Reflection in the line y =x 


yh > 


In matrix form, we have 
x,|_|cos@ -sin@]] x 
y, “| sin@ cos y 


2 Clues, Find the image of the point (2, -4) under 
Fig. 8.3 the transformations (x, y) — (x + 3y, y —x). 


Sol. Let (x,, y,) be the image of the point (x, y). Then by the 
given transformation 

01 x= 1xx+3xKy 
And the reflection matrix is k 4 : y=ClDx+ 1 xy 


x} {1 3}ix} yt 3}; 2) | -10 
Reflection in line y =x tan 0 = Wor ‘Moe eZ] 


Therefore, the image is (-10, —6). 


In this case x, =Oxx+1 xy 
y, =1xx+0xy 


Example 8.53 


Fig. 8.4 
Considering the line y = x tan @ shown in Fig. 8.4, we have 
xX, =xcos 20+ysin20 (+. O’ is the mid-point of AA’) Fig. 8.6 
y, =x sin 20 — y cos 26 Write down the 2 x 2 matrix A which corresponds to a 


In matrix form, we have . counterclockwise rotation of 60° about the origin. In Fig. 8.6, 
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the square OABC has it diagonal OB of 22 units in length. 
The square is rotated counterclockwise about O through 
60°. Find the coordinates of the vertices of the square after 
rotating. ‘ 


Soll. The matrix of rotation will be 


cos60? -sin60*] {1/2 -v3/2|_ 1) 1 -v3 
sin60° cos60° | 3/2 1/2 21/3 1 
Since each side of the square is x, 
_ 4x25 (2V2) 
=> x =2 units 
Therefore the coordinates of the vertices O, A, B, C are 
(0, O), (2, 0), (2, 2), (0, 2), respectively. 


Let after rotation A, B, C map into A’, B’, C, eepesnven): 
while O maps into itself. Then, 


Ele 7 ll 
“alls 


A (2, 0) +A’ (1, V3) 
Similarly, 


Hels TE 


B22 > B'0-V3,.53-40 


Hkile TEL 


COWS CeBA 


and 


CHARACTERISTIC ROOTS AND CHARACTERISTIC 
VECTOR OF A SQUARE MATRIX 


Definition 


Any non-zero vector, X, is said to be a characteristic vector of a 
matrix A, if there exists a number A such that AX = AX. And then 
J is said to be a characteristic root of the matrix A correspond- 
ing to the characteristic vector X and vice versa. Characteristic 
roots (vectors) are also often called proper values, latent values 
or eigenvalues (vectors). 


Note: 
It will be useful to remember that 


(i) a characteristic vector of a matrix cannot correspond 
two different characteristic roots, but 


(ii) a characteristic root of a matrix can correspond to dif- 
ferent characteristic vectors. Thus, if 


AX =1,X, AX=4,X, 4, #4, 
1X = 1,X =3.(A, -4,)X =O 


But X # O and (4, — 4,)-# 0. And. therefore. (A, = Ags 
_ X #0: Fhus-we hate a contradiction. and as. such we. 
_. see the truth of statement (i ee : oe 
“But if AX = AX, then also.A(KX) = (KX), so o thaekiis 2 
_ also a. characteristic vector of A corresponding to the 
| same. characteristic root A. Thus we have the’ truth: of . 
statement (ii). 


Determinant of Characteristic Roots and Vectors 


If J be a characteristic root and X, a corresponding characteris- 
tic vector of a matrix A, then we have 
AX =1X =1IX = (A-AI)X =O 
Since X # O, we deduce that the matrix (A 
that its determinant 
IA —All=0 
Thus, every characteristic root A of a matrix A is a root of its 
characteristic equation 
\A-AT|=0 (1) 
Conversely, if 4 be any root of the characteristic equation 
(Eq. (1)], then the matrix equation (A — ADX = O necessarily 
possesses a non-zero solution X so that there exists a vector X# 
O such that AX = AIX = AX. 
Thus, every root of the characteristic equation of a matrix is 
a characteristic root of the matrix. 
If A be n-rowed, then the characteristic equation IA — Al = 0 
is of n'* degree so that every n-rowed square matrix possesses n 
characteristic roots, which, of course, may not all be distinct. 


— AD) is singular so 


Example: EEL Show that the two matrices A, PAP have 
the same characteristic roots. 
Sol. Let, 
PlAP =B 
B-JI =P'AP-AI 
=P'AP-P"'AIP 
=P'(A-ADP 
=> {B-AIN=IPUMA-ATIIP I 
=l|A-ANIIP NPI 
=|A-AIIIP'P| 


=|A-ANIIII=1A—-Al 
Thus, the two matrices A and B have the same characteristic 
determinants and hence the same characteristic equations 
and the same characteristic roots. The same thing may also 
be seen in another way. Now, 
AX =2X 
=> P'AX=/P'X 
=> (P'AP) (P'X) =A(P1X) 


Example 8 Show that if2,,4,,...,4, aren eigen values 
ofa square matrix A of order n, then the eigen values of the 
matrix A? be 22, 23,...,4.. 
Sol. AX = 1X 

= A(AX)=AQX) 

=> A’X =)(AX) =AQX) = 1X 
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1.e., 
AX =1X 
Hence, eigenvalue of A? is A”. Thus if A,, 4 


12 Aap oe A, are eigen- 
_ values of A, then yee ae A? are eigenvalues of A’. 


acute: Show that the characteristic roots of an 
idempoterat matrix are either zero or unity. 

Sol. Since A is an idempotent matrix, hence, 

A=A 


Let X be a latent vector of the matrix A corresponding to the 
latent root A so that 


AX =AX (1) 
or 

(A—ADX=O0 
such that 

X#O 
On pre-multiplying Eq. (1) by A, we get 

A(AX) = A(AX) = A(AX) 


ie., eens 
=> AX=2X 
=> IX=X (- A’=A) 
=> (2-A)X =O (. AX =X) 
=> #V-A=0 
=> AA-ly=0 (« XF#0) 
=> A4=0,A=1 
Example 8.57 Find the characteristic roots of the two- 


cos@ -sin@ 


rowed orthogonal matrix | ; 


and verify that 
sinQ —cos0 


they are of unit modulus. 


Sol. We have, 
cos @-—A 
sin 9 


—sin @ 
1A ~All=| ras 
= (cos @—A)’ + sin’ 8 
Therefore characteristic equation of A is 
(cos O— AY + sin? 6 =0 
=> cosé—-A=+isind 
=> Az=cos@+ising 
which are of unit modulus. 


eClueickeae, Prove that the product of the characteris- 
tic roots of a square matrix of order 7 is equal to the deter- 
minant of the matrix. 


Sol: Let A = [a,] be a given square matrix. Let Ais Ayy vn A, bE 
the characteristic roots of A. If @(A) is the characteristic func- 
tion, then 


Matrices 8.23 
A) =1A - AN 
a,—A a2 mae Ay 
a ay, Qay-A An 
a,j Ay? Gan T A 
=(-1)" [A+ pAt-' + psn? + vt p | (1) 
=(-1)"Q-A,) A-A,) - A-A) (2) 
On putting 2 = 0, we have 

g(0) = Al =A, x1, xA, x oo xd, =(-A)"p, (3) 


Hence, the product of characteristic roots of a square matrix 
is equal to the determinant of the matrix. 


f If A is non-singular, prove that the eigen 
e the reciprocals of the eigen value of A. 


Sol. Let A be an eigen value of A and X be a corresponding 
eigenvector. Then, 


AX =AX 
= X =A (AX) =A(AIX) 
> ~ X=A'X [-: Ais non-singular => 1 #0] 
Ne) ne 
A 


Therefore, 1/A is an eigenvalue of A“! and X is a correspond- 


‘ ing eigenvector. 


Scuaceaate If a is a characteristic root of a non- 
singular matrix, then prove that lA/al is a characteristic 
root of adj A. 


Sol. Since a is a characteristic root of a non-singular matrix, 
therefore a #0. Also a is a characteristic root of A implies that 
there exists a non-zero vector X such that 


AX = aX 

= (adj A) (AX) = (adj A) (aX) 

= [(adj A) A] X =a (adj A)X 

=> IAlIX=a(adjA)X [-- (adj A)A=IAIT] 
= IAI X = a(adj A)X 

dé 1A 


~~ X = (adj A)X 
a 


= (djax= 41x 
: a 


Since X is a non-zero vector, therefore IA/al is a characteristic 
root of the matrix adj A. 
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Subjective Type | 


1. 


10. 


11. 


12. 


Algebra 


Solutions on page 8. 3 6 


01 
if X = b | then prove that (pI + qX)" = p"I + mp”! qX, V 
p,q €R, where J is a two-rowed unit matrix and m EN. 


If A is an upper triangular matrix of order n x n and B 
is a lower triangular matrix of order n x n; then prove that 
(A' + B) x (A + B) will be a diagonal matrix of order n x n 
[assume all elements of A and B to be non-negative and an 
elements of (A’+ B) x (A+B as C.J. 


If B, C are square matrices of order n and if A = B+C, BC 
= CB, C = O, then without using mathematical induction, 
show that for any positive integer p, A’*! = B°[B + (p + 1)C]. 


If D = diag {d,, d,, ..., d,], then prove that f(D) = diag [f(d,), 
fid,), .... d,)}, where f(x) is a polynomial with scalar coef- 
ficient. 


Show that the solutions of the equation 


fF afeom[s [MP 


where a, f are arbitrary. 


If A= & A then prove that A? + 3A + 2] =O, hence 
find B and C matrices of order 2 with integer elements, if 
A=B+C?. 


Find the possible square roots of the two-rowed unit matrix /. 


12 2 
IfA=|2 1 2\, then show that A? — 4A — 5] = O, where J 


2 2 1 


and 0 are the unit matrix-and the null matrix of order 3, respec- 
tively. Use this result to find A. 


If S is a real skew-symmetric matrix, then prove that J — S is 
non-singular and the matrix A = (J + S) (J— S)' is orthogonal. 


If B and C are non-singular matrices and O is null matrix, then 
A B] [Oo co 

show that = ; 
Cc O B' -B'AC! 


Show that every square matrix A can be uniquely expressed as 
P +iQ, where P and Q are Hermitian matrices. 


Express A as the sum of a Hermitian and a skew-Hermitian 


24+3i 2 5 
matrix, where A=|}-3-i 7 3 -i|. 
3-2i i 2+i 


EXERCISES 


Objective Type < Be 


i Solutions on page. g 


Each question has four choices a, b, c and d, out of which only one 
is correct. Find the correct answer. 


1. 


The inverse of a skew-symmetric matrix of odd order is 
b. a skew symmetric 
d. does not exist 


a. a symmetric matrix 
c. diagonal matrix 
Let A and B be two 2 x 2 matrices. Consider the statements 
(i) AB=O>A=OorB=0 

(ii) AB=I, = A=B' 

(iii) (A + B)? = A? + 2AB + B? 

Then 

a. (i) and (ii) are false, (iti) is true 

b. (ii) and (ili) are false, (i) is true 

c. (i) is false, (ii) and (iii) are true 

d. (i) and (iii) are false, (ii) is true 


13 1 1} 
3. The equation [a x y] 0 2 -1]/x|= [0] has 
00 lii\y 
(i) for y=0 (p) rational roots 
(ii) for y= —1 (q) irrational roots 
(r) integral roots 
Then ; 
(i) (ii) 
a. (p) (r) 
b. (q) (p) 
c. (p) (q) 
d. (r) (p) 
4. The number of diagonal matrix A of order n for which A? = A is 
a. | b. 0 
c. 2” d. 3” 


a b 
If A = k is n® root of 1, then choose the correct 
a 


statements: 


(i) ifn is odd,a=1,b=0 
(ii) if 7 is odd, a=—1,b=0 
(iil) ifn iseven,a=1,b=0 
(iv) ifm iseven,a=—-l,b=0 
a. i, ii, ili b. ii, iii, iv 


c. i, ii, fii, iv d. i, 111, iv 


A is a2 = 2 matrix such that A = = and A2 I = Ail 
: I = |n'0 


The sum of the elements of A is 


a.—1 b. 0 
c. 2 d. 5 
; cos’@ — cos@sin@ 
The product of matrices A = 5 and 
cos@ sin@ sin’ @ 


cos” 0) 


| 
cos@ sing 


cos@ sing 


is a null matrix if @~ @= 
sin’ @ 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


a. 2nn,neZ b. nZneZ 


ee Cant) EneZ d.nz,neZ 


Let A, B be two matrices such that they commute, then for any 
positive integer n, 


(i) AB" = B'A (ii) (AB) = A” B" 
a. only (i) is correct 

b. Both (i) and (ii) are correct 

c. only (ii) is correct 


d. mone of (i) and (ii) is correct 


2, wheni=/j 
tf A =[a,],,,, such that a, = __ then 
y 0, wheni# j 
{sexediedi “| is (where {-} represents fractional part 
function) 
a. 1/7 b. 2/7 
c. 3/7 d. none of these 


a 

If | B is to be the square root of two-rowed unit matrix, 
y -a 

then a, f and y should satisfy the relation 

a. 1—a’+fy=0 b. @ + By -1=0 

ce. 1+a?+fy=0 d.1-a@— fy =0 


If A is a square matrix such that A? = A, then (J + A) —7A is 
a. 31 b. O 
cI d. 2/ 


If A and B are square matrices of order n, then A — AJ and B —AI 
commute for every scalar A, only if 


a. AB=BA b.AB+BA=0O 
c.A=-B d. none of these 


Matrix A such that A? = 2A — /, where J is the identity matrix, 
then for n > 2, A” is equal to 


a2” 'A-(n-ll 
«a nA~(n- 1 


b.2”-'A-TI 
d.nA-TI 


0 a 50 a b 
Let A= and (A+1)° —SOA= . Then the value 
0 0 c ad 


ofatb+c+dis 
a.2 b. 1 


ce. 4 d. none of these 


: i -i 1 -l 
i ae[ "ana 2 -| | sen equals 


—t L 


a. 4B b. {28B 
ec. -128B d. —64B 
2 -l -] -8 -10 
If} t O|A=!{ 1 —2  —5/|, then sum of all the elements 
3 44 “9 22 «15 


of matrix A is 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


24. 


25. 


26. 


a. involuntary 


Matrices 8.25 


bel 


a. 0 

c.2 d.—3 

If a=35l ! ie sien Ata) cama, 
iia ay 

a0 b.J 

e.-1 d. 21 


Identify the incorrect statement in respect of two square matri- 
ces A and B conformable for sum and product: 


a.t(A+B)= t(A) + 1(B) b. t, (aA) = at (A),aeR 
c. t(A") = 1, (A) d. none of these. 


A is an involuntary matrix given by 


0 1 -i 
A=|4 -3 4 |, then the inverse of A/2will be 
3 3 4 
a. 2A b. x 
2 
d. A? 


A 
a — 
2 


If A is a non-singular matrix such that AA’ = AA and 
B=A' A’, then matrix B is 
b. orthogonal 


c. idempotent d. none of these 


If P is an orthogonal matrix and Q = PAP’ and x = P? Q'™ P, 
then x is, where A is involutary matrix 

aA b.I 

c. Al d. none of these 


If n-order square matrix A is a orthogonal, then, 


jadj(adj A)| is 
a. always —1 if nis even b. always 1 if nis odd 
c. always 1 d. none of these 


1 ; 
If both A— si and A+ 2 are orthogonal matrices, then 


a. A is orthogonal 


b. A is skew-symmetric matrix of even order 


cA? = 2G 
4 


d. none of these 


In which of the following type of matrix inverse does not exist 
always 
a. idempotent b. orthogonal 


c. involuntary d. none of these 


If A is an orthogonal matrix, then A™! equals 
a. AT b.A 
c. A? d. none of these 


If Z is an idempotent matrix, then (/ + Z)" 
a.[+2°Z b. J+ (27-1)Z 


ef-(2"- DZ d. none of these 
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27, 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


ce. 1 


: Algebra 


Tf A and B are two matrices such that AB = B and BA =A, 
then 

a. (A°- BY =A-B 
c.A— Bis idempotent 


b. (A° — B°Y = A? — BP 
d. A — Bis nilpotent 


Lf A is a nilpotent matrix of index 2, then for any positive inte- 
gern, A(I+ A)" is equal to 

b.A 

d. J, 


a.A! 
c. A" 
Let A be an n'-order square matrix and B be its adjoint, then 
[AB + KI] is (where K is a scalar quantity) 

a. (\A| + K)'~? b. (Al + K)" 

c. (JA + Ky"! d. none of these 


If A? = I, then the value of det(A — J) is (where A has order 3) 


a.l b.-1- 

c.0 d. cannot say anything 
abe q -b y 

If A=|x y z|,B=|-p a —xj and if A is invertible, 
paqr r-c 2 

then which of the following is not true? 

a. |A| = |B 

b. [A] = — |B 


c. jadj Al = |adj BI 
d. A is invertible if and only if B is invertible 


If A and B are two non-singular matrices such that AB = C, 
then |B| is equal to 
Cc A 
a. id b. lal 
l4| Ic 
¢. |C| d. none of these 


If A and B are squares matrices such that A” = O and AB=A 
+ B, then det(B) equals 
a. 0 b. 1 

d. none of these 


6 il 
If matrix A is given by A = |: 4 } then the determinant of 


A205 = 6A204 is 
a 2.2006 
a 005 “7 


b. (-11) 270 

d. (—9) 2704 

If A is a non-diagonal involutory matrix, then 
a.A-I=O b.A+/=0O 

c. A —Jis non-zero singular d. none of these 


01 2 1/2 W/2 1/2 

IfA=|1 2 3\and Al=| 4 3 c |, then the values 
3 a l 5/2 -3/2 1/2 

of a and c are equal to 

a. i, 1 .b.l,-1 

ce. 1,2 d.-1, 1 

If A and B are two non-singular matrices of the same order 


such that B’ = J, for some positive integer r > 1. Then 
A'B'A-A'B'A= 


38. 


39. 


40. 


41. 


42. 


43. 


44, 


45. 


46. 


‘b.2 
di 


a.l 
cO 


For two unimodular complex numbers z, and z,, 


= -| =I 
Sn 89 % 2) is equal to 
% z -% & 
1 
b. y 
0 1 


d. none of these 


cosa sing 0 
If A(a, B)=|—sina cosa 0 |, then A(a, By! is equal to 
0. 0 eb 
a. A(-a, —B) b. A(—a, f) 
c. A(a, —B) d. A(a, f) 
+ib +id 
As] oT" land a +b? +2 +d = 1, then AM is 
—ct+id a-—ib 
equal to 
a+ib —-c—id at+ib —-ctid 
a. b. 
—ctid a-—ib ~ctid a-ib. 
C. Gai eels d. none of these 
-c—id atib 
If A? = O, then] + A + A” equals 
a.Il-A b. (+ A!ly! 
ce Ud - Ay! d. none of these 


If A is order 3 square matrix such that |A] = 2, then 
jadj(adj(adj A))| is . 
a. 512 

c. 64 


b. 256 
d. none of these 


(-Ay! is always equal to (where A is n""-order square matrix) 
a. (-1)"A"! b. -A"! 
e (-1)'" At d. none of these 


For each real x, -1 <x <1. Let A(x) be the matrix 
1 - + 
d- xy! + and z= ay phen 
-x | 1+ xy 


b. A(z) = A(X) -A(y”) 
d. A(z) = AQ) [AQ 


a. A(z) = A(x) AW) 
c. A(z) = A(x) + AQ) 


2 
If pee 9 = ae , then the value of x is 
x 1/25 -a 5 
a. a/125 : b. 2a/125 
ce. 2a/25 d. none of these 


+ 
1*% then f(A) is 
x 


ae | A a eS 
aed Oa 
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47. 


48. 


49, 


“tl ae) 


d. none of these 


oe 


If A is a square matrix of order n such that Jadj(adj A)| = A>, 


then the value of n can be 
a4 
c. either 4 or-2 


b. 2 
d. none of these 


1 t ; 
fA = an | then ATA~ is 
—tanx 1 
‘ —cos2x sin2x b cos2x —sin2x 
"| —sin2x cos2x "| sin2x  cos2x 


0s 2 2 
a cos2x a a d. none of these 
cos2x sin2x 


: 0 -t /2 
IfA = ss and Jis a2 x 2 unit matrix, then 
tana/2 0 
dA) ie a is 
sina sing 
a.-I+A b.J-A 
~a-I-A- d, none of these 


50 


51. 


52. 


53. 


54. 


55. 


The matrix X for which : z| X= Bs 2 is 


7 2 
[22k 2 
2 4 
oe 
3 1 ao 
L 10 5 
seed res 
7) $2 = 
L2 


If A and B are square matrices of the same order and A is non- 
singular, then for a positive integer n, (A~! BA)" is equal to 

a. A” B" A” b. A"B"A™ 

c. AIBA | d. n(A7! BA) 


If A is singular matrix, then adj A is 
b. non-singular 
d. not defined 


a. singular 
c. symmetric 


The inverse of a diagonal matrix is 
a. a diagonal matrix b. a skew-symmetric matrix 


c. a symmetric matrix d. none of these 


If P is non-singular matrix, then value of adj(P~') in terms of. 


Pis : 

a. P/IPI b. P|P| 

ce. P d. none of these 
If adj B =A, IP! = |QI = 1, then adj(Q"' BP") is 

a. PQ b. QAP 

c. PAQ d. PA'Q 


56. 


- 37. 


58. 


59, 


60. 


61. 


62. 


63. 


64, 


65. 


Matrices 8.27 
; . : 1 4 
If A is non-singular and (A +21) (A-4) =O, then—A+—A 
is equal to 6 3 
a.O ; boJ 
e. 21 d. 6] 
cosa sina 0 
If A(a, 8) =|-sina cosa 0 |, then A(a, f)' in terms of 
0 0 eb 
function of A is 
a. A(a, —B) b. A(~a, —f) 
c. A(—a, f) d. none of these 
If A and B are two square matrices such that B = ~A”' BA, then 
(A + B) is equal to 
a. A? + B? b.O 
c. A? + 2AB + BP d.A+B 
Let a and b be two real numbers such that a> 1, b> 1. 


noo 


a 0 . ape 
IfA= , then lim A~” is 
0b 


b. null matrix 
d. none of these 


a. unit matrix 
ec. 27 

: l+x : : z : 
Let f(x) = fox If A is matrix for which A? = O, then f(A) is 
a.Il+A+A? 
c.J-A-A? 


b. J+ 2A + 2A? 
d. none of these 


If A and B are two non-zero square matrices of the same order 
such that the product AB = O, then 

a. both A and B must be singular 

b. exactly one of them must be singular 

c. both of them are non-singular 

d. none of these 


2 1 =. 12, 1 0 
If A = , then A = 
Ea SHo i 


If A*— A +/=0, then the inverse of A is 
a, A> bA+/ 
acil-A d.A-TJ 


1). 
is 
3 


1 
The number of solutions of the matrix equation X? = E 


a. more than 2 b. 2 
c.0 d. 1 


If A and B are symmetric matrices of the same order and 
X= AB + BA and Y= AB -— BA, then (XY)’ is equal to 


b. YX 
d. none of these 


a. XY 
c. ~YX 
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66. 


67. 


68. 


69. 


70. 


71. 


72. 


73 


74, 


75. 


Algebra 


If A is a3 x 3 skew-symmetric matrix, then trace of A is equal to 
a.—1 b. 1 


c. |A| d. none of these 


Elements of a matrix A of order 10 x 10 are defined as 
a,=wW i+j (where w is cube root of unity), then trace (A) of 
the matrix is 

a. 0 blo 

c. 3 d. none of these 


cosa ~sina 0 


Let F(a)=| sina cosa 0], whereaeR. Then 
0 0 1 

(F(a) is equal to 
a. F(a') b. F(-a) 
c. F(2Qa) d. none of these 

cosx —sinx 0 cosy 0. siny 
If Fx) =|sinx cosx OlandGQ)=| 0 1 0 |, 

0 0 1 -siny 0 cosy 


then [F(x) G(y)]"'is equal to 


a. F(—x) G(-y) 
c. Fc!) Go") 


b. G(-y) F(-x) 
d. GQ!) F(x") 


If A is a skew-symmetric matrix and n is odd positive integer, 
then A’ is 
a. a skew-symmetric matrix b. a symmetric matrix 


c. a diagonal matrix d. none of these 


IfA= |: 


b . 
: (where bc # 0) satisfies the equations x+k=0, 
c 


then 
a.at+d=0 b.k=-|A| 
c. k= |Al d. none of these 
If A, B,A+J,A +B are idempotent matrices, then AB is equal 
to 
a. BA b. —BA 
al d. O 

-5 -8 0 
The matrixA=|3 5 0 |is 

22. c= 


a. idempotent matrix b. involutory matrix 


c. nilpotent matrix ’ d. none of these 


If A is symmetric as well as skew-symmetric matrix, then A is 
a. diagonal matrix b. null matrix 


c. triangular matrix d. none of these 


If A and B are square matrices of the same order and A is non- 
singular, then for a positive integer n, (A'BA)" is equal to 

a. A" B'A" b. A"B"A™ 

c.A'B'A d. n(A'BA) 


76. Which of the following is an orthogonal matrix? 


77. 


78. 


79. 


80. 


$1. 


[6/7 2/7 -3/7 [6/7 2/7 3/7 

a.|2/7 3/7 6/7 b. {2/7 -3/7 6/7 
[3/7 -6/7 2/7 13/7 6/7 -2/7]- 
[6/7 -2/7 -3/7 [6/7 -2/7 3/7 
e.| 2/7 3/7 6/7 d.| 2/7 2/7 -3/7 
|-6/7 2/7 3/7 


|-3/7 6/7 2/7 


If k ER,, then det{adj(kI,)} is equal to 


a. ki"! b. re 
ce. k" dk 
x 3 2 
Given that matrix A=|1 y 4). If xyz=60 and 8x + 4y + 3z 
DD. ok 
= 20, then A(adj A) is equal to 
[64 0 0| fs8 0 0 
a|0 64 0 b.| 0 88 O 
[Oo 0 64 | {0 0 88 
f6s 0 0] f34- 0 0 
e|0 68 0 d.|0 34 0 
[0 0 68] |}0 0 34 
1 2 0 2-1 5 
LetA+2B=| 6 —3 3] and2A-B=|2 -1 6 . Then 
-5 3 1 0 1 2 


tr(A) — tr(B) has the value equal to 


a. 0 b. 1 
c. 2 d. none 
If A,, A,, .--, A,,_, aren skew symmetric matrices of same 


order, then B = ¥(2r —1) (Ay, -,) 77! will be 


r=] 


a. symmetric 
b. skew-symmetric 
c. neither symmetric nor skew-symmetric 


d. data not adequate 


3 0 
5| and B=| -—3 |. Which of the following 
1 1 


Ny oO WM 


1 
Let A =| 2 
0 


is true? 

a. AX = B has a unique solution 

b. AX = B has exactly three solutions 
c. AX = B has infinitely many solutions 
d. AX = B is inconsistent 


downloaded from jeemain.guru 


82. 


2 
Consider three matrices A = ; 


1 3 4 
,B= and 
i E 4 


am | ABC 
C= i 3 } Then the value of the sum weave ; 
2\ ; : 
gis ROOT ee BOT | eedenit 
4, 8 
a.6 b.9 
ce. 12 “aciune 


Multiple Correct Answers Type Ss aE 


Each question has four choices a, b, c and d, out of which one or 


more answers are correct. 


1. 


If A is unimodular, then which of the following is unimodular? 
a.—A 

b. AT 

c. adj A 

d. @A, where w is cube root of unity 


1 
|| and + BP = A BP 


then 
a.a=-1 ba=1 
ce b=2 d.b=-2. 


If AB =A and BA =B, then which of the following is/are true? 
b. B is idempotent 
d. none of these 


a. A is idempotent 
c. A’ is idempotent 


12 2 

IfA=—]2 1 —- 2 is an orthogonal matrix, then 
a2 b 

aca=-2 boa=2,b=1 

cb =-1 d.b=1 


Let A and B are two non-singular square matrices, A’ and B’ 
are the transpose matrices of A and B, respectively, then which 
of the following are correct? 

a. BTAB is symmetric matrix if A is symmetric 

b. BAB is symmetric matrix if B is symmetric 

c. BTAB is skew-symmetric matrix for every matrix A 

d. B’AB is skew-symmetric matrix if A is skew-symmetric 


sin@ icos@ 


If A(Q) = } then which of the following is not 


icos@ sin@ 
true? 

a. A(6y! = A(t — 8) 

b. A(@) + A(z + 8) is a null matrix 
c. A(8) is invertible for all ER 


d. A(9)' = A(-8) 


7. 


Matrices 8.29 


if A is a matrix such that A?+ A + 2/ = O, then which of the 
following is/are true? 


a. A is non-singular b. A is symmetric 


c. A cannot be skew-symmetric d.A7! = — ; (A+D 
3 3 4 
8 IfA=|2 -3 4], then 
0 -1 il 
a. adj(adj A) =A b. ladj(adj A)| = 1 - 
c. |adj A] = 1 d. none of these 


\o 


10. 


11. 


12. 


13. 


14. 


-1 : 
if 1 — tan @ i tan @ _|@ —b seen 
tan 0 1 -tan@ 1 boa 


a.a=cos 26 ba=l 
c.b=sin 20 d.b=-1 
1 -l 2 
IfA'=|0 3 1 |, then 
0 0 -1/3 
-l1 1 -2 
a. |A| =-1 b.adjA=| 0 -3 =] 
0 0 1/3 
1 1/3 7 1 ~-1/3 -7 
eA=|/0 1/3 1 d.A=/0 -3 0O 
0 0 -3 ; 0 O 1 


If B is an idempotent matrix, and A = / — B, then 

a.A°=A b. A* =] 

c.AB=O d. BA =O 

Which of the following statements is/are true about square 
matrix A of order n? 

a. (-A)"! is equal to —A™ when n is odd only. 

b. If A"= O, then/+A+A?+---+A"™'=([-A)'. 


c. If A is skew-symmetric matrix of odd order, then its inverse 
does not exist. 


d. (A’)"' = (A*')’ holds always. 


000 1 000 i 

00 1 0 0 0 -i 0 
IfA, = , Ay = , 
; 010 0 i 0 0 

100 0 -i 0 0 0 
then AA, + A/A, is equal to 
a. 2lifi=k b. Oif i #k 
e« 2ifitk d. O always 
IfA= (a,), ., and fis a function, we define f(A) = (fa,)), he 
Ty eae sn 

-6 mi2-O} . 


b. sin A =cos A 
d. sin (2A) = 2 sin A cos A 


a. sin A is invertible 
c. sin A is orthogonal 
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15. 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


Algebra 
0 2b ¢ 
If|a b -c|is orthogonal, then 
a —-b ¢ 
a : b. b= d 
.aqa=-2 -~- a — 
V2. Vi2 
1 
ce c=t— d. none of these 
3 


If A and B are two invertible matrices of the same order, then 
adj(AB) is equal to 

a. adj(B) adj(A) b. |B} |A| B! A* 

c. |B] |A| A“! B d. |A| |B| (AB)"' 


If A, B and C are three square matrices of the same order, then 
AB=AC => B=C-. Then 


a. |A| #0 b. A is invertible 
c. A may be orthogonal d. A is symmetric 
Suppose a,, @,, ... are real numbers, with a, #0. If a,,a,, a,, ... 
are in A.P., then 
A> a 83 


aA=|a, as dg, |issingular (where i=-v-1 ) 
45 ag a 


b. the system of equations a,x + a,y + a,z =0, 
axt+ay+az=0,axtay+az= 0 ane infinite number of 
signs 


a ia, |, : 
cB=|. is non-singular 
lady a 


d. none of these 


If a, #, y are three real numbers and 


] cos(a — B) cos(a-y) 
A= | cos(B - a) l cos(B — y) |, then which of 
cos(y—a@) cos(y — B) 1 
following is/are true? : 
a. A is singular b. A is symmetric 
c. A is orthogonal d. A is not invertible 


1 0 
LetA = I : Then which of following is not true? 


eras eas 0 0 ie: bare 0 0 
a. lim = A“ = b. lim — A" = 
noo A -1 0 no JI -1 0 
7 1 0 
GA f Vn#tN d. none of these 
—n 


If Cis skew-symmetric matrix of order n and X isn x 1 column 
matrix, then X7CX is 


a. singular’ ‘ b. non-singular 

¢. invertible d. non-invertible 
01 1 b+ce cta b-e 

IfS=;1 0 LlandA=|c-b c+b a-b| (a,b,c#0), 
1 1 0 b-c a-c atb 

then SAS" is 


a. symmetric matrix b. diagonal matrix 
c. invertible. matrix d. singular matrix 


23. If D, and D, are two 3 x 3 diagonal matrices, then which of the 
following is/are true? 
a. DD, is diagonal matrix b. DD, = D,D, 
ce. D? + D2 isa diagonal matrix d. none of these 


24. IfA and B are symmetric and commute, then which of the fol- 
lowing is/are symmetric? 
a.A!B . b. AB! 
cA BS d. None of these 


25. A skew-symmetric matrix A satisfies the relation A? + / = O, 
where / is a unit matrix then A is 


a. idempotent ; b. orthogonal 
c. of even order d. odd order 


26. If AB=A and BA = B, then 
a. A2B = A? b. BA = B? 
c. ABA=A d. BAB=B 


be 2° 42 
27. LetA=|2 1 2]|.Then 
22 


a. A?-4A -5/, = O b. Ao =< (A~41;) 


c. A? is not invertible d. A? is invertible 


Reasoning Type Solutions on page 8.49 


Each question has four choices a, b, c and d, out of which omly one is 
correct. Each question contains STATEMENT 1 and STATEMENT 
2. 


a. Both the statements are TRUE and STATEMENT 2 is the correct 
explanation of STATEMENT 1. 


b. Both the statements are TRUE but STATEMENT 2 is NOT the 
correct explanation of STATEMENT 1. 


ce. STATEMENT 1 is TRUE and STATEMENT 2 is FALSE. 


d. STATEMENT 1 is FALSE and STATEMENT 2 is TRUE. 


1. Statement 1: |adj(adj(adj A))| = |A|"-!", where n is order of 
matrix A. 
Statement 2: |adj A| = {A|’. 


2. Statement 1: If D = diag id, d,, .- 4), then 
D” = diag [dd 1 ad"), 


[et n 


Statement 2: If D = diag [d,, d,, ..., da], then 
D" = diag [d,",d," ..., d,"]. 


: pov 
3. Statement 1: Matrix 3 x 3, a= - a cannot be expressed 
: i+2j 


as a sum of symmetric and skew-symmetric matrix. 


: PJ 2. fe : 
Statement 2: Matrix 3 x 3, a= > ¥ is neither symmetric 
nor skew-symmetric. ase 
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10. 


11. 


12. 


13. 


b 
Statement 1: If a, b, c, d are real numbers and A = i 
and A? = O, then A? =O. F cod 
Statement 2: For matrix A = i: i , we have 

: c 


Cas HA Had = bOI = 0: 


cosa -sina 0 
Statement 1: If F(@)=|sinw cosa 0], then 
0 0 1 


[F(a)}"' = F(-a). 


cosB 0 sinB 
Statement 2: For matrix G(B)=| 0 - 1 0 |, 
, ~sinB 0 cosB 
we have [G(6)}' = Gf). 
4 0 4 13 3 
Statement 1:A=|2 3 2|,B'=|1 4 3]. Then (4B)y" 
1 2 1 1 3 4 


does not exist. 

Statement 2: Since |Aj = 0, (AB)! = BA is meaningless. 
Statement 1: The determinant of a matrix A = (a,] a's where a, 
+a, 0 for all i and j is zero. 


Statement 2: The determinant of a skew-symmetric matrix of 
odd order is zero. 


Statement 1: The inverse of the matrix A = la,1, «nm Where 
a,= 0,12] is B= [a,""] ; 
Statement 2: The inverse of singular matrix does not exist. 


nxn. . 


Statement 1: For a singular square matrix A, 
AB=AC=>B=C. 

Statement 2: If |A| = 0, then A”! does not exist. 

Statement 1: If A, B, C are matrices such that |A,,,| = 3, 
|B ~1 and |C, + 2, then |2ABC| =-12. 


Statement 2: For matrices A, B, C of the same order, 
|ABC| = Al |B] |Cl. 


axal= l= 


Statement 1: If the matrices A, B, (A + B) are non-singular, 

then [A(A+-B)' B}Y'=B'+A", 

Statement 2: [A(A + BY! B]' = [A(A7! + BBY! 
=[U+AB')By! 
=[(B+AB'B)]"! 
=[((B+ AD} 
=((B+A)]" 
=B'+A. 

Statement 1: Let A, B be two square matrices of the same 

order such that AB = BA, A” = O and B" = O for some positive 

integers m, n, then there exists a positive integer r such that 

(A+B) =0. 

Statement 2: If AB = BA then (A + B)" can be expanded as 

binomial expansion. 


Statement 1: If A = la,), ., is such that a, = av i,j and A? = 
O, then matrix A null matrix. 
Statement 2: {A| = 0. 


Matrices 8.31 


14. Statement 1: If A is orthogonal matrix of order 2, then 
|AJ=+1. ; 
Statement 2: Every two-rowed real orthogonal matrix is of 


cos@ —sin@ cos@ sin@ 
or : 
cos@ sin@ —cos@ 


Linked Comprehension Type Solutions on page 8.50 


Based upon each paragraph, some multiple choice questions have 
to be answered. Each question has four choices a, b, c and d, out of 
which only one is correct. 


any one of the forms ; 
sin@ 


For Problems 1-3 
Let A is matrix of order 2 x 2 such that A? = O. 
1. A?-(a+ dA + (ad — bc)I is equal to 
al b.O 


ce. —] d. none of these 


2. tr(A) is equal to 
a. 1 b. 0 


c.~1 d. none of these 
3. (+A)'= 
a. LOOA b. 1007 + A) 
ce. 1OOJ+A d./+ 100A 
For Problems 4—6 


If A and B are two square matrices of order 3 x 3 which satisfy 
AB =A and BA = B, then 


4. Which of the following is true? 
a. If matrix A is singular then matrix B is non-singular. 
b. If matrix A is non-singular then matrix B is singular. 
ce. If matrix A is singular then matrix B is also singular. 
d. Cannot say anything. 


5. (A + B)’ is equal to 
a. 7(A +B) b.7-1,., 
c. 64 (A + B) d.128/7 


6. (A +> is equal to (where / is identity matrix) 
a. 1+ 60/ b. 7+ 16A 
e.7+31A d. none of these 


For Problems 7-8 


Consider an arbitrary 3 x 3 matrix A = la;,], a matrix B= 16,] is formed 
such that b,, is the sum of all the elements except a, in the ¢" row of A. 
Answer the following questions. 


7. If there exists a matrix X with constant elements such that 
AX = B, then X is 
a. skew-symmetric b. null matrix 


e. diagonal matrix d. none of these 


8. The value of |B] is equal to 
a. jA| 
c. 2|A| 


b. |A}/2 
d. none of these 
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8.32 Algebra 


For Problems 9-11 


10 0 
_LetA =|1 0 1 | satisfies A” = A"-? + A*—TJ for n > 3. And trace 
0 1.0 
of a square matrix X is equal to the Sum of elements in its principal 
diagonal. 
Furrther consider a matrix y with its column as U,, U,, U, such that 


1 01 ' fo 
APO U, =} 25], AU, =] 1], AU, =| 0 
25 0 1 


Then answer the following questions. 


9. The values of |A*| equals 


a.0 b. 1 

c.-1 d. 25 
10. Trace of A* equals 

a.0 b. 1 

c.2 d. 3 


11. The value of |Ulequals 
~ ad ; b. | 
ce. 2 d. -1 


For Problems 12-14 


Let A be a square matrix of order 2 or 3 and J be the identity matrix of 
the same order. Then the matrix A —// is called characteristic matrix of 


the matrix A, where J is some complex number. The determinant of the 
characteristic matrix is called characteristic determinant of the matrix 
A which will of course be a polynomial of degree 3 in A. The equation 
det(A — A/) = 0 is called characteristic equation of the matrix A and its 


roots (the values of A) are called characteristic roots or eigenvalues. It is” 


also known that every square matrix has its characteristic equation. 


2) oP. 3} 
12. The eigenvalues of the matrixA=| 2 3 4 |/are 
=] -=f>=2 
b. 2, 3, -2 
d. none of these 


a. 2, 1,1 
e.~-1, 1,3 

13. Which of the following matrices do not have eigenvalues as 1 
and —1? 


a. r ' b. | al (where i =J/—1) 
1 0 i 0 


“4 “led 


14. If one of the eigenvalues of a square matrix A of order 3 x 3 is 
zero, then 


a. det A must be non-zero b. det A must be zero 


c. adj A must be a zero matrix _d. none of these 

For Problems 15-17 

Let A be am x n matrix. If there exists a matrix L of type n x m such that 
LA =I, then Lis called left inverse of A. Similarly, if there exists a matrix 
R of type m x m such that AR = [ , then R is called right inverse of A. 
For example, to find right inverse of matrix 


1 -l 


Ali | wetake R=]? y ‘| 
7 2 3 u vw 


and solve AR = I, i.e., 


1 -l 1 0 0 
i 5 ‘i io 010 
uovow 
2 3 “10 0 1 
=> x-u=1 y-v=0 z-~w=0 
x+u=0 ytv=l ztw=0 
2x+3u=0 2y+3v=0 2z7+3w=1 


As this system of equations is inconsistent, we say there is no 
right inverse for matrix A. 


15. Which of the following matrices is NOT left inverse of 
1 -l 


matrix |1 1 |? 


2 3 
iig ees ae 
a| 2 2 b}| 1] 1 
ue 0 Seige 
L 2 2 
50 0 3 -l 
c d. 
His ae 
2° 2 


1 -1 2 
16. The number of right inverses for the matrix b , | is 
a. 0 b. | 
c. 2 d. infinite 


17. For which of the following matrices, the number of left 
inverses is greater than the number of right inverses? 


124 ee 
a. b. |”. 
ic 2 1 3 2 1 


4 3 3 
ce |2 -3 d./1 1 
5 4 4 4 


For Problems 18-20 


If e’ is defined ase* =] +A+—+—+ 
g(x) Ff) 


AAS AS) a) 
2! 3! a) 


eG 
where A -| and 0 <x < 1, then /is an identity matrix. 
x 


x 


18. [aaa is equal to 


b. log (e&*-—e“) +e 
d. none of these 


a. log (e"+e“)+ce 
c. log (e*-1) +e 
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19. [(g C+) +))sin xdx is equal to 


2x 


. x 
Gros e : 
a. a b. Fg omit O82) +c 


x 
¢. sin 2x—cos2x)+¢ d. none of these 


20. (ea is equal to 


B(x) 
1 -1 x 
a. ————— -—cosec (e*) +c 
2Ne"-1 
2 ' 
b, ——{—— — sec! (e*) +e 
e-e* 
1 ak 
c. ————==+sec (e")+c¢ 
2Ve* -1 


d. none of these 


Matrix-Match Type 


Each question contains statements given in two columns which 
have to be matched. Statements a, b, c, d in column I have to be 
matched with statements p, q, r, s in column IL. If the correct 
matches are a—p, a—s, bq, b—r, cp, cq and d—s, then the 
correctly bubbled 4 x 4 matrix should be as follows: 


' Solutions on page 8.52 


Pp q Tr s 


1. 
-‘Column.t | 
a. (J — A)" is if A is idempotent 


Column II 
p. 2"-'d-A) 


qf-rA 


b. ([— AY’ is if A is involuntary 


ce. ([— A)". is if A is nilpotent of index 2 
d. If A is orthogonal, then (A?) 


2. 


| Column I 


a. If A is an idempotent matrix and / is an 

identity matrix of the same order, then 

’ the value of n, such that 
(A+ Dt =1+ 127 is 


b.lfQ-Ay'=I1+A+A?+-- +A, then 
A" = O where nis 


Column II 


a ee 
c. If A is matrix such that 
; a, = G+tfpt -)), then A is singular if 
order of matrix is 
d. If a non-singular matrix A is symmetric, | s. 8 
‘show that A” is also symmetric, then 
order of A can be 


"| 1A, | = 2518 


Matrices 8.33 


Column 1(A, B, C are matrices) 


ze Column I a 


a, If || =2, then [2A~"| = (where Ais of 


pl Pear , 
order 3). tae 


b. If |A| = 1/8, then |adj(adj(2A))| = (where A | q.4°— 
is of order 3). , : 


c.f (A+B) = A? +BY, and {Aj =2, then 
|B| = (where A and B are of odd order) ~ 


<a = 4 then 


sual = 3 and |C, 
|ABC} is equal to : 


t. does not exist 


Integer Type 


01 0 
1. A= : i and A® + A°+A?+A2+DV= M (where J is the 


Solutions on page 8.53 


2x 2 identity matrix), then the product of all elements of matrix 
Vis. 


a 
2. | 


ee . is an idempotent matrix and f(x) =x - x? and be 


= 1/4 then the value of 1/f(a) is. 
3. Let X be the solution set of the equation A* = J, where A © 


0 1 -il 
=|4 -3 4 | and /is the corresponding unit matrix and x ¢ 
3 3 4 


N then the minimum value of ¥)(cos* @+sin" 6), Oe R. 


tan x 


4,.A= ; and f(x) is defined as f(x) = det. (A’A™) 
—tan x ] 


then the value of is (nm > 2). 
n-times 
1 2 2)\\x 0 
5. The equation |] 3 4/|y|=]0 has a solution for (x, y, Z) 
3 4 kj\z 0 


besides (0, 0, 0). Then the value of & is. 


6. If A is an idempotent matrix satisfying, (I- 0.4A)'=1I- 0A 
where | is the unit matrix of the same order as that of A then the 
value of !9 ad is equal to. 


3x? (x+2)" 5x? 2x 
7. LetA=| 1 |,B=[abclandC=| 5x’ 2x (x+2y 
6x 2x (xt2)? 5x” 


be three given matrices, 
where a, b, cand x €R, Given that tr-(AB) =tr-(C) x €R, where 
tr-(A) denotes trace of A. If f(x) = ax? + bx + c then the value of 


A) is. 


8. Let A be the set of all 3 x 3 skew symmetric matrices whose 
entries are either —1, 0 or 1. If there are exactly three 0’s, three 
1’s and three (-1)’s, then the number of such matrices, is. 
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8.34 Algebra 


9, LetA= Laide be a matrix such that AA’ = 4I and a, + 2c, =0 
where or is the cofactor of a, and / is the unit matrix of order 3. 


Ait4 ay 3 4 tl a) 443 
Gy, Ang t 4° Ay [+5Al a, aytl a, |=0 
ay G7 yg tA a3, a, a3 +1 
then the value of 10A is. 


10. Let S be the set which contains all possible values of J, m, n, Ps 
q-¥ for which 


P33 -p. 0 
A=| 0 m-8~ gq be a non-singular idempotent 
r 0 15 . 
matrix. Then the sum of all the elements of the set S is. 


11. If A is a diagonal matrix of order 3 x 3 is commutative with 
every square matrix of order 3 x 3 under multiplication and tr(A) 
= 12, then the value of IAI!” is. 


12. If A is a square matrix of order3 such that IAI = 2 then I(adj A“')"|| 
is. 


| archives . Solutions on page 8.54 


Subjective Type ; 
abe 
1. Given a matrix A=|b c a| where a, b, c are real posi- 
c a b 
tive numbers, abc = 1 and ATA = IJ, then find the value of 
@C+b +03. : (1T-JEE, 2003) 


2. If Mis a3 x 3 matrix, where det M = 1 and MM? =], where ‘I’ 
is an identity matrix, prove that det (M— 1) =0. 
(1IT-JEE, 2004) 


2 


a 1 0 al} f a x 
3. IfA=/1 b d|,B=)0 d cl,U=|g},V=|01,X=!y 
1 be f gh h 0 Zz 
and AX = U has infinitely many solutions, prove that BX. = V 
has no unique solution. (UIT-JEE, 2004) 


4. LetA and B be 3 x 3 matrices of real numbers, where A is sym- 

metric, B is skew-symmetric, and (A + B) (A — B) = (A — B) 

(A + B). If (AB)! = (-1)* AB, where (AB) is the transpose of the 
matrix AB, then find the possible values of k. 

(IT-JEE, 2008) 


Objective Type 


Multiple choice questions with one correct answer 


1 b.-1 
4 d. no real values 
(HiT-JEE, 2003) 


. IfA= i nt |A*| = 125, then the value of a is 


2 a 


a.t] b. +2 c.+3 d.+5 
(UIT-JEE, 2004) 


» LetA=|0 1 1),7=/0 1 O| and 


1 
Als E (A? +cAt+ an). The values of c and d are 


a. (-6, -11) b. (6, 11) 
c. (-6, 11) d. (6, -11) 
(IIT-JEE, 2005) 
31 
Pe 11 
. If P= and A= and Q = PAP’ and 
1 pea 
2 2 


x= P™’Q P, then X is equal to 


1 2005 
a. 
ee 
n [trams 6015 | 


2005 4— 2005/3 


a2] 2005 2-3 (IIT-JEE, 2005) 
4}2+/3 2005 


. The number of 3 x 3 matrices A whose entries are either 0 or | 


x 1 
and for which the system A | y|=] 0] has exactly two distinct 
fz} [0 
solutions, is 
a. 0 b. 2°-1 c. 168 d. 2 
(IT-JEE, 2010) 


. Let @ 4 1 be a cube root of unity and S be the set of all non— 


lL ab 
singular matrices of the form} @ 1. c/|, where each of a, b, 
wo @ | 


and c is either @ or @. Then the number of distinct matrices in 
the set S is 


a.2 b. 6 c.4 d. 8 
(IIT-JEE, 2011) 


Multiple choice questions with one or more correct answer 


1. Let Mand N be two 3 x 3 non-singular skew symmetric matrices 


such that MN = NM. If P’ denotes the transpose of P, then M?N? 

(M™NY' (MN)? is equal to 

a. M b -N c. —M? d. MN 
(UT-JEE, 2011) 
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CompreFeension 
Read thre passages given below and answer the questions that 
follow. ns . 
For Problems 1-3 
1 0 0] 
LetA=| 2 1 O|, and U,, U, and U, are columns of a 3 x 3 matrix 
3-2 1 
U. If column matrices U,, U, and U, satisfy 
1 [2 2 
AU, =| 0 |, AU, =; 3 |, AU, =| 3 
0 10 1 
then ans wer the following questions. (IT-JEE, 2006) 


1. The value |UY| is 


a3 b. -3 c. 3/2 d. 2 
2. The sum of the elements of the matrix U-' is 
a—l b. 0 ce 1 d. 3 
3 
3. The value of [3 2 0] U| 2] is 
0 
a. 5 b. 5/2 c. 4 d. 3/2 
For Problems 4-6 


_ Let A be the set of all 3 x 3 symmetric matrices all of whose entries are 
either 0 or 1. Five of these entries are 1 and four of them are 0. 


(IIT-JEE, 2009) 
4. The number of matrices in A is 
a. 12 b. 6 c.9 d. 3 
5. The number of matrices A in A for which the system of linear 
equations 
x 1 
A} y|=|0 
Zz 0 
has a unique solution is 
a. less than 4 b. at least 4 but less than 7 
.¢. at least 7 but less than 10 d. at least 10 


6. The number of matrices A in A for which the system of linear 
equations 


oO Oo 


x 
Aly|= 
Zz 


iS inconsistent is 
a. 0 ; b. more than 2 
ec. 2 d. | 


For Problems 7-9 
Let P be an odd prime number and T, be the following set of 
2 x 2 matrices: 


9. 


Matrices 8.35 


ab 
T,=yA=) :a,b,cé€ {01,...,p—1}>  (IT-JEE, 2010) 


The number of A in T, such that A is either symmetric or skew — 
symmetric or both, and det(A) divisible by p is 

a. (p — 1)° b. 2(p - 1) 

e(p-1P+1 d. 2p - 1 

The number of A in T, such that the trace of A is not divisible by 


Pp but det(A) divisible by p is [Note : The trace of matrix is the 
sum of its diagonal entries]. 


a. (p- 1p? -p +1) b. p?—(p- 1 

ce (p—1) ‘d. (p - 1)(p? - 

The number of A in T,such that det(A) is not divisible by p is 
a. 2p? b. p?- 5p 

c. p?—3p ‘ d. p? ~ p? 


For Problems 10-12 
Let a, b and c be three real numbers satisfying [a b c] 


19 7 
8 2 7/=[000] (IT-JEE, 2011) 
L347 
10. If the point P(a, b, c) with reference to (E), lies on the plane 2x 
+y+z=1, then the value of 7a +b +c is 
a. 0 b. 12 c.7 d. 6 
11. Let wbe a solution of x3 — 1 = 0 with Im(@) > 0. If a = 2 with b 
and c satisfying (£), then the value of as + at: + ae is equal 
to @ @ @ 
a. —2 b. 2 c.3 d. -3 
12. Let b= 6, with a and c satisfying (£). If @ and Bare the roots of 
the quadratic equation ax? + bx+c=0,then ¥ (2 + ;| is 
n=0\Q% 
6 b.7 ~ iu d. 
a6. ; G5 00 
Integer type 
1, Let K be a positive real number and 
2k-1 2k Wk 0 2-1 Vk 
A=|2Jk 1 -2k| andB=|1-2k 0 2 
SE 2h al —Vk -2Vk 0 
If det (adj A) + det (adj B) = 10°, then [&] is equal to. 
[Note: adj M denotes the adjoint of a square matrix M and [k] 
denotes the largest integer less than or equal to &]. 
(HIT-JEE, 2010) 
2. Let M be a3 x 3 matrix satisfying 


0 
M/1/=; 2 |,MJ-1{/=] 1 |, andM | 1/=|.0 
0 3 0 -] 1 12 


Then the sum of the diagonal entries of Mis. (IIT-JEE, 2011) 
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8.36 Algebra 


1.. We have 


0 14/0 1 0 0 
X=XxX= = =O 
0 O10 0 0 0 
=> M=aX¥xx=OxxX=0 
Similarly, X= X° = X°=---=O 
Now, by binomial theorem, we have 


(p+ gXy"_ = BD" + "CPD" (GX) +"C, (PD (GX) + 


#C, GX" 
‘ m(m—1) 
= pel + mp! qXh + —7 > (gx +++ 
. + qx" 
=p"l+ mp" qX+O+04--+O(2 X= 


Mae =X"=0) 
=> (pI + qX)" =p" 4 mp""'qXx, Vp, qd ER 


2, Ais an upper triangular matrix. So, 


a,=0, i>j a;=0, i<j 
A= _., and A’= res 
a,#0, iSj a, #0, 12 J 


B is lower triangular matrix. So, 


se 
b, #0, i2j 
b, =0, i>j 
and B’ dais 
b,, #9, i<j 
c,=0, i< 
Let, C’=A’+B=4 , te 
c;, #0, i2j 


Cc 4+e)=| 


(A’ + B) x (A +B’) =C (let) for C, c, #0 (for all i and j) 
Therefore, (A’ + B) x (A + B’) is a matrix ‘of ordernxn, Vc, # 0 
in any case. 
3. AP = (B+ Cy"! 
We can expand (B + C)’*' like binomial expansion as BC = CB. 


(B+ Cyt! = PC Bet + HC BPC + P81 BP! CP + FPPC, 
A Sad: 

=Pt!C Bet! + *!C BPC+O+ 0+ = 4t0(" C2050 
=Ci=-:-=0O) 


= Bet! + (p+ 1)BPC 
= BIB + (p + 3)C] 
4. Let, fx) =a,taxtayts tax" 
=> fD)=al+aD+a,D? ++ +a," 
= a,x diag (1, 1, 51) 


+ a,x diag dd pve) 
+ a,x diag (d7,d,, .-- d,) 


tees 


+a,x diag (d,", d,", ..., d,") 


7 4,"; 
_ 3 Are n 
= diag (a, + a,d, + ad?+-- tad", 


ANSE AND SOLUTIONS 


a,+a,d,+a,d, + vt at 
Py fe n 

a,+ ad,t+ad,7+--+ a,d, 

Z : 2 n 

a+ a,d,+ ad >t. + ad.) 


= diag (fd,), fd), fd) 


5. Given equation is 
Pola 
zt 0 0 
x y x y x> + ye xy + yt 0 0 
i i : Ace + i zy + ack 4 


=> xrt+yz =0 ‘ (1) 
y(x+)=0 (2) 
zx+nH=0 (3) 
yet? =0 (4) 


From Eqs. (1) and (4), we have x =? orx= +t. 


Case I: 

If x = 1, from Eggs. (2) and (3), y=0, z=0. Then from Eq. (1), x=O=2. 

Case II: 

If x =-+, then Eqs. (2) and (3) are satisfied for all values of y and z. 
If we take y = — B, z= a, then from Eq. (1), 

x=+ Jap =—- 

Obviously, Case I is included in Case II (a= 0 = f). Hence, the 

general solution of the given equation is 


xa-t=+ foB.y=-Bz=a 
Pe a. 
z ft a = Jop 


where a, # are arbitrary. 


=> A?4+3A4+20 
1 -3 -1 1 1 0 
= +3 +2 
0 4 0 -2 0 1 
_|0 0 
hie O 


=> A?+3A4+2/=0 (i) 
From Eq. (1), 

A+ 3A?+2A =O 

(A+D?-A=F 

A=(AtI?-P=(A+D>+ (Cl 

B=A+l/andC=-— 


fe IE HE 


-1 0 
and C= 


Youd 
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: b 
7. Let A= : ‘| be a square root of the matrix. © 
c 


a’ +bce abt+bd |) 4 
ac+cd cb+d’ 0 1 


=> athe =1 ; (1). 
ab+bd =0 (2) 
ac+cd =0 (3) 
ch+d@ =1 (4) 


If a+ d =O, the above four equations hold simultaneously if d= 
—a and a2 + be = 1. Hence, one possible square root of / is 


a 
y -a 
where a, B, y are the three numbers related by the condition 
a+ py= 1. 
Ifa + d#0, then above four equations hold simultaneously 


ifb=0,c=0,a=1,d=lorifb=0,c=0,a=-1,d=-l. 


1 0} j- 
Hence, g P ied 
0 1 0 -l 
ive., + J are other possible square roots of J. 
1. 222 2 
8 GivenA=|2 1 2 


1 


22 
13252 122 
A*=AxA=|2 1 2|x/2 1 2 
2 


2 1) \2 2:3 


1444+4 24+2+4 2+4+2 
2+2+4 44144 44+2+2 
2+44+2 44+2+2 4+4+1 


9 8 8 
=18 9 8 
8 


A? -4A>-51= 


o 
‘oO 


Fig oT eS 
ow oO 
co wo co 


‘Oo © oO 
; | 
ao 
an ff} Ao 
NH bw 
Ne N 
re MN 
\ 
Wn 


moodor so 


oO OOM wKO OD HO Hw LO 
| 

ooo mH ORF OD OO 
\ 
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A? -4A-5I1=0 
or 
51=A’?-4A 
Multiplying by A”, we get 
5SA!'=A-4 


CDCOoOF NF NY NYY NY 


22 3 
als 2 2 3/5 2/5 2/5 
At=—| 2+-3 2 [=| 2/5 -3/5 2/5 
Bde 3 2/5 2/5 -3/5 


9. First, we will show that J — S is non-singular. The equality 
| 1 - S| = 0 implies that I is a characteristic root of the matrix S, but 
this is not possible, for a real skew-symmetric matrix can have zero 
or purely imaginary numbers as its characteristic roots. Thus J — Sl # 
0, ie., J— S is non-singular. We have, 

AT=[(I- Sy")? +5)? 
= [7 -S)7' +S)" 
But 
(-S) =I7-ST=1+S 
and 
(+S)? =17+ST=I1-8S 
AT= (I+ Sy! (I-S) 
ATA = (1+ Sy' I -S) 7+ 8S) T- Sy! 
: = (I+ Sy' I+ S) ¢-S) G- sy" 
=I 
Thus, A is orthogonal. 
B 


O 
Consider the matrix equation PX = Q 


A By x | 1% 
C OLY ‘ 42 
which is equivalent to the following system of equations 
Ax, + Bx, = 4, ; (1) 
Cx, +O=4, (2) 
From Eq. (2), we have 


Cx, = 4% 


A 
10. Let P= 


or 


or ; 
C'Cx,=C'q, 
=> x, =¢,C! (3) 
Putting the value of x, in Eq. (1), we get 
g AC! + Bx, =4, 
or 
g,B' AC! + B'Bx, = Bg, 
= x,=B'q,-q,B'AC! (4) 
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8.38 Algebra 


Both Eqs. (3) and (4) are equivalent to the matrix equation 12. We have, 
x, |_| 0 c' fa 2a 2s 5 
x] |B! -BlAc™ Ila AS33035 
3-2) i 2+i 
0 co 
= 2+3i -3-i 3-2 
> x-|") © lo soe Shai 
B' -B'AC => A=! 2. 7 i 
5 3-i 2+i 
ore ie Gi 
i eit Dy 2-31 -3+i 34+2i 
BU —-BVAC qr ; 
=> A’ =} 2 7 -i 
1. Let P= 1/2(A +A”) a gee ay 
or 
= 1/2i(A — A®). Then, 
and Q : ). Then [2-3) -3+i 342i] 
A=P+iQ (1) A®° =| 2 7 -i 
Now fi 6 5 34h 257] 
es Q o 
Dan en } 243i 2 5] [2-3% -34i 342i 
1 A+A°=|-3-i 7 3-i/+| 20 7 =i 
foe 0 OO 
a5 ete 3-05 £243) |S Badr Dei 
1 gk : 
at pease? ean 4 1+i 842i 
2 2 =|-l-i 14 3-2i (1) 
Therefore p is a Hermitian matrix. Also, 8-2) 34+2i 4 
@ 
O° = {3 (A- ah a 
2 2+3i 2 5 2-31 -34+i 342i 
i A-A®=|-3-i 7 3-i|-| 2 7 -i 
66 
-(F]u-a 3-2) i 2+i 5 3+i 2-i 
6i 5-i 2-2i 
=-= {A® -(A%)?} =|-5-i 0 3 (2) 
2-21 -3 2i 
| 48 
er aes Adding Eqs. (1) and (2), we get 
1 4 —-l+i 842i 6i 5-i 2-2i 
=, 6) 2A=|-l1-i 14 3-2i|+] -5-i 0 3 
t 
~ 8-—2i 342i 4 -2-2i -3 2i 
Therefore, Q is also Hermitian matrix. 2 re 4+i 33 Sek, yey 
Thus A can be expressed in the form (1). Since A is unique, let A Lj - 3 
=R + iS where R and S are both Hermitian matrices. We have, Hence, A= weap 7 3; Mel seh 0 = 
2 2 2 2 2 
A’ = (R + iS)! 3 3 
4-i =4i 2 Sep see § 
= R’ + (IS)! 2 J 2 
= R? ~ is? 
=R-iS (since R and S are both Hermitian) Objective Type 


A+A%=(R+ iS) +(R—-iS)=2R 
= R= LA+An=P 
Also, 
A-—A®=(R + iS) —(R—iS) = 2iS 
= S=s(A-4%) =0 


Hence expression (1) for A is unique. 


1.d. Let A be a skew-symmetric matrix of order n. By definition, 
A’=~A 
=> IA1=Hl 
= IAl=(-1)'lAl 
= IAl=—Al [- nis odd] 
= 2IAl=0 
= IAl=0 


Hence, A! does not exist. 
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2.d. (i) is false. 


If A ae dB oe then AB ae O 
= an = . en —} = 
0 -1 0 0 00 


(ii) is true as the product AB is an identity matrix, if and only if B 
is inverse of the matrix A. 
(iii) is false since matrix multiplication in not commutative. 


13 1 1 
3.c. [1 x y]/O 2 -1l]=)x]=10 
00 1 y 


1 
=> fl 3+2x 1l-x+y]|x/=[0] 
- LY 
=> [14+ 3x+2?+y-xy+y’] =(0] 
=> we+y+yt3x-xy+1=0 
Ify=0,2¢°4+3x+1=0 
=> (2x-1)4+1)=0 
=> x= —1/2, -1 (rational roots) 
If y= —l,2x?+4x+1=0 
a -4+vi2__-24v3 
4 2 
4.d. A=diag (d,, d,, ....d,) 
Given, A? =A 
= diag (d',d,, ..., d7) = diag (d,, d,, ..., d,) 
=> d? =4d,d5=d, wy GP =d, 


Hence, all d,, d,, d,, .... d, have three possible values +1, 0. Each 


[eae Seas 
diagonal element can be selected in three ways. Hence, the number 


of different matrices is 3”. 
5.d. If A is n root of /,, then A" = J. Now, 


aul? ?lfe b|_|a° 2ab 
“10 alfO al 0 @ 
Peres a 2ab\fa b 2 a 3a’b 
"19 @ {lO a} fo a@ 
iit a na''b 
0 Ww 


Now, 
a" na" 'b 1 0 
A = 
0 a" 0 | 


=> (irrational roots) 


rai] 
0 


> at=l,b= 


oa af © 


Let A be given by A= i | The first equation gives 
a-b=-1 ta @) 
c-d=2 4 

For second equation gives : 


Matrices 8.39 


This gives 
_-at+2b=1 (5) 
—c+2d=0 (6) 


Eqs. (3) + (5) = b=Oanda=-1 

Egs. (4) + (6) = d=2 andc=4 

So the suma+b+c+d=5. 

cos’@  cos@sin@ |} cos*@  cos@sing 
ne sin? o | 

-| cos” @cos’ $+ cos@cos@sin Asin 


Z 2 . 3 
cos@sin Ocos* + cos@sin @cosdsind 


7.c. AB= ; 
cos@sin@ sin? @ 


cos” Ocosdsin gd + cos@sin sin? | 


cos @cos@sin @sin@ + sin? Asin? b 


__| cos Acos@(cos(9—)) cosOsin d(cos(O — ¢)) 
7 ie Acos@(cos(@—)) sin@sin@(cos(@ — A 
cos@cos@ cos@sing 
= (cos(8— $)) sinOcos@ sin@sing 
Now, AB= O => cos(@- 6) =0 > 0- = (2n + 1)a/2, ne Z. 
8.b. AB" =ABBBBB.--B 
= (AB)BBB.--B 
= B(AB)BBB.:-B 
= BB(AB)BB.---B 


=B'A 
(AB) = (AB)(AB)(AB).---(AB) 
= A(BA)(BA)(BA)---(BA)B 
= A(AB)(AB)(AB)---(AB)B 
= A*(BA)(BA)(BA):--(BA)B? 
= A?(AB)(AB)(AB)-:-(AB)B° 
= A\(BA)(BA)(BA)---(BA)B3 


= A”B" 
9. a. From given data IAl = 2* 
=> ladj (adj A)I = (24)? = 2 


{eee - 2°} jqa7ty? {1 
7 Ea ae ee 


10. b. We have, 


aa 


a + By 0 k 4 
> = 
| 0 ae 0 1 


=> @¢+fhy-1=0 
11. c. Given A? =A. Now, 
U+A)-7A=P +3PA + 3IA?+A3-7A 

=1+3A+3A+A-T7A 
=I+0O 
=f 

12. a. (A -2I(B-AD =(B-AN(A -AD 

AB-XA+ B)I+ 22 = BA-AB+ A) + VP 

AB=BA 


J. 
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8.40 


13. c. 


Algebra 


Given, A? = 2A —J 


Now, A? = A(A’) 


=A(2A-D 
=2A?-A 
=2(2A-N-A 
=3A-2 

At = A(A’) 
=A(3A —2D 
=3A?-2A 
= 3(2A—1)-2A 
= 4A -31 


Following this, we can say A” = nA — (n—- II. 
14.a. We have, A7=0,A' =O, Vk >2 
Thus, 


=> 
=> 


(A+D°=1+50A 
(A+D°=14+50A 
a=1,b=0,c=0,d=1 


15. b. We have, 


=> 


=> 
=> 
=> 


16. b. Since the product matrix is 3 x 3 matrix and the pre-multi- . 


A=iB 


a) 
#=(} =P o=-B-| |--22 
98-32. 
A‘ = (~2B)? = 4B? = 4(2B) = 8B 
(A*? = (8B)? 
A’ = 64B? = 128B 


c 


plier of A is a3 x 2 matrix, therefore A is 2 x 3 matrix. Let, 


lm on : . 
A= . Then the given equation becomes 


x y Z 
[2 -l -1 -8 -10 
lmn 
1 0 |- a 
[es Aa Sao gs Bee 1S 
[ 2i-x 2m-y 2n-z ~Il -8 -10 
l m x {=/1 -2 -5 
|-3l+4x —3m+4y -3n+4z 9 22 15 


Ql—-x=-1, 2m-y=-8, 2n-z=-10,l=1,m=-2,n=-5 
x=3,y=4,7=0,l=1,m=~2,n=-5 


i m nj {1 —2 -5 
A= = 
x y Zz 3 4 #0 


3 
grass 1 {-7 
3/i-i -l 
1 1 lt+i 
A’)=—= 
ae a ‘i 
1 1 1 
AG +i te . 1+i 
3}1-i -l 3;1-i -l 


18. d. See theory. 
19. a. A is involuntary. Hence, 
A =ISA=A1 
Also, ; 


“fl. -1 
(kA) = 


-1 
= (a =2(Ay! => 2A 
20. b. Given, 
B=A™ At 
=> Br=(A'AD=Ax (AY? 
=> Bx BT =A'ATxXAx(A*)=A™ x (AT xA)AT)? 
=A"(A x A)\(A7)? 
= (AA) x (ATA) =I x =] 
21.b. P7P =I 
Q=PAP™ 
x= PTQ'0p = P™(PAP!)p 
= P™PAP™(PAP’)Y™P 
= IAP™ PAP" PAP?)*P 
= AIAP™PAP?)P 
= A?P’PAP\PAP)"'P 
= A?P"((PAP)""P 


= A'm—J7 (+: Ais involuntary) 
Hence, x! = 1. 
22. b. Since A is orthogonal, hence 

AAT =I 
=> IAAI=1 
=> lA=1 
=> IAl=+1 
Now, ladj(adj A)I = 1Al-” 


] ] ] 1 
A’——I || A-—/ |=J and| A’+—/ || A+—I 
23.b.[ ull 5] ana sl ') 


=> A+A’=0 (subtracting the two results) 
= A’=-A 
=> Ar=- . I 

4 


eat\K 
=> (=) = (det(A))? 
=> niseven 
24. a. For involuntary matrix, 


2 


\A7l=1/1 => IAP = 1 => lA] ==1 
For idempotent matrix, 
A=A . 
=> IAl=lAl= IAP=lAIS 1Al=Oorl 
For orthogonal matrix, 
AAT=I1 : 
=> JAATI=I/1=> IANAN= i= AP=1 > /Al=41 | 
Thus if matrix A is idempotent it may not be invertible. 
25.a.AxAT=I 
IA x AN=1/] 
IAP = 1 
IAl=+1 
A”! exists 


ee 


I 
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Matrices 8.41 


= A-'xAxAT=A'xI 32a. AB=C 
= A-l=A? = IABI=ICl 
26. b. Z is idempotent, then => IAHBI=icl 
B=Z>52,27,...,2=Z i gel! 
(I + 2)! = °C PC POZ + "CPOZ? + CZ [Al 
="CI4"C,Z4'C,Z+"CZ+ + +CZ 33a. AB=A+B 
H=I+("C, +°C, +"C, + "CZ = B=AB-A=A(B—-I) 
=1+(2"-1)Z => - det (B) = det (A) det (B - J =0 
= det(B)=0 


27. d. Since AB = B and BA =A, so 
34. b. 142005 — 6A704 = [APIA — 6/1 


BAB = B? 
=> (BA)B=B ; = 22004 : | = (~22) 220 = (—11) (2)? 
2 An 35.¢. A= "P 
SC ere = ; : => A?-I=O0 
Hence, B is idempotent and similarly A. > (A+D(A-D =0 
aati ale ee Therefore, either IA + /I = 0 or IA ~ I= 0. If A - 140, then (A + 
Therefore, A — B is nilpotent. 1D) (A-l =O=A-1= 0 which is not so. 
28. b. A? = O, A? = A*=-- = A"=O . (A-N=OandA-I1#0O 
Then, A+ Ay" =AU+nA)=At+nA?=A 36. b. We have, 
29. b. We have, AB = A(adj A) = IAI 7, = AA"! 
AB+KI, =\All,+ KI, i Siar et Gi 
=> AB+KI, =(lAl+&)l, ; ; =e 1 2 311-08 6 2c 
=> IAB+KI|=\Al+hI! (+ lal,l=a") 2 Spl g. cat A 
= (IAI + K)" 
30. d.det(A — J) = det (A - A?) 1 0 ctl , 
= det A(J- A) =| 0 1 2 (c+) 
= det A x det (J— A) 4d-—a) 3 (a-l) 2+ac 
Sadat eden ute Comparing the elements of AA” with those of J, we have 
Now, c+1=0>5c=-l 
A?=I 


er => c=-landa-1=0>a=1 
= det (A’) = det () 37. c. Given B=] => BB" = IB' > BY = Bo 


as eer ae => A'BrA-AB'A = A'B'A-A"B'A =O 
= det (A)=+1 Si e 
Thus, det (A) can be 1 or —1, from which we cannot say anything 38. ¢. ca) = ZS 
about det(A — J). Z -% J 
q —b y Z 7, —7. = 
2 |} 22 
31.a. |Bl=|-p a  ~—x|(Multiplying R, by -1) . = [; 5 J 
% IL 2 1 
r -c¢ 2 
q —b y 2 ra + oe 0 ie 
=-|p -a_ x|(Multiplying C, by —1) ZoZq +22 
Po oreo & -| 
q by _|! zh +12, 2 0 
=|p a x|(Changing R, with R,) Iz, +1z,P 
rc Z | 
ee 1/2 0 
eas =O. De. S10 APD 
=-|q b y 
39. a. We have, 
rc Zz 
eP cosa -e® sina 0 
ax p 
; A(a@, By" ob eB ia oe ph eee 
=-ib y q eb 
0 0 
c Zz 
Hence IAI = -Bl, obviously when IAI 0, IB] #0. Also, ladj Bl = IBF = A(-a, — f) 


= (IAI) = IAP. 
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8.42 Arlgebra 


40. a. We have, 
IAI = (a + ib) (a— ib) — Ce + id) (c ¥ id) 
H=@+04+0C4+@=1 


‘aan ° -ib -c- nM 
c-id atib 
Then A”! -| a-ib -c- ‘| 
—c+id a-—ib 
41.c. Given 
Ab=O0 
Now, 


(I-A) (+A +A?) 
=P+IA+IA2-AI-A?-A3 
=]-A3 
=] 

= (U-Ay'=I+A+A? 


42. b. We know that ladj(adj A)l = |AI“- i? 
=>  ladj(adj(adj A))! = ladj Ale- 1" 
= Ale 
= 28 = 256 
adj(—A) _ (-D" tadi(A) _ adj(A) 


I-Al © (-D"IAI -IAl 


43.b. (-A) = 


44.a. AQAG) =(— xy (- yy! | 7 
A 


= 
1+ -(x + 
=(4ay-(ee yy] 1h ety 
—-(xt+y) l+xy 
1 x+y 
~l = 
+ l+x 
-[i-4 2) * | = A(z) 
1+xy x+y 1 
1+ xy 
5. (0 
45. b. Let, A= 
-a 5 


1 1|5 0 1/5 0 
=> A =— =— 
Alla 5 25]a 5 
5 Ae (Av? 1/5 0 cas 5 0 
25}a 5|25\a 5 


aes? 0 
~ 625|10a 25 


1 


—. 0 
ahs 
eee ee 
125 25 
Now, 
I 
125 0} |35 ° 
m $425)" | 2a a 
125 25 


=> x =2a/l25 


46. ¢. fx) = 


l+x 

l-x 
=> Ud-x»fw=lt+x 
= (I-A) f(A)=(1+A) 
= f(A)=(U-A)y' (+A) 


47. a. We know that in a square matrix of order n, 
ladj Al = [AI 
=> ladj (adj A)I = ladj A=! = |AIo-"" 
n—2n-8=0 
n=4asn=-2 is not possible 


1 t 
48. b. IAI = eel tae O 


—tanx i 


So A is invertible. Also, 


T 
. l tan x 1 —tanx 
adj A= = 
—tanx ] tanx 1 


Now, 


Ate adj A 
[A| 
= Ate 1 1 —tanx 
(l+tan? x) | tanx 1 
1 —tanx 


l+tan?x 1+tan?x 
tan x 1 


1+tan? 1+ tan? x 


1 —tanx 
ATA“ = 1 -tanx |} }4tan?x 14+tan? x 
tan x 1 tan x 1 
l+tan? 1+tan?x 
l-tan?x  -2tanx 


l+tan?x 1+tan?x 


2tanx 1-tan?x 


Lit+tan?x 1+tan*x 


[ cos 2x —sin | 


{sin2x cos2x 
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Spaces eet Ochre, 0 tana/2 
dD. Cc = ven = 
u 01 -tana/2 0 


—tan a@/2 
(1) 


1- a-| 

tan a/2 1 
—sin & 
ie 
2 1 tan o/2 cosa 
= ee sl 


cos @ 


Now, (f -4| . 
sin a 


—sing 
COsSa@ “ 
1—-tan? @/2 2tan a/2 


a tana@/2]|1+tan?@/2  1+tan?a/2 
“l-tana/2 I 


sing 


1-tan? a@/2 
1+ tan? a/2 


2 tan a/2 
1+ tan? a/2 


2tan? a/2 
1+ tan? a@/2 


I -tan? a/2 
1+tan? a/2 
2 tan ac/2 
1+ tan? a/2 


—tan a/2 (1 — tan? of/2) 
1+ tan? a/2 


__2tan a/2 
1+tan? a/2 

2tan? a/2 

1+ tan? a@/2 


1+ tan? a/2 
1- tan? a@/2 
1+ tan? a@/2 


(1+ tan? a/2) 

(1 + tan? @/2) 
tan c/2(1 + tan? a/2) 

(1+ tan? a/2) 


_ tan o/2 (1+ tan* @/2) 
(1+ tan? a/2) 
(1+ tan? @/2) 
(1+ tan? @/2) 


vil; A —tan a/2 
[tana@/2 I 
=I-A [Using (1)] 
1 -4 -16 -6 
50. d. Let, A= and B= 
3 +2 > 2 


Then the matrix equation is AX = B. 


1 + 
IAl= =2+1240 
3-2 


SoA is an invertible matrix. Also, 


x het Se ie 4 
adj A= = 
4 | 3 1 
A‘ = adjA 


So, 
Dog lb | eee4 
[A| “iL i 
Now, 
AX=B 
A7"(AX) =A'B 
(ATA)X = AB 
IX=A'B 
X=A'B 


posh =e Glistpc=6) 1 ¥6 2 
~10;-3 1// 7 2] 1111/2 2 


Y eYUuUY 


tan @/2 (1 — tan? a/2) 


Matrices 


51. ¢. (ABA)? = (A"'BA) (A“'BA) 
= A"'B(AA“)BA 
=A'BIBA=A'B’A 

= (A'BA)® =(A'B?A) (A'BA) 
= A'B? (AA*)BA 
=A'B IBA 
; = A"'B3A and so on 
= (A'BAyY =A'B'A 

52. a. A adj A=IAl/ 
= 1A adj Al=IA!" 
=> IA! ladj Al=lAl" 
=> fadj Al= IAI"! 
Now, A is singular, 

IAl=0 
= ladj Al=0 
Hence adj A is singular. 

53. a. A = diag (d,, d,, d,, .... d,) 
=>. lAl=(d,xd,xd,xd,---d) 
Now, 

Cofactor of d, is d,d, --- d, 

Cofactor of d, is d,x d,x d,---d 

Cofactor of d, is d,x d,x d, ++ d 


[If A is of order n x n] 


Cofactor of d, isd, x d,xd,---d 


n-l 
n 


=> A’= a adj(A) = diag (d,"', d!, d,"', ..., d") 


Hence, A~ is also a diagonal matrix. 
54. a. We know that for any non-singular matrix A, 


1 
A7| = —adj(A 
iA ii(A) 
Now put A = P'. Then’we have 


(Py! = 


dj(P 
IP ie 


=> P=!Pladj(P-) 
P 
dj(P') = — 
oe PE Di 
55.c. adj(Q'BP-') = adj(P")adj(B)adj(Q"') 
_ P qe: 
IP| Igl 


56. b. We have, 
(A-2N(A-4)D =O 
A?-2A-4A+8I1=O 
A*?-6A+8/=O 
A“'\(A?-6A + 8) =A7“O 
A-61+8A'=0 
A+8A'=6] 


Yeubudsdy 


Ly sey eee | 
a) 


57. b. iA(a, £)l = cos? ae’ + sin’ae? = ef 


Now, 


1 
A (at, B)' = adj (A (a, B)) 
e . 


8.43 
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8.44 Algebra 


e cosa —sin ae? 


4 
=F e’sina cosae® 
: 0 0 1 
cosa —sina 0 


=|sina@ cosa 0 
0 0 & 
= A(-a, -B) 
58. a. As B=—-A'BA, we get 
AB =-BA or AB + BA=O 
Now, 

(A+ By =(A+B) (A+B) 
=A?+BA+BA+B 
=A?+O0+B 
=A? + B? 


= jim(A")! -(5 asa>landb>1 


60. b. (7- A)f(A) =I+A 
=> f(A) =(I+A)I-Ay' 
=(1+A)I+A +A’) 
=[+A+A°+A+A°+A? 
=]+2A + 2A? 
61. d. If possible assume that A is non-singular, then A” exists. 
Thus, 
AB = 0 = A" (AB) =(A'A)B =O 
= IB=OorB=O.x (acontradiction) 
Hence, both A and B must be singular. 


62. a. E als * le i 
TE I 

“at dG 
seca lesb 


63.c. A?7-A+/=0 


=> [=A-A 
IA* = AA" ~ A?A* 
=> A'=I-A 


d 


a see 


a b 
64. a. Let, X -| 
c 


ac+cd be+d? 
=> @+bc=landab+bd=1>bd(a+d)=1 
ac+cd=2>c(at+d)=2=> 2b=c 
Also, 
be+ C=3SP-aA=2 
= (d-a)(a+D)=25d-a=2b (using bc = 1 — a’) 
at+d=l/b 
=> %Wd=2b+1/b, 2a=1/b-2b 
d=b+1/2b, a=1/(2b)-b 
c=2b 


=> 3x+—= 


=> b=+t- = or b=t— = 


Therefore, matrices are 


E pall 0 i ee ae 
J2 v2 J\W2 -v2 J \2W6  4v6 
65. c. Given that 
X=AB+BA=>X=X" 
and 
Y=AB-BA 
= Yy=-y 
Now, (XY) = YX? = -YX. 
66.c. As A is a skew-symmetric matrix, 
A’=-A 
=> a,=0,Vi 
=> tr(A)=0 
Also, 
"(Al =1A1 = Al = (13 IAI 
=> 2IAl=0 
= IlAl=0 


67.4. tr(A) = 2% 
= (a, ae 
= (w? + wit wo + ++ + w) 
=w(ltw?+wi+--+w’8) 
=w[(L+wtw)te-+(L+w+w’)t 1] 
ew xl 

=> t(A)=w? 
68. b. We have, 


cosa —sina 0 cosa sing 0 
F(a@)=| sina cosa 0|=adj(F(a@))=|-sina cosa 0 
0 0 1 0 0 1 


Also, 
det (F(a)) = 1 
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cos(—a) —sin(-—a@) 0 
=> [FCo)]'S| sin(-a) cos(-ar) 0 |= F(-a) 
0 0 1 
69. b. We have, 
[FO@GO)T' = (GO) TF@OT' 
= G(-y)FC-x) 
70. a. Given A is skew-symmetric. Hence, 
AT=-A 
= A? =(-A?)" =-(A"" =-(A")’ (given n is odd) 
Hence, A” is skew-symmetric. 
71. c. We have, 


aa? ‘I: -|2 + be ab+db 
c djle d} lac + cd be+d’ 
AsA satisfies x? + k = 0, therefore 

A?+kl=O 


a+bet+k (atd)b -|' d 
(atd)c betda?+k} [0 0 
= g?+bcet+k=0,bc+8 +k=0 


and (a + d)b=(a+d)c=0 
As bc #0,b#0,c #0, so 


a+d=0 

=> a=-d 
Also, 

k =~-(a? + bc) 
=—-(# + bc) 
=—((-ad) + bc) 
=1Al 


72. b. Given A, B, A +1,A + B are idempotent. Hence, 
A2 =A, B=B,(A+D?=Atland(A+ByY=A+B 
A?+B?+AB+BA=A+B 


=> 
=> A+B+AB+BA=A+B 
=> AB+BA=O0O , 


-5 -8 0| [-5 -8 0 
73.b. A? =|3 5 0 3 5 0 
1 2 -l 1 2 -1 


[25-24+0 40-40+0 0+0+0 
=|-154+15+0 -244+25+0 0+0+0 
[ -5+6-1 —-8+10-2 0+0+1 


100 
=(0 1 Oj=! 
001 
Hence, the matrix A is involutory. 
74.b. LetA= la,]. Since A is skew-symmetric, therefore 
a, =O and a,=-a, (i#)) 
Ais symmetric as well, so a, = 4, for all i andj. 
a, =O for alli #j 
Hence, @,,= 0 for all i and j, ie., A is a null matrix. 


75.¢. (A'BAY = (A'BA) (ABA) 
= A'B(AA)BA 


Matrices 8.45 


=A'BIBA =A'B’A 
(ABA) = (A7'B?A) (A'BA) | 
= A™'!B(AA") BA 
= A'B°A and so on 
(ABA) =A™'B"A 
: a a, 
76.a. Matrix |b, b,  b, | is orthogonal if 
CG 6 
La? =yb? = iq =1,Yab, = db¢; =Ycja; =0 
77. b. (kI,) adj (KL,) = IKI, {using A(adj A) = IAIZ] 
adj (KI) =k", 
ladj (AI) = kn"? 
78.c. AadjA=IlAlT 
IAl = xyz— 8x — 3(z— 8) + 2(2 — 2y) 
IAI =xyz— (8x + 3z + 4y) + 28 
= 60 — 20 + 28 
= 68 


1 0 0| [68 0 0 
=> A(adjA)=68}0 1 O]=|0 68 0 
001] |0 0 68 


1 2 0 2. .=b 35 
79.c. At+2B=| 6 -3 3]/and2A-B=}2 -1 6 
5 3 1 0 1 2 


= tr(A) + 2tr(B) =-1 
and 2 tr(A) — tr(B) =3 
Let tr(A) = x and tr(B) = y. Then, 
x+2y=-l and 2x-y=3 
Solving, x = 1 and y =—1. Hence, 
tr(A) — tr(B) =x-y=2 
80.b. B =A, +3A2 +--+ (2n-1) (Ay, 
pr =—[A, +343 +--°+ (20-1) (Ay, 1)" '] 
=-B 
Hence, B is skew-symmetric. 
81. a. IA] = 1(0 — 10) —-2(2- 6) + 3(4—-0) 
=-104+8+12=10. 
IAI#0 
Unique solution 


3 4/3 -4 1 
82. a. BC = sigpual~-© 
2 3{|-2 3 01 


2 3 
=> ways {BE uf ABO }eo{ 29 Jems 


=tr(A)+ (4) + “(4 aba 


1 1 
= tr(A) art paar) tr(A)-:: 


Y 


__ tr(A) 
~ 1-(1/2) 
= 2tr(A) = 2(2 + 1) =6 
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8.46 Algebra 
d Also, (BTAB)' = B7AB = B'(-A)B = -(B‘A'B) 
iple Correct Answers T ed Or Oe ge ee 
Mulltip Ans ype ce Therefore, B'AB if A is skew-symmetric if A is skew-symmetric. 
1.b, ¢. 6. a, b,c. 
det (-A) = (—1)" det (A) We have, |A(6)| = 1 
det (A“!) = 1 2 Hence, A is invertible. 
det (A) sina +0) icos(z+@) 
. A(z+ @) =| . 
det (adj A) = IAl’-'=1 icos(z#+@) sin(z+@) 
Hence, I@Al = w"lAl = 1 only when n = 3k, k € Z. - -sin@ —icos@ 
= , = -A @ 
_ 2a, d. Es Be @) 
Given, (A + B)?=A?+B?+2AB ; 
= (A+B)(A+B)=A?+B?+2AB adj (A(6)) -| ang: pa 
> A24AB4BA+B?= A? +B? +2AB = BA=AB “icos@ sind 


sin@ —icos@ 


=> = -icos@ sin@ 
b -l 2 1 2 Lib -l 


7.a,c, d. 
a+2 -at+l|_|a-b +l Given, A?+ A + 2/=0 
b-2 -b-1 2Zatb 2-1 = A-+A=-2/ 


The corresponding elements of equal matrices are equal. = (A+ Al=[20 


= IAlA+N=(-2)" 
= IAIZ0 


Therefore, A is non-singular, hence its inverse exists. Also, mul- 
tiplying the given equation both sides with A”', we get 


at2=a-b,-a+1l=2>a=-l 
b-2=2a+b,-b-1=1=>b=-2 
=> az=-l,b=-2 
3.a, b,c. 


Given, AB =A, BA=B eit ms (A+D 
=> BxAB=BxA 
8. a, b,c. 
> ee 5 oh 
Sa \Al=|2 3. 4|=3(-3 + 4) 432-0) +4(2-0)=1 
Also, : 
AXxBXxA=AB ee 
=> (AB)A=A “.adj(adj A) = 1AP-?.A =A and ladj(adj A) = IAI = 1 
= A'=A , Also, 
Now (A’)? = (A? x A’) =(A x A)’ = (A?) = Al ladj Al=IAP-'=lAP =P? = 
Similarly, (B7)’ = B’ 9. a,c. 
=> A’ and B’ are idempotent We have, 
_daye 1 tan@]- =. 1 -tan @ 
A is an orthogonal matrix. ae 1 =i liane “1 
-  AAT=I ; 
12 2 1 2 100 = 5 7 eon | 1 eal I al 
pro ame ey bo | 21-10 1.0 boa tan @ 1 tan @ 1 
: a2 b = 2- 2 b 0 0 1 5 
,,\i-tan°@ —2tand 
j> 2 2 |[/ ke °2° sa@ 1 0 0 = cos a 5 | 
Pan Ag pels: + Selo se 2tan@ i-tan’@ 
a 2 bfj2 -2 bj jo 0 1 shee -sin 26 
9 0 a+4+2b| [9 0 0 [sin 26 ed 
7 0 ? 2at+2—2b/=|0 9 0 a=cos 20, b=sin 20 
a+4+2b 2a+2-2b a’ +4+b'| {9 0 9 10. a, b, c. 
= a+4+2b=0,2a+2-2b=O0anda?+4+bh?=9 IA} =-1 > IAl =-1 


= — = 2 2 = 
= a+2b4+4=0,a—-b+1=Oanda’?+h=5 Now, use adj A = IAIA“! and A = (A“!)"! 
=> a=-2,b=-1 


11. a, c, d. 
5. a, d. ; ; : 
; B is an idempotent matrix 
(BTAB)' = BTA"(B‘)’ = BTA'B = B'AB if A is symmetric. RP=B 


Therefore, B'AB is symmetric if A is symmetric. 
Now, 
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Az =([-By 
= (/—B) U-B) 
=[-IB-IB+B 
=]-B-B+B 
=1-2B+B 
=[-2B+B 
=[-B 
=A 
Therefore, A is idempotent. Again, 
AB =([-B)B = 1B - B° = B - B? = B?- B’ =O 
Similarly, BA = BU - B)=BI-B’=B-B=0O. 


12. b,c. 
P n-l : is 
Cay! = BEICAD CD" Tata) _ adi) _ ga 
|-Al (-D"lAl —1Al (for any value of n) 
Given, A’ =O 
Now, 


(I -A)\I+A+A?+--- +A™)=1-A"=l 
=> (I-A) '=I+At+A?+- +A"! 
13. a, b. 
Let J = k=1 (say). Then, 
AA, =A4A,=A4,A, 


00 0 1 0001 
001 0 001 0 
A; A, = AA; = x 
010 0 010 0 
1 0 0 O] [1 0 0 0 
10 0 0| 
_|0 1 0 0 = 
“10 0 1 Of- 
000 1 
000 i: 000 i 1000 
0 0 -i O 0 0 -i OJ |O0 i 0 0 
A,A,= x : = =! 
0 0 0 0 i 0 0} |0 0 1 0 
-i 0 0 O| |-i7 0 0 O;] 10 001 
. AA, +AA,=1+1=2l 
Ifi#k leti=3 and k =2, then 
0001 000 i] |- 0 0 0 
001 0;//0 0 -i 0 i 0 0 
AA,= A\A,= x : = , 
“10 100 0 7 0 0 -i 0 
100 0} |-i 0 0 0 07 
000i: 000 1 - 00 0 
0 0 -i 0 001 0 0 i 0 0 
A, A, = P x = 
0 i 0 0 010 0 0 -i 0 
-i 00 0 100 0 0 0 0 -i 
=> AA,+AA,=0 
14. a, ¢ . 
; cos@ sin@ sin@ cos@ 
sinA=| and cosA = : 
—sin@ cos@ cos@ sin@ 


|sin Al = cos?@ + sin’@ = 1. 
Hence sin A is invertible. 


Matrices 8.47 


Mirena! Pe oe 
—sin@ cos@}|sin@ cos@ 


cos? @ + sin? @ 0. 
-| 0 cos? 6 + sin” j 
-\" 4 

0 1 
=I 


Hence, sin A is orthogonal. Also, 


cos@ sin@||sin@ cos@ 
2sinAcosA=2 


—sin@ cos@||cos@ sin@ 
_ | 2sin@cos@ tas 
~ “| cos? @ = sin? 0 
ae baw 1 
cos20 0 
#sin 2A 
15. a. c. Let, 
0 2b ¢ 
A=|a b -c 
a -b c 
Now, 
0 aia 
A’=|2b b -b 
c -¢ ¢ 


Hence, A is orthogonal. Therefore, 
0 2b cj|O a a 1 0 0 
AAT=I=|a b° -cl|2b b ~bl=|0 1 OF 
a -b cllec -c 00 1 


Equating the corresponding elements, we get 


4b+c=1 () 
2b? - 2 =0 (2) 
7+P+C=1 (3) 


Solving Eqs. (1), (2) and (3), we get 
perce joie reo 
v2> 0 6 NB 
16. a, b, d. See theory. 
17. a, b, c. 
If IAI 40, then 
AB=AC 
=> A 'AB=A'AC 
=> B=C 
Also if A is orthogonal matrix, then, AA’ =/ 
= |AAT=1—> IAP =1 >A is invertible 
18. a, b, c. 
Applying R, > R,—R,, R, > R,— R,, we get 


; a 4, a 
la=3|}d d d\=0 
d dd 
where d is the common difference of the A.P. 
Therefore, the given system of equations has infinite number of 
solutions. Also, 
IBl=a?+a/#0 
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8.48 Algebra 


19, aa, b, d. 
cosa sina 0O||cosa cosB cosy 
A=|cosB sinB O|/sina sinB siny 
cosy siny 0 0 0 0 


Thus, A is symmetric and IAI = 0, hence singular and not invertible. 


Also. 
AAT#I 


— 


2S. fgets O}f 1 O}_ 0 
; -1 1 1 
Similarly, 
egies O]f 1 of_ 0 
= 1|/-1 1 1 
“he : 4 i a a il al 
and (A)"= = lim —A™“ = lim = 
—n | no KH n>} —] l/n -l 0 


po. | dln? 0 0 0 
= lim = 
nse ny? ne] —1/n 1/n?| LO 0 


21. a,d. 
Here X is an x 1 matrix, C isan xn matrix and X’isalxn 
matrix. Hence X7CX is a 1 x 1 matrix. Let X7CX = k. Then, 
(XTCX) = X™C(XT)! = X"-O)X = - X'CX = -k 


= k=-k 
=> k=0 
=> _ X'CX is null matrix 
22. a, b,c. 
01 1 -1 1 1 
S=|1 0 ifast=s|1 -1 1 
1 1 0 1 1 -l 
We have, 


b-c a-c atb 


SAS! =|2b 0 26 |= 1 -l 


0 aa 

=!b 0 byi 1 -1 1 
ce c Oj 1 1 =-t 
2a 0 0 

=|0 2b 0 
0 O 2¢ 


= diag (2a, 2b, 2c) 


23. a, b,c. 
All are properties of diagonal matrix. 
24. a, b,c. 
Given that A and B commute, we have : 
AB=BA_ (-- AandB are symmetric) : (1) 
Also, 
AT=A, BT=B (2) 
(AB)? = BT(A")" = BA"! 
(if A is symmetric, A“'is also symmetric) 
Also from Eq: (1), ; 
ABA'!=B (3) 
=> A'ABA'=A"'B ; 
= IBA'=A"'B 
=> BA'=A'B 
Hence, from Eq. (2), 
(AB) =A"B 
Thus, A“'B is symmetric. Similarly, AB" is also symmetric. Also, 
BA=AB 
(BAY! = (ABY! 
AB = BA" 
(AT B')7 = (B'A1)? 
= ANY 
=A'B! 
Hence, A~'B" is symmetric. 
25. b, ¢. 
Since A is skew-symmetric, A’ = —A.We have, 
A? +l[=0O 
= A®?=-lIorAA=-I 
=> A(-A)=I 
=> AAT=I 
Again, we know that 
= 1A] and IkAl = k’lAl 
where n is the order of A. Now, 
AT=(-1)"xA 
=> IA%=(1)'lAl 
@I [1-—(-1)"]!Al=0 
Hence either IA! = 0 or 1 — (-1)" = 0, i.-e., 2 is even. But 
=O-I=-lI 
> ue (-1)" l= (-1)" 40 
Hence, the only possibility is that A is of even order. 
26. a, b, c, d. 
We have, A2B = A(AB) = AA = A’, B’A = B(BA) = BB = B’, 
ABA = A(BA) = AB = A and BAB = B(AB) = BA = B. 
27. a, b, d. 


Y Uy 


[72 1 2 2] [9 
A?=|2 1 21/2 1 2|=|8 
22 2 2 1] {8 | 
We have, 

O38 Bi, “Te 2. 24 100 

A?-4A-—5I, = ra) 4/2 1 2]/-5/0 1 OJ=0O 
8 8 9} |2 2 1] [0 0 1 

I) 


= 51,=A?-44=AA-4 


3 
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i rd 
> i = 5 Aah) A = 34 4b) 


Note that IAI = 5. Since |A3] = IAP = 5° 0, A? is invertible. Simi- 
larly, A? is invertible. 


Reasoning Type cS ee 


1.c. We know that ladj Al = !Al""'. Hence, statement 2 is false. 


Now, 
ladj (adj A)| = ladj Als! = (APs! P= Ale” 
Then, 
lad j(adj(adj A)! = tadj(adj A)!" 
= WAI! 
= IAI)” 


Hence, statement 1 is true. 


2.b. Both the statements are true as both are standard properties of 
diagonal matrix. But statement 2 does not explain statement 1. 


a 
5 7 
P i-j. 1 i site F 
3.d. Matrix a; =——— is A= |— 0 -——] which is neither 
‘ i+2j 4 8 
2 1 4 
57 


symmetric nor skew-symmetric. But this is not the reason for which 
A cannot be expressed as sum of symmetric and skew-symmetric 
matrix. In fact any matrix can be expressed as a sum of symmetric 
and skew-symmetric matrix. Hence, statement 1 is false but siate- 
ment 2 is true. 

4.a. Given, 


_ja b 
ae 
bs ar-[? Ali fiee ae 
c d\[c d actcd be+d? 
Hence, : 
A2—(a+d)A + (ad— bc) 


a+be abtbd a b 110 
— -—(a+d) +(ad — bc) 

act+cd bet+ a? c d 0 1 
set ae 


ac+cd—(ac+cd) 


ab+bd—(ab+bd) 
be+d? —(ad+d*)+(ad—bc) 


=> (|Al=Oorad—bc=0 
=> A-(a+dDA=OorA=(a+aA (1) 
Case (i) 
atd=0 
From Eg. (1), 
A=0O 


Matrices 8.49 


Case (ii) 

a+d#0 
Given, 
A=O 
AA=O 
(A+@DAA=O 
A=0O 


Yu dv 


cosa sing 0 
5.b. adj(F(a@))=|-sinw cosa 0 


0 0 
Also, 
|F(a)l = 1 
Then, 
cosa -—sina 0 
[Fi@)|'=|-sina cosa 0 


0 0 1 
cos(—@) sin(-a) 0 
sin(—-a@) cos(—a@) 0 

0 0 1 


= F(-a) 

Similarly, we can prove that [G(6)}"' = G(-f). 

But again given matrices F(a) and G(f) are special matrices for 
which this type of result holds. 

In general, such result is not true. You can verify with any other 
matrix. Hence, both statements are true but statement 2 is not correct 
explanation of statement 1. : 

6. a. Statement 1 is true as IA! = 0. Since IBI ¢ 0, statement 2 is also 
true and correct explanation of statement 1. 


7.a. A=-AT=> IAl=-1A1=-IAl 
= 21Al=0 
= IAl=0 
8. d. Statement | is false. 
A= TAs len where a= 0,i2=j 
Therefore, |Al = 0 and hence A is singular. So, inverse of A is not 


“defined. 


In statement 2, IAl = 0. Therefore, inverse of A is not defined. 
9. d. A“! exists only for non-singular matrix. 
AB =AC => B= Cif A" exists 
10. d. ABC is not defined, as order of A, B and C are such that they 
are not conformable for multiplication. 
ll.c. [A(A +B)'BP' = BCA + By"y)A"! 
= B(A+ B)A=(BIA+1)At = BU + IA1 = B+ A" 
Hence, statement | is true. Statement 2 is false as (A + By': 
= A’! + Bis not true. 
12. b. Since AB = BA, we have 
(A+B) ='CA'+'CA™ ‘BIC AUB + + +7C AB 
te tC ABU! +'CB 
Ifr=m+a, then 
A™?BP = A™BP™B = O if p<n 
and A’?B? = A™’B"B’" = Oif p>n 
Then, (A + B)’=0, forr=m+n 
Thus, both the statements are correct but statement 2 is not cor- 
rectly explaining statement 1. 
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8.50 Algebra 
ae Bi ieee S 0 Sunnese eo wad we |e | hes 
13. b. Let, A= za) d, a3 |. ‘ c ad 
m G 4d, ~ (Al=O and A?-(4+d)A + (ad- be)I=0 
A=0 => a+d=0 
qa 4 wild 4 % So EAI IOC a OC A OC PAP ne IME, A 
=1% ad Bly ad. % =I+100A+O+0+---+0 
Z % da; Z % d, =1+ 100A 
= For Probl 4-6 
d+ Pa P +I 2p ? dj2,+do% +223 42. +22, + 2d, ys aes a 
. C, 5. C, 6c. 
=| di%+d Att aytlaPtizP Az +dyzy +250; |=O Sak : 
AHt+BAtGD yHt+ayR+a% detigP+izP 4. AB=A=IABI=IAl (1) 
=> Diagonal elements d, = d, = d, = 0 and Iz,! = Iz, =Iz,)=0 = |Al=OorlBl=1 
eee aka  BA=B => IBAI=IBI 2 
=> A=Null matrix io at 7 “ (2) 
Thus, statement f is true. Also, = IAl=1orlBl=0 
A? = 0 = lAP =0or lAl=0 If 1Al=0, then from Eq. (2), IBI = 0 
Thus, statement 2 is true but it does not explain statement 1. If |Bl=0, then from Eq. (1), lAl = 0 
@ b\la ce) 1-0), 
14, a. & albe ah ber 4 5. AB=A,BA=B 
ee ABA = A? => A(BA) =A? > AB=A?>A=A? 
a+b’ act+bd 4 4 ener ee 
=> = imilarly, B* = 
actbd c?+a’} [0 | Us pede preumicnh 
+ BY =A? + B?+ABt+ 
ae ee (1) = B+A+B=2XA+B 
eemay Oy aH =A+B+A+B=2(A+B) 
ac +bd=0 (3) (A+ BYP =(A+ BY(A + B) =2(A + BY = 2A +B) 
= 7 — 96, sea 
a f= = (en => (A+B)'=2%4 +B) =64 (A+B) 
c 6. (A+ D> =1+5A + 10A? + 10A3 + 5A*4 AP 
=> C+@=VRorkP=lork=1 : ae 
a -b : =I+5A+10A+10A+5A+A 
=> —=—=H4 ; ; 
dc (“A =AS A =AtH=AS=--- =A) 
Also, we must have a, b, c, d € [-1, 1] for Eqs. (1) and (2) to get ae 5ta 
defined. Hence, without loss of generality, we can assume a = cos 0 
ae For Problems 7-8 
and b =sin 8. 
So fi a -—b \ h a b cos@ —sin@ 4 7. d, 8. ¢. 
or —=—— =], we have = an 
7 dc cod sin@ cos@ Sal: 
f a —b 1 h ab cos@sin@ ; 4, 42 43 
r —=— =~-l, we have =|. = 
: doce c d sin@ -cos@ A=| 45, Gy 3 


; ree : 143; 432 33 
Linked Comprehension Type ne 7 


ata a, +a ata 
For Problems 1-3 12 T 43 i 43 iT yy 


1. b, 2. b, 3. d. 6 3 B=) Ay +Gy3 Ay, +43 Ay + Ag2 
Sol. [439 +433 43, +433 G3, + O39 
1. Let, 
as oe => X=A"B 
a= % 
Cc = “yi: 
Cy Cy Cy ay +Q3 ata, ay +a 
= A’?-(a+d@A+(ad—be)l 1 
= TAI Crp Cx. C52 Jf dang $3 Ay, $OQ3 yy + Ay 
= a bila b =a) ab vGid=BAl" 0 | Cis Cy; C53 | 43 +433 4, +433 G5, +432 
c diic d c ad 0 1 7 
0 IAI IAI] [oO 1 1 
2 a tbe ab + bd _ a’ +ad ab +bd -— IAL O fAll=!1 0 1 
ac+cd be+d’| |act+ed ad+d’ [!Al IAL Of [1 1 0 
. ad — be 0 —» IABl=2 
0 ad ~ bc 
IA'HBI = 2 


Le = IBI=2IAl 
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For Problexns 9-11 
9.b, 10. d, 11. b. 
Sol. A'— A™?=A?-I> A= A*® 4+ A?-] 
Further, 
A® = A% + A?—] 
A% = A“ + A?- I] 


Ata A?+A2-1 


A = 25A? — 24] 


. Here, 
1 0 O}|1 0 0 1 0 
A? =!1 0 -1//1 0 1|={1 1 0 
0 1 0 0 1 0 1 0 
25 0 1 00 
=> A°’=|25 25 0 |-24]/0 O]=/25 1 0 
25 0 25 1 25 0 1 
A = 1 
Also, tr(A®) = 1+ 1+ 1=3. Further, 
1 O OJ/x 1 x 1 
25 1 Off yl=|25;>] y]U, =) 0 
25 0 I]iz} |25 Zz 0 
Similarly, 
0 0 1 0 0 
U, ={l}jandU,=/0/— U0 1 Of,ie,lul=l 
0 1 00 1 
For Problems 12-14 
12. c, 13. d, 14. b. 
Sol. 
1 1 


A 0 0 
=> Al=|0 A 0 
0 0 a 

2-A 1 | 


=> A-Al=| 2 3-A 4 


= det A-AD=-CA-1G4+1)A-3) 
Thus, the characteristic roots are -1, 1 and 3. 
13. Option (a) is not correct since its characteristic determinant is 
-A 1 
1 -A 
The characteristic equation is 2? -1 = 0. Therefore, 2 = 1, —1 


Hence, eigenvalues are | and -1. 


Matrices 8.51 


We similarly note that matrices given in options (b) and (c) have 
eigenvalues 1 and —1. Hence, they are not correct. 

Option (d) has characteristic equation (1 — 1)’ = 0. Hence, eigen- 
values are not 1 and —1. 


a bh G 
14.b. Let, A=|a, by cy 
a, by 
a-A b, C 
= A-Al=| aq B-A Cy 
a, b,  0,-A 


= det (A-AD =(a, -4) [(6, - AVC, — A) - 4, c,] — b[a,(e, — a) 
-a,C,] + ¢[a, b,-a,(0,-2)] 
Now one of the eigen values is zero, so one root of equation should 
be zero. Therefore, constant term in the above polynomial is zero. 
a,b,c, - a,b,c, — b,a,c, + b\c,a, + ¢,4,b, — ¢,4,b, = 0 
(collecting constant terms) 
_ But this value is value of determinant of A. 


detA=0 


For Problems 15-17 
15. c, 16. d, 17. ¢. 


Sol. 
15. As second row of all the options is same, we are to look at the 


elements of the first row. Let the left inverse be \j | . Then, 


at+b+2c=1 
ar, + . 
-at+b+3c=l,ie,b= : oe ga £ 
2 2 
Thus, matrices in the options (a), (b) and (d) are the inverses and 
matrix in option (c) is not the left inverse. 


ab 
16. Let right inverse be | cd }. Then, 
ef 
a b 
i -l 2 1 0 
c dl= 
2 -1 1 0 1 
e f 
Now, a—c+2e=1 
b-d+2f=0 
2a-—c+e=0 
2b-d+f=1 


This system of equations has infinite solutions. 
17. By observation there cannot be any left inverse for options (b) © 
and (d). So we will check for (a) and (c) only. 
a b 
For option (a), let the left inverse be | c_ d |. Then, 


ef 
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8.52 Algebra 
a b 100 PR] 
ee ar ne ee 
c d =10 1 0 e* 1 
3 241 001 i ee i 1 
a dx + |= dx 
: : ‘ 72 Sas Je2* | 
Now, a-3b=1,2a+2b=Oand4at+b= 0 which is not possible. 
F tion (c), 2x x 
or option (c) ye . =f - dx +f = dx 
abe 1 0 <a Ne ed 
2 -3\= P 1 
de f 5 4 01 = +sec'(e*)+e 
2Ve* -1 
=> at+2b+5c=1,4a-3b+4c=0,d+2e + 5f=0,4d-3e+ 
a 4f=1 ne 
Therefore, there are infinite number of left inverses. g Matrix-Match Type | 
1 4]. P 100 la-cs;b— pjc->-qd—r. 
2 -3 |‘ ‘|- 0 1 0 a. Since A is idempotent, hence, 
5 4 f 001 : A?=A 
= Ad=AA?=AA=A°2=A,A‘= AA? =AAH=A?=A 


= at+4d=1,2a—-3d=O0and5a+4d=0 ack 
: ah Ams 
which is not possible. Therefore, there is no right inverse. > 
=> (I-A) ="CJ-"CA +"CA’- "CA to 
=1+(-"C, +"C,—"C,+ SA 


For Problems 18-20 
=1+[(("C,-"C,+"C,- "Cyt +) "CJA = I-A 


18. a, 19. b, 20. c. 


fey : 2x2 2x? P 22x? 2? x? b. A is involuntary. Hence, 
Sol. A= =A = A= A=! 
x x 25. Ox? pe ae 
=> A=Ai=-=AandA?=A*=AS= + =I 


= (I-Ay'="C "CA +"C ARICA 
="CI-"CA+"Cl-"CA HCI 


and so on. Then 


A A 
REAR apc a = ("C, + °C, +9C, + MH CCA $C, °C, +) 
. A=2"-'\(I—A) : 
2x2 2x3 2x 22x3 => [U-A)]A1= 2" "0 -a)At=2"1(A'-2 
aera 3! 7 ule ais 3! c. IfA is nilpotent of index 2, then 
a ax 2233 9x2 223 A?=As=A*--» =A"=O 
ee Tats 3 + Lae 31 Hee => (I-A)"="C,I-"C,A + "CA? "CAP + ea 
=[-nA+O+O0O+--: 
22° 5333 =I-nA 
Af renee? 22 oles d. A is orthogonal. Hence, 
= AAT=I1 
Area is wold ia a eer 
2 2! 3! 2 2.a>r;b—s;c— p,r;d— p,q,r,s. 
a. Since A is idempotent, A? = A? = A* = --- = A. Now, 
| Goes vo} l (At Da 14"CA4"C Att £°C,A" 
2 =I4"CA+"C At +"CA 
27x? 1 =It+"CA+"CAt- +"CA 
[ease voles =1+("C,+°C, ++ +°C)A 
=1+(2"-DA 
ple +1 e*-1 ae aT 
3) fe Ter 
b. We have, 


(-A)\I+ A+ A? ++ +A%) 
=I+A+A? ++ +A7t (-A-A?- A’ - At —A®) 


2x x -x 
ae = ~ = 
18. <— == © dy =log(e* +e“) +e =1-A® 
e* +1 ete * =1 (if A®=0O) 
2x -¢, Here matrix A is skew-symmetric and since IAI = 1A = (-1)" IAl, 


. a e : 
19. J(g(x) +1) sin xdx = fe sin xdx = ——(2sinx — cosx) +¢ so 1AI(1 — (-1)") = 0. As nis odd, hence IAI = 0. Hence A is singular. 
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d. IfAis symmetric, A“! is also symmetric for matrix of any order. 


3.a>q3; bopjc>sj;d—r. 

a. lAl= 2 = I2A1= Al =4 

b. ladj(adj(2A))I = 2A = 2? 1A = 2! 2? =1 
c. (A +BY =A?+B 

AB +BA=O 

\ABI =|-BAl = -IBA| = -IABl 

ABI =0 

IB| =0 

d. Product ABC is not defined. 


YUU 


os = 


10 4=|°! 
0) A=], 5 


= wnnse[? Te Jee 9 


AP+A5+ AS +A? +I - 
81 0 27 0 9 O] {3 0 1 
+ + + + 
0 81 0 27 0 9 0 3 0 
0 
(AP+AS +A*+ A? + DN VE A 
121 0 ][x]_[o 
0 121}/y} [11 
121x]_[0 
12ly| |i 
=> x=0 and y=H/Il 


= PEL 


2.(4) is an idempotent matrix. 


[a 6b |la b a b 
> = 
ce l-ajfe l-a c l-a 


|act+c-ac be+(1-ay c l-a 


la? +be b i b 
=> =|}. 
c be+(l-ay c l-a 


| a’ +be ce - 


=> @t+bhce=a 
' a-a=be=1/4 (given) 


fla) = 1/4 
0 | -tl 
342) A=|4 3 4 
3 3 4 
: 0 ft -il 0 #1 
=> A=AA=/4 -3 4]-14 -3 
3 -3 4 3 -3 
0+4-3 0-343 
= |0-12+12 4+9-12 
0-124+12 3+9-12 
1 00 
=|0 1 0 
00 1 
=> A=IDA‘=AS=AB=-- =] 
Now A*=/] 
=> x=2,4,6,8,... 
X(cas*6 + sin*@) 


= (cos?0 + sin*6) + (cos*@ + sin*@) + (cos°@ + sin®@) + --- 


Matrices 


—l 
4 
4 
0+4-4 
~4-12+16 
—3-12+16 


8.53 


= (cos’@ + cos‘@ + cos®@ + --+) + (sin*O + sin*O + sin°@ + ---) 


sin? @ 


Z cos? @ 
1-sin? @ 


~ 1-cos?@ 
= cot?@ + tan?@ 
which has minimum value 2 


1 tan x 
—tanx 1 


4(1) A= | 


Hence, det. A = sec?x 
det A’ = sec*x 
Now f(x) = det. (A’ A"') 
= (det. A’) (det. A!) 
= (det. A’) (det. A)! 


= det(A") 
det.(A) 
Hence, f(x) = 1. 
be 2s 22. 
52) |1 3 4] =0 
3.4 k 


=> 13k-16)-2(k-12)+2(4-9)=0 
=> 3k-16-2k+24-10=0 
=> k=2 


Given A?=A 

= I[=(1-0.4A)U- dA) 
=I-~Id0A —0.4AI + 0.40A? 
=I-Aa—0.4A+0.40aA 
=J-A(0.4+a@)+040A 

04a=04+a 

a=- 2/3 

Sal=6 


tus 
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8.54 Algebra 


3ax? 3bx? 3cx? 
I(T) WehaveAB=| a b c 
6ax 6bx 6cx 


Now tr-(AB) = tr-(©) 
= 3art+b+6cx=(x +2) +2x4+52 Vee R (Identity) 
= 3axrr+6cexr+b=6x + 6x+4 


=> a=2,c=1,b=4 


8.(3) In askew symmetric matrix, diagonal elements are zero. 


Also a,+4,= 0 

Hence, number of matrices = 2x 2x2=8 
9.(4) Given that AA’ = 4] 

= IlAPr=4 

= IAl=+2, 


adjA 
so A’=4A1 = yoo 
1Al 
M4, A, 43, 4 Cyy Cay C3] 
= 4412 °° 4n2 %2 \Al Cin, a2, 32 
Ay3 473 433 C3 €g3 33 
as 
Now a,= — ¢, 
"AL ? 


4 
=> -2¢,= — ¢,(as a, + 2c, =0) 


1Al 
= IAl=-2 
Now IA +4 =1A +AA7l ~ 
=IAIW+A7l 
=—2 |(1 + A)" | 
=-2\+A\ 


=> |A+4/1+21A+N1=0, 

so on comparing, we get5A=2 > A= 2 

Hence, 10A =4 . 
10.(0) For idempotent matrix, A?=A 

=> ATA =ATA (Ais non-singular) 


= A=l 

Thus non-singular idempotent matrix is always a unit matrix. 
P-3=1 5 l=22 
m-8=1 > m=2+3 
w-i5=1> n=+4 


andp=q=r= 0 
= required sum is 0. 


11.(8) A diagonal matrix is commutative with every square matrix if 


it is scalar matrix so every diagonal element is 4. 
» IAl= 64 


1 
12.(4) ladj A! = IAP = 
( ij iA 


Wad} A“! = ———- 
eas a ee al 


Subjective Type 
1 ATA=I 


a+b+c? abtbct+tca abt+bctca| [1 0 0 
= |jabt+tbet+ca a?+b?+c? abtbet+cal=|0 1 0 

ab+be+ca abtbcet+ca a?+b’+c? 00 1 
=> ?+h+C=1 (1) 
and 

ab+bc+ca=0 (2) 
Now, 

G+B4+=(atbt+o) (+h +cC —ab—be-ca) 

+ 3abe =(at+b+c)+3 (3) 
Now, : 


(a+b+cPa@+hP+cC+2 (ab+be+ca)=1+2x0=1 
=> atb+c=1(sincea, b,c are real positive numbers) 
Now from Eq. (3), 2 +b +0 =1+3=4 
Alternative solution: 

“ATA =I 
=> IATAl=III=>I1AP=1 
=> (2+b34+0-3abcy=1 
=> @4+b+C-3abce=1 
(since a, b, c are positive real numbers) 
=> @4+b4+c0>3abc ( AM.2>G.M.) 
=> a@+bh4+c0=4 
2. We are given that MM" = I, where M is a square matrix of 
order 3 and det M = 1. Now, 

det (M — I) = det (M-—MM") [-- Given MMT = I] 

= det [M(J - M’)] 
= (det M) [det 7- M7]  [- ABI = IAI [Bl] 
= —(det M) [det (M7 - 1)] 
= -l[det (M7-1)]  [‘ det (M) = 1] 
=—det [((M-D]" 
= -det (M-—J)] 

=> 2det(M—N=0 

=> det(M-ND=0 


a 1 0 x ft 
3. Giventhat A=|1 b d|,X=|y|,U=| 2 
l1 be zy h 


and AX = U has infinitely many solutions. Hence, 
IAl = 0 and IA =IA,}=IA,1=0 


a 1 0 
Now, |Al= 05]|1 b dl=a(bc-bd)-\Wc-d)=0 
1-b c 
= (ab-1)(c-d=0 
=> ab=lorc=d (1) 
Also, 
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Ff 1 0 a Ojj@ 0} }1 0 
|A,l=|g 6 d/=0 00s ees A se 
ih be we 0 1 0]. 
‘ => = 
=> fibc —bd)- \(gc—hd) =0 at+1 1 JA 
= fb(e-d=gc-—hd (2) => @e=l,at+1l=5 
a f 0 => a=tla=4 
IA, I!=j1 g d=0 Hence, there is no real value. 
1 Ae 
ae. A={~ 7] and 1431 =125 
= a(ge-hd)-fle-d)=0 et anlar ea 
=> a(gc—hd)=f(c-d) (3) Now, 
al f IAl =a? —4 
[A,1=|1 b gl=0 => (@-4=125=5° 
1 bh ; => @-4=5 
=> a(bh-bg)-\h-g) +flb—6)=0 ss A ts 
= abth-g)-(h-g)=0 3.c. We have, 
= ab=lorh=g (4) 1 0 0 100 
For AX = U to have infinitely many solutions, A=10 1 1f7=/0 1 0 
c= dandh=g. 0 —2 4 00 1 
: adit a =} 1 4 
Now taking BX =V where B=|0 d c|,V=| 0 |, we have A =e + cA + dl)- 
f gh 0 => 6AA!=A?+cA?+dAl 
all => A>+cA?+dA-61=O0 
ee a a . We find that 
f gh 1 0 
(since in view of c = d and g =h, C, and C, are identical) Ae=|0 -1 5 
= BX = Vhas no unique solution 0 -10 14 
Also, 
2 1 0 90 
a 1 tl 
A’=|0 -I1 19 
IB!=|0 d cj=0 (es c=d,g=h) 0 -38 46 
O gh 
A? +cA?+dA-61=0 
aa 1 
|B, 1=|0 cl=acf=adf (c=) 1 0 O; -};1 0 90 
=> |0 -I1l 19]+c/0 -1 5 
vi h 
: 0 -38 46 0 -10 14 
ie: : fi 0 0 100 
Laster e Oo +d\0 1 1{|-610 1 Ol|=o0 
fe? O24] 0-04 
Therefore. if adf # 0, then IB,| = 1B,| # 0. Hence, no solution cere 0 0 
exists. 
=> 0 -ll-c+d-6 19+5c+d 
fo AR AE ee) 0 -38-10c-2d 46+14c+4d-6 
= AB=BA 
AsA is symmetric and B is skew-symmetric, e100 
(AB) =-AB Sat 
= kisan odd integer 00 0 
* : => lt+ctd-6=0 
ective Type 
object yP -ll-c+d-6=0 
Multiple choice questions with one correct answer => c+d=Sand-c+d=17 
On solving, we get c =—6, d = 11. They also satisfy the equations 


rao es lee c apelt , d A°=B.H 
gly: Giverny | AE EE 1 ANG ee ee 38 — 10c - 2d =0 
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46 + 14¢c+4d-6=0 = MPN. (M*y"(N)T MT 
19+5c+d=0 = —M?.N(My! (Ny! M7 
4.a. Given that =+M?NM'N'! MT 
Mie} 1 =~M.NMM"' N'M (: MN = NM) 
Poel ie aes fe 4 1 = —MNN"M =—M?. 
‘| re Vie A 
i v3 Comprehension 
aes For Problems 1-3 
Q = PAP’ and 1. a, 2. b, 3. a. 
X= PTQ?005 P ‘ 
We have, Sol. 
a 
v3 _1]/V3 1 1. Let U, =| |. Then 
Sel 2: Be, 2 -|" | : 
tf «3 f «4/3 0 1 
2 2h2 2 eee 
We observe that Bred; Dera 10 
3 2 lie 0 
Q =PAPT 
—> ©? =(PAP’) (PAP) a l 
= PA(P™P) APT = 2a+b |=|0 
= PA(IA) PT 3a+2b+c 0 
= PA? Pr => az=1,b=-2,c=1 
Proceeding in the same way, we get Fi] 
2005 = PA205 pr . U, =|-2 
Also, 1 
gee ts geo) 2 Similarly, 
-{0 1 01 [ 2 | 2 
And proceeding in the same way, U,=|-1],U; =| -1 
4200s -|' al L-4] 3 
0 1 l 2 2 
Now U=|—2 -1 -l|=lU\=3 
X= P'Q™p 1. 4-3 
= -1 2 0 
= P™(PA25 Pr) p ete Ue ees 
= (P™P)A°™ (PP) ° 3 
9 6 3 
= [A425] re ] 
= A2005 Hence, sum of elements of U™ is 3 =0. 


1 2005 
= 0 1 1 2 24/3 7 
3. [3 2 O]/-2 -1 -1][2/=[3 2 0]|-8|=5 
5. a. Three planes cannot intersect at two distinct points. 1 -4 -31//0 —5 


6.a. For being non-singular 


For Problems 4-6 
loa b 4. a, 5. b, 6. b. 
@o 1 cl#0 Sol. 


4. Let the matrix be 


oa o 1 
=> acw@—(at+c)@+1#0 abe 
; 
Hence number of possible triplets of (a, b, c) is 2. . : . 


i.e. (@, @, @) and (@, @, @). 


We have five entries as 1 and remaining four entries as 0. 


Multiple choice questions with one or more correct answer 
lic. Given MN = NM 
M?N? (M™NY"' (MN) 
= M?N* N! (MT)! (N)7 MT 


Since matrix is symmetric, we must have even number of zeros 
for i 4 j. We have two cases. 
(i) Two entries in diagonal are zero. We can select two places 
from three (in diagonal) in °C, ways. Now we have to select 


j u 
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“il 


from three can be selected in *C, ways. Hence, the number 


be} 
Either b= Oore=0 = 14) 40 
= two matrices 
0 ab 
A=la lic 
be 0 
Either a=0orc=0 = 14) 49 
=> two matrices 
lab 
A=la 0 ¢ 
be Q 
Either a=0orb=0= 14149 
=> two matrices 
lab 
A=la 1 ¢ 
be} 
4=b=0>|4=9 
=c=0>1/4/=0 
b=c=0>14/=9 
Therefore, there will be only six matrices. 


6. The six matrices A for which IA] = 0 are: 


0 0 1 
0 0 1 (inconsistent) 
1-1 J 
010 
1 1 } (inconsistent) 
010 
1 1] } 
10 0 (infinite solutions) 
10 0 

0 


1 
1 0 (inconsistent) 
00 1 


0 
0 (inconsistent) 


J 
I 
0 
10 | 
010 (inconsistent) 
0 


(inconsistent) 


For Problems 7-9 
7. d, 8. c, 9. d. 
Sol. 


7.d We must have a? — }? = kp 
=> (4+b) (@~b)=kp : 
=> eithra-p=9 ora + bis multiple of p 
when a = b: number of matrices is p 
and when a+) = multiple of p => a, bhas p~] 
Total number of matrices = Pt+p-1 
=2p-1, 
8... 
9. d. 


For Problems 10-12 
10. d, 11. a, 12. b, 
Sol. 


10. 2+8b+7ce=0 
94+ 2b + 3c=0 
at+b+c=0 

Solving these, we get 
b=6a = c=~7q 

Now 2x+y+z=Q 


> 2a + 6a +(~7a) =] > 4=1,b=6,c=~7. 
11. @= 2, b and c satisfies (£) 
b=12;c=~14 
3 1 3 
Be ae eee 
QD Ww @w 
3 1 3 
"eg? | ye 
= 30+ 143? 
=-2, 
12. ae +bx+c=0 
=> +6r-7=0 
= @=1,B=~7 
6a l l a 
—_—+— 
if: i| 
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8.58 Algebra 
Integer type 0 _1 
4(4) lAl=@k+ 1)’, IB| =0 (since Bis a skew-symmetric matrix of M\1 i= 2 — po-—1,e=2,h=3 
order 3) 0 3 

=> det (adj A)= [Als (2k +1) Y =10° ‘ 

1 
=, Renee 2 m\-1 a =» a=0,d=3,g=2 
= [K]=4 0 ~1 
; abe 1 0 
2.9) let M= def M\1\=| 0 =gth+i=12 => i=T7 
: 1 12 , 
ghi 


Therefore, sum of diagonal elements = 9. 
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> Some Definitions = © =~ = Compound and Conditional Probability —S | 
> Algebra of Events *s > Binomial Trials and Binomial Distribution =f] 
rent Types of Events. Pits Behe geek Le Problems on Conditional Probability east 

Ax matic Approach: to Probability -~ sae ee > Bayes’s Theorem 

> Mathematical or Classical Definition of Probability > Problems on Total Probability Theorem | 
| > Addition Theorem of Probability ; > Problems on Bayes’s Theorem i 
| ® Independent Events i 


ASAHI AANA LEE TRNAS DANE BN ET OTR RAT SUD NS A YO NN ASTON SORE ssessemuesy there esa ARS SRS STADIA RO SETA AT RRO ON NGAERNESS NEE | 
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9.2 Algebra 


SOME DEFINITIONS 


Experiment 


An Operation which results in some well-defined outcomes is 
called an experiment. 


Rarsdom Experiment - 


An ©xperiment whose outcome cannot be predicted with cer- 
tainty is called a random experiment. In other words, if an 
‘experiment is performed many times under similar conditions 
and the outcome each time is not the same, then this experiment 
is called a random experiment. 


A\n experiment whose outcome can be foretold before is not 
a random experiment. For example, when a stone is thrown 
upw ards it is sure that the stone will fall downward. Therefore, 
thro wing a stone upward is not a random experiment. 


Examples: 


(i) ‘Tossing a fair coin’ is a random experiment because if we 
toss a coin either.a head or a tail will come up. But if we toss 
a coin again and again the outcome each time will not be the 
same. 


(ii) “Throwing an unbiased die’ is a random experiment because 
when a die is thrown we cannot say with certainty which one 
of the numbers 1, 2, 3, 4, 5 and 6 will come up. 


Sample Space 


The set of all possible outcomes of a random experiment 
is called the sample space for that experiment. It is usually 
denoted by S. 


Examples: 


(i) When a coin is tossed either a head or a tail will come 
up. If H denotes the occurrence of head and T denotes the 
occurrence of tail, then sample space is S = {H, T}. 


(ii) When two coins ‘are tossed, sample Space is given by 
= {(H, A), (A, T), (T, 4), (T, T)}, where (H, H) denotes 
the occurrence of head on the first coin and occurrence of 
head on the second coin. Similarly, (H, 7) denotes the 
occurrence of head on the first coin and occurrence of tail 

on the second coin. 


(iii) When a die is thrown any one of the numbers 1, 2, 3, 4, 5 
and 6 will come up. Therefore, sample space is S = {1, 2, 
3, 4, 5, 6}. Here, | denotes the occurrence of 1, 2 denotes 
the occurrence of 2 and so on. 


(iv) When two balls are drawn from a bag containing three red 
= two black balls, the sample space is given by 
= {(R,, R,), (R,, R,), (R,, R), (B,, B,), (R,, By), (R,, B,). 
(RB) Re By (R,, B), (R, B,)}. 


Event 


Consider the experiment of tossing a coin two times. An associ- 
ated sample space is S = {HH, HT, TH, TT}. 


Now suppose that we are interested in those outcomes which 
correspond to the occurrence of exactly one head. We find that 
HT and TH are the only elements of S corresponding to the 
occurrence of this happening (event). These two elements form. 
the set E = {HT, TH}. , 


We know that the set £ is a subset of the sample space S. 
Similarly, we find the following correspondence between events 
and subsets of S. 


Description of events Corresponding subset of ‘S’ 


Number of tails is exactly 2 


177} 


(AT, TH, TT} ; 


Number of tails is at least 1 
Number of heads is at most 1 {AT, TH, TT} 
Second toss is not head {HT, TT} 


Number of tails is at most 2 


(HH, AT, TH, TT} 


Number of tails is more than 2 Q 


When a die is thrown, sample space is S = {1, 2, 3, 4, 5, 6}. 
Let A = {1, 3, 5}, where A is the event of occurrence of an odd 
number; B = -{5, 6}, where B is the event of the occurrence of 
a number greater than 4; C = {2, 3, 5}, where C is the event of 
occurrence of a prime number. 


Note: 


* Sample space S plays the same role as the universal set for all 
problems related.to the particular experiment. 


¢ dis also a subset of S which is called an impossible event. 


° S is also a subset of S which is called a sure event or a certain 
event. : 


The above discussion suggests that a subset of sample space 
is associated with an event and an event is associated with a 
subset of sample space. In the light of this we define an event 
as follows. 


Simple Event or Elementary Event 


If an event E has only one sample point of a sample space, it is 
called a simple (or elementary) event. 


Examples: 


(i) When a coin is tossed, sample space is S = {H, T}. Let A 
= {H} be the event of occurrence of head and B = {T} be 
the event of occurrence of tail. Here, A and B are simple 
events. 


(ii) When a die is thrown, sample space is S = {1, 2, 3, 4, 5, 6}. 
Let A = {5} be the event of occurrence of 5 and B = {2} 
be the event of occurrence of 2. Here, A and B are simple 
events. 
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Mixed E vent or Compound Event or 
Composite Event 


“A subset of the sample space S which contains more than one 
element is called a mixed event. For example, in the experiment 
of ‘tossing a coin thrice,’ the events 

E: ‘Exactly one head appeared’ 
F: ‘At least one head appeared’ 


G: ‘At most one head appeared’, etc. 
are all compound events. 


The subsets of S associated with these events are 
E = {HTT, THT, TTH} 
F = {HTT, THT, TTH, HHT, HTH, THH, HHH} 
G = {TTT, THT, HTT, TTH} 


Each of the above subsets contains more than one sample 
point, hence they are all compound events. 


Trial 


When an experiment is repeated under similar conditions and 
it does not give the same result each time but may result in any 
one of the several possible outcomes, the experiment is called 
a trial and the outcomes are called cases. The number of times 
the experiment is repeated is called the number of trials: For 
example, one toss of a coin is a trial when the coin is tossed 5 
times and one throw of a die is a trial when the die is thrown 
4 times. 


ALGEBRA OF EVENTS 


Complementary Event 


For every event A, there corresponds another event A’ called the 
complementary event to A. It is also called the event ‘not A’. 
For example, take the experiment ‘of tossing three coins’. An 
associated sample space is S= {HHH, HHT, HTH, THH, HTT, 
_ THT, TTH, TIT}. Let A = {HTH, HHT, THH} be the event 
‘only one tail appears’. 


Clearly for the outcome HTT, the event A has not occurred. 
But we may say that the event ‘not A’ has occurred. Thus, with 
every outcome which is not in A, we say that ‘not A’ occurs. 


Thus, the complementary event ‘not A’ to the event A is 


A'= (HHH, HTT, THT, TTH, TIT} 
or 
A'={w:@eSandw¢A}=S-A 


The Event ‘A or B’ 


Recall that union of two sets A and B denoted by A U B contains 
all those elements which are either in A or in B or in both. When 
the sets A and B are two events associated with a sample space, 
then ‘A U B’ is the event ‘either A or B or both’. This event 
‘A U B’ is also called ‘A or B’. 


Probability 9,3 


The Event ‘A and B’ 


' We know that intersection of two sets A 4 B is the set of those 


elements which are common to both A and B, i.e., which belong 
to both ‘A and B’. If A and B are two events, then the set A > B 
denotes the event ‘A and B’. 


_The Event ‘A but not B’ 
~ We know that A — B is the set of all those elements which are in 


A but not in B. Therefore, the set A — B may denote the event ‘A 
but not B’. We know thatA -B=A-AQB. 


DIFFERENT TYPES OF EVENTS 
Equally Likely Events 


Cases (outcomes) are said to be equally likely when we have no 
reason to believe that one is more likely to occur than the other. 
Thus, when an unbiased die is thrown all the six faces 1, 2, 3, 
4, 5 and 6 are equally likely to come up. Similarly, when an 
unbiased coin is tossed occurrence of head and tail are equally 
likely cases. _ 


Exhaustive Cases (Events) 


Consider the experiment of throwing a die. We have S = {1, 2, 
3, 4, 5, 6}. Let us define the following events: 


A: ‘a number less than 4 appears’ 
B: ‘a number greater than 2 but less than 5 appears’, 
C: ‘a number greater than 4 appears’ ~ 
Then A = {1, 2,3}, B= {3, 4} and C= {5, 6}. We observe that 
AUBUC= (1, 2,3} u {3, 4} u (5, 6} =S. 


Such events A, B and C are called exhaustive events. In gen- 
eral, if FE, E,, ..., E, are n events of a sample space S and if 


S=E. vu E,U rr U E,= UE, then EF, Ey ws E, are called 


i=] 


exhaustive events. In other words, events E p» E), +» E are said 


to be. exhaustive if at least one of them necessarily occurs when- 
ever the experiment is performed. 


Mutually Exclusive Events 


In the experiment of rolling a die, the sample space is given by 
S= {1, 2, 3, 4, 5, 6}. 


Consider events, A ‘an odd number appears’ and B ‘an even 
number appears’. 


Clearly the event A excludes the event B and vice versa. 

In other words, there is no outcome which ensures the occur- 
rence of events A and B simultaneously. 

Here, A = {1, 3, 5} and B= {2, 4, 6}. Clearly A VB =4@, i.e., 
A and B are disjoint sets. 


In general, two events A and B are called mutually 
exclusive events if the occurrence of any one of them excludes 
the occurrence of the other event, i.e., if they can not occur 
simultaneously. , 
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9.4 Algebra 


Im this case, the sets A and B are disjoint. 


AXgain in the experiment of rolling a die, consider the events 
A ‘an odd number appears’ and event B ‘a number less than 4 
appears’. : 

Obviously, A = {1, 3, 5} and B= {1, 2, 3}. Therefore, A and 
B are not mutually exclusive events. 


_ Example 9.1 


A coin is tossed three times, consider the 
following events. , 
Ai: ‘no head appears’ 
B: ‘exactly one head appears’ 
C: ‘at least two heads appear’ 
Do they form a set of mutually exclusive and exhaustive 
events? 
Sol. The sample space of the experiment is 
S = {HHH, HHT, ATH, THH, HTT, THT, TTH, TIT} 
Events A, B and C are given by 
A= {TTT} 
B = {HTT, THT, TTH} 
‘C = {HHT, HTH, THH, HHH} 
Now, 
AUBUC2{TTT, HTT, THT, TTH, HHT, HTH, THH, HHH} 
=§ 
Therefore, A, Band C are exhaustive events. Also, A 7 B 
=o, AN C= and BO C= @. Therefore, the events are pair-wise 


disjoint, i-e., they are mutually exclusive. Hence, A, B and C form 
a set of mutually exclusive and exhaustive events. 


AXIOMATIC APPROACH TO PROBABILITY 


Axiomatic approach is another way of describing probability of 
an event. In this approach, some axioms or rules are depicted to 
assign probabilities. 

Let S be the sample space of a random experiment. The prob- 
ability P is a real valued function whose domain is the power 
set of S and range is the interval [0,1] satisfying the following 
axioms: 


(i) For any event E, P(E) =0 
(ii) P(S) = 1 
(iii) If E and F are mutually exclusive events, then 
P(EU F) = P(E) + P(F) 
It follows from (iii) that P(@) = 0. 


> 


Let S be a sample space containing outcomes w,, @,, .... ©, 
i1.e.,5= {@,, @,, .. @,}. 


It follows from the axiomatic definition of probability that 
(i) 0 <P (@,) <1 for each w,eS 
(i) P@,) + Pl@,) + + + P(o,) = | 
(iii) For any event A, P(A) = 2P(@,), @-€A. 


MATHEMATICAL OR CLASSICAL DEFINITION OF 
PROBABILITY ; 


Let S be the sample space. Then the probability of occurrence 


_ of an event E is denoted by P(E) and is defined as 


n(E) _ number of elements in E 


P(E)= = ; 
n(S) number of elements in S 
_ number of cases favourable to event E 
total number of cases , 
Examples: 


1. When a die is rolled, sample space is § = {1, 2, 3, 4, 5, 6}. 


Let A be the event of occurrence of an odd number, Le., 
{1, 3,5} and B be the event of occurrence of a number greater 


than 4, i.e., {5, 6}. Then, 


(ay = MW 22 =F 
nS) 6 2 
Pr ee 
nS) 6 3 


2. When one ball is drawn at random from a bag containing 3 
black balls and 4 red balls (balls of the same colour being 
identical or different), then sample space is given by 


S={B,, B,, B, R,, RR R,} 

nS) =7 
Here, the three black balls may be denoted by B,, B, and B, 
even if they are identical because while finding probabil- 
ity only number of black and red balls are to be taken into 


account. Let E be the event of occurrence of a red ball. Then, 
E={R,, RR, R,} 


.. ACE) =4 
Now, 
P(E) = n{E) _ 4, 


nS) 7 

3. When two coins are tossed, sample space is given by 
S = {HH, HT, TH, TT}. Let E be the event of occurrence of 
one head and one tail. Then E = (HT, TH}. Now, 


P(E) = n(E) 7 2 a 1 
nS) 4 2 


Value of Probability of Occurrence of an Event 
Let S be the sample space and E be an event. Then 
@cECS 
n(p) <n(E) < n(S) 
=> O<n(E) <n(S5) 
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O Z n(E) é n(S) 
nS) nS) n(S) 


[Dividing by n(S)] 


aa 


=> 0< P(E)<1 E AB ae 


Thus, if @ is the impossible event, then 


_m@) 0 | 
AO n(S) _ n(S) 
and if Sis the sure event, then 
n(S) 
= = 1 
POS) n(S) 


If E be Any Event and E' be the Complement of Event E, 
then P(E) + P(E") =1. : 


Proof: 


Let S be the sample space. Then 
. Ss 


Fig. 9.1 
- nCE) + n(E’) = n(S) 


n(E) " n(E’) 
n(S) nS) 


=1 or P(E) + PE) = 1 


Odds in Favour and Odds Against an Event 
Let S be the sample space and E be an event. Let E’ denote the 
complement of event E. Then 
(i) odds in favour of event E is 
n(E) _ number of cases favourable to event E 


n(E’) | 


number of cases against event E 


(ii) odds against an event E is 


n(E’) __ number of cases against the event E 


n(E) ~ number of cases favourable to event E 


Note: 
* Odds in favour of event E is given by 


n(E) zs n(E)/n(S) _ P(E) 
nE’) nl(E)in(S) P(E’) 


and odds against event E is 


n(E’) _ PE) 
n(E) P(E) 
* If any one of P(E), odds in favour of E, and odds against E is 
given, then other two can be determined. 


Probability 9.5 


Examples: 


(i) If P(E) = 2/7, then odds in favour of E is 2/5 and odds 
against E is 5/2. 


(ii) If odds against F is 3/11, then odds in favour of E is 11/3 
and P(E) is 11/4. 


(iii) If odds in favour of E is 3/8, then odds against E is 8/3 and 
P(E) = 3/11. 


Find the probability of getting more than 


_Example 9.2 _| 


7 when two dice are rolled. 


Sol. Number of | 


cases 


Sum of | Result on two dice 


two dice 


(4,4), (3,5), (5,3), (2,6), (6,2) | 5 
(4,5), (5,4), (3,6), (6,3) - 
10. | 6.5) (4,6), (6,4) 

11 (5,6), (6,5) 


| 


Required probability is 
P(8) + PQ) + P(10) + P(11) + P(L2) 


5p AA 8 ely 210 SD 


=——+—+—+—+—= 
36 36 36 36 36 36 «12 


_ Example 9.3 _j A card is drawn at random from a pack of 
cards. What is the probability that the drawn card is neither 


a heart nor a king. 


Sol. There are 13 heart cards and 4 king cards of which one is 
heart king. Therefore, the required probability is 


1 — P(drawn card is either a heart or a king) 


_ 16 _36_ 9 
52> ook old 
2cuickeeme A determinant is chosen at random from 


the set of all determinant of order 2 with elements 0 or 1 
only. Find the probability that the determinant chosen is 
non-zero. 


Sol. A determinant of order 2 is of the form 
a b 
c d 


R= 


It is equal to ad — be. 
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9.6 Algebra 


The total number of ways of choosing a, b, c and d is 
2x2x2x2=16. 
Now, A # Oif and only if either ad = 1, bc = 0 or 


ad = 0, bc =1. But ad = 1, bc = 0 if a=d = 1 and one of b, 
c is zero. Therefore, ad = 1, bc = 0 in three cases. Similarly, ad 
= 0, /c = 1 in three cases. 


Therefore, the required probability is 6/16 = 3/8. 


| A dice is rolled three times, find the 


Example 9.5 


probability of getting a larger number than the previous . 


number each time. 


Sol. Exhaustive number of cases is 6? = 216. Now if a larger 
number appears than the previous number each time, all the 
three numbers are distinct. Now three numbers can be selected 
from six numbers in °C, ways and there is only one way in 
which three selected numbers can appear. Hence, probability is 
20/216 = 5/54. 


elena An integer is chosen at random and 


squared. Find the probability that the last digit of the 
square is 1 or 5. 


Sol. The last digit of square will be 1 or 5 only when the integer 
is 1, 5 or 9. Theréfore, required probability is 3/10. 


If a coin be tossed n times then find the 
probability that the head comes odd times. 


Example 9.7 


Sol. Total number of cases is 2”. 

If head comes odd times (1, 3, 5, ..., 2 times), then favourable 
number of ways is "C, + "C, +"C, + ---) = 2". Therefore, the 
required probability is - , 


Qn 7 1 
wy 2 
; Example 9.8 | f Find the probability that a leap year will 


have 53 Fridays or 53 Saturdays. 


Sol. There are 366 days in a leap year, in which there are 52 
weeks and two days. The combination of 2 days can be 


Sunday—Monday 
Monday—Tuesday 
Tuesdav—Wednesday 
Wednesday—Thursday 
Thursday—Friday 
Friday-Saturday 
Saturday—Sunday 


P(53 Fridays) = : ; P(53 Saturdays) = : 


P(53 Fridays and 53 Saturdays) => 
P(53 Fridays or Saturdays) 

= P(53 Fridays) + P(53 Saturdays) 
—P(53 Fridays and Saturdays) 


A mapping is selected at random from 
the set of all the mappings of the set A = {1, 2, ..., n} into 
itself. Find the probability that the mapping selected is an 


Example 9.9 _| 


injection. 
Sol. Total number of functions from A to itself is n”. Out of these 
functions, m! functions are injective mappings (one-one and 
onto). So, required probability is 

nt (n-I)! 


n n-| 


n n 


SChoceaee: Two integers x and y are chosen with 
replacement out of the set {0, 1, 2, 3, ..., 10}. Then find the 
probability that ly - yl > 5. 


Sol. Since x and y each can take values from 0 to 10, so the total 
number of ways of selecting x and y is 11 x 11 = 121. Now, 


Ix-yl>S>x-y<-—Sorx-y>5 
When 
x—y>5, we have following cases: 


Similarly, we have 15 cases for x — y <—5. There are 30 pairs 
of values of x and y satisfying these two inequalities. So, 
favourable number of ways is 30. Hence, required probability 
is 30/121. 


Example 9.11 _| 


_ Find the probability that the birthdays 
of six different persons will fall in exactly two calendar 
months. 
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Sol. Since anyone’s birthday can fall in one of 12 months, so 
total num ber of ways is 12°. 


Now, any two months can be chosen in "°C, ways. The six 
birthdays can fall in these two months in 2° ways. Out of these 
.2° ways there are two ways when all the six birthdays fall in one 
month. So, favourable number of ways is '*C, x (2°— 2). Hence, 
required probability is 


2 C,x(2°-2) _12x11x(2°-1) _ 341 
12° 12° | 


ee 


; KAPaE If 10 objects are distributed at random 
among 10 persons, then find the probability that at least one 
of them will not get anything. 

Sol. Since each object can be given to any one of 10 persons. 


So, 10 objects can be distributed among 10 persons in 10'° ways. 
Thus, the total number of ways is 10!°. 


The number of ways of distribution in which each one gets 
only one thing is 10!. 


So, the number of ways of distribution in which at least one 
of them does not get anything is 10!°- 10!. 


Hence, required probability is 10!° — 10!/10'°. 


Example 9.1 EM Twelve balls are distributed among 
three boxes. Find the probability that the first box will con- 


tain three balls. 


Sol. Since each ball can be put into any one of the three boxes. 
So, the total number of ways in which 12 balls can be put into 
three boxes is 3'?. Out of 12 balls, 3 balls can be chosen in "C, 
ways for first box. Now, remaining 9 balls can be put in the 
remaining 2 boxes.in 2° ways. So, the total number of ways in 
which 3 balls are put in the first box and the remaining balls in 
other two boxes is °C, x 2°. Hence, required probability is °C, 
x 29/3), 


_ Example 9.14 | Two numbers a and Bb are chosen at 


random from the set of first 30 natural numbers. Find the 
probability that a? — b? is divisible by 3. 


Sol. The total number of ways of choosing two numbers out of 
1, 2,3, ..., 30 is ai = 435. So, exhaustive number of cases is 
435. 


Since a’ — b? is divisible by 3 if either a or b or both are 
divisible by 3 or none of a and bis divisible by 3. Thus, favourable 
number of cases is '°C, + °C, = 235. Hence, the required 
probability is 235/435 = 47/87. 


Probability 9.7 


Cl uckeeme Find the probability that the 3 N’s come 


consecutively in the arrangement of the letters of the word 


_ ‘CONSTANTINOPLE’. 


Sol. The total number of arrangement is of the letters of the word 
‘CONSTANTINOPLE’ is (14)!/3! 2! 2! 


Since 3 N’s are consecutive, then considering all the 
3 N’s as single letter, the total number of arrangements is 


~(12)1/2! 2! 


Therefore, required probability is 


G2UAIDY: Bho 
(14)13!2!2!) 14x13 91 


_ Example 9.1 Out of 3n consecutive integers, three are 


selected at random. Find the probability that their sum is 
divisible by 3. 


Sol. Let the 3n consecutive integers be x, x + l,x+2,...,% 
+ 3n — 1, where x is the starting integer. These 3n integers can 
be classified as 


xX,X+3,x4+6,...,x+3n-3 
xt1x+4,x4+7,...,.x+3n-2 
X4+2,x+5,x4+8,...,x+3n-1 


Each of these three rows contains ‘n’ numbers. If we take three 
numbers out of 37 numbers, obviously their sum shall be divisible 
by 3 only if either all the three numbers are from the same row 
or all the three numbers are from different rows. 

The number of ways that the three numbers are from the same 
row is *C, "C, = 3"C, and the number of ways the three numbers 
are from different rows is n x n x n =.n>. Hence, favourable 
number of ways that the sum of the three numbers is divisible 
by 3 is 3 "C, + n°. Also the total number of ways of selecting 
three numbers out of 37 numbers is Cs Therefore, the required 
probability is 


3x "C, + n = 3n? —3n4+2 
sis OF (3n —1)(3n—-2) 
sk Example 9.1 tm A die is loaded so that the probability of 


a face i is proportional to i, i = 1, 2, ..., 6. Then find the 
probability of an even number occurring when the die is 
rolled. 


Sol. Since the probabilities of the faces are proportional to the 
numbers on them, we can take the probabilities of faces 1, 2,..., 
6as k, 2k, ..., 6k, respectively. Since one of the faces must occur, 
we have 

k+2k+3k+4k4+5k+6k=1ork= 1/21 
Therefore, the probability of occurence of an even number is 2k 
+4k + 6k = 12k = 12/21 = 4/7. 
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9.8 


_Exammple 9.1 


A\lgebra 


# Acard is drawn from a pack of 52 cards. 


garmbler bets that it is a spade or an ace. What are the 


odds zagainst his winning this bet? 


Sol. Probability of the card being a spade or an ace is 16/52 
= 4/13. Hence, odds in favour are 4:9. So odds against his 
winning are 9:4. 


Concept Application Exercise 9.1 


. There are n letters and n addressed envelopes. Find the prob- 
ability that all the letters are not kept in the right envelope. 


. Find the probability of getting a total of 5 or 6 ina single throw 


of two dice. 


. Two integers are chosen at random and multiplied. Find the 


probability that the product is an even integer. 


. If out of 20 consecutive whole numbers two are chosen at 


random, then find the probability that their sum is odd. 


. A bag contains 3 red, 7 white and 4 black balls. If three balls 


are drawn from the bag, then find the probability that all of 
them are of the same colour. 


. An ordinary cube has four blank faces, one face marked 2 and 


one face marked 3. Then find the probability of obtaining a 
total of exactly 12 in 5 throws. 


. If the letters of the word ‘REGULATIONS’ be arranged at 


random, find the probability that there will be exactly, four 
letters between the R and the E. 


.- A five digit number is formed by the digits 1, 2, 3, 4, 5 with- 


out repetition. Find the probability that the number formed is 
divisible by 4. 


. Five persons entered the lift cabin on the ground floor of an 


8-floor house. Suppose that each of them, independently and 
with equal probability, can leave the cabin at any floor begin- 
ning with the first. Find out the probability of all five persons 
leaving at different floors. 


. Two friends A and B have equal number of daughters. There 


are three cinema tickets which are to be distributed among the 
daughters of A and B. The probability that all the tickets go to 
the daughters of A is 1/20. Find the number of daughters each 
of them have. 


. A bag contains 12 pairs of socks. Four socks are picked up at 


random. Find the probability that there is at least one pair. 


. There are eight girls among whom two are sisters, all of them 
_ are to sit on a round table. Find the probability that the two 


sisters do not sit together. 


. A bag contains 50 tickets numbered 1, 2, 3, ..., 50 of which 


five are drawn at random and arranged in ascending order of 
magnitude (x, < x, < x, < x, < x,). Find the probability that 
x, = 30. 


. A pack of 52 cards is divided at random into two equal parts. 


Find the probability that both parts will have an equal number 
of black and red cards. 


ADDITION THEOREM OF PROBABILITY 


If A and B be any two events in a sample space S,. then the 
probability of occurrence of at least one of the events A and B is 
given by P(A U B) = P(A) + P(B) - PAB). 
Proof: 
From set theory, we know that 

n(A U B) =n(A) + n(B) - n(A 7 B) 


Dividing both sides by n(S), we get 


n(AUB) _ n(A) te n(B) n(AnB) 
nS) nS) wvS) — n(S) 


or P(AUB)=P(A)+ P(B) —P(AMB) 


Note: 
¢ IfA and B are mutually exclusive events, then 
AMB= @and hence P(A MB) = 0. 
. P(A UB) = P(A) + P(B) 
* Two events A and B.are mutually exclusive 
if and only if P(A UB) = P(A) + P(B). 


* 1=P(S) = P(A UA’) = P(A) + P(A) [ AMA’= @] 
or P(A’) = 1— P(A) <2) 
If A, B and C are any three events ina sample space S, then 
P(A UB UC) = P(A) + P(B) + P(C) 

-P(A NB)-P(BONC)-P(AN ss 
+ PA NBAC) 

e IfA, B, C are mutually exclusive events, then 
ANB=OBOAC=G4ANCH=HGANBONCH=G 
« P(A UB UC) = P(A) + P(B) + P(C) 

¢ [fA and B are any two events, then 
(A-B) A(ANB)=¢ 
and A =(A—B)N(ANB) 

. P(A) = P(A—B) + P(A CB) 
= P(ANB) + P(ANB) 
or P(A) — P(A OB) = P(A—B) = P(A TB) 
[ A-B=AMB] 
Similarly, P(B) — P(A 7 B) = P(B- A) 
= P(BOA) 


General Form of Addition Theorem of Probability 


P(A, VA,U- -UA,) = P(A) ¥ PA, OA,)- 


i<j 


ty P(A,NA, OA) = +(H 12)" P(A, ALO OA, ) 


i<j<k 


Note: For any number of (finite or infinite) mutually exclusive events 
E,, E, Ey... E, 


w 


PES VE,U: UE) = P(E.) + P(E,) + -+ P(E) 
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: Example 9.19 e The probability that at least one of the 
events A and B occurs is 0.6. If A and B occur simultane- 
ously with probability 0.2, then find P(A) + P(B). 


Sol. It is given that P(A U B) = 0.6 and P(A 2 B) = 
Therefore, 

P(A U B) = P(A) + P(B) - P(A OB) 

0.6 = P(A) + P(B) - 0.2 

P(A) + P(B) = 0.8 

1— P(A) +. 1—P(B) =0.8 

P(A) + P(B) =1.2 


YUU 


Example 9.20 _ | The probabilities of three events A, B 


and C are P(A)= 0.6, P(B) = 0.4 and P(C) = 0.5. If P(A U B) 
= 0.8, P(A OC) = 0.3, P(A ANB OAC = 0.2 and P(A UBUC) 
> 0.85, then find the range of P(BOC). 


Sol. We have, 
P(A OB)= P(A) + P(B)- PAV B)=0.6+0.4-0.8 =0.2 
Also, 


P(A UBUC)= P(A) + P(B) + P(C)-PANC)+PA 

ABNAQ-PANB)-PIBOC) 

=> PIBAQ=12-PAVUBYUC) (1) 
Now, 


0.85 <P(AUBUQS1 
Eq. (1) = 0.2 < P(BAC) <0.35 


Example 9.21. 


& Given two events A and B. If odds 
against A are as 2: 1 and those in favour of A U B are as 3:1, 
then find the range of P(B). 
Sol. Clearly P(A) = 1/3, P(A U B) = 
P(B)< PAUB) 
=> P(B)<3/4 (i) 
Also, 
P(B) = P(A Vv B)- P(A) + PCAOB) 
> 3/4 - 1/3 


3/4. Now, 


= [P(A 0B) > 0) 


Ex m IfA and B are two events, then which of 
the following does not represent the probability of at most 
one of A, B occurs 
a.1—P(A OB) 
b. P(A) + P(B)- P(A + B) 
c. P(A) + P(B) + P(A A B)-1 
d. P(A OB) + P(A OB)- P(A OB) 
Sol. Required probability is 
P(AUB)=P(AN B)=1-P(ANB) 
So, option (a) is correct. _ Again, 
P(AU B) = PA+PB- P(A B) [by addition theorem] 


So, option (b) is correct. Again, 


Probability 9.9 


Again, 
P(AU B)=PA+PB- P(A a) B) 


= P(A) + P(B)- P(AM B) 

= P(A) + P(B)- {1- P(A UB)} 

= P(A) + P(B) + P(AU B)-1 

So, option (c) is correct. Finally, 
P(A UB) = P[(ANB) VU (ANB) + (ANB)] 

= P(ANB)+P(ANB)+ P(ANB) 

[. ANB, ANBand ANB are 
mutually exclusive events] 


Be cuceeeee A box contains 6 nails and 10 nuts. Half 
of the nails and half of the nuts are rusted. If one item is 
chosen at random, then find the probability that it is rusted 
or is a nail. 


Sol. The total number of nails and nuts is 6 + 10 = 16. 


1 
P(R) = = 7 R stands for rusted) 


P(N) = fen stands for nails) 


P(RON)= oo [-- 3 nails are rusted out of 6 nails] 


P(R UN) = P(R) + P(N) _P(RAN) 


one 
~2'16 16 
_8+6-3 11 

16 16 


Example 9.24 | 
find the value of P(A ~B). 
Sol. Since A © B and A are mutually exclusive events such that 
AUB=(ANB)UA 


=> P(AUB)=P(AMB)+ P(A) 


= 2/3, then 


=> 3 _ pA) +1-2 
4 3 


=> P(ANB)=— 


_Example 9.25. mn Let A, B, C be three events. If the prob- 
ability of occurring exactly one event out of A and B is 1 —a, 
out of B and C is 1 — 2a, out of C and A is 1 —a and that of 
occurring three events simultaneously is a”, then prove that 
probability that at least one out of A, B, C will occur greater 
than 1/2. 


Sol. P(exactly one event out of A and B occurs) 
=P{[A NB) VU (A’ OB) 
= P(AU B)- P(AMB) 
= P(A) + P(B) - 2P(A 7 B) 


P(A) + P(B)-2P(A VN B)=1-a (1) 
Similarly, 

P(B) + P(C)-2P(B.0 C)=1-2a (2) 

P(C) + P(A) -2P(C NA) =1-a (3) 

PAQNBOAC)=@ (4) 
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Now, 
P(AAUBUC)=P(A) + P(B) + P(C)—P(ANB)-P(BAC) 
—-P(CANA)+PANBONE) 


= : [P(A) + P(B) — 2P(B mC) + P(B) + P(C) 


~ 2P(B OC) + P(C) + P(A) -— 2P(C NA)] 


+PANBOAC) 
= la a+1-2a+1-al+@ 

: [Using Eggs. (1), (2), (3) and (4)] 
=~-2a+@ 


Concept Application Exercise 9.2 


1. Three students A and B and C are in a swimming race. A and 
B have the same probability of winning and each is twice 
as likely to win as C. Find the probability that B or C wins. 
Assume no two reach the winning point simultaneously. 


If A and B are events such that P(A U B) = 3/4, P(A B) 
= 1/4 and P(A‘) = 2/3, then find 

(a) P(A) 

(b) P(B) 

(c) P(A 2B’) 

(d) P(A° A B) 


. IfPANB) = > = 2p, then 


P(ANB)= ° P(A) =p, P(B) 


find the value of p. 

. The probabilities of three mutually exclusive events are 2/3, 
1/4 and 1/6. Is this statement correct? 

. The probability that at least one of A and B occurs is 0.6. If A 
and B occur simultaneously with probability 0.3, then find the 
value of P(A’) + P(B’). 

. Ina class of 125 students 70 passed in Mathematics, 55 in 
Statistics and 30 in both. Then find the probability that a stu- 
dent selected at random from the class has passed in only one 
subject. 

. In a certain population, 10% of the people are rich, 5% are 
famous and 3% are rich and famous. Then find the probability 
that a person picked at random from the population is either 
famous or rich but not both. 


INDEPENDENT EVENTS 


Two or more events are said to be independent if occurrence or 
non-occurrence of any of them does not affect the probability of 
occurrence or non-occurrence of other events. 

In other words, two or more events are said to be indepen- 
dent if occurrence or non-occurrence of any of them does not 
influence the occurrence or non-occurrence of other events. 


Examples: 


(i) When acoin is tossed twice, the event of occurrence of head 
in the first throw and the event of occurrence of head in the 
second throw are independent events. 


(ii) When two cards are drawn out of a full pack of 52 playing 
cards with replacement (the first card drawn is put back in 
the pack and then the second card is drawn), then the event 
of occurrence of a king in the first draw and the event of 
occurrence of a king in the second draw are independent 
events because the probability of drawing a king in the 
second draw is 4/52 whether a king is drawn in the first draw 
or not. But if the two cards are drawn without replacement, 
then the two events are not independent. 


(iii) Let a bag contain 3 red and 2 black balls. Two balls are 
drawn one by one with replacement. Let A be the event 
of drawing a red ball in first draw and B be the event 
of drawing a black ball in the second draw. Then, P(A) 
= 2/5 when a red bal is drawn in the first draw and P(B) 
= 2/5 when a black ball is drawn. in the first draw. Here 
probability of occurrence of event B is not affected by 
occurrence or non-occurrence of event A. Hence, A and B 
are independent events. But if the two balls are drawn one 
by one without replacement, then probability of occurrence 
of a black ball in the second draw when a red ball has been 
drawn in the first draw is 2/4. Probability of occurrence 
of a black ball in the second draw when a red ball is not 
drawn in the first draw is 1/4 (after a black ball is drawn 
there are only four balls in the bag out of which one is a 
black ball). Here, the events of drawing a ball in the first 
draw and the event of drawing a black ball in the second 
draw are not independent. 


COMPOUND AND CONDITIONAL PROBABILITY 


Compound Events 


When two or more events occur Ogee their joint occurrence 
is called a compound event. 


Examples: 


Drawing a red and black ball from a bag containing 5 red and 6 
black balls when two balls are drawn from the bag is a compound 
event. Compound events are of two types: (i) independent events 
and (ii) dependent events. 


Conditional Probability 


Let A and B be any two events and B ¢ @. Then P(A/B) denotes 
the conditional probability of occurrence of event A when B has 
already occurred. 


Examples: 

(i) Let a bag contain 2 red balls and 3 black balls. One ball is 
drawn from the bag and this ball is not replaced in the bag. Then, 
a second ball is drawn from the bag. 


Fig. 9.2 
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Let B denote the events of occurrence of a red ball in the first 
draw and A denote the event of occurrence of a black ball in the 
second Craw. When a red ball has been drawn in the first draw, 
the number of balls left is 4 and out of these four balls one is a 
red ball and three are black balls. Therefore, the probability of 
occurrence of a black ball in the second draw when a red ball 
has beer drawn in the first draw is P(A/B) = 3/4. 


(ii) When a die is thrown, sample space is S = {1, 2, 3, 4, 5, 6}. 
Let the event of occurrence of a number greater than 4 be 
{5, 6}. The event of occurrence of an odd number is B = {1,3, 5 h 
Then P(A/B) is the probability of occurrence of a number greater 
than 4, when an odd number has occurred. Here it is known that 
an odd number has occurred, i.e., one of 1, 3 and 5 has occurred. 
Out of these three numbers 1, 3 and 5, only 5 is greater than 4. 
Hence, here when an odd number has occurred, total number 
of cases is only 3 (not 6) and favourable number of cases is | 
(because out of 1, 3, 5, only 5 is greater than 4). 


1 _ nA OB) 


P(A/B)= a 


Clearly, while finding P(4/B), B works as the sample space and 
A B works as the event. 

In the example given above, the probability of occurrence of an 
odd number when a number greater than 4 has occurred is 


P(BIA) n@OA)_1 
n(A) 2 
Here, A = {5, 6}, BO A= {5}. Thereiore n(A) = 2 and n(B rn 
A)=1 


Note: P(A/B) may or may not be equal to P(B/A). 


Multiplication of Probability (Theorem of 
Compound Probability) 


If A and B are any two events, then P(A‘A B) = P(B). (4), 
: A 

where B # @ and (4) denotes the probability of occurrence 

of event A when B has already occurred. 


Proof: 
Let S be the sample space. In case of occurrence of event A when 
B has already occurred, B works as the sample space and A 0 B 
works as the event. Therefore, 


n(A OB) 
(A B) nS) P(A B) 
/B) =" = Z 
er ie, n(B) P(B) 
nS) 
P(A 0 B) = P(B) P(A/B) (1) 


IfA and B are independent events, then probability of occur- 
rence of event A is not affected by occurrence or nor occurrence 
of event B. Therefore, 


A 
{4 )=Pay 


Probability 9.11 


Hence from Eq. (1), P(A A B) = P(B) P(A) 
Thus, P(A 7 B) = P(A) P(B) where A and B are independent 
events. 


Note: Pee 
1. If A and B are two events associated with a random 
experiment, then P(A (\ B= P(A). P(B/A), if P(A) #0 or 

| P(A OB) = P(B).P(A/B), if P(B) # 0. 

2.. 1 Extension of multiplication theorem: If : As Ay aig A, 
| are.n events related to.a random experiment, - PIA, 
AAZAA, NO... OA) = PIA JP(ASAA, JP(ASA, OA,) 

PIA YA, AA, a. “AA, 7 

where P(A, iA, NASON. A A. ) represents the condi- 
tional probabil of the event A,, given that the events 
A, A, «.., A,, have already happened. 


3. Two events A and B are independent if and only if 
P(A © B) or P(AB) = P(A) P(B). 
4. IfA, B and C are any three independent events, then 
~P(ANBOC)=PUAR(BOA C)j = ee x E(B: AC) 
= P(A) P(B) P(C). 
5. General case: if A, A; be-any.n events none of 
* which is an S roatbis events, then 
P(A, NAN: OR P(A,) P(AJSA ») P(ASA, A) fee 
P(A, "A A, A, aps 
IFAA, .. oA are independent events, then 
P(A, OA; OV OA) = P(A;) P(A,) ++-P(A we 
-Probability of at least one of the n independent events: ap Pp 
Py Py +» DP; be the probabilities of happening of n indepen- 
dent events A, A, A, .., A, respectively, then 
(i) Probability of ieanentie none of them 
= P(A, OA, A, ... OA,) 
= P(A,).P(A,).P(A,)... P(A,) 
=(1—p,)(1- p,)(1—p,)...(1- p,) 
(ii) Probability of happening at least one of them 
= P(A;UA, UA, ...UA,) 
- =1-P(A,)P(A,)P(A,)... P(A, ) 
=1—-(1-p,)(1—p,)(1—p;)...(1- p,) 
(iti) Probability of happening of first event and not happening 
of the remaining 
= P(A, )P(A,)P(A;)...P(A, ) 
= P,(1— p,\(1- p,;)...d1- p,) 


oa) 


Complementation Rule 


If A and B are two independent events, then 
P(A U B)=1- P(A’) P(B’) 
Proof: 
PA UB)=1-P(AU BY 
= 1 — P(A’ B’) [by De Morgan’s law] 
= 1 — P(A’)xP(B) 
[Since A, B are independent events, therefore A’ and B’ are 
independent events. Hence, P(A’ > B’) = P(A’) P( B’).] 
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(AU B)= P(A) + P(B)=P(ANB) . [always valid] 
2. P(AUB) =1-P(A’) P(B’) 

, [valid-only-when A and B-are independent] 
[fA,, Ay ..., A, are independent events, then P(A, VA, 
UO ++ UA) = 1- P(AY)xP(AD) - P(A’) 


Theorems on Independent Events 


1. The events A and @ are independent. 
2. The events A and S (sample space) are independent. 
3. If A and B are independent events, then 


(i) A and B’ are independent events 
(ii) A’ and B are independent events 
(iii) A’ and B’ are independent events 


Proof: Given, A and B are independent events, therefore 


P(A OB) = P(A) P(B) (1) 
(i) 
A B 
Fig. 9.3 
Now,A =(ANB)U(ANB’) 


P(A) = PAN B)+PAQB)[- ANBand ANB 
are mutually exclusive events] 
= P(A) P(B) + P(A B’) 
= P(A B’) = P(A) — P(A)P(B) = P(A) [1 — P(B)] 
= P(A) P(B’) [« 1 - P(B) = P(B’)] 
Hence, A and B’ are independent events. 
(ii) 


A B 


Fig. 9.4 


A’ O Band A OB are mutually exclusive events and 
(A’ NB) U(ANB)=B. 
P{(A’ OB) UV (A OB) = P(B) 


= P(A’ B)+P(ANB)=P(B) 
= P(A’ B)=P(B)- PAB) 
= P(B) — P(A) P(B) 
= P(B)(1 — P{A)) 
= P(B) P(A’) 
= P(A’) P(B) 
Hence, A and B are independent events. 
(iii) P(A’ 7 B’) = P(A U BY 
=1-P(AVUB) 
=] —[P(A) + P(B)-PANB)] 
[By addition theorem of probability] 
= | — P(A) — P(B) + P(A) P(B) 
[From Eq. (1)] 


{From Eq. (1)] 
[~ P(A) =1-P(A)] 


= 1-P(A)-P(B)[1 - P(A)] 
= [1 - P(A)]L - PB] 
= P(A’) P(B’) 
Hence, A‘ and B’ are mutually exclusive events. 
4. If A and B are two events such that B # @, then P(A/B) 
+ P(A/B) = 1. 
Proof: P(A/B) + P(A’/B) 
~_ P(AMB) P(A’ OB) 
P(B) P(B) 
_ P(ANB)+ P(A’ OB) 
P(B) 


_ PB) _, [we (A 0B) U (AB) = Band AO B and 
P(B) 


A’ OB are mutually exclusive] 


5. IfA and B be two events such that A # @, then 
P(B) = P(A)P(BIA) + P(A)P(B/A’). 
Proof: P(A)P(B/A) + P(A’) P(B/A’) 
= P(A MB) + P(A’ OB) 
= PI(ANB)U(A’ OB) 


= P[(ANB)U(A’ NB)] 
[<A Band A’ > B are mutually exclusive] 


= P(B) [--(A OB) U (A 0B) = BI 


A fair coin is tossed repeatedly. If tail 
appears on first four tosses, then find the probability of 


Example 9.26 


head appearing on fifth toss. 

Sol. Since the trials are independent so the probability that head 
appears on the fifth toss does not depend upon previous results 
of the tosses. Hence, required probability is equal to probability 
of getting head, i.e., 1/2. 


If a dice is thrown twice, then find the 


Example 9.27 

probability of getting 1 in the first throw only. 

Sol. Probability of getting 1 in first throw, P(A) = 1/6. Probability 

of not getting | in second throw, P(B) = 5/6. 

Both are independent events, so the required probability is 
50.7 5 


I 
= P(A) P(B)=-x>=— 
P(A 9 B) = P(A) P(B)= 2X5 = 3 


_Example 9.28 f Find the probability of getting at least 


one tail in 4 tosses of a coin. 


Sol. Probability of getting head in each toss of coin is 1/2. 
Then, probability of getting 4 heads in 4 tosses is 


me 1) 
xX=x ==] — 
ae ae ©. 


Therefore, required probability is 


Lesh 
—-x— 
2 2 


1\) 45 
1 — P(no coin shows tail) =1—- (5) =— 
2 16 
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_Exam ple 9.29 m Three persons work independently on a 
problean. If the respective probabilities that they will solve 
it are 1/3, 1/4 and 1/5, then find the probability that none 


can solve it. 


Sol. Required probability is 


three marksmen are 1/2, 1/3 and 1/4. Then find the prob- 


ability that one and only one of them will hit the target when 
they fire simultaneously. 


Sol. Here, P(A) = 1/2, P(B) = 1/3, P(C) = 1/4. Hence, required 
probability is 


P(A)P(B)P(C) + P(A)P(B)P(C) + P(A)P(B)P(C) 


“AD QOG-BOE 


Sy 


Fig 9.5 


The switches operate independently of one another and the 
current will flow from A to B either if S, is closed or if both 
S, and S, are closed. If P(S,) = P(S,) = P(S,)= 1/2, then find 
the probability that the circuit will work. 
Sol. P(S,) = P(S,) = P(S,) = 1/2 
Let E be the event that the current will flow. Then, 
P(E) = P((S, 0S,) or S,) 
=P(S,15,) PS.) = P(S, OS, 8,) 
1 ‘ky lt -s 


4 2 8 8 


balls. One by one three balls are drawn without replacing 
them, then find the probability that the third ball is red. 


Sol. Let R stand for drawing red ball, B for drawing black ball and 
W for drawing white ball. Then, the required probability is 


Probability 9.13 


P(WWR) + P(BBR) + P(WBR) + P(BWR) + P(WRR) 
+ P(BRR) + P(RWR) + P(RBR) 
_3X2x2 , 3xX2x2 , 3x3x2 3x3x2 
~Bx7X6 BX7X6 8X7TX6 8Xx7Xx6 
ge zal Sex! 2x3xl 2x3x\i 
8x7xX6 &8X7X6 8xX7xX6 8xX7x6 
2 2 3 3 ~=1 1 1 1 
= ++ +—+ 
56 56 56 56 56 56 56 56 


Example 9.33_ i The unbiased dice is tossed until a 
number greater than 4 appears. What is the probability 


that an even number of tosses is needed? 


Sol. Probability of success is 2/6 = 1/3 =p. Probability of failure 
is | — 1/3 = 2/3 = q. Probability that success occurs in even 
number of tosses is 
P(FS) + P(FFFS) + P(FFFFFS) + °° 
pq__2 


=pq+q@ptqpt- =7 as 
—-4q 


Example 9.34 aR@ speaks truth in 60% and ‘Y’ in 50% 
of the cases. Find the probability that they contradict each 
other narrating the same incident. 


Sol. Here, P(X) = 3/5, P(Y) = 1/2. Therefore, required probability 


P(X)P(Y) + P(X)PCY) -(3)(-4)(-3)[3) 


and the ‘odds in favour of other event, independent of the 
former, are 6:5. Then find the probability that at least of the 
events will happen. 


is ie yk 

Sol. P{First event does not happen} = 542°7 
P{Second event does not happen } = Soe” 
PP 5+6 il 


P{Both the events fail to happen }= : x = - = 


Therefore, the probability that at least one of the events will 
happen is 
ees 


1-P of two happens) =|- — = 
(none ppens) 9 


Example 9.36 _| If four whole numbers taken at random 
are multiplied together, then find the probability that the 
last digit in the product is 1, 3, 7 or 9. 


Sol. There are 10 digits 0, 1, 2, ..., 9 any of which can occur in 
any number at the last place, i.e., at the unit place. It is obvious 
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that if the last digit in any of the four numbers is 0, 2, 4, 5, 6, 
8, then the product of any of such four numbers will not give a 
numbex having its last digit as 1, 3, 7, 9. Hence, it is necessary 
that the last digit in each of the four numbers must be any of the 
four digits 1, 3, 7, 9. 


Thus, for each of the four numbers, the number of ways of © 


selection of the last digit is 10. Favourable number of ways of 
selection of the last digit is 4. 
Therefore, the probability that the last digit be any of the four 
numbers 1, 3, 7, 9 is 4/10 = 2/5. 
Hence, the required probability that the last digit in each of the 


four nurnbers is 1, 3, 7, 9 so that the last digit in their product is © 


1,3, 7, QO is (2/5)* = 16/625. 


aclu sceevae A rifleman is firing at a distance target 
nd. y 10% chance of hitting it. Find the number 
of rounds, he must fire in order to have more than 50% 
chance of hitting it at least once. 


Sol. We have, 


10 1 
P0010 
2 9 
"9" 755 


By the given condition, 


1-q'>— 


=> 3 at 
10 2 
which is possible if is at least 7. 
n=7 


m2 cui dceeetme, One of 10 keys open the door. If we try 

the keys one after another, then find the following: 

a. the probability that the door is opened on the first 
attempt. 

b. the probability that the door is opened on the second 
attempt. 

c. the probability that the door is opened on the 10” 

attempt. 


Sol. Since out of 10 keys only one can open the door, so the door 
will open in first attempt with probability 1/10. 


Now if he fails in first attempt which has the probability 
9/10, then he will attempt next time with a different key. So, the 
probability that the door will open in second attempt is 9/10 x 
1/9 = 1/10. 

Probability that door will open only in 10" attempt is equal to 
the probability that the door will not open in first nine attempts 
which is equal to 


9 8 #7 Dress 
—X > X= XK SX SS 
10 9 8 3 2 10 
as each time he tries with new key and keeps away the key which 
does not open the door. 


ZCUUdeSeeE A bag contains ‘W’ white and 3 black 
balls. Balls are drawn one by one without replacement till 

all the black balls are drawn. Then find the probability that 
this procedure for drawing the balls will come to an end at 


the r" draw. 


Sol. Procedure of drawing the balls has to end at the 7" draw. 

Exactly 2 black balls must have been drawn up to (r — 1)% 
draw. Now probability of drawing exactly 2 black balls up to 
(r— 1)" draw is 


3! Ww! 
26, "C3 2M C= 3IW =r oi 
a oe (W +3)! 


r-t 


(r-1)(W—r+4)! 


_ 3r-)(r-2)W -r +4) 
~ (W+3)(W + 2)W 41) 


At the end of (r— 1)" draw, we would be left with 1 black and 
(W — r + 3) white balls. Hence, the probability of drawing 
the black ball at the 7" draw is 1/(W —r+ 4). Therefore, the 
probability of required event is 
3(r — D(r —2)(W -r +4) 
(W +3)(W +2)(W +1)(W —r+4) 


_ 3(r=)(r-2) 
~ (W+3\(W +2W +1) 


B2cudeeame If A and B are two independent events, 
the probability that both A and B occur is 1/8 and the prob- 
ability that neither of them occurs is 3/8. Find the probabil- 
ity of the occurrence of A. 


Sol. We have,, 
3 


P(A B) = ; and PAB) = = 


P(A)P(B) = ; and P(A)P(B) = ‘ 


[-. A and B are independent] 


Now, 

PAOB)== => 1-P(A UB)== 
= 1-(P(A)+ P(B)-P(AAB)) = : 
= 1-(P(A) + P(B)) + 73 


= P(A)+P(B) = : 
The quadratic equation whose roots are P(A) and P(B) is 
x? — x{P(A) + P(B)} + P(A) P(B) =0 
3 1 


=> ¥-—x+-=0 
4 8. 


downloaded from jeemain.guru 


= 8x? —6x+1=0 


BINOMIAL TRIALS AND BINOMIAL 
DISTRIB UTION 


Consider a random experiment whose outcomes can be classified 
as success or failure. It means that experiment results in only 
two outcomes E (success) or E,(failure). Further assume that 
experiment can be repeated several times, probability of success 
or failure in any trial are p and g(p + g= 1) and do not vary from 
trial to trial and finally different trials are independent. Such a, 
experiment is called binomial experiment and trials are said to be 
binomial trials. For instance, tossing of a fair coin several times, 
each time outcome would be either a success (say occurrence of 
head) or failure (say occurrence of tail). 

A probability distribution representing the binomial trials is 
said to binomial distribution. Let us consider a binomial experi- 
ment which has been repeated ‘n’ times. Let the probability 
of success and failure in any trial be p and q, respectively in 
these n-trials. Now number of ways of choosing ‘r’ success is 
in ‘n’ trials is "C,, Probability of ‘r’ successes and (n — r) fail- 
ures is p’g””. Thus, probability of having exactly r successes is 
"G p q’’. 


Let ‘X’ be arandom variable representing the number of suc- 
cesses. Then, 


P(X =n) ="C. pg? (r=0, 1,2, ....7) 


Probability of utmost ‘r’ successes in n trials is 


y n Cray : 
A=0 


Probability of at least ‘r’ successes in n trials is 

y °C oF ye ; 

A=r 

Probability of having first success at the r trial is p q™"., 


_Exar A die is thrown 7 times. What is the 
chance that an odd number turns up (i) exactly 4 times, 
(ii) at least 4 times? 


Sol. Probability of success is 3/6 = 1/2. 


i 1 
= —andg=— 
at aa 


(i) For exactly 4 successes, the required probability is 


4 3 
AG) 
2 2 128 


(ii) For at least 4 successes, the required probability is 


al} eG) GIG) “oG) 


Probability 9.15 


35°. 20°F 1 
=-—-+—+—+ 
128 128 128 128 


ot 
128 


Beceem A and B play a series of games which 
cannot be drawn and p, q are their respective chances of 
winning a single game. What is the chance that A wins m 


games before B wins n games. 


Sol. For this to happen, A must win at least m out of the first m 
+n-— 1 games. Therefore, the required probability is 
merle pege + mtn-1 pm gq’? eda: man-1 CO ne a 


m+ my 


k An experiment succeeds twice as often 


as it fails. Then find the probability that in the next 6 trials, 


there will be at least 4 successes. 


Sol. Let p be its probability of success and q that of failure. Then 
p = 2q. Also, p + q = 1. It gives p = 2/3 and q = 1/3. 


P{4 successes in the 6 trials} 


av try 
=6C ptg= co [4] |= 1 
i ) 3] _ 
oy 4 
P{5 successes in the 6 trials }= RG, (5] (| (2) 
‘ BV TTY 
P{6 successes in the 6 trials}= °C, (=| (+} (3) 


Therefore, the probability that there are at least 4 successes 
is 
P {either 4 or 5 or 6 successes} 


4 2 5 6 
= af OFF 2 (+ + °C, (; +] + st OP 2| 
3) \3 3) \3 3 
_ 496 
729 


scuvsckmems What is the probability of guessing cor- 


rectly at least 8 out of 10 answers on a true—false examina- 
tion? 


8 2 9 I 10 
su means re(sIEf eT mol 


1 10 : 
= (5) Or cs Oe, aa, ON 
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1 10 ; 
= (5) (45+10+1) 


~ &x2? 


PROBLEMS ON CONDITIONAL PROBABILITY 


I Two dice are thrown. What is the prob- 
ability that the sum of the numbers appearing on the two 
dice is 11, if 5 appears on the first? 

Sol. Since we are given that 5 appears on first die, so to get 


sum of 11, 6 must be one on the second and hence, the required 
probability is 1/6. 


Bt CUceam Three coins are tossed. If one of them 
shows tail, then find the probability that all three coins show 
tail. 


Sol. Let E be the event in which all three coins show tail and F 
be the event in which a coin shows tail. Therefore, F = {HHT, 
ATH, THH, HTT, THT, TTH, TTT} and E = {TTT}. Hence, the 
required probability is 
P(EIF) = POF) 1 
P(E) at 


_Exam ple 9.47 i One dice is thrown three times and the 


sum of the thrown numbers is 15. Find the probability for 
which number 4 appears in first throw. 


Sol. We have to find the bounded probability to get sum of 15 
when 4 appears first. Let the event of getting a sum of 15 of three 
thrown number is A and the event of appearing 4 is B. So, we 
have to find P(A/B). But 
a(ANB) 

n(By 

Where n(A M B) and n(B), respectively, denote the number of 
digits in A 7 B and B. Now n(B) = 36, because first throw is of 
4. So another two throws stop by 6 x 6 = 36 types. Three dice 
have only two throws which starts from 4 and give a sum of 15, 
i.e., (4, 5, 6). So, n(A 7 B) = 2, n(B) = 36. 


Fe eee 
B) 36 18 


_Example 9.48 | 


P(A/B) = 


A box contains 10 mangoes out of which 
4 are rotten. Two mangoes are taken out together. If one of 
them is found to be good, then find the probability that the 
other is also good. 


Sol. Let A be the event that the first mango is good and B be the 
event that the second one is good. Then, required probability is 
P(ANB) 


P(BIA) = Pas 


Now, probability that both mangoes are good is 


6 


C 
P(AN B) =—2 
a OF 


Probability that first mango is good is 


Ce. Oe, 
P(A) mi 10 = 10 
C, C, 
Hence, 
BG 15 5 
P(BIA) = <2 = =— 
C,+ °C x "CC, 15424 13 
Cleese If two events A and B are such that P(A‘) 


= 0.3, P(B) = 0.4 and P(AX B*) = 0.5, then find the value of 
PIBIA U BY). 
P(BA(AUB')) 
P(AUB‘) 
Z P(AQB) 
~ P(A) + P(BS) — P(AN B‘) 


Sol. P[B/(A U B*)] = 


_ P(A)- P(A B’) 
~ P(A) + P(BS)— P(AC B‘) 
_07-05_1 


0.8 4 


Concept Application Exercise 9.3: 


. Acoin is tossed three times. 
Event A: two heads appear 
Event B: last should be head 
Then identify events A and B: independent or dependent. 


. Two cards are drawn one by one randomly from a pack of 52 
cards. Then find the probability that both of them are king. 


. Acoin is tossed and a dice is rolled. Find the probability that 
the coin shows the head and the dice shows 6. 


. The probability of happening an event A in one trial is 0.4. 
Find the probability that the event A happens at least once in 
three independent trials. 


. A fair coin is tossed n times. If the probability that head occurs 
6 times is equal to the probability that head occurs 8 times, 
then find the value of n. 


6. A, B, C in order cut a pack of cards replacing them after each 
cut on the condition that the first who cuts a spade shall win 
the prize. Find their respective chances. 
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. Im abag, here are 6 balls of which 3 are white and 3 are black. 
They are drawn successively (i) without replacement, (ii) with 
replacement. What is the chance that the colours are alternate? 
It has been supposed that the number of balls drawn remains 
the same, i.e., six even with replacement. 


. The odds against a certain event is 5:2 and the odds in favour 
of another event is 6:5. If both the events are independent, then 
find the probability that at least one of the events will happen. 


. A pair of unbiased dice are rolled together till a sum of ‘either 
5 or 7’ is obtained. Then find the probability that 5 comes 
before 7. 


. A. man and a woman appear in an interview for two vacancies 
in the same post. The probability of man’s-selection is 1/4 and 
that of the woman’s selection is 1/3. What is the probability 
that none of them will be selected? 


. A bag contains 5 white and 3 black balls. 4 balls are succes- 
sively drawn out and not replaced. What is the probability that 
they are alternately of different colors. , 


. The probability that Krishna will be alive 10 years hence is 
7/15 and that Hari will be alive is 7/10. What is the probability 
that both Krishna and Hari will be dead 10 years hence? 


A binary number is made up of 8 digits. Suppose that the prob- 
ability of an incorrect digit appearing is p and that the errors 
in different digits are independent of each other. Then find the 
probability of forming an incorrect number. 


A bag contains a white and b black balls. Two players, A and 
B alternately draw a ball from the bag, replacing the ball each 
time after the draw till one of them draws a white ball and wins 
the game. A begins the game. If the probability of A winning 
the game is three times that of B, then find the ratio a:b. 


. The probability of India winning a test match against West 
Indies is 1/2. Assuming independence from match to match 


find the probability that in a match series India’s second win 


occurs at the third test. 


. Ina single throw of two dice what is the probability of obtain- 
ing a number greater 7, if 4 appears on the first dice? 


. Acoin is tossed three times in succession. If E is the event that 


there are at least two heads and F is the event in which first 
throw is a head, then find P(E/F). 


. A die is thrown 4 times. Find the probability of getting at most 
two 6. 


The probability that a student is not a swimmer is 1/5. Then 
find the probability that out of 5 students exactly 4 are swim- 
mer. 


. A and B are two candidates seeking admission in IIT. The 
probability that A is selected is 0.5 and the probability that A 
and B are selected is at most 0.3. Is it possible that the prob- 
ability of B getting selected is 0.9? 


Probability 9.17 


BAYES’S THEOREM 


Partition of a Set 
Consider a sample space ‘S’. Let A,, A,, ..., A, be the set of 


_ mutually exclusive and exhaustive events of sample space S. 


Fig. 9.6 


These events A,, A,, ..., A, are said to partition the sample 
space S. We have, 


A,OA,= Gfori#j,1Si,jsn 


and > P(A;)=1 


i=1 


Bayes’s Theorem 


Fig. 9.7 


IfA,,A,,A,,--A, be n mutually exclusive and exhaustive events 
and A is an event which occurs together (in conjunction) with 
either of A, i.c., if A,, A,, .... A, form a partition of the sample 
space S and A be any event, then 


a) ee Cs 
P(A,) P(A/A,) + P(A,) P(A/A,) +-+-+ P(A,) P(A/A,,) 


Proof: 
Since A,, A,, ...,A, form a partition of S, therefore 
G)A,,A,, ---,A, are non-empty 

(i) A, VA, = ¢ fori 4) 
Gi) S=A,UA,U---UA 


n 


Now, . 
A=ANS=ANG,VA,U+ VA,) 

=(ANA)UANA)U--UANMA,) - (1) 
Since A,, A,, ..., A, are disjoint sets, therefore AN A,,A NA,, 
... AOA) are also disjoint. Therefore, from (1), by addition 
theorem, 


P(A) = P(ADA,) + PA NA,) +--+ + P(ADA,) (2) 
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9.18 Algebra 
Now, 
PAA) = “oe 
P(A, (A) 


~ P(A, A) + P(A, 0A) ++ PCA, OA) 


P(A,) P(A/A,) 


~ P(A,)P(ATA,) + P(A,)P(A/A,) +--+ P(A, )P(ATA, ) 


[P(A 7 B)= P(A)P(B/A) = P(B)P(A/B)] 


Note: 
1. ZFA,, A, .... A, form a partition of S and A be any event 
then from Eq.-(2), 
P(A) = P(A,) P(A/A,) + P(A,) P(A/A,) + ++ 
: + P(A,) P(A/A,) 
[ P(A, 0 A) = P(A,) P(A/A,)] 
2. If P(A,) = P(A,) = --- = P(A,), then by Bayes’s theorem, 
P(A/A,) 


P(A, /A) = ———— _____ 
P(A/A,) + P(A/A,) ++: + P(AIA, ) 


3. The probabilities P(A p> P(A,), ..., P(A,) which are 
known before the experiment takes place are called a 
priori probabilities and P(A/A) are called a posteriori 
probabilities. 


4. Special case of Bayes’s theorem: 


IfA,, A, .... A, form a partition of an event A, then 
P(A, 
PMB OD 
P(A,) + P(A,) +++: + P(A,) 
Proof: 


Since A, A, A, form a partition of A, therefore 
(i) A, A, .... A, are non-empty 

(ii) they are pairwise disjoint, i.e., no two of A,, Ay... 
A, have any common element 

(iii) A=A,UA,U + UA, 


‘From (i), (ii) and (iii), it is clear thatA NA,, AQ A,, 
wy A OA, are non-empty pair-wise disjoint (they are 
mutually exclusive) and 
A=(ANA)U(ANA,)U+U(ANA,) 

Hence by addition theorem of probability, 

P(A) = P(AMNA,) + P(AANA,) +++ P(AQA,) (3) 
Now, 


P(AJA) = PEO) 


P(ANB) 
P(A) 


E P(A/B) = a 


P(A, AA) 
P(ANA)+P(ANA,) +--+ P(ANA,) 


[From Eq. (1)] 


es P(A, )P(ATA,) . 


P(A,)P(A/A,) + P(A) P(A/Ag) +++: + P(A, )P(A/A,) 


[P(A 0 B) = P(A) P(B/A)] 
ai OA Fa 
P(A,)+ P(Ay) +++ P(A,) 


= 1, 2,3,..., n] 


PROBLEMS ON TOTAL PROBABILITY THEOREM 


Example 9.50 
component fails when first used is 0.10. If it does not fail 


The probability that certain electronic 


immediately, the probability that it lasts for one year is 0.99, 
Find the probability that a new component will last for one 
year. 


Sol. Probability that the electronic component fails when first 
used is P(F) = 0.10. Therefore, 
P(F’) = 1 - P(F) = 0.90 
Let E be the event that a new component will last for one year. 
Then, ; 
E E 
P(E) = P(F)P| — |+ P(F)P| — 
(E) wr) ( vo =] 
[total probability theorem] 
= 0.10 x 0+ 0.90 x 0.99 = 0.891 


_Example 9.51 | 
tains 3 black and 4 white balls while the other contains 4 
black and 3 white balls. A die is cast. If the face 1 or 3 turns 
up, a ball is taken from the first bag, and if any other face 
turn up, a ball is-chosen from the second bag. Find the prob- 
ability of choosing a black ball. 


There are two bags, one of which con- 


Sol. Let E, be the event that a ball is drawn from first bag, E, the 
event that a ball is drawn from the second bag and E the event a 
black ball is drawn. Then we have 
P(E) = P(E.) P(E/E,) + P(E,) P(EIE,) 
1 3 2 = 4 «Mi 
=—X—X—X-—= 
Beh Soy 2 


A.C dceeeees. A bag contains 1 + 1 coins. It is known 
that one of these coins shows heads on both sides, whereas 
the other coins are fair. One coin is selected at random and 
tossed. If the probability that toss results in heads is 7/12, 


then find the value of n. 
Sol. Let E, denote an event when a coin with two heads is 


selected and E, an event when a fair coin is selected. Let A be 
the event when the toss results in heads. Then, P(E,) 
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=1/(+1), P(E, )= I/(n + 1), P(AIE, )= 1 and 
P(A/E,) = 1/2. 
P(A) = P(E,)P(A/E,) + P(E, )P(AIE,) 
7. 1 n 3 
—" ei eet 
=> 12+ 6n=7n+7 


=> n=5 


B2culkeeeeee! An urn contains 6 white and 4 black 
balls. A fair die is rolled and that number of balls are chosen 
from the urn. Find the probability that the balls selected are 
white. 


Sol. Let A, denote the event that the number i appears on the die 
and let E denote the event that only white balls are drawn. 
Then, 


P(A) = = fori=1,2,...,6 


6c 
PIEIA) = pt, 1=1, 2, ...56 


Then, the required probability is 


P(E) = o( e40) 


x P(ENA,) 
i=] 


> PCA)P(EVA) 
i=] 


1} 6 15 20. 15 6 1 1 
= >| —+—+—+ + + => 
6{10 45 120 210 252 210] 3 


PROBLEMS ON BAYES’S THEOREM 


a oulceeeame A pack of playing cards was found to 
contain only 51 cards. If the first 13 cards, which are exam- 
ined, are all red, what is the probability that the missing 
card is black? 


Sol. Let A, be the event that black card is lost, A, be the event that 
red card is ‘lost and let A denote occurrence of first 13 cards which 
are examined and are found to be all red. Then, we have to find 
P(A /A). We have P(A,) = P(A,) = 1/2. Also, P(A/A,) = ae Oi cag OO 
and P(AIA De oe PCy Then by Bayes’s rule, 


P(A,) P(A/A,) 


eae P(A,)P(A/A,) + P(A,) P(A/A,) 


me oP 7 2 22 
OCg Os. 21-3 


Probability 9.19 


uN eee ©The chances of defective screws in three 
boxes A, B, C are 1/5, 1/6, 1/7, respectively. A box is selected 
at random and a screw drawn from it at random is found 
to be defective. Then, find the probability that it came from 
box A. 


Sol. Let E,, E, and E, denote the events of selecting boxes A, 
B,C, respectively, and A be the event that a screw selected at 
random is defective. Then, 

P(E|) = P(E,) = P(E,) = 1/3 


P(AIE,) = =: P(AIE,) = = POAIE,) = ; 


By Bayes’s rule, the required probability is 
P(E,)P(A/E)) 


PE IA)= FE )P(AIE, )+ P(E, )P(AIE,)+ P(E) PC(AIE,) 
fi 
Fa _ 42 
Ite ek 107 
aa SG SF 


Gude In an entrance test, there are multiple 


choice questions There are four possible answers to each 
question, of which one is correct. The probability that a stu- 
dent knows the answer to a question is 90%. If he gets the 
correct answer to a question, then find the probability that 
he was guessing. 


Sol. We define the following events: 
A,: He knows the answer 
A,: He does not know the answer 


E: He gets the correct answer 


Then, P(A,) =9/10, P(A,) = 1- 9/10 = 1/10, P(E/A,) = 1, P(E/ 
A,) =1/4. 


Therefore, the required probability is 


P(A,)P(E/A,) 
P(A,)P(E/A,)+ P(A,)P(E/A,) 
11 
—x-— 
LOC a 
9 Ish ray 


— X1+—x— 
10 10 4 


P(AJE) = 


Gu eevee Each of the ‘n’ urns contains 4 white 
and 6 black balls. The (7 + 1)" urn contains 5 white and 
5 black balls. One of the n + 1 urns is chosen at random 
and two balls are drawn from it without replacement. Both 
the balls turn out to be black. If the probability that the 
(n + 1)" urn was chosen to draw the balls is 1/16, then find 
the value of 7. 


Sol. Let E, denote the event that one of the first n urns is chosen 
and E,, denote the event that (n + 1)" urn is selected. A denotes 
the event that two balls drawn are black. Then, 
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920. Algebra 
P(E,) = nl(n + V), p(E,) = 1/(n + 1), P(A/E,) = °C,/ °C, 
"= 1/3'and P(A/E,) =°C,/'°C, = 2/9. 
Using Bayes’s theorem, the required probability is 


P(E,)P(AIE,) 
P(E,)P(A/E,)+ P(E,)P(A/E,) 


ee ee 
* (Fall) Geal) 


eee DieA has4red and 2 white faces whereas 
die B has 2 red and 4 white faces. A coin is flipped once. If 
it shows a head, the game continues by throwing die A; if it 
shows tail, then die B is to be used. If the probability that 
die A is used is 32/33 when it is given that red turns up every 


P(E,JA) = 


time in first n throws, then find the value of 7. 


Sol. Let R be the event that a red face appears in each of the 
first n throws. 


E,: Die A is used when head has already fallen 


E,: Die B is used when tail has already fallen 


P(R/E,) -(2) and o£ }-(3) 
2 


As per the given condition, 


P(E,)P(R/E,) 332 
P(E, )P(R/E,)+P(E,)P(R/E,) 33 


1/2(2/3)" 32 


1 2 n 1 1 a ~ 33 
—_—| — +— — 
2\3 2\3 


_Exar A bag contain n balls out of which some 
palls are white. If probability that a bag contains exactly i 
white ball is proportional to 7?. A bail is drawn at random 
from the bag and found to be white, then find the probabil- 
ity that bag contains exactly 2 white balls. 
' Sol. We have, 

P(A) = ki? 
=> 1=krr 


7 6i° 
n(in+1) (2n+)) 
Let event B denote that the ball drawn is white. Then, 


P(A) 


P(B) = | BM eget 
nint+1)Qn+))L n n n 
o 3(n+1) 
~ 2(2n +1) 
6_\(2 
ninth) ji na 
3(n +1) 


Concept Application Exercise 9.4 


1. An unbiased coin is tossed. If the result is a head, a pair of 
unbiased dice is rolled and the number obtained by adding the 
numbers on the two faces is noted. If the result is a tail, a card 
from a wéll-shuffled pack of 11 cards numbered 2, 3, 4, ..., 
12 is picked and the number on the card is noted. What is the 
probability that the noted number is either 7 or 8? 

2. A number is selected at random from the first twenty-five nat- 
ural numbers. If it is a composite number then it is divided by 
5. But if it is not a composite number, it is divided by 2. Find 
the probability that there will be no remainder in the division. 

3. A real estate man has eight master keys to open several new 
homes. Only one master key will open any given house. If 40% 
of these homes are usually left unlocked, what is the probabil- 
ity that the real estate man can get into a specific home if he 
selects three master keys at random before leaving the office? 

4. A card from a pack of 52 cards is lost. From the remaining 
cards, two cards are drawn and are found to be spades. Find 
the probability that missing card is also a spade. 

5. Consider a sample space ‘S’ representing the adults in a 
small town who have completed the requirements for a col- 
lage degree. They have been categorized according to sex and 
employment as follows: 


ae Employed Unemployed . 
260 


An employed person is selected at random. Find the probabil- 
ity that chosen one is male. 

6. A man has coins A, B, C. A is unbiased; the probability that a 
head will result when B is tossed is 2/3; and the probability that 
a head will result when C is tossed is 1/3. If one of the coins 
chosen at random, is tossed three times, giving two heads and 
one tail, then find the probability that the chosen coin was A. 


7. A and B are two independent witnesses (i.e., there is no col- 
lusion between them) in a case. The probability that A will 
speak the truth is x and the probability that B will speak the 
truth is y. A and B agree in a certain statement. Find the prob- 
ability that the statement is true. 

8. An urn contains five balls. Two balls are drawn and are found 

to be white. Find the probability that all the balls are white. 
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Subjective Type ae ca 


1. 


10. 


i. 


12. 


13. 


"Solutions 6n page 9.42- 


Let A = {0,5, 10, 15, ..., 195}. Let B be any subset of A with 
atleast 15 elements. What is the probability that B has at least 
one pair of elements whose sum is divisible by 15? 


A bag contains n white and n black balls, all of equal size. 
Balls are drawn at random. Find the probability that there are 
both white and black balls in the draw and that the number of 
white balls is greater than that of black balls by 1. 


There are two bags each containing 10 books all having differ- 
ent titles but of the same size. A student draws out books from 
first bag as well as from the second bag. Find the probability 
that the different between the books drawn from the two bags 
does not exceed 2. 


Suppose A and B shoot independently until each hits his target. 
They have probabilities 3.5 and 5/7 of hitting the targets at each 
shot. Find the probability that B will require more shots than A. 


From an urn containing a white and b black balls, k balls are 
drawn and laid aside, their colour unnoted. Then one more ball 
is drawn. Find the probability that it is white assuming that 
k<a,b. 


Of three independent events, the chance that only the first 
occurs is a, the chance that only the second occurs is b and the 
chance of only third is c. Show that the chances of three events 
are, respectively, a/(a +x), bl(b +x), cc + x), where x is a root 
of the equation (a + x) (b+ x) (c+ xar. 


Two natural numbers x and y are chosen at random. What is 
the probability that ° + y is divisible by (i) 5 and (ii) ve 


If 7 things are distributed among a men and b women, show 
that the chance that the number of things received by man is 


Be (b+a)” —(b-a)” 
2 (b+a)” : 


8n players P,, P,, Pa ++ Pe, play a knock out tournament. It 
is known that all the players are of equal strength. The tourna- 
ment is held in three rounds where the players are paired at 
random in each round. If it is given that P, wins in the third 
round, Find the probability that P, loses in the second round. 


A tennis match of best of 5 sets is played by two players *A’ 
and ‘B’. The probability that first set is won by A is 1/2 and if 
he loses the first, then probability of his winning the next set is 
1/4 otherwise it remains same. Find the probability that A wins 
the match. 


A and B participate in a tournament of ‘best of 7 games’. It is 
equally likely that either A wins or B wins or the game ends in 
a draw. What is the probability that A wins the tournament. 
Fourteen numbered balls (i.e., 1, 2, 3, ..., 14) are divided in 
three groups randomly. Find the probability that sum of the 
numbers on the balls, in each group, is odd. 


Let P(x) denote the probability of the occurrence of event x. 
Plot all those point (x, y) = (P(A), P(B)) in a plane which satis- 
fies the conditions, 


14. 


15. 


16. 


17. 


18. 


Objective Type 


Probability 9.21 


P(AU B) = 3/4 and 1/8 < P(A B) $3/8 


Two players P, and P, are playing the final of a chess cham- 
pionship, which consists of a series of matches. Probability 
of P, winning a match is 2/3 and that of P, is 1/3. The winner 
will be the one who is ahead by 2 games as compared to the 
other player and wins at least 6 games. Now, if the player P, 
wins first four matches, find the probability of P, wining the 
championship. 


Consider a game played by 10 people in which each flips a fair 
coin at the same time. If all but one of the coins comes up the 
same then the odd persons wins (e.g. if there are nine tails and 
one head then head wins). If such a situation does not occur, 
the players flips again. Find the probability that game is settled 
on or after n' toss. 


A bag contains ‘n’ balls, one of which is white. The probabil- 
ity that A and B speak truth are P, and P,, respectively. One 
ball is drawn from the bag and A and B both assert that it is 
white. Find the probability that drawn ball is actually white. 


A bag contains a total of 20 books on physics and mathemat- 
ics. Any possible combination of books is equally likely. Ten 
books are chosen from the bag and it is found that it contains 
6 books of mathematics. Find out the probability that the 
remaining books in the bag contains 2 books on mathematics. 


A coin is tossed (m +n) times (m > n). Show that the prob- 


ability of at least m consecutive heads is n+2/2™"!. 


Sohitions on page 9.45 


Each question has four choices a, b, c and d, out of which only 
one is correct. Find the correct answer. 


1. 


Given two events A and B. If odds against A are as 2:1 and 
those in favour of A U B are as 3:1, then 


b. 5/12 < P(B)$3/4 


d. none of these 


a. 1/2 < P(B)<3/4 
c. 1/4< P(B) <$3/5 


The probability that a marksman will hit a target is given as 
1/5. Then the probability that at least once hit in 10 shots is 


a. 1-(4/5)"° b. 1/5'° 
ce. 1-(1/5'°) d. (4/5)'° 
A six-faced dice is so biased that it is twice as likely to show 


an even number as an odd number when thrown. It is thrown 
twice, the probability that the sum of two numbers thrown is 
even is ‘ 


a. 1/12 b. 1/6 
e. 1/3 © d. 5/9 
A draws a card from a pack of n cards marked 1, 2, ..., 7. The 


card is replaced in the pack and B draws a card. Then the prob- 
ability that A draws a higher card than B is 
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11. 


12. 


13. 


Algebra 
a (n+1)2n b. 1/2 
c. (n—1) 2n d. none of these 
A student appears for tests I, II and III. The student is success- 


ful if he passes either in tests I and II or tests I and ILI. The 


probabilities of the student passing in tests I, II and III are, 


respectively, p, g and 1/2. If the probability that the student is 
successful is 1/2, then p(1 + q) = 


a. 1/2 
ce. 3/2 


b. 1 
d. 3/4 


A problem in mathematics is given to three students A, B,C 
and their respective probability of solving the problem is 1/2, 
1/3 and 1/4. Probability that the problem is solved is 

a. 3/4 b. 1/2 


c. 2/3 d. 1/3 


The probability that in a family of 5 members, exactly two 
members have birthday on Sunday is 

a. (12x 5°) 7° b. (10x67) 7° 

c. 2/5 d. (10x 6°) 7° 


Three houses are available in a locality. Three persons apply 
for the houses. Each applies for one houses without consulting 
others. The probability that all three apply for the same houses is 
a. 1/9 b. 2/9 


ec. 7/9 d. 8/9 


The numbers 1, 2, 3, ..., n are arrange in random order. The 
probability that the digits 1, 2, 3, ...,k(k<n) appear as neigh- 


‘bours in that order is 


b. k!/n! 
ad. (n—k+D!n! 


a. I/n! 

c. (n—k)!n! 
A die is thrown a fixed number of times. If probability of get- 
ting even number 3 times is same as the probability of getting 
even number 4 times, then probability of getting even number 
exactly once is 
a. 1/6 

c. 5/36 


b. 1/9 
d. 7/128 


A pair of four dice is thrown independently three times. The 
probability of getting a score of exactly 9 twice is 


a. 8/9 b. 8/729 
c. 8/243 d. 1/729 


Five horses are in a race. Mr. A selects two of the horses at 
random and bets on them. The probability that Mr. A selected 
the winning horse is 
a. 3/5 
c. 2/5 


b. 1/5 
d. 4/5 


Let A and B be two events such that P(AUB)=1/6, 


P(A B) =1/4 and P(A) = 1/4 where A stands for complment 


of event A. Then events A and B are 


a, equally likely but not independent 
b. equally likely and mutually exclusive 


14. 


15. 


16. 


17. 


18. 


19. 


* 20. 


21. 


22. 


¢. mutually exclusive and independent 
d. independent but not equally likely 


Words from the letters of the word PROBABILITY are formed 
by taking all letters at a time. The probability that both B’s are 
not together and both /’s are not together is 

a. 52/55 b. 53/55 


ce. 54/55 d. none of these 


A class consists of 80 students, 25 of them are girls and 55 are 
boys. If 10 of them are rich and the remaining are poor and 
also 20 of them are intelligent, then the probability of selecting 
an intelligent rich girl is 
a. 5/128 
ce. 5/512 


b. 25/128 
d. none of these 


Let A, B, C, D be independent events such that P(A)=1/2, 
P(B) = 1/3, P(C) = 1/5 and P(D) = 1/6. Then the probability 
that none of A, B, C and D occurs 
a. 1/180 


c. 1/18 


b. 1/45 
d. none of these 


A sample space consists of 3 sample points with associated 
probabilities given as 2p, p’, 4p — 1. Then the value of p is 


a. p=V11-3 b. V10 -3 


I I 
US aces d. none 


2 


South African cricket captain lost the toss of a coin 13 times 


out of 14. The chance of this happening was 
a. 7/2" b. 1/2" 
c. 13/2'4 d. 13/2! 


Events A and C are independent. If the probabilities relating A, 
B and C are P(A) = 1/5, P(B) = 1/6; PA NC) = 1/20; PBU 
C) = 3/8. Then 


a. events B and C are independent 

b. events B and C are mutually exclusive 

c, events B and C are neither independent nor mutually 
exclusive 

d. events B and C are equiprobable 


There are only two women among 20 persons taking part in a 
pleasure trip. The 20 persons are divided into two groups, each 
group consisting of 10 persons. Then the probability that the 
two women will be in the same group is 

a. 9/19 b. 9/38 

ce. 9/35 d. none 


Let A and B be two events. Suppose P(A) = 0.4, P(B) = p and 
P(A U B) = 0.7. The value of p for which A and B are indepen- 
dent is 
a. 1/3 

e 1/2 


b. 1/4 
d. 1/5 


A man has 3 pairs of black socks and 2 pairs of brown socks 
kept together in a box. If he dressed hurriedly in the dark, the 
probability that after he has put on a black sock, he will then 
put on another black sock is 
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25. 


26. 


27. 


28. 


29. 


30. 


31. 


a. 1/3 
ce. 3/5 


b. 2/3 
d. 2/15 


Five different games are to be distributed among 4 children 
ramidomly. The probability that each child get atleast one game 
is 

a. 1/4 
c. 21/64 


b. 15/64 


d. none of these 


A drawer contains 5 brown socks and 4 blue socks well mixed. 
A san reaches the drawer and pulls out socks at random. What 
is the probability that they match? 

a..4/9 b. 5/8 


c. 5/9 d. 7/12 


Two dices are rolled one after the other. The probability that 
the number on the first is smaller than the number on the 
second is 
a. 1/2 
c. 3/4 


b. 7/18 
d. 5/12 


A natural number is chosen at random from the first 100 natu- 


ral numbers. The probability that x + = > 50 is 


x 
a. 1/10 b. 11/50 
e. 11/20 d. none of these 


A four figure number is formed of the figures 1, 2, 3, 5 with 
no repetitions. The probability that the number is divisible by 
5 is 
a. 3/4 
c. 1/8 


b. 1/4 
d. none of these 


Twelve balls are distributed among three boxes. The probabil- 
ity that the first box contains three balls is 


no(2)" 9 (2° 
ee bee 
9 \3 110\3 


A box contains 2 black, 4 white and 3 red balls. One ball 
is drawn at random from the box and kept aside. From the 
remaining balls in the box, another ball is drawn at random 
and kept aside the first. This process is repeated till all the balls 
are drawn from the box. The probability that the balls drawn 
are in the sequence of 2 black, 4 white and 3 red is 


a. 1/1260 b. 1/7560 
ec. 1/126 d. none of these 


A cricket club has 15 members, of whom only 5 can bowl. If 
the names of 15 members are put into a box and 11 are drawn 
at random, then the probability of getting an eleven containing 
at least 3 bowlers is 
a. 7/13 

ec. 11/15 


b. 6/13 
d. 12/13 


A speaks truth in 60% cases and B speaks truth in 70% cases. 
The probability that they will say the same thing while describ- 
ing a single event is 


32. 


33. 


. 


34. 


35. 


36. 


37, 


38. 


39. 


40. 


Probability 9.23 


a. 0.56 
c. 0.38 


b. 0.54 . 
d. 0.94 


Three integers are chosen at random from the first 20 integers. 
The probability that their product is even is 


a. 2/19 b. 3/29 
ce. 17/19 d. 4/29 


There are 20 cards. Ten of these cards have the letter ‘’ printed 
on them and the other 10 have the letter ‘7” printed on them. If 
three cards are picked up at random and kept in the same order, 
the probability of making word IIT is 

a. 4/27 . b. 5/38 


ce. 1/8 d. 9/80 


The chance of an event happening is the square of the chance 
of a second event but the odds against the first are the cube of 
the odds against the second. The chances of the events are 

a. 1/9, 1/3 b. 1/16, 1/4 


ec. 1/4, 1/2 d. none of these 


If a party of ” persons sit at a round table, then the odds against 
two specified individuals sitting next to each other are 

a. 2:(n — 3) b. (n — 3):2 

ce. (n — 2):2 d. 2:(n — 2) 

The sum of two positive quantities is equal to 2n. The prob- 


ability that their product is not less than 3/4 times their greatest 
product is 


a. 3/4 b. 1/2 
c, 1/4 d. none of these 
A bag contains an assortment of blue and red balls. If two balls 


are drawn at random, the probability of drawing two red balls 
is five times the probability of drawing two blue balls. Further- 
more, the probability of drawing one ball of each colour is six 
times the probability of drawing two blue balls. The number of 
red and blue balls in the bag is 


a. 6, 3 b. 3, 6 
e. 2,7 d. none of these 
Dialing a telephone number an old man forgets the last two 


digits remembering only that these are different dialed at 
random. The probability that the number is dialed correctly is 


a. 1/45 b. 1/90 
c. 1/100 d. none of these 
The probability that a teacher will give an unannounced test 


during any class meeting is 1/5. If a student is absent twice, 
then the probability that the student will miss at least one test 
is 


a. 4/5 b. 2/5 
ce. 7/25 d. 9/25 
A box contains tickets numbered from 1 to 20. Three tickets 


are drawn from the box with replacement. The probability that 
the largest number on the tickets is 7 is 


a. 2/19 b. 7/20 
¢. 1~(7/20)° d. none of these 
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43. 


44, 


45. 


46. 


47, 


48. 


49, 


50. 


51. 


Avlgebra 


Asn unbiased coin is tossed n times. If the probability that head 
occurs 6 times is equal to the probability that head occurs 8 
times, then n= 

b. 14 

d. 19 


a.7 
c.- 16 


One ticket is selected at random from 100 tickets numbered 00, 
O1, 02, ..., 98, 99. If x, and x, denotes the sum and product of 
the digits on the tickets, then P(x, = 9/x, = 0) is equal to 

a. 2/19 b. 19/100 

c- 1/50 d. none of these 


Let A and B be two events such that P(A A B+) = 0.20, 
P(A'A B)=0.15, P(A'O B’) = 0.1, then P(A/B) is equal to 
a. 11/14 b. 2/11 

c. 2/7 d. 1/7 


A and-B toss a fair coin each simultaneously 50 times. The prob- 
ability that both of them will not get tail at the same toss is 


a. (3/4) b. (2/7)°° 
c. (1/8) d. (7/8)*° 


Cards are drawn one-by-one at random from a well-shuffled 
pack of 52 playing cards until 2 aces are obtained from the first 
time. The probability that 18 draws are required for this is 


a. 3/34 b. 17/455 
ec. 561/15925 d. none of these 


A father has 3 children with at least one boy. The probability 
that he has 2 boys and 1 girl is 


a. 1/4 
c. 2/3 


b. 1/3 
d. None of these 


Two players toss 4 coins each. The probability that they both 
obtain the same number of heads is 

a. 5/256 b. 1/16 

ce. 35/128 d. none of these 


In a game called ‘odd man out’ m (m > 2) persons toss a coin 
to determine who will buy refreshments for the entire group. 
A person who gets an outcome different from that of the rest 
of the members of the group is called the odd man out. The 
probability that there is a loser in any game is 


b. m/2”~! 
d. none of these 


a. 1/2m 
c. 2/m 


If a is an integer lying in [— 5, 30], then the probability that 
the graph of y =x? + 2 (a+ 4) x — 5a + 64 is strictly above the 
x-axis is 
a. 1/6 
c. 2/9 


b. 7/36 
d. 3/5 


2n boys are randomly divided into two subgroups containing 
n boys each. The probability that the two tallest boys are in 
different groups is 


a. n/(2n — 1) 
c. (n — 1/4? 


b. (n ~ 1)/(2n- 1) 


d. none of these 


A bag contains some white and some black balls, all combina- 
tions of balls being equally likely. The total number of balls 


52. 


53. 


54, 


55 


Py 


56. 


57. 


58. 


59. 


in the bag is 10. If three balls are drawn at random without 
replacement and all of them are found to be black, the prob- 
ability that the bag contains 1 white and 9 black balls is 

a. 14/55 b. 12/55 

e 2/11 d. 8/55 


Three ships A, B and C sail from England to India. If the ratio 
of their arriving safely are 2:5, 3:7 and 6:11, respectively, then 
the probability of all the ships for arriving safely is 

a. 18/595 b. 6/17 


ce. 3/10 d. 2/7 


The probability of solving a question by three students are 1/2, 
1/4, 1/6, respectively. Probability of question being solved 
will be 

a. 33/48 


ce. 31/48 


b. 35/48 
d. 37/48 


Let A, B, C be three mutually independent events. Consider the 
two statements S, and S.. 


S,: A and B u C are independent. 
S,: A and Bq C are independent. 
Then 
a. both S, and S, are true 
c. only S, is true 


b. only S, is true 
d. neither S, nor S, is true 


If the papers of 4 students can be checked by any one of the 7 
teachers, then the probability that all the 4 papers are checked 
by exactly 2 teachers is 
a. 2/7 

c. 32/343 


b. 12/49 
d. none of these 


A and B play a game of tennis. The situation of the game is as 
follows: if one scores two consecutive points after a deuce, he 
wins, if loss of a point is followed by win of a point, it is deuce. 
The chance of a server to win a point is 2/3. The game is at 
deuce and A is serving. Probability that A will win the match is 
(serves are changed after each game) 

a. 3/5 b. 2/5 


ec. 1/2 d. 4/5 


A coin is tossed 2n times. The chance that the number of times 
one gets head is not equal to the number of times one gets tails 
is 


“ (2n!) (4) 
(my 2) 
(2n!) 1 

1-— — 
(nt)? 4” 


b. 1— (2n!) 
(al? 


d. none of these 


The probability that a bulb produced by a factory will fuse 
after 150 days if used is 0.50. What is the probability that out 
of 5 such bulbs none will fuse after 150 days of use 


a. 1 — (19/20)° b. (19/20)? 
c. (3/4)° d. 90 (1/4)5 
If E and F are the complementary events of events E and F, 


respectively, and if 0 < P(F) < 1, then 
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65. 


66. 


67. 


68. 


a. PC E/F) + P(E/F) = 1/2 
ce. PLE/F) + P(EIF) =1 


b. P(E/F) + P(EIF) = 1 
d. P(EIF) + P(E/F) = 1 


Ina certain town, 40% of the people have brown hair, 25% 
have brown eyes and 15% have both brown hair and brown 
eyes. If a person selected at random from the town, has brown 
hair, the probability that he also has brown eyes is 

a. 1/5 b. 3/8 


c. 1/3 4.2/3 


A letter is known to have come either from LONDON or CLIF- 
TON;; on the postmark only the two consecutive letters ON are 
legible. The probability that it came from LONDON is 
a.1/17 b. 12/17 


c. 17/30 d. 3/5 
Ina game acoin is tossed 2n + m times and a player wins if he 


does not get any two consecutive outcomes same for atleast 2n 
times in a row. The probability that player wins the game is 


m+2 2n+2 
a. ————— b. 

Qn +1 g2n 

2n+2 a” rao) 

gent ° Q?n 


Words from the letters of the word PROBABILITY are formed 
by taking all letters at a time. The probability that both B’s are 
not together and both I’s are not together is 

a. 52/55 b. 53/55 


c. 54/55 d. none of these 


The probabilities of winning a race by three persons A, B and C 
are 1/2, 1/4, and 1/4, respectively. They run two races. The prob- 
ability of A winning the second race when B wins the first race 
is 


a. 1/3 
ce. 1/4 


b. 1/2 
d. 2/3 


A die is rolled 4 times. The probability of getting a larger 
number than the previous number each time is 


a. 17/216 b. 5/432 
ec. 15/432 d. none of these 


Four die are thrown simultaneously. The probability that 4 and 
3 appear on two of the die given that 5 and 6 have appeared on 
other two die is 


a. 1/6 
e. 12/151 


b. 1/36 


d. none of these 


A fair coin is tossed 5 times. then the probability that no two 
consecutive heads occur is 


a. 11/32 
e. 13/32 


b. 15/32 


d. none of these 


A 2n digit number starts with 2 and all its digits are prime, then 
the probability that the sum of all 2 consecutive digits of the 
number is prime is 
a.4x 2" 

ce. 2" 


b.4x2™ 
d. none of these 


69. 


70 


71. 


72. 


73. 


74, 


75. 


76. 


77. 


Probability 9.25 


The numbers (a, b, c) are selected by throwing a dice thrice, 
then the probability that (a, b, c) are in A-P. is 


a. 1/12 b. 1/6 
ec. 1/4 d. none of these 


In an-sided regular polygon, the probability that the two diag- 
onal chosen-at random will intersect inside the polygon is 
2 "Cy mee: 
yen "tay . 
C2 Jer C2 NC, 


n C ‘ 
peas ee d. none of these 
COM C 

2 


A three-digit number is selected at random from the set of all 
three-digit numbers. The probability that the number selected 
has all the three.digits same is 
a. 1/9 


c. 1/50 


b. 1/10 
d. 1/100 


Two numbers a, b are chosen from the set of integers 1,°2, 3, 
..., 39. Then probability that the equation 7a — 9b = O is satis- 
fied is 


a. 1/247 
c. 4/741 


b. 2/247 
d. 5/741 
Two numbers x and y are chosen at random (without replace- 


ment) from amongst the numbers 1, 2, 3, ..., 2004. The prob- 
ability that x> + y’ is divisible by 3 is 


a. 1/3 b. 2/3 

c. 1/6 d. 1/4 

One mapping is selected at random from all mappings of the 
set S = {1, 2, 3, ..., 2} into itself. If the probability that the 
mapping is one-one is 3/32, then the value of x is 

a. 2 b. 3 

c.4 d. none of these 


A bag contains 20 coins. If the probability that thebag contains 
exactly 4 biased coin is 1/3 and that of exactly 5 biased coin is 
2/3, then the probability that all the biased coin are sorted out 
from the bag in exactly 10 draws is 


a od b 2S) 
1G. TG, 33 0c, 
16 15 
. = = re aes d. none of these 
33 “Cy 11 “Cy 


Cards are drawn one by one without replacement from a pack 
of 52 cards. The probability that 10 cards will precede the 
first ace is 


a. 241/1456 b. 164/4165 
¢e. 451/884 d. none of these 
If any four numbers are selected and they are multiplied, then 


the probability that the last digit will be 1, 3, 5 or 7 is 
a. 4/625 b. 18/625 
c. 16/625 d. none of these 
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83. 


84. 


85. 


86. 


87. 


88. 


‘a. 31/56 


Algebra 


Four numbers are multiplied together. Then the probability 
that the product will be divisible by 5 or 10 is 


a. 369/625 b. 399/625 
ce. 123/625 d. 133/625 


A coin is tossed 7 times. Then the probability that at least 4 
consecutive heads appear is 


a. 3/16 
ce. 3/16 


b. 5/32 
d. 1/8 


If odds against solving a question by three students are 2:1, 
5:2 and 5:3, respectively, then probability that the question is 
solved only by one student is 

b. 24/56 


c. 25/56  d. none of these 


An unbiased coin is tossed 6 times. The probability that third 
head appears on the sixth trial is 


a. 5/16 b. 5/32 
c. 5/8 d. 5/64 
There are two urns A and B. Urn A contains 5 red, 3 blue and 2 


white balls, urn B contains 4 red, 3 blue and 3 white balls. An 
urn is choosen at random and a ball is drawn. Probability that 
the ball drawn is red is 


a. 9/10 
c. 11/20 


b. 1/2 
d. 9/20. 


Three critics review a book. Odds in favour of the book are 
5:2, 4:3 and 3:4, respectively, for the three critics. The prob- 
ability that majority are in favour of the book is 

a. 35/49 b. 125/343 


c. 164/343 d. 209/343 


Let A and B are events of an experiment and P(A) = 1/4, 
P(A U B) = 1/2, then value of P(B/A‘) is 


a. 2/3 b. 1/3 
c. 5/6 d. 1/2 
The probability that an automobile will be stolen and found 


within one week is 0.0006. The probability that an automobile 
will be stolen is 0.0015. The probability that a stolen automo- 
bile will be found in one week is 
a. 0.3 
ce. 0.5 


b. 0.4 
d. 0.6 


A pair of numbers is picked up randomly (without replace- 
ment) from the set {!, 2, 3,5, 7, 11, 12, 13, 17, 19}. The prob- 
ability that the number 1! was picked given that the sum of the 
numbers was even is nearly 
a. 0.1 


c. 0.24 


b. 0.125. 

d. 0.18 

An unbiased cubic die marked with 1, 2, 2, 3, 3, 3 is rolled 3 
times. The probability of getting a total score of 4 or 6 is 

a. 16/216 b. 50/216 : 

ce. 60/216 d. none of these 


A bag contains 3 red and 3 green balls and a person draws out 
3 at random. He then drops 3 blue balls into the bag and again 


89. 


90. 


OL. 


92. 


93. 


94. 


95. 


‘ec. 5/6 


draws out 3 at random. The chance that the 3 later balls being 
all of different colours is 


a. 15% 
c.27% - 


b. 20% 
d. 40% 


A bag contains 20 coins. If the probability that bag contains 

exactly 4 biased coin is 1/3 and that of exactly 5-biased coin is 

2/3, then the probability that all the biased coin are sorted out 

from the bag in exactly 10 draws is 

a, 5. 8G, 1 MGs b 2 Aes 
85. A, 


: 33 0¢, 


26 Tee: 
aa Ce ALC; 


d. none of these 


A doctor is called to see a sick child. The doctor knows (prior 
to the visit) that 90% of the sick children in that neighbour- 
hood are sick with the flu, denoted by F, while 10% are sick 
with the measles, denoted by M. A well-known symptom of 
measles is a rash, denoted by R. The probability of having a 
rash for a child sick with the measles is 0.95. However, occa- 
sionally children with the flu also develop a rash, with condi- 
tional probability 0.08. Upon examination the child, the doctor 
finds a rash. Then what is the probability that the child has the 
measles? 


a. 91/165 
c. 82/161 


b. 90/163 
d. 95/167 


A dice is thrown six times, it being known that each time a 
different digit is shown. The probability that a sum of 12 will 
be obtained in the first three throws is 


a. 5/24 b. 25/216 
ce. 3/20 d. 1/12 


A composite number is selected at random from the first 30 
natural numbers and it is divided by 5. The probability that 
there will be a remainder is 


a. 14/19 b. 5/19 


d. 7/15 


Let E be an event which is neither a certainty nor an impos- 
sibility. If probability is such that P(E) = 1 + 4 + # and 
P(E’) = (J +4)? in terms of an unknown 4. Then P(E) is equal to 


a. | b. 3/4 


ce. 1/4 d. none of these 


A student can solve 2 out of 4 problems of mathematics, 3 out 
of 5 problem of physics and 4 out of 5 problems of chemistry. 
There are equal number of books of math, physics and chem- 
istry in his shelf. He selects one book randomly and attempts 
10 problems from it. If he solves the first problem, then the 
probability that he will be able to solve the second problem is 


a. 2/3 b. 25/38 
ec. 13/21 d. 14/23 


A fair die is tossed repeatedly. A wins if it is 1 or 2 on two 
consecutive tosses and B wins if it is 3, 4, 5 or 6 on two con- 
secutive tosses. The probability that A wins if the die is tossed 
indefinitely is 
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b. 5/21 
d. 2/5 


a. 1/3 
c. 1/4 


Whenever horses a, b, c race together, their respective prob- 
abilities of winning the race are 0.3, 0.5 and 0.2, respectively. 
If they race three times the probability that ‘the same horse 
wins all the three races, and the probability that a, b, c each 
wins One race are, respectively 


a. 8/50, 9/50 
c. 12/50, 15/50 


b. 16/100, 3/100 
d. 10/50, 8/50 


Five different games are to be distributed among 4 children 
randomly. The probability that each child get atleast one game 
is : 

ib. 15/64 


d. none of these 


a. 1/4 
c. 21/64 


Forty teams play a tournament. Each team plays every other 
team just once. Each game results in a win for one team. If 
each team has a 50% chance of winning each game, the prob- 
ability that at the end of the tournament, every team has won a 
different number of games is 


a. 1/780 
ce. 401/37 


b. 401/27" 
d. none of these 


If three squares are selected at random from chessboard, then 
the probability that they form the letter ‘L’ is 


a. 196/"C, b. 49/C, 
c. 36/"C, d. 98/%C, 


A bag has 10 balls. Six balls are drawn in-an attempt and’ 


replaced. Then another draw of 5 balls is made from the bag. 
The probability that exactly two balls are common to both the 
draw is 
a. 5/21 


ce. 7/21 


b. 2/21 
d. 3/21 


There are 3 bags. Bag 1 contains 2 red and a’ — 4a + 8 black 
balls, bag 2 contains 1 red and a — 4a + 9 black balls and bag 
3 containa 3 red and a? — 4a + 7 black balls. A ball is drawn at 
random from at random chosen bag. Then the maximum value 
of probability that it is a red bail is 


b. 1/2 
d. 4/9 


a. 1/3 
c. 2/9 
The probability that a random chosen three-digit number has 
exactly 3 factors is 
a. 2/225 
c. 1/800 


b. 7/900 


d. none of these 


Let p, g be chosen one by one from the set {1, aos af 2, e, 1} 
with replacement. Now a circle is drawn taking (p, q) as its 
centre. Then the probability that at the most two rational points 
exist on the circle is (rational points are those points whose 
both the coordinates are rational) 
a. 2/3 


c. 8/9 


b. 7/8 


d. none of these 


An event X can take place in conjuction with any one of the 
mutually exclusive and exhaustive events A, B and C. If A, 


105. 
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Probability 9.27 


B, C are equiprobable and the probability of X is 5/12, and 
the probability of X taking place when A has happened is 3/8, 
while it is 1/4 when B has taken place, then the probability of 
X taking place in conjuction with C is 


a. 5/8 b. 3/8 
ec. 5/24 d. none of these - 
On a Saturday night, 20% of all drivers in U.S.A. are under 


the influence of alcohol. The probability that a driver under 
the influence of alcoho! will have an accident is 0.001. The 
probability that a sober driver will have an accident is 0.0001. 
If acar on a Saturday night smashed into a tree, the probability 
that the driver was under the influence of alcohol is ; 


a. 3/7 b. 4/7 
ce. 5/7 d. 6/7 
A purse contains 2 six-sided dice. One is a normal fair die, 


while the other has two I's, two 3’s, and two 5’s. A die is 
picked up and rolled. Because of some secret magnetic attrac- 
tion of the unfair die, there is 75% chance of picking the unfair 
die and a 25% chance of picking a fair die. The die is rolled 
and shows up the face 3. The probability that a fair die was 
picked up is 


a. 1/7 b. 1/4 
c. 1/6 d. 1/24 
Five different marbles are placed in 5 different boxes ran- 


domly. Then the probability that exactly two boxes remain 
empty is (each box can hold any number of marbles) 


a. 2/5 b. 12/25 
c. 3/5 d. none of these 
There are 10 prizes, five A’s, three B’s and two C’s, placed in 


identical sealed envelopes for the top 10 contestants in a math- 
ematics contest. The prizes are awarded by allowing winners 
to select an envelope at random from those remaining. When 
the 8" contestant goes to select the prize, the probability that 
the remaining three prizes are one A, one B and one C is 


a. 1/4 b. 1/3 
e. 1/12 d. 1/10 
Thirty-two players ranked 1 to 32 are playing in a knockout 


tournament. Assume that in every match between any two 
players, the better-ranked player wins, the probability that 
ranked 1 and ranked 2 players are winner and runner up, 
respectively, is , 


a. 16/31 b. 1/2 
e. 17/31 d. none of these 
Three integers are chosen at random from the set of first 20 


natural numbers. The chance that their product is a multiple of 
3 is 


a. 194/285 b. 1/57 
c. 13/19 “d. 3/4 
A car is parked among N cars standing in a row, but not at 


either end. On his return, the owner finds that exactly ‘r’ of 
the N places are still occupied. The probability that the places 
neighouring his car are empty is 
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Algebra 
Pa r-b! b. r-l! W-r)! 
(N-1) (N -1) 
(N-ryN-r-h 4 GS 
(N +1)(N +2) NE. 


One ticket is selected at random from 100 tickets numbered 
00, 01, 02, ..., 99. Suppose A and B are the sum and product of 
the digit found on the ticket. Then P((A = 7)/(B = 0)) is given 
by 

a. 2/13 
c. 1/50 


b. 2/19 
d. none of these 


A fair coin is tossed 100 times. The probability of getting 
tails 1, 3, ..., 49 times is 
a. 1/2 
c. 1/8 


b. 1/4 
d. 1/16 


A pair of unbiased dice is rolled together till a sum of either 5 
or 7 is obtained. The probability that 5 comes before 7 is 


a. 2/5 b. 3/5 
ce. 4/5 d. none of these 


If n integers taken at random are multiplied together, then the 
probability that the last digit of the product is 1,3, 7 or 9is 


b. 4"— 2/5" 


ce. 4"/ 5" d. none of these 


If A and B each toss three coins. The probability that both get 
the same number of heads is 


a. 1/9 
c. 5/16 


b. 3/16 
d. 3/8 


Let A be a set containing n elements. A subset P of the set A is 
chosen at random. The set A is reconstructed by replacing the ele- 
ments of P, and another subset Q of A is chosen at random. The 
probability that P 7 Q contains exactly m(m <n) elements is 


a. Bre qn b. "C., x 3/4 

"CC, x 37/4" d. none of these 

A fair die is thrown 20 times. The probability that on the 10" 
throw, the fourth six appears is 
a 6 xO IE” 


c. 84x 5°/6° 


b. 120x5’7/6!° 


d. none of these 


If p is the probability that a man aged x will die in a year, then 
the probability that out of n men A,,A,, ...; A, each aged x, A, 
will die in an year and be the first to die is 

a.l—-(1-p)": b. (1 — p)" 

ce. I/n{1-d- p)"] d. 1/n(1— p)" 

A bag contains n white and x black balls. Pairs of balls are drawn 
without replacement until the bag is empty. The probability that 
each pair consists of one white and one black ball is 

Be LLP"C, b. 2n/?"C, 

c. 2n/n! d. 2n/(2n!) 
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A man alternately tosses a coin and throws a die beginning 
with the coin. The probability that he gets a head in the coin 


before he gets a 5 or 6 in the dice is 


b. 1/2 
d. none of these 


a. 3/4 
ec. 1/3 


There are 3 bags which are known to contain 2 white and 3 
black, 4 white and 1 black, and 3 white and 7 black balls, 
respectively. A ball is drawn at random from one of the bags 
and found to be a black ball. Then the probability that it was 
drawn from the bag containing the most black ball is 


a. 7/15 b. 5/19 
ce. 3/4 d. None of these 


Consider f(x) = x7 + ax? + bx + c. Parameters a, b, c are chosen, 
respectively, by throwing a die three times. Then the probabil- 
ity that f(x) is an increasing function is 

a. 5/36 b. 8/36 

c. 4/9 d. 1/3 


A fair coin is tossed 10 times. Then the probability that two 
heads do not occur consecutively is 


a. 7/64 b. 1/8 
c. 9/16 d. 9/64 


Ifa and b are chosen randomly from the set consisting of num- 
bers 1, 2, 3, 4, 5, 6 with replacement. Then the probability that 
lim [(a* +b*)/2)/* = 6 is 
x70 

a. 1/3 

e. 1/9 


ce. 1/4 
d. 2/9 


An artillery target may be either at point I with probability 8/9 
or at point IT with probability 1/9. We have 55 shells, each of 
which can be fired either rat point I or II. Each shell may hit 
the target, independent of the other shells, with probability 1/2. 
Maximum number of shells must be fired at point I to have 
maximum probability is ; 

a. 20 b. 25 

c. 29 . d. 35 

An urn contains 3 red balls and n white balls. Mr. A draws two 
balls together from the urn. The probability that they have the 
same colour is 1/2. Mr. B draws one balls form the urn, notes 
its colour and replaces it. He then draws a second ball from the 
urn and finds that both balls have the same colour is 5/8. The 
possible value of 17 is 

a.9 b. 6 

c.5 d. 1 

A hat contains a number of cards with 30% white on both sides, 
50% black on one side and white on the other side, 20% black 
on. both sides. The cards are mixed up, and a single card is 
drawn at random and placed on the table. Its upper side shows 
up black. The probability that its other side is also black is 


a. 2/9 b. 4/9 
c. 2/3 d. 2/7 


All the jacks, queens, kings and aces of a regular 52 cards deck 
are taken out. The 16 cards are thoroughly shuffled and my 
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opponent, a person who always tells the truth, simultaneously 
draws two cards at random and says, ‘I hold at least one ace’. 


- The probability that he holds two aces is 


b. 4/9 
d. 1/9 


a. 2/8 
ce. 2/3 


Mr. A lives at origin on the Cartesian plane and has his office 
at (4, 5). His friend lives at (2, 3) on the same plane. Mr. A 
can go to his office travelling one block at a time either in the 
+y or +x direction. If all possible paths are equally likely then 
the probability that Mr. A passed his friends house is (shortest 
path for any event must be considered) : 


al/2 ° b. 10/21 
c. 1/4 d. 11/21 


Multiple Correct Answers aA ek=me Solutions on page 9.60 


Each question has four choices a, b, c and d, out of which one or 
more answers are correct. 


1. 


If A and B are two independent events such that 
P(A) = 1/2 and P(B) =1/5, then 
a. P(A U B) = 3/5 

c. P(A/A U B) = 5/6 


b. P(A/B) = 1/4 

d. P(AA BIA UL B) =0 

Let A and B be two events such that P(A B‘’) = 0.20, 
P(A’ B) = 0.15 and P(A and B both fail) = 0.10. Then 

a. P(A/B)=2/7 b. P(A) = 0.3 

c. P(A UB) = 0.55 d. P(B/A)=1/2 


If A and B are two events such that P(A) = 3/4 and P(B) = 5/8, 
then 

a. P(AU B)23/4 

c. 3/85 P(ANB)S5/8 


b. P(A’ OB) <1/4 
d. 3/8< P(ANB)<5/8 


If A and B are two mutually exclusive events, then 
a. P(A)< P (B) b. P(A) > P(B) 
ce. P(B) < P(A) d. P(A) > P(B) 


The probability that a married man watches a certain TV show 
is 0.4 and the probability that a married woman watches the 
show is 0.5. The probability that a man watches the show, 
given that his wife does, is 0.7. Then 


a. the probability that married couple watchs the show is 0.35 
b. the probability that a wife watches the show given that her 
husband does is 7/8 

c. the probability that atleat one person of a married couple 
will watch the show is 0.55 


d. none of these 


A and B are two events defined as follows: 

A: It rains today with P(A) = 40% 

B: It rains tomorrow with P(B) = 50% 

Also, P(it rains today and tomorrow) = 30% 

Also, E,: P(A A BY(A VU B)) and E,: P({(A 9 Bor 


(BU A)(A U B)). Then which of the following is/are true? 


10. 


Probability 9.29 


-a. A and B are independent 


b. P(A/B) < P(B/A) 
c. E, and E, are equiprobable 
d. P(AK(A U B)) = P(BKA U B)) 


. Two numbers are randomly selected and multiplied. Consider 


two events E, and E, defined as 
E: Their product is divisible by 5 


E,: Unit’s places in their product is 5 

Which of the following statement is/are correct? 
a. E, is twice as likely to occur as E, 

b. E, and E, are disjoint 

c. P(EJE,) = 1/4 

d. P(E/E,) = 1 


. Probability if 2 heads in 2n tosses of a fair coin can be given 


n(2r-1 nint+r 
a. b. 
nf 2r fi 2r 


The probability that a 50-year-old man will be alive at 60 is 
0.83 and the probability that a 45-year-old woman will be 
alive at 55 is 0.87. Then 


a. the probability that both will be alive is 0.7221 
b. at least one of them will alive is 0.9779 
c. at least one of them will alive is 0.8230 
d. the probability that both will be alive is 0.6320 


Which of the following statement is/are correct? 


a. Three coins are tossed once. At least two of them must land © 
the same way. No mater whether they land heads or tails, 
the third coin is equally likely to land either the same way 
or oppositely. So, the chance that all the three coins land thé 
same way is 1/2. 

b. Let 0 < P(B) < 1 and P(A/B) = P(A/B‘). Then A and B are 
independent. ; 

c. Suppose an urn contains ‘w’ white and ‘b’ black balls and 
a ball is drawn from it and is replaced along with ‘d’ addi- 
tional balls of the same colour. Now a second ball is drawn 
from it. The probability that the second drawn ball is white 
is independent of the value of ‘d’. 

d. A, B, C simultaneously satisfy 
P(ABC) = P(A) P(B) P(C) 

P(ABC) = P(A) P(B) P(C) 
P(ABC) = P(A) P(B) P(C) 
P(A-BC) = P(A) P(B) P(C) 

Then A, B, C are independent. 
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Algebra 


A bag initially contains 1 red and 2 blue balls. An experiment 
consisting of selecting a ball at random, noting its colour and 
replacing it together with an additional ball of the same colour. 
If three such trials are made, then 


a. probability that at least one blue ball is drawn is 0.9 


b. probability that exactly one blue ball is drawn is 0.2 


c. probability that all the drawn balls are red given that all the 
drawn balls are of same colour is 0.2 


d. probability that atleast one red ball is drawn is 0.6 


P(A) = 3/8; P(B) = 1/2; P(A U B) = 5/8, which of the follow- 
ing do/does hold good? 

a. P(AS/B) = 2P(A/B®) b. P(B) = P(A/B) 

c. 15 P(AUB®) = 8P(BIA‘) d. P(A/B°) = (A 7B) 


The chance of an event happening is the square of the chance 
of a second event but the odds against the first are the cube of 
the odds against the second. The chances of the events are 
a.p, = 1/9 b. p, = 1/16 

c. p, = 1/3 d. p, = 1/4 


A bag contains b blue balls. and r red balls. If two balls are 
drawn at random, the probability of drawing two red balls is 
five times the probability of drawing two blue balls. Further- 
more, the probability of drawing one ball of each colour is six 
times the probability of drawing two blue balls. Then 


ab+r=9 b. br = 18 
elb-n=4. d. b/r =2 


In a precision bombing attack, there is a 50% chance that any 
one bomb will strike the target. Two direct hits are required 
to destroy the target completely. The number of bombs which 
should be dropped to give a 99% chance or better of com- 
pletely destroying the target can be 

a. 12 b. 11 


c. 10 d. 13 


If A and B are two events, the probability that exactly one of 
them occurs is given by 


a. P(A) + P(B) — 2P(A 7 B) b. P(A AB) + P(AMB) 
c. P(A UB) — P(A B) d. P(A) + P(B) — 2P(AMB) 


If A and B are two events, then which one of the following is/ 
are always true? 


a. P(A’A B) > P(A) + P(B) - 1 
b. P(A 0 B) < P(A) 

c. P(A’ B) > P(A) + P(B) — 1 
d. P(A 7 B) = P(A) P(B) 


If A and B are two independent events such that P(A) = 1/2, 
P(B) = 1/5, then 


a. P(A/B)=1/2 een 
AUB 6 
ANB 
p( 422) =0 d. none of these 
A°UB 


IfA and B are two independent events such that 
P(A 1 B) = 2/15 and P(A m B) = 1/6, then P(B) is 


a. 1/5 b. 1/6 
c. 4/5 d.5/6 

20. Two buses A and B are scheduled to arrive at a town central 
bus station at noon. The probability that bus A will be late is 
1/5. The probability that bus B will be late is 7/25. The prob- 
ability that the bus B is late given that bus A is late is 9/10. 
Then, 


a. probability that neither bus will be late on a particular day 
is 7/10 


b. probability that bus A is late given that bus B is late is 18/28 
c. probability that at least one bus is late is 3/10 
d. probability that at least one bus is in time is 4/5 


21. Ifp and q are chosen randomly from the set {1, 2, 3, 4, 5, 6, 7, 
8, 9, 10} with replacement, then the probability that the roots 
of the equation x? + px +q =0 
a. are real is 33/50 b. are imaginary is 19/50 


c. are real and equal is 3/50 d. are real and distinct is 3/5 


22. Two numbers are chosen from {1, 2, 3, 4, 5, 6, 7, 8} one after 
another without replacement. Then the probability that’ 


a. the smaller value of two is less than 3 is 13/28 
b. the bigger value of two is more than 5 is 9/14 
c. product of two number is even is 11/14 
d. none of these 
23. A fair coin is tossed 99 times. Let X be the number of times 
heads occurs. Then P(X = r) is maximum when r is 
a. 49 b. 52 
ec. 51 d. 50 


24. If the probability of choosing an integer ‘k’ out of 2m integers 
1, 2, 3, ..., 2m is inversely proportional to (1 <k < m). If x, 
is the probability that chosen number is odd and x, is the prob- 
ability that chosen number is even, then 
a.x, > 1/2 b. x, > 2/3 


ec. x, < 1/2 d. x, < 2/3 


Reasoning Type . - Solutions on page 9.64 


Each question has four choices a, b, c, and d, out of which only one is 
correct. Each question contains STATEMENT 1 and STATEMENT 
2; : 


a. Both the statements are TRUE and STATEMENT 2 is the correct 
explanation of STATEMENT 1. 


b. Both the statements are TRUE but STATEMENT 2 is NOT the 
correct explanation of STATEMENT !. 


c. STATEMENT | is TRUE and STATEMENT 2 is FALSE. 


d. STATEMENT 1! is FALSE and STATEMENT 2 is TRUE. 
1. Statement 1: For events A and B of sample space if 


P (4) 2 P(A), then P (2) = P(B). 


Statement 2: P (4) 


_ P(ANB) 


P(B) #0). 
P(B) (P(B) # 0) 


downloaded from jeemain.guru 


10. 


11. 


A fair die is rolled once. 

Statement 1: The probability of getting a composite number 
is 1/3. : 

Statement 2: There. are three possibilities for the obtained 
number: (i) the number is a prime number, (ii) the number is a 
composite number and (iii) the number is 1. Hence probability 
of getting a prime number is 1/3. 


Statement 1: If P(A) = 0.25, P(B) = 0.50 and P(A 7B) = 0.14, 
then the probability that neither A nor B occurs is 0.39. 


Statement 2:(AU B)=AUB. 

Let A and B be two events such that P(A) = 3/5 and P(B) = 2/3. 
Then 

Statement 1: 4/15 < P(A B) <3/5. 

Statement 2: 2/5 < P(A/B)) < 9/10. 


Statement 1: If A, B, C be three mutually-independent events, 
then A and BU C are also independent events. 


Statement 2: Two events A and ’B are independent if and only 
if P(A 7B) = P(A) P(B). 


Statement 1: Out of 5 tickets consecutively numbered, three 
are drawn at random. The chance that the numbers on them are 
in A.P. is 2/15. 


Statement 2: Out of 2n + 1 tickets consecutively numbered, 


three are drawn at random, the chance that the numbers on 


them are in A.P. is 3n/(4n? -1). 


Let A and B be two event such that P(A U B) > 3/4 and 
1/8 < PAN B) <3/8. 

Statement 1: P(A) + P(B) > 7/8. 

Statement 2: P(A) + P(B) < 11/8. 


Statement 1: The: probability of drawing either an ace or a 
king from a pack of card in a single draw is 2/13. 


Statement 2: For two events A and B which are not mutually 
exclusive, P(A U B) = P(A) + P(B) — P(A B). 

Let A and B be two independent events. 

Statement 1: If P(A) = 0.4 and then P(A U B) = 0.9, then 
P(B) is 1/6. 


Statement 2: If A and B are independent, then P(A ™ B) 
= P(A)P(B). 


Consider an event for which probability of success is 1/2. 
Statement 1: Probability that in 7 trials, there are r successes 
where r = 4 and k is an integer is 


] Lf nt 
FT Sa S83 | tas 
4 2 4 


Statement 2:"C, + "C, + "Cyt s gn sin( 

4 
Statement 1: If A and B are two events such that 0 < P(A), 
P(B) < 1, then P(A/B) + P(A/B) = 3/2.. 


Statement 2: If A and B are two events such that 0 < P(A), P(B) 
<1, then 


P(A/B) = P(A O B)/ P(B) and P(B) = P(ANB)+ P(A B) 


Probability 9.31 


12. Statement 1: If a fair coin is tossed 15 times, then the prob- 
ability of getting head as many times in the first ten throws as 
in the last five is 3003/32768. 


Statement 2: Sum of the series ME MC HMC, PC, to EMC PC, 
= mete 

13. Statement 1: If A = {2, 4,6}, B= {1, 2,3} where A and B are the 
events of numbers occurring on a dice, then P(A) + P(B) = 1. - 


Statement 2: If A,, A,, A,, ..-, A, are all mutually exclusive 
events, then P(A,) + P(A,) + +--+ P(A.) =1. 


14. Statement 1: There are 4 addressed envelopes and 4 letters for 
~ each one of them. The probability that no letter is mailed in its 
correct envelops is 3/8. 


Statement 2: The probability that all letters are not mailed in 
their correct envelope is 23/24. 
15. Let A and B be two independent events. 


Statement 1: If P(A) = 0.3 and P(A U B) = 0.8, then P(B) is 
2/7. 


Statement 2: P(E) = 1 — P(E), where E is any event. 


Linked Comprehension Type [Rywaiuiran page 9.66 


Based upon each paragraph, three multiple choice questions have 
to be answered. Each question has four choices a, b, c and d, out of 
which only one is correct. 


For Problems 1-3 


In a class of 10 students, probability of exactly i students passing an 
examination is directly proportional to 2. Then answer the following 
questions: 


1. The probability that exactly 5 students passing an examina- 


tion is 
a. 1/11 b. 5/77 
ec. 25/77 d. 10/77 


2. Ifa student is selected at random, then the probability that he 
has passed the examination is 


a. 1/7 
e. 11/14 


b. 11/35 
d. none of these 


3. Ifa students selected at random is found to have passed the 
examination, then the probability that he was the only student 
who has passed the examination is 


a. 1/3025 b. 1/605 
ec. 1/275 d. 1/121 
For Problems 4-6 


A shoping mall is running a scheme: ‘Each packet of detergent “SURF” 
contains a coupon which bears letter of the word “SURF”, if a person 
buys at least four packets of detergent “SURF”, and produce all the letters 
of the word “SURF”, then he gets one free packet of detergent. 


4. If a person buys 8 such packets at a time, then number of dif- 
ferent combinations of coupon he has 


a. 48 b. 8? 
c HC, d. °C, 
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5. If person buys 8 such packets, then the probability that he 
gets exactly one free packets is 
a. 7/33 
ec. 13/55 


b. 102/495 


d. none of these 


6- Ifa person buys 8 such packets, then the probability that he 
gets two free packets is 


a. 1/7 
c. 1/42 


b. 1/5 
d. 1/165 


For Problems 7-9 


In an objective paper, there are two sections of 10 questions each. For 

‘section 1’, each question has 5 options and only one option is correct 

and ‘section 2’ has 4 options with multiple answers and marks for a 

question in this section is awarded only if he ticks all correct answers. 

Marks for each question in ‘section 1’ is 1 and in ‘section 2’ is 3. (There 

is no negative marking.) 

7. If a candidate attempts only two questions by guessing, one 

from ‘section 1’ and one from ‘section 2’, the probability that 
he scores in both questions is 


a. 74/75 
ec. 1/15 


b. 1/25 

d. 1/75 

8. If a candidate in total attempts 4 questions all by guessing, 
then the probability of scoring 10 marks is 
a. 1/15(1/15) b. 4/5(1/15)? 
ec. 1/5(14/15)° d. none of these 

9. The probability of getting a score less than 40 by answering all 
the questions by guessing in this paper is 
a. (1/75)!° b. 1 — 1/75)" 
c. (74/75) d. none of these 


For Problems 10-12 


There are two die A and B both having six faces. Die A has three faces 
marked with 1, two faces marked with 2 and one face marked with 3. 
Die B has one face marked with 1, two faces marked with 2 and three 
faces marked with 3. Both dices are thrown randomly once. If E be the 
event of getting sum.of the numbers appearing on top faces equal to x 
and let P(£) be the probability of even E, then 


10. P(E) is maximum when x equal to 


a. 5 b. 3 

c.4 d. 6 
11. P(E) is minimum when x equals to 

a.3 b. 4 

c.5 d. 6 
12. When x =4, then P(E) is equal to 

a. 5/9 b. 6/7 

ec. 7/18 d. 8/19 


For Problems 13-15 


A JEE aspirant estimates that she will be successful with an 80% chance 
if she studies 10 hours per day, with a 60% chance if she studies 7 hours 
per day and with a 40% chance if she studies 4 hours per day. She further 


believes that she will study !0 hours, 7 hours and 4 hours per day with 
probabilities 0.1, 0.2 and 0.7, respectively. 


13. The chance she will be successful is 


a. 0.28 b. 0.38 
c. 0.48 d. 0.58 
14. Given that she is successful, the chance that she studied for 4 
hours is 
a. 6/12 b. 7/12 
ce. 8/12 d. 9/12 


15. Given that she does not achieve success, the chance she stud- 
ied for 4 hour is 


a. 18/26 
c. 20/26 


b. 19/26 
d. 21/26 


For Problems 16-18 
Let S and T are two events defined on a sample space with probabilities 
P(S) = 0.5, P(T) = 0.69, P(S/T) = 0.5 : 
16. Events S and 7 are 
a. mutually exclusive 
b. independent 
c. mutually exclusive and independent 
d. neither mutually exclusive nor independent 


17. The value of P(S and 7) is 


a. 0.3450 b. 0.2500 

c. 0.6900 d. 0.350 
18. The value of P(S or T) is 

a. 0.6900 b. 1.19 

c. 0.8450 d.0 


For Problems 19-21- 


An amoeba either splits into two or remains the same or eventually dies 
out immediately after completion of every second with probabilities, 
respectively, 1/2, 1/4 and 1/4. Let the initial amoeba be called as mother 
amoeba and after every second, the amoeba, if it is distinct from the 
previous one, be called as 2", 34, ... generations. 


19. The probability that immediately after completion of 2 s all the 
amoeba population dies out is 


a. 9/32 b. 11/32 
ec. 1/2 d. 3/32 
20. The probability that after 2 s exactly 4 amoeba are alive is 
a. 1/16 b. 1/8 
c. 1/4 d. 1/2 


21. The probability that amoeba population will be maximum 
after completion of 3 s is 


a. 1/2? b. 1/26 
ec. 1/28 d. none of these 
For Problems 22—24 


A cube having all of its sides painted is cut by two horizontal, two 
vertical and other two planes so as to form 27 cubes all having the same 
dimensions. Of these cubes, a cube is selected at random. 
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22. 


- 23, 


The probability that the cube selected has none of its sides 
painted is 


a. 1/9 
ce. 1/18 


b. 1/27 
d. 5/54 


The probability that the cube selected has two sides painted is 
a. 1/9 b. 4/9 


c. 8/27 d. none of these 

The total number of cubes having at least one of its sides 
painted is 

a. 8 b. 53 

c. 49 d. 26 


For Problems 25-27 


There are some experiments in which the outcomes cannot be identified 
discretely. For example, an ellipse of eccentricity 2/2 /3 is inscribed in 
acircle and a point within the circle is chosen at random. Now, we want 


to find the probability that this point lies outside the ellipse. Then, the - 


point must lie in the shaded region shown in Fig. 9.8. Let the radius of the 
circle be @ and length of minor axis of the ellipse be 2b. Given that 


Y 


Fig. 9.8 


\\ 


Then, the area of circle serves as sample space and area of the shaded region 
represents the area for favourable cases. Then, required probability is _ 


__ area of shaded region 
area of circle 


na’ — mab 


na’ 


=]--— 


a 


=|-— 


a 


=|-— 


Now answer the following questions. 


25. 


A point is selected at random inside a circle. The probability | 
that the point is closer to the centre of the circle than to its 
circumference is 


a. 1/4 
ec. 1/3 


b. 1/2 


d. 1/2 


26. 


Probability 9.33 


Two persons A and B agree to meet at a place between 5 and 
6 pm. The first one to arrive waits for 20 min and then leave. 
If the time of their arrival be independent and at random, then 
the probability that A and B meet is 

a. 1/3 b. 1/3 


c. 2/3 d. 5/9 


27. If points x, y are chosen randomly from the intervals [0, 2] and 
[0, 1], respectively, then the probability that y < x? is 
a. 1/2 b. 2/3 
c. 3/4 d. 1/4 
For Problems 28-30 
If the squares of a 8 = 8 chessboard are painted either red or black at 
random. 


28. 


29. 


30. 


The probability that not all the squares in any column are alter- 
nating in colour is 


a. (1 — 1/27) 
c. 1 — 1/2? 


b. 1/2°6 


. d. none of these 


The probability that the chessboard contains equal number of 
red and black squares is 


aor 64! 
a, — . 
2s 322% 
32 
c =i d. none of these 
2 


The probability that all the squares in any column are of same 
colour and that of a row are of alternating colour is 


a. 1/2 b. 1/2 
e. 1/2 d. none of these 


For Problems 31-33 


Two fair dice are rolled. Let P(A,) > 0 denote the event that the sum of 
the faces of the dice is divisible by i. 


31. 


Which one of the following events is most probable? 
a.A, b.A, 
c. A, d. A, 


32. For which one of the following pairs (i, ) are the events A, and 
A, independent? 
a. (3, 4) b. (4, 6) 
c. (2, 3) d. (4, 2) 

33. The number of all possible ordered pairs (i, /) for which the 
events A, and A, are independent is 
a. 6 b. 12 
ec. 13 d. 25 

For Problems 34-36 


A player tosses a coin and scores one point for every head and two points 
for every tail that turns up. He plays on until his score reaches or passes 
n. P| denotes the probability of getting a score of exactly n. 


34. 


The value of P, is equal to 
a. (1/2) [P,_, + P,_2] 
ce. (1/2) [P,1 + 2P,_2] 


b. (1/2) [2P,_,+P,_o] 


nol 


d. none of these 
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35. The value of P, + (1/2) P,_; is equal to 


a. 1/2 b. 2/3 

c. 1 d. none of these 
36. “Which of the following is not true? 

a.P,>2/3 b. P,,, < 2/3 

Ce Piggy Pig, > 23 d. none of these 


For Problems 37-39 


The probability that a family has exactly n children is ap", n> 1. 
All sex distributions of n children in a family have the same 
probability. 
37. ‘The probability that a family contains exactly k boys 
is (where k > 1) 
a. ap*(1 — py*'! b. 2ap*(2 — py*' 
c. 2ap(2 — py* d. 2ap*-'(2 — p)*'! 


38. ‘The probability that a family includes at least one boy is 


es a) 
(2 — pl - p) (2— p)(l- p) 
c. _ OP d. _ 2ap 
(2— p)(1— p) (2— p)(- p) 


39. Given that a family includes at least one boy, show that the 
probability that there are two or more boys is 


a. pi(2 - p) b. p/(1 —p) 
c. pi(2 - py? d. p/(1 — py 


Matrix-Match Type Solutions on page 9.69 


Each question contains statements given in two columns which have 
to be matched. Statements a, b, c, d in column I have to be matched 
with statements p, q, r, s in column II. If the correct matches are 
a—p, a—s, b—q, b—r, c—p, c—q and d-—s, then the correctly 
bubbled 4 x 4 matrix should be as follows: 


1. An urn contains four black and eight white balls. Three balls 
are drawn from the urn without replacement. Three events are 
defined on this experiment. 


A: Exactly one black ball is drawn. 
B: All balls are drawn are of the same colour. 


C: Third drawn ball is black. 


Match the entries of column I with none, one or more entries of 
column II.- 


. Column I Column II 


a. The events A and B are p- mutually exclusive: 


b. The events B and'C are q- independent 


c. The events C and A are r. neither independent nor 
. mutually exclusive™: 


d. The events A, B and Care s. exhaustive 


; Column I 


a. If the cechabitity of getting at least one. head i is at. 
least 0.8 is n trials then value of ncan be . 


b. One mapping is selected at random from all mappings 
of the set s = {1; 2, 3, ..., 2} into itself. If the 
probability that the mapping being one-one is 3/32, 
then find the value of 7 is | 


. If m is selected at random from set {1, 2, ..:, 10} 
and the probability that the quadratic equation 
2x*+ 2mx + m+ 1=0 has real roots is k, then value” 
of. 5k is more than . 


. A man fiting at a distant target as 20% chance of | s. 5 
hitting the target in one shoot. If P be the probability. |. 
of hitting the target in ‘n’ attempts, where 20P? - 13P J. 
+2<0, then the ratio of maximum and. minimum 
value of n is less than 


Two direct hits are needed to destroy it. The number | 
of bombs required so: that the probability of the 
bridge being destroyed is greater than 0.9 can be 


b. A bag contains 2 red, 3 white and 5 black balls, a ball: 
is drawn its colour is noted and replaced. The number 
of times, a ball can be drawn so that the probability of 

- getting a red ball for the first time is at least 1/2... 


c. A drawer contains a mixtire of red socks and blue |r. 7 
socks, at most 17 in all. It so. happens that when two |: 
socks are‘ selected randomly without replacement, 
there is a | probability of exactly 1/2 that both are red 
or both are blue.-Then number of red socks in the 
drawer can be 


d. There are two red, two blue, two white and certain | s. 10 
number (greater than 0) of green socks in a drawer. If 
two socks are taken at random from the drawer without 
replacement, the-probability that they are of the same. 
colour is 1/5, then the number of green socks are 


4, Let A and B are two independent events such that P(A) = [/3 and 
P(B) = 1/4. 


Column I : | Column II 


a. P(A u B) is equal to PLY | p. 1/12 
b. P(A/A UB) is equalto lq. 1/2 


c. P(BIA'O Bis equalto r. 2/3 


d. P(A‘B) is equal to s. 0 
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5. A bag contains some white and some black balls, all combinations 
being equa ly likely. The total number of balls in the bag is 12. Four balls 
are drawn at random from the bag at random without replacement. 


ty that a te four balls are black is | p: 


| Column 1 


2. contains 10 black and. 2 white balls | q: eB 
p ty. that all: four balls a care black ab aie 


ty |r 70/429. = 


two balls eee and tome th 13/165 


erent balls are ‘put in “ee different’ 
one, ae empty. The ‘probability of |. 


cand B i is an even number, then r can be 


first two. draws (without replacement) ‘is Me 


the urn is 3/8 and b = 10, then rcan be 


& If the probability of getting exactly two red 
balls in four draws. (with replacement) from 


a 


“can be” 


@. If the probability of getting exactly n red balls | s.2 
in. 2n.draw (with replacement) is equal to 
_ probability of getting exactly n black balls in 
“On ‘draws (with replacement); then the ratio lb ; 


Probability 


8. ‘n? whole numbers are randomly chosen and multiplied, 


9.35 


bi The probability that the last digit 


Column II = 
a. The probability that the last digit gt 4" 
is. 1,3, a or9is’ ~ P. 10° 
5” = 4r 


is 2, 4; — a | 10” 
G The probability that the last digit . ve 
is Sis "40", 


-is zero is 


a. The probability that the last digit | 


ts, - 
10” 


19% 2 BF SP EAE 


_ Integer Type — ie 


Solutions on page 9.72 


1. If the probability of a six-digit number N whose six digits are - 
1, 2, 3, 4, 5, 6 written as random order is divisible by 6 is p, 


then the value of 1/p is. 


2. If the probability that the product of the outcomes of three 
rolls of a fair dice is a prime number is p, then the value of 


1/(4p) is. 
3. 


If two loaded dice each have the property that 2 or 4 is three 


times as likely to appear as 1, 3, 5 or 6 on each roll. When two 
such dice are rolled, the probability of obtaining a total of 7 is 
p, then the value of [1/p] is, where [x] represents the greatest 


integer less than or equal to x. 


4. An urn contains three red balls and n white balls. Mr. A draws 
two balls together from the urn. The probability that they, have 
the same colour is 1/2. Mr. B draws one balls from the urn, 
notes its colour and replaces it. He then draws a second ball 
from the urn and finds that both balls have the same colour is. 


5/8. The possible value of 17 is. 
. Suppose A and B are two events with P(A) = 0.5 and P(A U B) 


wm 


= 0.8. Let P(B) =p if A and B are mutually exclusive and P(B) 
= q if A and B are independent events, then the value of g/p is. 


6. There are two red, two blue, two white and certain number 
(greater than 0) of green socks in a drawer. If two socks are 
taken at random from the drawer without replacement, the 
probability that they are of the same colour is 1/5, then the 


number of green socks are. 


7. A drawer contains a mixture of red socks and blue socks, at 
most 17 in all. It so happens that when two socks are selected 
randomly without replacement, there is a probability of exactly 
1/2 that both are red or both are blue. The largest possible 
number of red socks in the drawer that is consistent with this 


data is. 


8. Two different numbers are taken from the set (0, 1, 2, 3, 4, 
5, 6, 7, 8, 9, 10). The probability that their sum and positive 
difference are both multiple of 4 is x/55, then x equals. 


9. Thirty-two players ranked | to 32 are playing in a knockout 
tournament. Assume that in every match between any two 
players the better ranked player wins, the probability that 
ranked | and ranked 2 players are winner and runner up 
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10. 


id 


12. 


13. 


14. 


15. 


Algebra | 


respectively is p, then the value of [2/p] is, where [.] represents 
the greatest integer function 

Five different games are to be distributed among four children 
randomly. The probability that each child get at least one game 
is p, then the value of [1/p] is, where [.] represents the greatest 
integer function 

A die is weighted such that the probability of rolling the face 
numbered n is proportional to n? (n = 1, 2, 3, 4, 5, 6). The die 
is rolled twice, yielding the numbers a and b. The probability 
that a < b is p, then the value of [2/p] is, where [ . ] represents 
the greatest integer function. 

A bag contains 10 different balls. Five balls are drawn simul- 
taneously and then replaced and then seven balls are drawn. 
The probability that exactly three balls are common to the two 
drawn is p, then the value of 12p is. 

If A and B are two events such that P(A) = 0.6 and P(B) = 0.8, 
if the greatest value that P(A/B) can have is p, then the value 
of 8p is. 

A die is thrown three times. The chance that the highest number 
shown on the die is 4 is p, then the value of [1/p] is where [.] 
represents greatest integer function is. 

Two cards are drawn from a well shuffled pack of 52 cards. 
The probability that one is a heart card and the other is a king 
is p, then the value of 104p is. 


Solutions on page 9.73 


Subjective Type 


1. 


Balls are drawn one-by-one without replacement from a box 
containing 2 black, 4 white and 3 red balls till all the balls 
are drawn. Find the probability that the balls drawn are in the 
order 2 black, 4 white and 3 red. (HT-JEE, 1978) 


Six boys and six girls sit in a row randomly. Find the prob- 
ability that (i) the six girls sit together, (ii) the boys and girls 
sit alternately. (UT-JEE, 1979) 


An anti-aircraft gun can take a maximum of four shots at an 
enemy plane moving away from it. The probabilities of hitting 
the plane at the first, second, third and fourth shot are 0.4, 0.3, 
0.2 and 0.1, respectively. What is the probability that the gun 
hits the plane? (UT-JEE, 1981) 


A and B are two candidates seeking admission in IIT. The 
probability that A is selected is 0.5 and the probability that A 
and B are selected is at most 0.3. Is it possible that the prob- 
ability of B getting selected is 0.9? (IT-JEE, 1982) 


Cards are drawn one at random from a well-shuffled full pack 
of 52 playing cards until 2 aces are obtained for the first time. 
If N is the number of cards required to the drawn, then show 


that 
(n—1) (52 —n) (51—n) 
50x 49x17 13 


, where 2 <n <50 , 


P{N=n}= 


(UT-JEE, 1983) 


10. 


11. 


12. 


13. 


14. 


15. 


. Let A, B, C be three events such that P(A) = 0.3, P(B) = 0.4, 


P(C) = 0.8, P(A A B) = 0.88, P(A C) = 0.28, PAN BOAO) 


_ = 0.09. If P(A U BU C) = 0.75, then show that 0.23 < P(B a. 


C) $0.48. 


. Aand B are two independent events. The probability that both 


A and B occur is 1/6 and the probability that neither of them 
occurs is 1/3. Find the probability of the occurrence of A. 


(IT-JEE, 1984) 


In a certain city, only 2 newspapers A and B are published. It 
is known that 25% of the city population read A and 20% read 
B while 8% reads both A and B. It is also known that 30% of 
those who read A but not B look into advertisement and 40% 
of those who read B but not A look into advertisements while 
50% of those who read both A and B look into advertisements. 
What is the percentage of the population who read an adver- 
tisement? (IIT-JEE, 1984) 


Ina multiple choice question, there are four alternative answers 
of which one or more than one is correct. A candidate will get 
marks on the question only if he ticks the correct answer. The 
candidate decides to tick answers at random. If he is allowed 
up to three chances to answer the question, then find the prob- 
ability that he will get marks on it. (UT-JEE, 1985) 


A lot contains 20 articles. The probability that the lot contains 
exactly two defective articles is 0.4 and the probability that it 
contains exactly 3 defective articles is 0.6. Articles are drawn 
from the lot at random one by one without replacement and are 
tested till all defective articles are found. Then find the prob- 
ability that the testing procedure ends at the twelfth testing. 

(IT-JEE, 1985) 


A man takes a step forward with probability 0.4 and backward 
with probability 0.6. Then find the probability that at the end 
of eleven steps he is one step away from the starting point. 


(IIT-JEE, 1987) 


An urn contains 2 white and 2 black balls. A ball is drawn at 
random. If it is white, it is not replaced into urn otherwise it 
is replaced along with another ball of the same colour. The 
process is repeated. Then find the probability that the third ball 
drawn is black. (IIT-JEE, 1987) 


A box contains two 50-paise coins, five 25-paise coins and 
a certain fixed number N(=2) of 10 and 5-paise coins. Five 
coins are taken out of the box at random. Find the probability 
that the total value of these 5 coins is less than | rupee and 50 
paise. (IIT-JEE, 1988) 


Suppose the probability for A to win a game against B is 0.4. If 
A has an option of playing either a ‘best of 3 games’ or a ‘best 
of 5 games’ match against B, which option should be chosen 
so that the probability of his winning the match is higher? 
(No game ends in a draw.) (IIT-JEE, 1989) 


A is a set containing n elements. A subset P of A is chosen at 
random. The set A is reconstructed by replacing the elements 
of P. A subset Q of A is again chosen at random. Find the prob- 
ability that P and Q have no common elements. 


(IIT-JEE, 1990) 
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16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


In a test, an examinee either guesses or copies or knows the 
answer to a multiple choice question with four choices. The 
probability that he makes a guess is 1/3 and the probability that 
he copies the answer is 1/6. The probability that his answer is 
correct given that he copied it is 1/8. Find the probability that 
he knew the answer to the question, given that he correctly 
answered it. 


A lot contains 50 defective and 50 non-defective bulbs. Two 
bulbs are drawn at random, one at a time, with replacement. 
The events A, B, C are defined as follows: 


A: the first bulb is detective 

B: the second bulb is non-defective 

C: the two bulbs are both defective or both non-defective 
Determine whether 

(i) A, B, C are pair-wise independent 
(ii) A, B, C are independent (IT-JEE, 1992) 
Numbers are selected at random, one at a time, from the two- 
digit numbers 00, 01, 02 ..., 99 with replacement. An event 
E occurs if the only product of the two digits of a selected 


number is 18. If four numbers are selected, find the probability 
that the event E occurs at least 3 times. (JIT-JEE, 1993) 


An unbiased coin is tossed. If the result is a head, a pair of 
unbiased dice is rolled and the number obtained by adding the 
numbers on the two faces is noted. If the result is a tail, a card 
from a well-shuffled pack of 11 cards numbered 2, 3, 4, ...,12 
is picked and the number on the card is noted. What is the 
probability that the noted number is either 7 or 8? 


(IIT-JEE, 1994) 


In how many ways three girls and nine boys can be seated in 
two vans, each having numbered seats, 3 in the front and 4 at 
the back? How many seating arrangements are possible if 3 
girls should sit together in a back row on adjacent seats? Now, 
if all the seating arrangements are equally likely, what is the 
probability of 3 girls sitting together in a back row on adjacent 
seats? (IIT-JEE, 1996) 


Sixteen players S|, S,, .... 5,, play in a tournament. They are 
divided into eight pairs at random. From each pair a winner is 
decided on the basis of a game played between the two players 
of the pair. Assume that all the players are of equal strength. 
(IIT-JEE, 1997) 


a. Find the probability that the player S, is among the eight 
winners. ; 

b. Find the probability that exactly one of the two players S, 
and S, is among the eight winners. 


If p and q are chosen randomly from the set {1, 2, 3, 4,5, 6, 7, 
8, 9, 10} with replacement, determine the probability that the 
roots of the equation x? + px + g = 0 are real. 

(IIT-JEE, 1997) 


Three players, A, B and C, toss a coin cyclically in that order 


(i.e., is A, B, C, A, B, C, A, B, ...) till a head shows. Let p be ~ 


the probability that the coin shows a head. Let a, f and y be, 
respectively, the probabilities that A, B and C gets the first 


24. 


Probability 9.37 


head, Prove that # = (1 — p)a. Determine a, # and » (in terms 
of p). (IIT-JEE, 1998) 


Eight players P,, P,, .... P, play a knock-out tournament. It 
is known that whenever the players P, and P, play, the player 
P, will win if i <j. Assuming that the players are paired at 


_ random in each round, what is the probability that the player 


25. 


26. 


27. 


28. 


29. 


30. 


31. 


32. 


33. 


(IIT-JEE, 1999) 
A coin has probability p of showing head when tossed. It is 
tossed n times. Let P, denote the probability that no two (or 
more) consecutive heads occur. Prove that p, = l,p,=1-p? 
and p, =(1— p)P,-, + p(l — p)p, _, for alln> 3. 

(IIT-JEE, 2000) 


P, reaches the final? 


An urn contains m white and n black balls. A ball is drawn at 
random and is put back into the urn along with k additional 
balls of the same colour as that of the ball drawn. A ball is 
again drawn at random. What is the probability that the ball 
drawn now is white? (IT-JEE, 2001) 


An unbiased die, with faces numbered 1, 2, 3, 4, 5, 6 is thrown 
n times and the list of n numbers showing up is noted. What is 
the probability that, among the numbers 1, 2, 3, 4, 5, 6, only 
three numbers appear in this list? (IIT-JEE, 2001) 


A box contains N coins, m of which are fair and the rest are 
biased. The probability of getting a head when a fair coin is 
tossed is 1/2, while it is 2/3 when a biased coin is tossed. A 
coin is drawn from the box at random and is tossed twice. The 
first time it shows head and the second time it shows tail. What 
is the probability that the coin drawn is fair? 

(IIT-JEE, 2002) 


For a student to qualify, he must pass at least two out of three 
exams. The probability that he will pass the first exam is p. If 
he fails in one of the exams then the probability of his passing 
in the next exam is p/2, otherwise it remains the same. Find the 
probability that he will qualify. (IIT-JEE, 2003) 


A is targeting to B, B and C are targeting to A. Probability of 
hitting the target by A, B and C are 2/3, 1.2 and 1/3, respec- 
tively. If A is hit, then find the probability that B hits the target 
and C does not. (IIT-JEE, 2003) 


A and B are two independent events. C is an event in which 
exactly one of A or B occurs. Prove that P(C) > P(A U B) 
P(A B). (IIT-JEE, 2004) 


A box contains 12 red and 6 white balls. Balls are drawn from 
the bag one at a time without replacement. If in 6 draws, there 
are at least 4 white balls, find the probability that exactly one 
white ball is drawn in the next two draws. (Binomial coeffi- 
cients can be left as such.) (IIT-JEE, 2004) 


A person goes to office either by car, scooter, bus or train, the 
probability of which being 1/7, 3/7, 2/7 and 1/7, respectively. 
Probability that he reaches office late, if he takes car, scooter, 
bus or train is 2/9, 1/9, 4/9 and 1/9 respectively. Given that 
he reached office in time, then what is the probability that he 
travelled by a car. (1IT-JEE, 2005) 
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Algebra 


Objective Type 


Fill iva the blanks 


1. 


10. 


For a biased die, the probability for the different face to turn up 
are given below: 


Roce “fv [2s] 4 fs] 64 


This die is tossed and you are told that either face 1 or face 2 
has turned up. Then the probability that it is face 1 is ‘ 
(UT-JEE, 1981) 


P(A U B) = P(A OB) if and only if the relation between P(A) 


and P(B) is (IT-JEE, 1985) 


A box contains 100 tickets numbered 1,.2, ..., 100. Two tick- 
ets are chosen at random. It is given that the maximum number 
on the two chosen tickets is not more than 10. The minimum 
number on them is 5 with probability 


(IT-JEE, 1985) 


If (1 + 3p)/3, (1 — p)/4 and (1 -2p)/2 are the probabilities of 
three mutually exclusive events, then the set of all values of p 
is F (T-JEE, 1986) 


Urn A contains 6 red and 4 black balls and urn B contains 4 red 
and 6 black balls. One ball is drawn at random from urn P and 
placed in urn Q. Then one ball is drawn at random from urn Q 
and placed in urn A. If one ball is now drawn at random from 
urn P, the probability that it is found to be red is . 

(IIT-JEE, 1988) 


A pair of fair dice is rolled together till a sum of eithér 5 or 
7 is obtained. Then the probability that 5 comes before 7 is 
(IIT-JEE, 1989) 


Let A and B be two events such that P(A) = 0.3 and 
P(A U B)=0.8. If A and B are independent events, then 
P(B)=___ (IIT-JEE, 1990) 


Three faces of a fair die are yellow, two faces red and one blue. 
The die is tossed three times. The probability that the colours, 
yellow, red and blue, appear in the first, second and the third 
tosses, respectively, is GIT-JEE, 1992) 


If two events A and B are such that P(A‘) = 0.3, P(B) = 0.4 and 
P(A Q B°) = 0.5, then P(B/(A U BS] = 


(IIT-JEE, 1994) 


Three numbers are chosen at random without replacement 
from {1, 2, ..., 10}. The probability that the minimum of the 
chosen numbers is 3, or their maximum is 7, is 


(IIT-JEE, 1997) 


True or false 


1. 


2. 


If the letters of the word ‘ASSASSIN’ are written down at 
random in a row, the probability that no two S’s occur together 
is 1/35. (IT-JEE, 1983) 
If the probability for A to fail in an examination is 0.2 and that 
for B is 0.3, then the probability that either A or B fails is 0.5. 
(UT-JEE, 1989) 


Multiple choice questions with one correct answer 
1. Two fair dice are tossed. Let x be the event that the first die 


shows an even number and y be the event that the second die 
shows an odd number. The two events x and y are 


a. mutually exclusive 
b. independent and mutually exclusive 
c. dependent 


d. none of these (UIT-JEE, 1979) 


2. Two events A and B have probabilities 0.25 and 0.50, respec- 


tively. The probability that both A and B occur simultaneously 
is 0.14. Then the probability that neither A nor B occurs is 
a. 0.39 b. 0.25 
c. 0.11 d. none of these 
(IIT-JEE, 1980) 


. The probability that an event A happens in one trial of an 


experiment is 0.4. Three independent trials of the experiment 
are performed. The probability that the event A happens at 
least once is 
a. 0.936 
ec. 0.904 


b. 0.784 
d. none of these 
(IIT-JEE, 1980) 


. IfA and B are two events such that P(A) > 0 and P(B) # 1, 


then P(A/B) is equal to 


(Here A and B are complements of A and B, respectively.) 


at) le 


o LE PAU) a, PAD 
P(B) P(B) 
(IIT-JEE, 1982) 
. Fifteen coupons are numbered 1, 2, 3, ..., 15. Seven coupons 


are selected at random one at a time with replacement. The 
probability that the largest number appearing on selected 
coupon is 9 is : 
a. (9/16)° b. (8/15)? 
c. (3/5)? d. none of these 

(IIT-JEE, 1983) 


. One-hundred identical coins, each with probability, p, of 


showing up heads are tossed once. If 0 < p < 1 and the prob- 
ability of heads showing on 50 coins is equal to that of heads 
showing on 51 coins, then the value of p is 
a. 1/2 b. 49/101 
ce. 50/101 d. 51/101 

(IT-JEE, 1988) 


. India plays two matches each with West Indies and Australia. 


In any match, the probabilities of India getting points 0, 1 and 
2 are 0.45, 0.05 and 0.50, respectively. Assuming that the out- 
comes are independent, the probability of India getting at least 
7 points is 
a. 0.8750 
c. 0.0625 


b. 0.0875 
d. 0.0250 (HT-JEE, 1982) 
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10. 


11. 


12. 


13. 


14. 


15. 


An unbiased die with faced marked 1, 2, 3, 4, 5 and 6 is rolled 
four times. Out of four face values obtained, the probability 
that the minimum face value is not less than 2 and the maxi- 
mum face value is not greater than five is then 


a. 16/81 b. 1/81 


ce. 80/81 - 4.65/81 (GIT-JEE, 1993) 
The probability of India winning a test match against West 
Indies is 1/2. Assuming independence from match to match, 
the probability that in a five match series India’s second win 
occurs at third test is 


a. 1/8 
ce 1/2 


b. 1/4 


d. 2/3 (IIT-JEE, 1995) 
Three of the six vertices of a regular hexagon are chosen at 
random. The probability that the triangle with three vertices is 
equilateral is 
a. 1/2 


c. 1/10 


b. 1/5 


d.1/20 (IIT-JEE, 1995) 
For the three events A, B and C, P(exactly one of the events A 
or B occurs) = P(exactly one of the two events B or C occurs) 
= P(exactly one of the events C or A occurs) = p and P(all the 
three events occur simultaneously) = p?, where 0 < p < 1/2. 
Then the probability of at least one of the three events A, B and 
C occurring is 


3p + 2p" b pt+3p’ 
2 4 

2 2 

es pt+3p ; d. 3p+2p 
2 4 


(IIT-JEE, 1996) 


If the integers m and n are chosen at random between | and 
100, then the probability that a number of the form 7" + 7" is 
divisible by 5 equals 
a. 1/4 
ce. 1/8 


b. 1/7 


d.1/49 (IIT-JEE, 1999) 


Two numbers are selected randomly from the set S = {1, 2, 3, 
4, 5, 6} without replacement one by one. The probability that 
minimum of the two numbers is less than 4 is 

a. 1/15 b. 14/15 


ec. 1/5 d. 4/5 (IT-JEE, 2003) 


If P(B) =3/4, PAA BAC) =1/3and PAN BOC)=1/3, 


then P(B mC) is 
a. 1/12 b. 1/6 
ce. 1/15 d. 1/9 (IIT-JEE, 2003) 


If three distinct numbers are chosen randomly from the first 
100 natural numbers, then the probability that all three of them 
are divisible by both 2 and 3 is 


a. 4/25 
c. 4/33 


b. 4/35 


d. 4/1155 
(IIT-JEE, 2004) 


16. 


17. 


18. 


19. 


20. 


21. 


22. 


23. 


Probability 9.39 


A six-faced fair dice is shown until 1 comes. Then the prob- 
ability that 1 comes in even number of trials is 

a. 5/11 b. 5/6 

ec. 6/11 d. 1/6 (IT-JEE, 2005) 
Three identical dice are rolled. The probability that the same 
number will appear on each of them is 

a. 1/6 b. 1/36 

ce. 1/18 d.3/28 = (IIT-JEE, 1984) 
A box contains 24 identical balls of which 12 are white and 12 


are black. The balls are drawn at random from the box one at 
a time with replacement. The probability that a white ball is 
drawn for the 4" time on the 7" draw is 


a. 5/64 b. 27/32 
ce. 5/32 d. 1/2 (IIT-JEE, 1984) 
Let A, B, C be three mutually independent events. Consider the 


two statements S, and S,. 

5, A and B vu C are independent 
S,: A and Bm C are independent 
Then, 

a. both S, and S, are true b. only S, is true 

d. neither S, nor S, is true 


(IIT-JEE, 1994) 


c. only S, is true 


One Indian and four American men and their wives are to be 
seated randomly around a circular table. Then, the conditional 
probability that the Indian man is seated adjacent to his wife 
given that each American man is seated adjacent to his wife is 


a. 1/2 b. 1/3 
ce. 2/5 d. 1/5 (IIT-JEE, 2007) 
Let E° denote the complement of an event E. Let E, F, G be 


pairwise independent events with P(G) > 0 and PEON FO G) 
= (0. Then P(EC 0, F°/G) equals 


a. P(E) + PFS) 
c. P(E) — P(F) 


b. P(ES) — PFS) 
d. P(E) — P(F°) 
(IIT-JEE, 2007) 


; ii I 1 
A signal which can be green or red with probability 3 and 5 


respectively, is received by station A and then transmitted to 
station B. The probability of each station receiving the signal 


eee : , ; : 
correctly is =. If the signal received at station B is green, then 
4 
the probability that the original signal was green is 


3 6 
= b) — 
@ > (b) 


20 9 
— d) — TIT-JEE, 2010 
OF @ 55 ard ) 


Let @ be a complex cube root of unity with w# 1. A fair die is 
thrown three times. If r,, r, and r, are the numbers obtained on 
the die, then the probability that @! +@? +> =0 is 
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Algebra 
a- 1/18 b. 1/9 
c- 2/9 d.1/36 (IIT-JEE, 2010) 


Multiple choice questions with one or more than one correct answer 


1. 


If M and N are any two events, the probability that exactly one 
of them occurs is 

a. P(M) + P(N) — 2P(MON) 

b. P(M) + P(N) — PIM AN) 

c. P(M® + PINS) — 2P(ME A N®) 

d. P(M AN) + P(ME ON) (IIT-JEE, 1984) 


A. student appears for tests I, II and III. The student is success- 
ful if he passes either in tests I and II or tests I and II. The 
probabilities of the student passing in tests I, II and IH are p, g 
and 1/2, respectively. The probability that the student is suc- 
cessful is then 


a. p=q=1 b. p=q= 1/2 
ce. p=l,q=0 d.none ofthese. 
(IIT-JEE, 1986) 


The probability that at least one of the events A and B occurs is 
0.6. If A and B occur simultaneously with probability 0.2, then 


P(A) + P(B) is 
(Here A and B are complements of A and B, respectively.) 
a. 0.4 b. 0.8 


ce. 1.2 d. none 
(IIT-JEE, 1987) 


For two given events A and B, P(A M B) is 
a. not less than P(A) + P(B) — 1 
b. not greater than P(A) + P(B) 
c. equal to P(A) + P(B) — P(A U B) 
d. equal to P(A) + P(B) + P(A U B) 
(IIT-JEE, 1988) 


If E and F are independent events such that 0 < P(E) < 1 and 
0 < P(F) <1, then 


a. B and F are mutually exclusive 
b. E and F° (the complement of the event F) are independent 


c. E° and F° are independent 
d. P(E|F) + P(ES|F) = | (IIT-JEE, 1989) 


. For any two events A and B in a sample space, 


piaipy > TPE) =! ne 2 oyis al 
a. P(A/B) > PB) (P(B) # 0) is always true 


b. P(A 9 B) = P(A) — P(A 9 B) does not hold 

c. PAU B)=1- P(A) P(B), if A and B are independent 

d. P(A U B) = 1 — P(A) P(B), if A and B are disjoint 
(IT-JEE, 1997) 


. Eand F are two independent events. The probability that both 


E and F happen is 1/12 and the probability that neither E nor F 
happens is 1/2. Then, 


a. P(E) = 1/3, P(F) = 1/4 


b. P(E) = 1/4, PR) = 13 
¢. P(E) = 1/6, P(F) = 1/2 
d. P(E) = 1/2, PUP) = 1/6 (IIT-JEE, 1993) 


If from each of the three boxes containing 3 white and 1 black, 
2 white and 2 black, 1 white and 3 black balls, one ball is 
drawn at random, then the probability that 2 white and 1 black 
ball will be drawn is , 

a. 13/32 b. 1/4 

ce. 1/32 d.3/16 (IIT-JEE, 1998) 


. If Eand F are the complementary events of events E and F, 


respectively, and if 0 < P(F) < 1, then 
a. P(E/F) + P(E/F) =1 
b. P(E/F) + P(E/F) = 1 


c. P(E/F) + P(EIF) =1 


_ a. P(E/F) + P(E/F) =1 (IIT-JEE, 1998) 


10. 


11. 


12. 


13, 


14. 


There are four machines and it is known that exactly two of 
them are faulty. They are tested, one by one, in a random order 
till both the faulty machines are identified. Then the probabil- 
ity that only two tests are needed is 

a. 1/3 , b. 1/6 

ec. 1/2 d.1/4 = (IIT-JEE, 1998) 


If E and F are events with P(E) < P(F) and P(E 4 F) > 0, 
then 


a. occurrence of E = occurrence of F’ 

b. occurrence of F = occurrence of E 

c. non-occurrence of E > non-occurrence of F 

d. none of the above implications holds (IIT-JEE, 1998) 


A fair coin is tossed repeatedly. If the tail appears on first four 
tosses, then the probability of the head appearing on the fifth 
toss equals 

a. 1/2 b. 1/32 

ce. 31/32 d. 1/5 (IIT-JEE, 1998) 


The probabilities that a student passes in Mathematics, Physics 
and Chemistry are m, p and c, respectively. Of these subjects, 
the student has a 75% chance of passing in at least one, a 50% 
chance of passing in at least two and a 40% chance of passing 
in exactly two. Which of the following relations are true? 


a.p+m+c= 19/20 b. p+m-+c= 27/20 
ce. pmc = 1/10 d. pmc = 1/4 
(1IT-JEE, 1999) 


Seven white balls and three black balls are randomly placed 


in a row. The probability that no two black balls are placed 
adjacently equals 
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b. 7/15 
d. 1/3 


a. 1/2 


ce. 2/15 (IT-JEE, 1998) 


15. Let 0< P(A) <1, 0 < P(B) < | and P(A U B) = P(A) + P(B) 
— P(A) P(B). Then 
a. P(B/A) = P(B) — P(A) 
b. P(A'- B)= P(A) — P(B) 
ce. P(A UB)’ = P(A’) P(B) 


d. P(A/B) = P(A) (IT-JEE, 1995) 


16. Let E and F be two independent events. The probability that 


ret wd 
exactly one of them occurs is ae and the probability of none 


2 : 
of them occurring is ae If P(T) denotes the probability of 


occurrence of the event T, then 


4 3 

(a) P(E) = sieee 5 
1 2 

(DD PE) PE) = 3 
2 1. 

P =— =— 
(c) P(E) 3 hh) 5 


(d) P(E) = : ,P(P)= (IIT-JEE, 2011) 


-_a|s 


Comprehension 


Read the passage given below and answer the questions that 
follow. — 


For Problems 1-3 


There are n urns, each of these contain n + 1 balls. The i" urn contains 
i white balls and n + 1 — i red balls. Let u, be the event of selecting i" 
urn, i= 1, 2, 3, ..., 1 and w be the event of getting a white ball. 


nae 


a. | b. 2/3 
ce. 3/4 | d. 1/4 


1. If Plu) oc i, where i = 1, 2, 3, ...,”, then lim P(w) equals to 


(IT-JEE, 2005) 


2. If P(u,) =c (a constant), then P(u,/w) equals to 
a. 2/(n + 1) b. I/(n + 1) 


ce. ni(n + 1) d. 1/2 (IIT-JEE, 2006) 


3. Let P(u,) = 1/n. If n is even and E denotes the event of choos- 
ing even numbered urn then the value of P(w/E) is 


n+2 n+2 
a 2n+1 “2am4l) 
2 
Cc. d. (IT-JEE, 2006) 
n+] n+l 
For Problems 4-6 


A fair die is tossed repeatedly until a 6 is obtained. Let X denote the 
number of tosses required. 
4. The probability that X = 3 equals 


a. 25/216 b. 25/36 


Probability 9.41 


ce. 5/36 d. 125/216 
(IT-JEE, 2009) 

5. The probability that X > 3 equals 

a. 125/216 b. 25/36 

c. 5/36 “d. 25/216 
6. The conditional probability that X > 6 given X > 3 equals 

a. 125/216 b. 25/36 

c. 5/36 d. 25/216 


For Problems 7-8 

Let U, and U, be two urns such that U, contains 3 white and 2 red balls, 
and U, contains only’ 1 white ball. A fair coin is tossed. If head appears 
then 1 ball is drawn at random for U, and put into U,. However, if tail 
appears then 2 balls are drawn at random from U, and put into U,. Now 
I ball is drawn at random from U, 

(IT-JEE, 2011) 
7. The probability of the drawn ball from U, being white is 


Pes ie 
30 30 
ee is 
30 30 


8. Given that the drawn ball from U,is white, the probability 
that head appeared on the coin is 


7 u 


a. b. 
23 23 
¢ IF a, 2 
23 23 


Assertion and reason 


Each question has four choices a, b, c and d, out of which ovly one is 
correct. Each question contains STATEMENT 1 and STATEMENT 2. 


a. Both the statements are TRUE and Statement 2 is the correct 
explanation of Statement 1. 
b. Both the statements are TRUE but Statement 2 is NOT the 
correct explanation of Statement 1. 
c. Statements 1 is TRUE and Statement 2 is FALSE. 
 d. Statements 1 is FALSE and Statement 2 is TRUE. 


1. LetH,, H,, ....H, be mutually exclusive and exhaustive events 
with P(H,) > 0, i= 1, 2, ..., 2. Let E be any other event with 
0<P(E)<1. 


Statement 1: 
P(A/JE) > P(EIH,)x P(A) fori=1,2,..., 7. 


Statement 2 : ¥ PU =k (IIT-JEE, 2007) 
i=l 


2. Consider the system of equations ax + by = 0, cx + dy = 0, 
where a, b, c, d € {0, 1}. 


Statement 1: The probability that the system of equations has 
a unique solution is 3/8. 


Statement 2: The probability that the system of equations 
has a solution is 1. (IT-JEE, 2008) 
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Subjective Type [—_————nas 


1. The elements of A are all multiples of 5. Sum of every pair of 
elememts of A is divisible by 5. Therefore, we have to find the prob- 
ability that B has two distinct elements whose sum is divisible by 3. 


Let A, be the set of elements of A of the form 3k, ie., {0, 
15, 30, ..., 195}; A, be the set of elements of A of the form 3k 
+ 1, i-e., {10, 25, ..., 190}; A, be the set of elements of A of the 
form 3k + 2, ie, {5, 20, 35, 185}. Then n(A,) = 14, n(A,) 
= n(A,) = 13. ‘ 


If B has at least two elements from A,, then we are done. 

If B contains at most one element of A,, then it must have at least 
one element from each of A, and A, for which the sum of these two 
elements will be divisible by 3. So, the required probability is 1. 


2. Let S be the sample space consisting of elements representing 
balls that can be drawn from the bag containing 2n balls (n white 
+n black). Let EZ, be the event representing drawing balls such that 
number of white balls is greater than that of black balls by one. 


Then, 
E=E,VE,U: VE 


nyn- 


m(S) = *C, + aC; ere ca Co = Qe = 1 


mE) = m(E,,) + m(E,,) +--+ mE, ,_,) 
="C9C,+°C,"Cy + 4°C °C, 
=C,_,-"C,°C, 
="C  -n 
Hence, 
aC 7 
P(E) = ain 1 


3.Let ‘S’ be the sample space, A, be the event that books 
drawn from two bags are equal in number, A, be the event that 
number of books drawn from one bag exceed those drawn 
from another bag by one, and A, be the event that number of 
books drawn from one bag exceed those drawn from other 
bag by two. Total number of ways is (°C, + °C, + «+. + "CP 
= (2'° ~ 1), Favourable number of ways for A, is ('°C,)? 
+ (POY + + (CY? = PC, - 1. 


_Favourable number of ways for A, is 
2096 ME EG, VGre eG, Me.) 
= 20°C, — °C, °C) 
= 2(°C, - 10) 

Favourable number of ways for A, is 
AEG eC, OC ee OE CY 
= 27°C, — °C, °C,) 


= 2(°C, — 45) 


ANSWERS AND SOLUTIONS 


Therefore, the required probability is 
27°C, +2 Cy + Cy —111 
(2'9 7)? 
4. Let X be the number of times A shoots at the target to hit it for 


the first time and Y be the number of times B shoots at the target to 
hit for the first time. Then, 


m-l n-1 
rone(I" Broom 


We have, 


py>y= 3 ¥ P(X =m) PY =n) 


m=l n=m+t 


[XX and ¥ are independent] 
(CY LEG G} 
rake 


5 


5. Let E, denote the event that out of the first k balls drawn, i balls are 
white and A be the event that (k + 1)" ball drawn is also white. We 
have to find P(A). Now ways of selecting i white balls from a white 
balls and k — i black balls from b black bails is “C, Oe (O<i<k). 
Ways to select k balls from a + b balls is hid OF 

PE) = (C,°C,_ WErPC,), OS Sk 

Also, 
a GE a-i 
P(AIE,)= = 
oe atbkC  atb—-k 


By the theorem of total probability, we have 


k 
P(A)= XP E)PAE) 


(0<i<k) 


Cae) a Oe 6s 


j-0(a+b—k)"*"C.., 


a-l b 
_ 4 x Cot-i Chi 
~ a+b-l 
a+bizo Cos-k-1 
a-l b 
_ @ y Ci Ci 


a+b; age on 
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a Eat WB 
- a atb-l 
~ at+bt'c,) 
_ @ 
“a+b 


k 


6. Let A, B, C be the three independent events having probability p, 
q, and r, respectively. Then ‘according to the hypothesis, we have 


pi — 4) (1-1) =a, (1—p)q( - 1) = band (1 —p)(1-g)r=c 
pqr [((l-p) (1 -@) (1-n =abc or 


abc 


par 
Then, 


[a p)d-g) dr) ~1= 2? (say) (1) 


P 


a_ 
x l-p 


=> a—ap=px 


=> p=alat+x) 


Similarly, g = b/(b + x) and r= ci(c + x). Then from Eq. (1), clearly 
(a +x) (b+ x) (c +x) =x’, ie, x is a root of the equation (a + x) (b 
+x) (c+x) =X. 


7. (i) Let and s be the remainders when x and y are divided by 5, 
so 


x= S5p+r,y=5q+5,p,qEN, 0SrS4,0<5<4 
+ y= 25(—p? + q?) + 10pr+ gs) +P +5? =5k+(P +52), kEN 


Thus, x? + y will be divisible by 5 if »? + s? is divisible by 5. There- 
fore, total number of ways is equal to the number of ways of selecting 
rand s, which is 5? = 25. 

For favourable ways, we should have r + s? is divisible by 5 and 
0<P+s°<32sor+s?=0, 5, 10, 20, 25 or 30. Thus 


So number of favourable ways is 9. Hence, the probability is 9/25. 


Gi) Similarly, following the above steps, we can find the 
required result. 


8. Suppose that p and q, respectively, denote the probability that a 
thing goes to a man and to a woman, respectively. Then, 


and g = 


5= at+b ~atb 


Now, the probabilities of 0, 1, 2,3, ... things going to man are the 
first, second, third terms, etc., in the following binomial expansion. 
(q +p)" = q” os "Ca”'p + "Cay sie ae +p” (68) 


But men are to receive an odd number of things. Hence, the 
required probability is the sum of even terms in Eq. (1). To obtain 
the sum of even terms, we write the expansion 


(q +p)" = q” + ™C,a""'p + "Cap E EaSacee (-1)"p" (2) 


Probability 9.43 


Taking the difference of Eq. (2) from Eq. (1), we obtain 
(q + p)” — (q - p)” = sum of even terms in Eq. (1). Hence, the 
required probability is 


1 
ala py" -@- py") 
oh 1-(2=2) 
aa b+a 
_ 1 @+ay"-a)" 

2 (b+a)” 


9. Let A be the event of P, winning in third round and B be the event 
of P, winning in first round but loosing in second round.We have 


8n-1 
Can 


82 8 


n 


P(A) = 


P(BO A) 

= Probability of both P, and P, winning in first round . 

x probability of P, winning and P, losing in second round 
x probability of P, winning in third round 


8n-2 Ch 4n-2 


B)_ P(BOA) 
(?}- P(A) 
om 2n. 
~ 8n—1 


Alternative Solution: 
Probability that P, wins in first round given P, wins is 
C42 _ 4n-1 
In second round, probability that P, loses in second round given 
P, wins is 
2n-1_ 2n 
~ 4n-1 4n-1 
Hence, probability that P, loses in second round, given P, wins 
in third round is 2n/(8n — 1). 


10. In the tennis match of best of 5 sets, A can win the match, if 
score of A against the score of B is (3, 0), (3, 1) or (3, 2). 
The probability of A’s doing the score of (3, 0) is ; x ; x ; = ; : 
The probability of A’s winning by the score of (3, 1) is 

P(A wins the first III sets) 

+ P(A wins I, loses II and wins III, IV sets) 


+ P(A wins sets I, II, loses III and wins set IV) 2 


Cet ECL WAN a 
=—|~—| +—]—]}|/-]}/—|+—x—x=x—=— 
ANI) INS IAW Op Oe oy. 30 


The probability of A’s winning by the score of (3, 2) is 
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P(A looses I and II sets) 

+ P(A looses I and III sets) 
+ P(A looses I and IV sets) 
+ P(A looses II and III sets) 
+ P(A looses II and IV sets) 
+ P(A looses III and IV sets) 


“23 08) 
SG 
“QB 


3 I 1 3 1 
= + +— + + 
128 128 128 128 128 128 
12 
128 
The probability that A wins the match is 
1 3 12 164+12+12 40 . 5 
— + — + = EF EE 
8 32 128 128 


Ae) 
GG) 
Jie 


4 


+ 


128 (16 
11. Let the probability that A wins the tournament be x and the 
probability that B wins the tournament be x. Also let the probability 
that the game ends in a draw be y so that 
2x+y=lox= at 
2 

Case I: The probability that the game ends in | draw, 3 wins and 

3 losses is 


2 ir: 
313113 


Case II: The probability that the game ends in 3 draws, 2 wins 
and 2 losses is 


an FLY 
312121( 3 


Case III: The probability that the game ends in 5 draws, | win 
and 1 losses is 


3) 


Case IV: The probability that the game ends in al] draws is 


Lyf 7! Ti 7! 131 
VES + +—+1]1]= 
3°\ 313! 312121 SI 729 


131 299 
=> x= —|1-— |= 
2 729 729 


12. Each group should have odd number of odd numbered balls. 


Case I: Two groups have three odd-numbered balls and the third 
group has only one odd-numbered ball. The number of such cases 
is 


(3!)?2! 


x3? (each even numbered ball has three possibilities) 


Case Il: Two groups have one odd-numbered ball and the third 
group has five odd-numbered balls. 

The number of such cases is 

t 
7! sig 
5!x 2! 

The total number of cases for dividing 14 balls into three non- 
empty groups is (3 —3C,2'* + 3C,)/3! Hence, the required prob- 
ability is 4 


7x3! 7!x3! 
Gea! Six 2! 
x37 


it ae3" 7" 3C,) 


13. 
7/8 11/8 
Fig. 9.9 
Bee. Sd 3 
P(A UB) > —and—< P(ANB)s— 
4 8 8 
Hence, 
P(A) + P(B)~ P(A B)> = 
8: 1 7 
> P(A) + P(B)2+ PANB)> 7+ = 
=> re | 
~ 8 
_ We know that 
PAN B)<1 
P(A) + PB) 1+ PAB) S 1+ === 


1] 
St VS 
8 


The shaded part in the figure is the required region. 


14. P, can win in the following mutually exclusive ways: 


a. P, wins the next six matches. 


b. P, wins five out of next six matches, so that after next six matches 
scores of P, and P, are tied up. This tie continues up to next On 
matches (n > 0) and finally P, wins 2 consecutive matches. Now, for 
case (a), probability is given by (2/3)° and probability of tie after 6 
matches [in case (b)] is 


5 5 6 
« e)-o8-§ 
“\3 3 3 3 


Now probability that scores are still tied up after another next two 
matches is 
2 1 1.2 4 
=xX=+-xK2=— 
3 3 3 3 9 
[First match won by P, and second by P, or first by P, and second 
by P,.] 
Similarly, probability that scores are still tied up after another 2 
matches is (4/9)". 


Therefore, the total probability of P, winning the championship is 
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2)+3(8076)) 


_17(2) _ 1088 
~ 5\3) 3645 
15. (i) The probability that one gets tail and nine get head is 


9 
iogodl st 
2\2 


(ii) The probability that one gets head and nine get tail is 


9 
pa fs 
2\2 


Hence, probability that the game is settled is 


9 
2x oct ee 
D2. 298 
If the game is not settled in First toss, its probability is 
1 — 5/28. If the game is not settled in Second toss, its probability is 
.(1 — 5/28)2. Similarly, the probability that game is not settled in first 


n—1 toss is (1 — 5/28)"-', which is equal to the probability ne the 
game is settled on or after the n'" toss. 


16. Let A, (A,) be the event that drawn ball is white (non-white) 
and ‘E” be the event that A ae B claim that drawn ball is white. 
Clearly, 


I -1 
P(A,) = —, P(A,) =— 
n n 


P(EIA,) = P,P, 
P(EIA,) = (1-P,) (1-P,) (n= 1)? 


[As n ~ I balls remain in the bag and one of them is white, the 
chance that ‘A’ should choose this ball and wrongly assert that it was 
drawn from the bag is (1 — P,/(— 1).] 


P(E) — = P(A,) P(E/A,) + P(A,) P(E/A,) 
BPs (n-}) (l= P)(-P,) 


n n (n-1)° 


(n-D)AP,+-B)A-P,) 
n(n—1) 
P(A,) P(E/A,) 
P(E) 


=> P(A/E)= 


7 (n—D)PP, 
(n-DPP, +(1- FUP) 


17. Let E, (i= 0, l, 2, ..., 20) be the event that the bag contains f 
books on mathematics. Since all these events are equally likely and 
mutually exclusive and exhaustive, so P(E.) = = 1/21 @=0, 1,2, . 

20) and let A be the event that a draw of 10 books contains 6 books 
on mathematics. Then, 


P(A) = 5 PCE;)-PCAIE,) 


i=0 


Probability 9.45 


1 Sp 
a #3 care | 


i=0 


z 1 $ Cox 20-1 C 
211 ix6 Cio 


Now, we want that the bag should contain 2 more books on 
mathematics, i.e., Z, must occur. 
P(E,)P(A/Es) 
P(A) 


P(Eg/A)= 


8C. x 2c, 


~ 6. é 
SCC. x ae er : 
i=6 


18. Let H and T denote turning up of the head and tail and X denote 
the turning of head or tail. Then 


P(H)= P(r) = and P(X)=1 


P(HH ... m times) (XXX ... n times) 
1 1 3 
=—X—---.m times 
D2 
285 
phe 
P{T{HHH ... mtimes}{XX ... n— | times}] 
= P(T) P(H) + --- +m times. 
P(XX ...n—1 times) = oa 


If the sequence of heads starts with (r + 1)" throw, then the first 
r— | throws may be head or tail but 7" throw must be tail and we 
have 


(XX ... (r— 1) times) T (HH... mes) (XX... 


(n—m-—r) times) = Sma 


Since all the above cases are mutually exclusive, the required 
probability is 


1 1 i : 
— +|—— + +---+n times 
Q" gmt gmt! 


1 n n+2 
am + girl = ginel 


Objective Type 


1.b. P(A)= 2, (AU B)= > 
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Now, 
PAY B) = P(A) + P(B)- P(A B) S P(A) + P(B) 


=> 3 chs pp) 
4° 3 


5 
=> —sP(B 
12 ®) 


Again we have BCA UB. 
ve P(B)< P(AUB)= : 
Hence, 5/12 < P(B) <3/4. 


2.a- The probability of hitting a target is p = 1/5. Therefore, the 
probability of not hitting a target is q = 1 — 1/5 = 4/5. Hence, the 
required probability is 1 — (4/5)". 


3. d. Let the probability for getting an odd number be p. Therefore, 
the probability for getting an even number is 2p. 


p+2p=1=3p=1= p= 5 


Sum of two nunbers is even means either both are odd or both are 
even. Therefore, the required probability is 


YS e ee Si AS 


—xX—4+—xX— =—-4+-—- = 
3333 99 9 
4.c. IfA draws card higher than B, then number of favourable cases 
is (n — 1) +(n—2) +--+ +34+2+ 1 (as when B draws card number 
1, then A can draw any card from 2 to n and so on). Therefore, the 
required probability is 


n(n-}) 
2  _an-l 
nv 2n 


5. b. If A, B, C represent events that the student is successful in tests 
I, IH, Il, respectively, Then the probability tha the student is success- 
ful is 


PLAN BOAC)YVANBAQUANBOOC) 
=PANBOAC)+PANBAC+PANBAC) 


= P(A) P(B) P(C’) + P(A) P(B’) P(C) + P(A) P(B) P(C) 
[...A, B, C are independent events] 


1 1 1 
= 1-——|+ pd-g)=+ pqz 
oof | PC D> Pq 


1 ] 
=pqt+>P—Z Pa 


2 2 


1 
== + 
5 (Pa P) 


1 1 
— pil+qg)=— 
5 Pt 9) 5 


=> p(lt+q)=1 


= a oe 1 
P(A) =1=—==, P(By=1-=— = 
(A) FR (B) 5 


= 1 
tS a aria 


Therefore, the required probability is 


1— P(A) P(B) P@ =1-2x2x2 
=P(AV PRPC) Ht Soy 


7. d. A person can have his/her birthday on any one of the seven 
days of the week. So 5 persons can have their birthdays in 7° ways. 
Out of 5, three persons can have their birthdays on days other than 
Sundays in 6° ways and other 2 on Sundays. Hence, the required 
probability is " 


°C,x6  10x6* 
7p = 7p 


(Note that 2 persons can be selected out of 5 in °C, ways.) 


No. of favourable cases 


8.a. Required probability = —————_____—__ 
Total no. of exhaustive cases 


3 —_ 
3x3x3 9 


[ec 


9. d. The number of ways of arranging n numbers is n! In each order 
obtained, we must now arrange the digits 1, 2, ..., kas group and the 
n—k remaining digits. This can be done in (n — k + 1)! ways. There- 
fore, the probability for the required event is (n—k + 1)!/n! 


10. d. According to the given condition 


h l n 1 n 
Gs (3) ns (3) 


where n is the number of times die is thrown. 


"C,="C,>n=7 


Thus, the required probability is 


11. c. Possibilities of getting 9 are (5, 4), (4, 5), (6, 3), (3, 6). 


41 1 8 
oS ey sie ee 
ay ea iar ae 


Therefore, the required probability is 


g\f1y 
he 5) 5) a 


12. c. Out of 5 horses, only one is the wining horse. The probabil- 
ity that Mr. A selected that losing horse is 4/5 x 3/4. Therefore, the 
required probability is 


4 3 a 
j-=x2s1-L=2 
5° 4 5 5 
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13. d. We have, 


—._ 1. 1 
P (AU B)=—, P(ANB)=— 
(AUB) r (ANB) A 
- 1 1 3 
P(A)=—= P(A)=1-—=— 
(4) 4 a 4 4. 


P(AVUB).=1-PAUB) 


= 1—[P(A) + P(B)- PANB)] 


1 3 1 
= =1-=-P(B)+— 
=> 5 (B) ri 
1 —3- 
2 6 6 6 3 


Since P(A 7 B) = P(A)P(B) and P(A) # P(B), therefore A and B 
are independent but not equally likely. 


14, b. The total number of cases is 11!/2! x 2!. The number of 
favourable cases is [11!/(2! x 2!)] — 9! Therefore, the required prob- 
ability is 
_ 9x4 _ 53 
11! 55 


15.c. Total number of the students is 80. Total number of girls is 
25. Total number of boys is 55. There are 10 rich, 70 poor, 20 intel- 
ligent students in the class. Therefore, required probability is 


101225 ~=5 
=—xX —x—=— 
4 8 80 512 
M () GC) 


16.b. P(A’ ABO C ND)= P(A’) P(B) P(C) POD) 


(2 3t-a}le 


Va. p?+2p+4p-—1=1 (Exhaustive) 
p+6p-2=0 
=> p=-3 +J11 
=> p=vil-3 
18.a. Land Wcan be filled at 14 places in 2'* ways. 
n(S) = 2"4 
Now 13 L’s and 1 W can be arranged at 14 places in 14 ways. 


Hence, n(A) = 14. 


14 #7 


Pe a4 ~ 513 


Probability 9.47 


19.a. P(A MN C)= P(A) P(C) 


1 1 

To og 5 
1 
> PC)=7 


Now, 


PBUO)=24+2- PBC) 


3 1 1 1 ; 
=> P(BU)=—-—=—=—=P(B)P(CC 
BS) 8 3 24 24 Ee) 


Therefore, B and C are independent. 


20. a. The number of ways in which 20 people can be divided into 
two equal groups is 


20! 


m5) = Tor tor 21 


The number of ways in which 18 people can be divided into groups 
of 10 and 8 is 


18! 
ea 
nA) = Or gi 
i] ! \ 
pcp) = _28!_WHlO!2 _10x9x2 _ 9 


~~20x19 19 
21.c. P(AU B)= P(A) + P(B) ~ P(A) x P(B) 


=> 0.7=04+p-0.4p 
0.6p =0.3> = 
6p =0. p 5 


22.a. P(B,)=——= == 


P(B,/B,)= ; (B, = black) 


1 
P(B, 0 By) = P(B)) P(By/B)) == x= =; 


23. b. Total number of ways of distribution is 4°. 
n(S)=4 
Total number of ways of distribution so that each child gets at 
least one game is 
4 ~4C, 35 +40, 2°-4C,= 1024-4 x 243 +6x 32-4 
= 240 
n(E) = 240 
Therefore, the required probability is 


n(E) 240 _ 15 


n(S) 4 64 
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24,a, Out of 9 socks, 2 can be drawn in aC ways. Therefore, the 
total nuzamber of cases is "eS. Two socks drawn from the drawer will 
match if either both are brown or both are blue. Therefore, favour- 


able nurnber of cases is °C, + *C,. Hence, the required probability is _ 


°C, +4C, 4 
°C, 9 


25.d. Consider two events as follows: 


A,: getting number i on first die 


B.: getting a number more than i on second die 
The required probability is 


PIA, Be ese O B,) + P(A, ee, OB) 
+ P(A,OB,) = y PA, OB)= P(A) PB) 


i=l i=] 


['. A, B, are independent] 


1 
= glPB) + P(B,) +---+ P(B;)] 


26.d. We have, 
100 


x+—>50 
x 


=> x?+100> 50x 

=> (x-25)?>525 

=> x ~25< 525 or x—25>/525 
> x < 25-525 or 25+ 525 


As x is a positive integer and 525 = 22.91, we must have x < 2 or 
x 248. Thus, the favourable number of cases is 2 + 53 = 55. Hence, 
the required probability is 55/100 = 11/20. 


27,b. The total number of ways in which four-figure numbers can 
be formed is 4! = 24. A number is divisible by 5 if at unit’s place 
we have 5. Therefore, unit’s place can be filled in one way and the 
remaining 3 places can be filled with the other digits in 3! ways. 
Hence, total number of numbers divisible by 5 is 3! = 6. So, the 
required probability is 6/24 = 1/4. 


28.a. Since each ball can be placed in any one of the 3 boxes, 
therefore there are 3 ways in which a ball can be placed in any one 
of the three boxes. Thus, there are 3'!? ways in which 12 balls can be 
placed in 3 boxes. The number of ways in which 3 balls out of 12 
can be put in the box is '°C,. The remaining 9 balls can be placed in 
2 boxes in 2° ways. So, required probability is 


PCy 99 _ 10/2)" 

ae 9 \3 

29. a. The required probability is 
Bool 4s 3 


ig Eee os et i ae 
9 8 7 6 5 4 1260 


30. d. The total number of ways of choosing 11 players out of 15 
is *C,,. A team of 11 players containing at least 3 bowlers can be 
chosen in the following mutually exclusive ways: 


(D Three bowlers out of 5 bowlers and 8 other players out of the 
remaining 10 players. 


(II) Four bowlers out of 5 bowlers and 7 other players out of the 
remaining 10 players. 


(III) Five bowlers out of 5 bowlers and 6 other players out of the 
remaining 10 players. 


So, required probability is 


*Cyxc,  7C,x™C, | *C5x C, 
PQ) + PUD + PUD =— S 8 
PCy a GF BE. 
_ 1260 12 
1365 13 


31. b. Consider the following events: 
A,: A speaks truth 
A,: B speaks truth 


Then, P(A,) = 60/100 = 3/5, P(A,) = 70/100 = 7/10. 


For the required event, either both of them should speak the truth 
or both of them should tell a lie. Thus, the required probability is 


P((A; Ag) U (A, AQ) = P(A; 0 Ag) + P(A, 0 Ad) 
= P(A,) P (A,) + P(A,) (A>) 


32.¢. The total number of ways in which 3 integers can be chosen 
from first 20 integers is *°C,. The product of three integers will be 
even if at least one of the integers is even. Therefore, the required 
probability is | 


1 — Probability that none of the three integers is even 
"G ae 8 
ip Ty 

C; 19 19 


=|- 


33. b. Consider the following events: 
A: getting a card with mark I in first draw 
B: getting a card with mark I in second draw 
C: getting a card with mark T in this draw 
Then, the required probability is 
P(A MBO C)= P(A) P(B/A) P(C/A 1 B) 
_10, 9 10 5 


~20°19° 18 38 


34. a. Let p, and p, be the chances of happening of the first and 
second events, respectively, then according to the given conditions, 
we have 


3 
1- l- 
P= Py and fi -( es 
Py 


P2 
3 
ng lela [2] 
P2 P2 


= pf(l+p,)=(U-p,y 
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1 
ad A=. 
and so 

1 

Bry 


35.b. The total number of ways in which n persons can sit at a 
round table is (n — 1)! So, total number of cases is (n — 1)!. 


Let A and B be two specified persons. Considering these 
two as one person, the total number of ways in which n — 1 per- 
sons, n — 2 other persons and one AB can sit at a round table is 
(n — 2)! So, favourable number of cases is 2!(n — 2)! Thus, the 
required probability is 


 2i(n—2)!_ 2 
~ (n-D! n=l. 


Hence, the required odds are (1 — p):p or (n - 3):2. 


36. b. Let one of the quantities be x. Then the other is 2n — x. Their 
product will be greatest when they are equal, i.e., each is n in which 
case the product is n?. According to the proposition, 


3 9 
2n-x)2=— 
x(2n- x) ris 

=> 4x2 —8nx+ 3n?<0 


> (2x — 3n)(2x —n) <0 
Bees 
20 2 


So, favourable number of cases is 3/2n — n - 2 =n. Hence, the 
required probability is n/2n = 1/2. 


37.a. Let the number of red and blue balls be r and 8, respectively. 
Then, the probability of drawing two red balls is 


"C, r(r-l) 


oC, (r+b\(r+b-1) 


P= 


The probability of drawing two blue balls is 


— °C, ___—ab(b-1) 
2 Cr+ b\r+b-1) 


The probability of drawing one red and one blue ball is 


6 Ge. 2br 
mC, (r+by(r+b-1) 


P3= 


By hypothesis, p, = 5p, and p, = 6p,. 
rr — 1) = 5b(b —1) and 2br = 6b(b - 1) 
=> r=6,b=3 
38. b. There are 10 digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9. The last two 


digits can be dialled in '°P, = 90 ways out of which only one way is 
favourable, thus, the required probability is 1/90. 


39. d. The probability that one test is held is 2 x (1 x 5) x (4x 5) 
= 8/25. The probability that test is held on both days is (1 x 5) x (1 x 5) 
= 1/25. 


Probability 9.49 


Therefore, the probability that the student misses at least one test 
is 8/25 + 1/25 = 9/25. 


40.d. Let X denote the largest number.on the 3 tickets drawn. 


Then, P(X <7) = (7/20) and P(X < 6) = (6/20). Then, the 
required probability is 


3 3 
nama) 


41.b. Let X denote the nuniber of heads in n trials. Then X is a 
binomial variant with p = g = 1/2. Therefore, 


ay 
P(X=n= c,(5] 


Now, 
P(X = 6) = P(X = 8) 


1)" 1\" 

=> "Cc ees ="C ai 
(5) (3) 

> "C,="C, n= 14 


42.a. Let the number selected be xy. Then 
x+y=9,0<x,y<s9 
and 
xy=0>x=0,y=9 
or 
y=0,x=9 
P (x, =9.O xX =0) 


P(x, =9/x, =0)= P(x, =0) 
fe 


and 
P(x, =90x “py 
ss 100 


2/100 _ 2 


~ 79/100 19 


=> P(x, =9/x, =0) 


43.a. P(A B’) = P(A) - PAB) = 0.20 

Also, 

P(A’ 0 B) = P(B) - P(A 9 B) = 0.15 
=> P(A) + P(B)-2P(A- B) = 0.35 
Now, 

P(A’ OB’) =1-PAVB) 
=> 0.1=1-—P(A)-P(B)+PANB) 
=> P(A)+P(B)-P(ANB)=0.9 
=> P(ANB)=0.9-0.35 =0.55 


and 
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P(A) = 0.75, P(B) = 0.70 
Now, 


PE Se aes 


P(B) 0.70 


44, a. For each toss, there are four choices: 
(i) A gets head, B gets head 
(ii) A gets tail, B gets head 
(iii) A gets head, B gets tail 
(iv) A gets tail, B gets tail 


Thus, exhaustive number of ways is 4°°. Out of the four choices 
listed above, (iv) is not favourable to the required event in a toss. 
Therefore, favourable number of cases is 3°°. Hence, the required 
probability is (3/4)°°. 


45. c. 18 draws are required for 2 aces means in the first 17 draws, 
there is one ace and 16 other cards and 18" draw produces an ace. So, 
the required probability is 


BGC, 3-561 


Bc, 8 «35 «15925 


46. b. Consider the following events: 
A: Father has at least one boy 
B: Father has 2 boys and one girl 
Then, 
A =one boy and 2 girls, 2 boys and one girl, 3 boys and no girl 
AO B=2 boys and one girl 


Now, the required probability is 
P(ANB) 1 


P(A/B)= P(A) 3 


47. c. The required probability is 


<s(2) ()] +f] 


474.0 Pe 
1 
+ sc oer i = = 35. 
2) \2 128 
48. b. Let A denote the event that there is an odd man out in a game. 


The total number of possible cases is 2”. A person is odd man out if 
he is alone in getting a head or a tail. 


The number of ways in which there is exactly one tail (head) and 
- the rest are heads (tails) is "C, = m. Thus, the number of favourable 
ways is m + m = 2m. Therefore, 


49.c. 7°+2(a+4)x-5a+6420 

If D <0, then . 
(a+4y— (5a + 64) <0 

=> a+13a—-48<0 

=> (a+16\a-3)<0 

=> -l6<a<3@-5<a<2 


Then, the favorable cases is equal to the number of integers in 
the interval [—5, 2], ie., 8. ; 

Total number of cases is equal to the number of integers in the 
interval [ —5, 30], i.e., 36. : 

Hence, the required probability is 8/36 = 2/9. 
50. a. The total number of ways in which 2n boys can be divided 
into two equal groups is 

(2n)! 
(n!)?2! 


Now, the number of ways in which 2n — 2 boys other than the two 
tallest boys can be divided into two equal groups is 
(2n — 2)! ; 
((n-1)!)?2! 


Two tallest boys can be put in different groups in ?C, ways. Hence, 
the required probability is 


(2n—2)! 
(n-)!y2! on 
(2n)! “201 
(n!)?2! 


51.a. Let E, denote the event that the bag contains i black and 
(10 ~ i) white balls (i =0, 1, 2, ..., 10). Let.A denote the event that the 
three balls drawn at random from the bag are black. We have, 


P(E)=—(i=0, 1, 2, 10) 


P(A/E,) = 0 for i=0,1,2 and P(A/E,;)=iC,/°C, for i = 3 


Pn ee [*c,+ *Cy tect °C] 


Wee Se 
But 
30, AICP Catt ICS tC AG, a0, et BC, 


=5C, +5C, + °C, ++ + C, 


alc. 


1 1 i 
=> A)=—xX x CC. 
a eet 
11x10x9x8 
ee et 
11x L0%9 x8 4 
3! 
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P(E,) P (AlEg) 
P(A) 

kes °C; 

Le Gs 


P(Eo/A) = 


i 
4 
14 
~ 55 


52.a. We have ratio of the ships A, B and C for arriving safely are 
2:5, 3:7 and 6:11, respectively. Therefore, the probability of ship A 
for arriving safely is 2/(2 + 5) = 2/7. 


Similarly, for B the probability is 3/(3 + 7) = 3/10 and for C the 
probability is C = 6/(6 + 11) = 6/17. 


Therefore, the probability of all the ships for arriving safely is (2/7) x 
(3/10) x (6/17) 18/595. 


53. a. (i)This question can also be solved by one student. 
(ii) This question can be solved by two students simultaneously. 
(iii) This question can be solved by three students all together. 


1 1 1 
P(A) = 5, P(B)= 7, PO= 5 


P(A U BUC) = P(A) + P(B) + P(C) - [P(A) P(B) 
+ P(B) P(C) + P(C) P(A)] + [P(A) P(B) P(C)] 


i 1.1 bd het Al 1 1.1 
=—+—45-]=xK—K—xX=xK=xX=/+]/—xK=xK- 
24612 4 4 6 6 2 2 4 6 


Alternative solution: 


We have, 
~ i = 3 = 5 
P(A =—,P(B =—,P(C — 
(A) 5 (B) r (C) 6 


Then the probability that the problem is not solved is 


P(A) P(B) PO =| =|{=|[2] == 
APOPOn SI ale) 
Hence probability that problem is solved is 1 — 5/16 = 11/16. 
54.a, We are given that 
P(A 0 B)= P(A) P(B) 
PB. C) = P(B)P(C) 
P(C VA) = P(C)P(A) 
P(AN BOC =P(A\B)P(C) 
We have, 


P(AAN(BOC)) = P(A ABOO) = PA)P(B)P(C) 
, = P(A)P(B NC) 
= Aand Bo C are indepedent 


Therefore, S, is true. Also, 


Probability 9.51 


P[(AN(BUOJ=PLANB)UANO]) 
=P(ANB)+PANQ-PIANBAANOC)] 
=P(ANB)+PANC)-PANBNO 

= P(A)P(B) + P(A) P(C) — P(A) P(B) P(C) 

= P(A)[P(B) + P(C) - P(B)P(C)] 

= P(A)[P(B) + P(C) - PBA C)] 

= P(A)P(BUC) 


Therefore, A and B U C are independent. 


55. d. The total number of ways in which papers of 4 students can 
be checked by seven teachers is 7*. The number. of ways of choosing 
two teachers out of 7 is 7C,. The number of ways in which they can 
check four papers is 2*. But this includes two-ways in which all the 
papers will be checked by a single teacher. Therefore, the number of 
ways in which 4 papers can be checked by exactly two teachers is 
2*—2=14. Therefore, the number of favourable ways is (7C,) (14) = 
(21) (14). Thus, the required probability is (21)(14)/7* = 6/49. 


56.c. Let us assume that A wins after n deuces, n = 0, 1, 2, 
3, .... The probability of a deuce is (2/3) x (2/3) + (1/3) x (1/3) 
= (5/9). [A wins his serve, then B wins his serve or A loses his serve.] 
So, the probability that ‘A’ wiris game after n deuces is (5/9)" x (2/3) 
x (1/3). [After n®™ deuce, A serves and wins, then B serves and loses.] 
Therefore, the required probability of ‘A’ winning the game is 


57.c. The required probability is 


1 — Probability of getting equal number of heads and tails 


Saag Bien 
7 mye 
1 2m(1y 

~~ nlnt (4 


Se RAID 5 A 


(ny? 4" 


58. b. Here p = 19/20, gq = 1/20,n =5, r=5. The required prob- 
ability is 


(55) (35) -(3) 


P(EQF)+P(ENF) 


59.d. P(E/F) + P(E/F)= ae 


5 PEO F)U(EN F)} 
P(F) 
[ Eq Fand E 7 F are disjoint] 


_ PK(EVE)OF} _ PF) _ 
Ee P(F) ~ P(F) 
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9.52 Algebra 


Similarly, we can show that (b) and (c) are not true while (d) is 
true. 
ae ep E)_PEOF) , PEEQF) _ PW) _, 
P(F) P(F) P(F) 


60.b. We have, 


P(A) os P(B) Sead P(ANB)= ate 
100 100 100 


So, 


p(B) _ PAB) _ 15/100 _3 
A) P(A) 40/100 8 


61.b. We define the following events: 


A,: Selecting a pair of consecutive letters from the word 
LONDON 


A,: Selecting a pair of consecutive letters from the word 
CLIFTON 


E: Selectin g a pair of letters ‘ON’ 


Then, P(A, 7 £) = 2/5 as there are 5 pairs of consecutive letters 
out of which 2 are ON and P(A, 7 E) = 1/6 as there are 6 pairs of 
consecutive letters of which 1 is ON. Therefore, the required prob- 
ability is 


[4] P(A, OE) 
E 


62. d. Player should get (HT, HT, HT, ...) or (TH, TH, ...) at least 2n 
times. If the sequence starts from first place, then the probability is 
1/22" and if starts from any other place, then the probability is 1/2”"*'. 
Hence, required probability is 


at m \_m+2 
2 pan + jae = gn 


63. b. The total number of cases is 11!/2! x 2! The number of 
favourable cases is 11!/(2! x 2!) — 9! Therefore, required probability 
is 


OIKx4 _ 33 
11! 55 


64. b. The probability of winning of A the second race is 1/2 (since 
both events are iridependent). 


65. b. Given that n(S) = 6 x 6 x 6 x 6 = 6+. The number of favour- 
able ways is °C, = 6 x 5/2 = 15. Therefore, the required probability 
is 
I 5S 
6x216 2x216 432 


66. c. Given that 5 and 6 have appeared on two of the dice, the 
sample space reduces to 6 — 2 x 5‘ + 4* (inclusion-exclusion 
principle). Also, the number of favourable cases are 4! = 24. So, the 
required probability is 24/302 = 12/151. 


67.c. Leta, be the number of strings of H and T of length n with 
no two adjacent H’s. Then a, = 2, a, = 3. Also, 


a,=4,,,+4, (since the string must begin with Tor HT) 


n+2 atl 
So, 
G,=5,a,=8,4a,=8+5= 13 


Therefore, the required probability is 13/2° = 13/32. 


68. b. 


The prime digits are 2, 3, 5, 7. If we fix 2 at first place, then other 
2n — 1 places are filled by all four digits. So the total number of 
cases is 4""'. 


Now, sum of 2 consecutive digits is prime when consecutive digits 
are (2, 3) or (2, 5). Then 2 will be fixed at all alternative places. 


So favourable number of cases is 2". Therefore, probability is 


2" + 2 9-3n 
gent = 2) 2 2=2?25 = Pun 


69. d. Since a, b, c are in A.P., therefore, 2b = a + c. The possible 
cases are tabulated as follows. 


Total number of ways is 21. So, required probability is 21/216 
= 7/72. 
70.c. When 4 points are selected, we get one intersecting point. 
So, probability is 

"Cy 
( aay a 

71.d. Three-digit numbers are 100, 101, ..., 999. Total number 
of such numbers is 900. The three-digit numbers (which have 
all same digits) are 111, 222, 333, ...,,999. Favorable number 


of cases is 9. Therefore, the required probability is 9/900 
= 1/100. 


72.¢. Given, 
7 
Ja-9b=0> b= af 


Hence, number of pairs (a, b) can be (9, 7); (18, 14); (27, 21); (36, 
28). Hence, the required probability is 47°C, = 4/741. 


73.a. Let E,=1,4,7, ... (2 each) 
E,=2,5, 8, ... (a each) 
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E,=3, 6, 9, ... (@ each) 
xand -y belong to (Z,, E,), (E,, £,) or (E,, E,). So, the required 

probability is 

nw + "Gs i 

3n Cy 3 

74.c. The total number of mapping is #". The number of one-one 
mapping is”C,"~'C, -- 'C, =n! Hence, the probability is 

nl 3 at 

n' 32 44 


Comparing, we get n=4. 


75.b. P(A biased coin) = 


Rle wl] 


PG biased coin) = 


Hence, the required probability is 


76.b. Let event A be drawing 9 cards which are not ace and B be 
drawing an ace card. Therefore, the required probability is 
P(A B) = P(A) x P(B) : 

Now, there are four aces and 48 other cards. Hence, 


48 
Cy 
P(A) = : 
52 ro 
After having drawn 9 non-ace cards, the 10" card must be ace. 
Hence, 
4 
Cc 4 
P(B) = Li 
e BG a2 
Hence, 
48 
Cy 4 
P(ANB)= = 3 
C, 42 


-T1.c. The total number of digits in any number at the unit’s 
place is 10. 


n(S) = 10 


If the last digit in product is 1, 3, 5 or 7, then it is necessary that 
the last digit in each number must be |, 3, 5 or 7. 


nA) =4 


4 2 
P(A)= — == 
gs 


Hence, the required probability is (2/5)* = 16/625. 


78.a. The divisibility of the product of four numbers depends upon 
the value of the last digit of each number. The last digit of a number 
can be any one of the 10 digits 0, 1, 2, ..., 9. So, the total number 
of ways of selecting last digits of four numbers is 10 x 10 x 10 x 10 


Probability 9.53 


= 10*. If the product of the 4 numbers is not divisible by 5 or 10, 
then the number of choices for the last digit of each number is 8 
(excluding 0 or 5). So, favourable number of ways is 8*. Therefore, 
the probability that the product is not divisible by 5 or 10 is (8/10)*. 
Hence, the required probability is 1 — (8/10)* = 369/625. 


79.b. Let H denote the head, T the tail and * any of the head or tail. 
Then, P(H) = 1/2, P(T) = 1/2 and P(*) = 1. For at least four consecu- 
tive heads, we should have any of the following patterns: 


Since all the above cases are mutually exclusive, the probability 
of getting at least four consecutive heads (on adding) is 1/16 + 3/32 
= 5/32. 


80.c. The probabilities of solving the question by these three stu- 
dents are 1/3, 2/7 and 3/8, respectively. 


1 2 3 
P(A) = —; P(B)= =; P(C)=— 
(A) 3 (B) 7 (C) 3 
Then probability of question solved by only one student is 
P((ABC or A BC or A B C)) = P(A) P(B) P(C) + P(A) 


P(B) P(C) + P(A) P(B) P(C) 


_ 25420430 _ 25 
168 56 


81. b. Probability of getting 2 heads in the first 5 trials is 


so (1) (1) 2105 
*(2) (2) 32 16 
Therefore, the probability that third head appears on the sixth 
trial is 5/16 x 1/2 = 5/32. 


82. d. Let A and B, respectively, be the events that urn A and urn B 
are selected. Let R be the event that the selected ball is red. Since the 
urn is chosen at random, Therefore, 


1 
P(A) = P(B) = 2 
and 
P(R) = P(A)P(RIA) + P(B)P(R/B) 
5 1 4 


x= +— 
10 2 10 


- 
5 
2 
20 
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9.54 Algebra 
83.d. The probability that the first critic favours the book is 


5 


PED 5437 


The probability that the second critic favours the book is 


4 4 
P(E,) = —~=— 
() 44+3 7 


The probability that the third critic favours the book is 
PE) = >= 
d= 3447 


Majority will be in favour of the book if at least two critics 
favour the book. Hence, the probability is 


PE, OE, 0 E,) + PE, 0 E, OE, 
+ P(E, NE, NE,) + PE, NE, OE,) 


P(E, )P(E,)P(E,) + P(E, )P(E,) P(E,) 
+ P(E, NE, 0 E,) + PE, PE, PCE;) 


It 

[wn 

x 

| 

x 
Pe oN 

— 

1 
| bo 
Nosy 

+ 
ln 

x 
aa 

_ 

| 
es 
5 Sn 

x 
SI] w 


84. b. 


1 1 
=, A = 
P(A) 4 P(AU B) 5 


o( 2)- P(BO A‘) 
AC P(A‘) 


_ PAVB)-P@) 


as [< P(A UB) + P(B)- PAN B)] 


85. b. P(S 7 F) = 0.0006, where S is the event that the motor cycle 
is stolen and F is the event that the moter cycle is found. Therefore, 


P(S) = 0.0015 
4) 

PCFIS) = P(FAS)_ 6x10" _ 2 

P(S) 15x107. 5 


86. c. Let A be the event that 11 is picked and B be the event that 
sum is even. The number of ways of selecting 11 along with one 
more odd number is n(A'A B) ="C,. 

The number of ways of selecting either two even numbers or 
selecting two odd numbers is n(B) = 1 + °C,. 


P(AN B) 
P(B) 


= Ee = 0.24 
29 


P(A/B)= 


87. b. Die marked with 1, 2, 2, 3, 3, 3 is thrown 3 times. 


1 2 3 
a =gi P(2)= 6 P3)= 6 


P(S) = P(4 or 6) 


= P(112(3 cases) or 123 (6 cases) or 222) 


l 
Ww 
x 
l 
x 
| 
x 
| 
nN 


6+36+8 50 25 
216 216 108 


88. c. 

IR+2G> 
2R+1G > 
3R >[3G+ 3B] 22r0__, 
3G +[3R + 3B | 2er0__, 


Fig. 9.12 


The required probability is 


C2, 2Ci'CVP7E, , AC2*C, 'C,*C,°C, 


°C; °C, *C, °C, 
= 52. nye 
20 20 
ae 
100 


89.c. P(4 biased coins) = 


P(5 biased coins) = 
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The required probability is 


90. d. A: Doctor finds a rash 
B,: Child has measles 
S: Sick children 
P(S/F) = 0.9 
B,: Child has flu = P(B,) = 9/10 
P(S/M)=0.10 
P(A/B,) = 0.95 
P(R/M) = 0.95 
P(A/B,) = 0.08 
P(R/F) = 0.08 
0.1 x 0.95 
0.1 x 0.95 + 0.9 x 0.08 
0.095 


~ 0.095 + 0.072 
0.095 _ 95 


~ 0.167 167 


P(B, /A) = 


91.¢c. The sum is 12 in the first three throws if they are (1, 5, 6) in 
any order or (2, 4, 6) in any order or (3, 4, 5) in any order, Therefore, 
the required probability is 


1 11 1 1.1 1 1.1 3 
—x—xX—x3H—xK—x—x3H —x-—xK—x3!=— 
6 3 4 6 5 4 6 5 4 20 


(because after throwing 1, in the next throw 1 cannot come, etc.) 


92. a. The number of composite numbers in 1 to 30 is n(S) = 19. 


The number of composite number when divided by 5 leaves a . 
remainder is n(E) = 14. Therefore, the required probability is 14/19. 


93.b. P(E) + P(E) =1=1424+24+(1 442 
=> 2724+31+1=0 ; 
=> (244+1)A+1)=0 


=> j=-I, et 
2 


Then, 


P(E) = 1+ (-1) + (1)? = 1 (not possible) 


. 4 
1 1 Ld 

P =i] -—_ -— a 
ae +( =} ;| 2°44 


Probability 9.55 


94. b. Let P(m), P(p), P(c) be the probability of selecting a book 
of maths, physics and chemistry, respectively. Clearly, 


P(im) = P(p) = P(c) = ; 


Again let P(s,) and P(s,) be the probability that he’solves the first 
as well as second problem, respectively. Then, 


P(s,) =P(m) xP( +] +P(p) xP( 4) +P(c)x (2) 
m Pp c 


=> Beet te gt 
/ 3 2 3 5 3 5 30 
Similarly, 
2 2 “a \2 
P(S,) =x i uv 3 rae 4 _ 125 
3 2 3 5 3 5 300 
125 


95. b. Let, 
P(S) = P(1 or 2) = 1/3 
P(F) = P@3 or 4 or 5 or 6) = 2/3 
P(A wins) = P[((S SorSFSSorSFSFSS or...) 
or (FSSorFSFSSor...)] 


1 21° 21 
P(A winning) = ce P(B winning) = 1: 
meee eer 


96.a. P(a) = 0.3, P(b) = 0.5, P(c) = 0.2. Hence, a, b, c are exhaus- 
tive. 
P(same horse wins all the three races) = P(aaa or bbb or ccc) 


= (0.3)? + (0.5)? + (0.2)? 


_ 27+125+8 160 
~ 1000 ~=~——«1000 


P(each horse wins exactly one race) 


= P(abc or acb or bea or bac or cab or cba) 


=0.3x0.5x0.2x6=0.18= 2 
50 


97.b. The total number of ways of distribution is 4°. 


n(S) = 4° 
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9.5@ Algebra 


The total number of ways of distribution so that each child gets 
at least one game is 4° - *C, 3° + *C, 2°-4C,. 


. nE)=240 

Hence, the required probability is 
n(E) 240 _ 15 
nS) 4° 64 


98. b. Team totals must be 0, 1, 2, ..., 39. Let the teams be 7,T,, ..., 


{7 2? 
Ty: $0 that T, loses to T, for i<j. In other words, this order uniquely 
determines the result of every game. There are 40! such orders and 
780 games, so 2”° possible outcomes for the games. Hence, the 


probability is 40!1/2™. 


99. a. We have, 
n(S) = 
Let ‘E” be the event of selecting 3 squares which form the letter 
L. 
The number of ways of selecting squares consisting of 4 unit 


squares is 7 x 7 = 49. 


Each square with 4 unit squares form 4 L-shapes consisting of 3 
unit squares. 


w. ME)=7x7x4=196 


100.a. The total number of ways of making the second draw is 
in be 

The number of draws of 5 balls containing 2 balls common with 
first draw of 6 balls is °C, *C,. Therefore, the probability is 


on 5 oF i 
ee 71 


101. a. The required probability is 


1 6 
P(A) = -——~-——_——- 
A) 3 a* —4a+10 
16 1 
P(A))__ = —X—=— 
(P(A)) nax rarer 


102. b. A number has exactly 3 factors if the number is squares of a 
prime number. Squares of 11, 13, 17, 19, 23, 29, 31 are 3-digit num- 
bers. Hence, the required probability is 7/900. 


103. c. Suppose, there exist three rational points or more on the circle 
x2 4+ y? + 2gx + fy +c =0. Therefore, if ue Y,)» (X45 y,) and (x,, y,) be 
those three points, then 


xP +yP+2gx, + 2fy,tc=0 (1) 
X, + y,° + 2gx, + 2fy, +c =0 (2) 
x, + y,' + 2gx, + 2fy,+c=0 (3) 


Solving Eqs. (1), (2) and (3), we will get g, f, c as rational. Thus, 
centre of the circle (-g, —f) is a rational point. Therefore, both the 
coordinates of the centre are rational numbers. Obviously, the pos- 
sible values of p are 1, 2. Similarly, the possible values of q are 1, 2. 
Thus for this case, (p, g) may be chosen in 2 x 2, i.e., 4 ways. Now, 
(p, g) can be, without restriction, chosen in 6 x 6, i.e., 36 ways. 


Hence, the probability that at the most two rational points exist on 
the circle is (36 — 4)/36 = 32/36 = 8/9. 


104. a. P(A) = P(B) = P(C) and P(A) + P(B) + P(C) =1 


1 
P(A) = P(B) = P(C) = 5 
Also, 
pOpS’=: P(XIA 2% X/B zit 
~ 42’ ¢ a’ ¢ a4 


We have, 
P(X) = P(A) P(X/A) + P(B) P(X/B) + P(C) P(XIC) 


2a) 3b pie 
318 4 


= P(x/C)= - 


105. c.A: car met with an accident 
B,: driver was alcoholic, P(B,) = 1/5 
B,: driver was sober, P(B,) =.4/5 
P(A/B,) = 0.001; P(A/B,) = 0.0001 


(0.2) (0.001) 
(0.2) (0.001) + (0.8)(0.0001) ~ 


oe 


Fig. 9.12 


Let N be the event of picking up a normal die; P(N) = 1/4. Let M 
be the event of picking up a magnetic die; P(M) = 3/4. Let A be the 
event that die shows up 3. 


P(A) =P(ANN)+PAOM) 
= P(N)P(AIN) + P(M) P(A/M) 
ey ae 
+= Xl — 
4-6 4 3 24 
PIN A) _ (1/4)(1/6) _ 1 
P(A) 7/24 7 


P(B,/A) = 


106. a. 


P(NIA) = 


107. c. We have, 
n(S) = 5° 
For computing favourable outcomes, 2 boxes which are to remain 
empty, can be selected in °C, ways and 5 marbles can be placed in 
the remaining 3 boxes in groups of 221 or 311 in 


“3! 5! 
[oe +i )- 150 ways = n(A) = °C, x 150 
Hence. 
150 60:12 
P(E) =5C, x = =r = 


2" 55 125-25 
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108. a. n(S) = °C, = 120 
n(A) =5C, x3C, x2C, 


5x3x2 ae 


P(E) = 
Cea a 


109. a. For ranked 1 and 2 players to be winners and runners 
up, respectively, they should not be paired with each other in 
any round. Therefore, the required probability is 30/31 x 14/15 
x 6/7 x 2/3 = 16/31. 


110. a. The total number of ways of selecting 3 integers from 20 nat- 
ural numbers is °C, = 1140. Their product is a multiple of 3 means at 
least one number is divisible by 3. The numbers which are divisible 
by 3 are 3, 6, 9, 12, 15, 18 and the number of ways of selecting at 
least one of them is °C, x “C, + °C, x “C, + °C, = 776. Hence, the 
required probability is 776/1140 = 194/285. 


111. d. Since there are r cars in N places, total number of selection of 


places out of N — 1 places for r - 1 cars (excepting the owner’s car) is 


_ (N=D! 
71 (r—-DI(N— 7)! 


N-1 


If neighbouring places are empty, then r — 1 cars must be parked 
in N - 3 places. So, the favourable number of cases is 


N-30 = (n- 3)! 
r-1 —~ 
(r-D'(N -r-—2)! 
Therefore, the required probability is 
(N - 3)! gle DENT)! 
(r—1)!(N-r-—2)! (N-1)! 


_(N=-)(N=-r-1) _ "'C, 
~ (N-1)(N-2) — %7'C, 


112. b. The sum of the digits can be 7 in the following ways: 07, 16, 
25, 34, 43, 52, 61, 70. 


(A = 7) =-{07, 16, 25, 34, 43, 52, 61, 70} 
Similarly, 

(B = 0) = (00, 01, 02, ..., 10; 20, 30, ..., 90} 
Thus, 

(A = 7) 7 (B =0) = {09, 70} 


2 19 
P =7 B=0))= —,P(B= eye, 
Hence, 
PAST Raby = Cee 
P(B=0) 
<2 
2 NOG nt 
19 19 
100 


113. b. Let the probability of getting a tail in a single trial be p = 1/2. 
The number of trials be n = 100 and the number of trials in 100 trials 
be X. We have, 


Probability 9.57 


P(X= r) - 10°C p’q'"" 
r 100-r 
1 1 
— 100, = = 
-"c(;] 5) 
100 
= 100 ~ 1 
"\2 


P(X = 1) + P(X =3) 4 + + P(X =49) - 


1 100 1 100 1 100 
100 100 
nec (3} +'°6(3) +-+"*eo(3) 


100 
= (°C, + °C, + vee p 1000 \(] 


Now, 


But 


Also, 

i, Oe = ioc 

C= Cd. MC ES 
Thus, 


2MC, + OC, + +++ + IMC) = 2 
= OC FMC, 4 IC = 2" 
Therefore, probability of required event is 
98 
a = : 298/2!% = 1/4 


414. a. Let A denote the event that a sum of 5 occurs, B the event that 
a sum of 7 occurs and C the event that neither a sum of 5 nor a sum 
of 7 occurs. We have, 


4 1 6 1 
P(A) = —=~, P(B)=—-=— 
gg 36 
26 13 
P == 
Oya 36 18 


Thus, probability that A occurs before B is 
P[A or (C NA) or (C ACOA) or... 
= P(A) + P(C NA) + PICA COA) +>: 
= P(A) + P(C)P(A) + P(CYP(A) + - 


Oe Gene Ee acha 
—+{—|x—+{—] —+ 
9 (18) 9 (18) 9 


1/9 2 


1-13/18 5 
115. a, In any number the last digits can be 0, 1, 2, 3, 4, 5,6, 7,8, 9. 
Therefore, last digit of each number can be chosen in 10 ways. Thus, 


exhaustive number of ways is 10”. If the last digit be 1, 3, 7 or 9, then 
none of the numbers can be even or end in 0 or 5. Thus, we have a 
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9.58 Algebra 
choice of 4 digits, viz., 1, 3, 7 or 9 with which each of n numbers 


should end. So favourable number of ways is 4”. Hence, the required 
probability is 


4” 7 ( 2 n 
10” \5 
116. c. The probability that A gets r heads in three tosses of a coin is 


r 3-r 3 
memo HG) 
2) \2 2 


The probability that A and B both get r heads in three tosses of a 


coin is 
3 3 6 
(5) *a() =¢e>"(3) 
2 2 2 


Hence, the required probability is 


3 iy f1y 20 5 
aC (5) -(3) 14+94+94+]}=—=— 
i ?) 2 2 } 64 «16 


117. c. We know that the number of subsets of a set containing n 
elements is 2". Therefore, the-number of ways of choosing P and Q 
is 


2C, x G2" x2" =a 


Out of n elements, m elements ate chosen and then from the 

remaining n — m elements either an element belongs to P or Q. 
But not both P and Q. Suppose P contains r elements from the 
remaining n — m elements. Then, Q may contain any number of ele- 
ments from the remaining (7 — m) — r elements Therefore, P and Q 
can be chosen in "C2" ways, 

But r can vary from 0 to n — m. So, in general the number of 

ways in which P and Q can be chosen is 


( > ee "C, & (l + ayn "C, = a 
r=0 


Hence, the required probability is "C,,3"-"/4". 


118. c. In the first 9 throws, we should have three sixes and six non- 
sixes; and a six in the 10" throw, and thereafter it does not matter 
whatever face appears. So, the required probability is 


3 6 
°C, ES ee 2) x xd x 
6 6 6 10 times 
_ 84x5° 


69 


119. c. Let the probability that a man aged x dies in a year p. 
Thus the probability that a man aged x does not die in a year = 1 


— p. The probability that all n men aged x do not die in a year is - 


(1-p)". Therefore, the probability that at least one man dies in a year 
is 1 — (1 —p)”. The probability that out of x men, A, dies first is 1/n. 
Since this event is independent of the event that at least one man dies 
ina year, hence, the probability that A, dies in the year and he is first one 
todieis 1/n{1—(1— p)"]. 


120. b. The required probability is 
r (n-lP (n-2P OP 
2n C, 2n-2 C, 2n-4 C> *C3 °C, 


= (x2x3x4x--x(n—Dny’ _ 2a? _ 4" 


(2n)! (Qn)! "C, 
vy 


121. a. The probability of getting a head in a single toss of a coin is 
p = 1/2 (say). The probability of getting 5 or 6 in a single throw of a 
die is g = 2/6 = 1/3 (say). Therefore, the required probability is 
p+(1-p\l-gp+(—pyi-gd -p\l-a@p ++ 
=p+(1-p)(1-g)p+(1-pY (Ul -gyPpt- 


* P 

1-(1- p)-4) 
ee eee 
~1-1/2x2/3. 4 


122. a. Consider the following events. 
A: ball drawn is black 
E,: bag Lis chosen 
E,: bag II is chosen ” 
E,: bag HI is chosen 
Then, 


P(E,) = (E,) = P(E,) = 


Wile 


P(AIE,) = 3, P(AIE,) =, PAIE,) = 
5 5 10 


Therefore, the required probability is 

P(EJA) 

- P(E,)P(A/E;) 

7 P(E,)P(A/E,)+ P(E,)P(A/E,)+ P(E;)P(A/Es) 15 

123. c. f(x) = 3x? + 2ax+9 

y = f(x) is increasing 
= f’(x)>0, V x and for f’(x) = 0 should not form an interval 
=> (2ar~-4x3xb<0>a@-3b<0 


This is true for exactly 16 ordered pairs (a, b), 1<a, b < 6, namely 
(1, 1), CL, 2), (1, 3), CL, 4), 1, 5), CL, 6), (2, 2), (2, 3), (2, 4), (2, 5), 
(2, 6), (3, 3), (3, 4), (3, 6) and (4, 6). Thus, the required probability is 
16/36 = 4/9 


124. d. Let p, denote the probability that out of 10 tosses, head 
occurs i times and no two heads occur consecutively. It is clear that 
i>s. 
For i= 0, i.e., no head, p, = 1/2". 
For i = 1, ie., one head, p, = "°C, (1/2)! 1/2)? =10/2”. 
Now for i = 2, we have 2 heads and 8 tails. Then, we have 9 pos- 
sible places for heads. For example, see the construction: 
xXTxXTxTxTxTxTxTxTx 
Here x represents possible places for heads. 


2 
ree OF (3) (1/2)8 =36/2'° 


Similarly, 
p, = *°C,/2" = 56/2"° 
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py ='C,/2'° = 35/2" 
ps =°C/2° = 6/2" 
P =PyotP,+P,+P,+P, +P, 
_ 1410+36+564+35+6 144 9 


20 ~ 210 64 
125. c. Given limit, 
2 
a*+b* ji 
lim 
x0 2 
2 Te a* -1+b*-1 
; a* +b* -2 \a*+5*-22x0 x 
= lim) 1+——— 
x30 Ds 


= ele = ab=6 


Total number of possible ways in which a, b can take values is 
6 x 6 = 36. Total possible ways are (1, 6), (6, 1), (2, 3), (3, 2). The 
total number of possible ways is 4. Hence, the required probability 
is 4/36 = 1/9. 


126. c. Let A denote the event that target is hit when x shells are fired 
at point I. Let P, and P, denote the event that the target is at point 
I and II, respectively. We have P(P,) = 8/9, P(P,) = 1/9, P(A/P,) = 
1—(1/2)*, P/P,) = 1 — (1/2). 


Now from total probability theorem, 
P(A) = P(P,) P(A/P) + P(P,) P(A/P,) 


S ife-s (3) (3) | 
46-0)-) 
Pac eckuscicg) 


(Note that in this step, it is being assumed that x € R*) 


AO) 


> Oifx<29 


Now, 


<Oifx>29 


Therefore, P(A) is maximum at x = 29. Thus, ‘29° shells must be 
fired at point I. 


127. d. In the first case, the urn constains 3 red and n white balls. 
The probability that colour of both the balls matches is 


30, +"C, m3 
ie! 6 2 
6+n(n—-l) _ 1 


(n+3)(n+2) 2 
=> 2W—-n+6)=n?+5n+6 


=> n’-Tn+6=0 


Probability 9.59 


=> n=lor6 
In the second case, 


3 3 n n 5 
+ i 


nt+3nt+3 n+3n4+3 8 


Solving, we get 
n?-10n+9=0 
=> n=9orl. 
From Eqs. (1) and (2), we haven = 1. 


128. b. Let us consider the following events. 


A: card shows up black 

B,: card with both sides black 

B,: card with both sides white 

B,: card with one side white and one black 


Cen 
Bs 


Fig. 9.13 


2 
PB)= —, 
(B)) 10 


3 5 
Ce aD Tet PIB) =F 


P(A/B,) = 1, P(A/B,) = 0, P(A/B,) = ; 


2 
— xl 4 
P(B/A) = > —— 0 —____ “a5 
x1+—x(0)+—x=— t 
10 1 


129.d. A: exactly one ace - 


B: both aces 
E:AUB 
; 4 - 
C. 6 1 
P(BIA U B)) = ——~—— = — => 
*C,"C,+4cC, 54 9 


9! 
130. b. n(S) = 4151 =126 


n(A) = 0 to F and F to P 
io od 4 
2!x3! 


x = 60 
2!x2! 


(1) 


(2) 
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9.60 Algebra 
: here: BE yng Satan, P(A Q B)= P(B)- P(A’ OB Using Eq. (1 
Mu Itiple Correct Answers Type Siauueeannene : ee ae ; ) meray) 
—_ eg => =< P(B)-P(A’AB)<— 
if a,c, d. : 8 1 8 
Sirace A and B are independent events, therefore, => 0<P(A’OB)S 4 
1 1 
= = —-xX-F=— a i 
P(A 1B) = P(A) P(B) 75 10 4.a,c 


P(AIB) = P(A) -5 Given that A and B are mutually exclusive events. 


ANB=¢ 
Now, ae 2: 
P(AUB) = P(A) + P(B)- P(A B) => AcBandBcA . 
ae Bae => P(A)< P(B)and P(B)< P(A) 
ae ae 
Now, 5. a,b, ¢. 
P[AQN(AUB)] P(A) 1/2 5 Let ‘H’ be the event that married man watches the show and ‘W 
P(A/A VU B) = ———-—— = ———— = — => me 
P(AUB) P(AUB) 3/5 6 be the probability that married woman watches the show. 


P(H) = 0.4, P(W) = 0.5, P(H/W) = 0.7 
a. P(H OW) = P(W) P(A/W) = 0.5 x 0.7 = 0.35 


2.a, b,c. b. P(W/H) = PCH OW) _ 0.35 7 


We are given that P(A) 0.4 8 


P(AMB’) = 0.20, P(A’ 0 B) = 0.15, P(A B) = 0.10 G POW) =P) rW) = PEW) 
=0.4+40.5 0.35 = 0.55 


PI(AN B)IAU B= P(AN BAO B)) =0 


Noe 6.b,¢ 
P(B) = P(A’ 0 B) + P(A B) = 0.15 + 0.20 = 0.35 oF 
P(A/ B) = PANB) _ 0.10 _ 2 
. P(B) 035 7 
_ P(A) = PAB) + PAN B)=03 
P(A UB) = P(A) + P(B) -— P(A OB) = 0.55 
P(BAA) 1 Fig. 9.15 
P(BIA) = ———— == 
P(A) 3 P(A) = 0.4, P(B) = 0.5, P(A 0 B) = 0.3 
aon Beas = P(AUB)=P(A) + P(B)-P(AOB) =0.6 
ACAUB 
3 Now, 
= P(A)<P(AUB)=> P(AUB)> = P(ANB) 03.1 
4 P(E) = ———— =~ == 
Also, P(AUB) 06 2 
P(A 7B) = P(A) + P(B) - P(A VB) P(E) = P(AQB)+P(ANB) _0.1+0.2 1 
= = i 
> P(A) + P(B)- 1 P(AUB) 0.6 2 
ee P(AIB) = PAOD) 02 == = 0.60; 
FA gs 8 (B) 
POM: . P(BIA) = 22. = >= 0.75 =0.75 
AQBCB 0.4 4 
5 P(A) 04 2 
B == P(A(A U B)) = =——= 
So eS ens Ane). P(AUB) 06 3 


3 < pans)<> (1) P(B) _ 05_5 
8 8 P(AUB) 


6 6 


and : 7.¢, d. 
P(E,)= 1 — P (unit’s place in both is 1, 2, 3, 4, 6, 7, 8, 9) 


P(A 1 B’) = P(A) — P(A OB) ae 
35 3 3 rie, =00rs)=1-( 5] aed 
= —-—<P(ANB’)<—-= eer 
: 8 P(E,: 5) = P(13579)-P(1379) 
x eS RRARS= . Pa ak 
, 425 
25-16 9 
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Probability 9.61 


P(E,) 9 2 1 c. Let E, be the white ball is drawn in first draw; E, be the event 


PCE) “100.9 = 4 that black ball is drawn in second draw; E be the event that white 
’ ; ball is drawn in second draw. 


P(E) = P(EIE,) P(E,) + P(EIE,) P(E,) 


P(E.) = 4P(E,) 


P(E,OE,) P(E) 1 pel a ec 
peje) = LO Ee  Ww+b+d wtb) w+b+d\w+b 
P(E) P(E) 4 
ME OF) ohh) 2) | eg 
PELE) = Tey = pe) -( “\ +bt+d wtbtd 
(E,) P(E) W Me We 
eee 
8. a,c, d. : ~lw+b 
2n é ae 
C, 2n)! which is independent of d. 
P(E) =" is <o 2H : ‘ 
es d. To prove that A, B, C are pairwise independent only. Now, 
= RAR) P(ANB)=P(AABANOU(ANBNO) 
ninl2r2 =PANBAQ+PRANBNO 
_ 1x3x5--x(2n-1) = P(A) P(B) P(C) + P(A) P(B) P(C) (given) 
nt! 2” ; = P(A) x P(B) [P(C’) + P(C)] 
‘Now, = P(A) x P(B) 


Similarly, for the other two. Hence, this statement is correct. 


u [oa ene 
1 


2r Jo 2x4x6x--x (Qn) Abe pet 


a. P(E,) = 1— P(RRR) 


r= 


_1x3x5x+-x(2n-)) 


~ x2x3x+++« n)2" =1-[$x2x2] <09 
2 3.4 5 
Z . C, ye 1 2 n 2 : 
mal 3 ) = Gage UCC) b. —P(E,) = 3P(BRR) =3 x Sxaxe =02 
= ots, nc ; c. P(E,) = P(RRR/(RRR U BBB)) 
one n . 3 
Also, = P(RRR) 
in 8 P(RRR) + P(BBB) 
pa (" C, ) 2u 
r=0 = C, 0.1 
2n 9?" = 
2n 2 3 4 
Cc, 0.1+=x=x— 
( 3 4 5 
Pe : F 0.1 
9. a,b. The probability that both will be alive for 10 years, hence, = = 
ie., the probability that the man and his wife both will be alive 10 OAs 
years hence is 0.83 x 0.87 = 0.7221. The probability that at least one d. P(E,) = 1 - P(BBB) = 1 - 2 0.6 
of them will be alive is 3 
1 — P {That none of them remains alive 10 years hence} 12. a, b,c, d. 
= 1-(1 —0.83) (1 — 0.87) = 1-0.17 x 0.13 
= 0.9779 P(A U B) = P(A) + P(B) — PAB) 
> S248 PAB) 
10. b,c, d. 8 8 8 
a. False. => PAN B)=o=5 
1 1.1 
P(TTT or HHH) = rar Now, 
b. P(AQB) _ PAN BS) _ P(A)- P(ANB) P(AYB) = P(A‘ NB) 
P(B) 1- P(B) 1- P(B) P(B) 
P(A B) [1 - P(B)] = P(B) P(A) — P(B) P(A 0 B) _ P(B)- P(AN B) 
P(B) 


P(AQB) = P(A) P(B) 


1 
Hence, the given statement is true. she (5) 
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9.62 Algebra 
ati 
"2 
2P(ANB‘) 
2P(AIB’) = ————— 
(A/B’) = PCBS) 
_ P(A)- P(ADB)) 


1— P(B) 


Hence option (a) is correct. 


P(AQNB) _1,2 1 


PCAIB)= EB) 4d 


Hence (b) is correct. Again, 
P(AS A BS) 
P(BS) 
1-P(AUB) 
1- P(B) 


=2f1-3]=3 
8) 4 


Cc 
P(BIAS) =P BOA) “ m 5 ) 


P(ATB) 


_ P(B)-P(ANB) 
~ 5/8 
_1/2-1/4 

"5/8 


Hence, 
8P(AYB*) = 1SP(B/A‘) 
Hence, (c) is not correct. Again, 
1 


2P(A/B‘) = — 
IB) =", 


= P(A/B)= = =P(AQB) 
Hence (d) is correct. 
13. a,c. 


Let p,, p, be the chances of happening of the first and second events, 
respectively. Then according to the given conditions, we have 


3 
1-p2 f1- 
2. (22 2 = p,(1 +p,) =(1~p,P 


wl 


and so 


ol 


P= 


14. a, b. 
Let the number of red and blue balls be r and b, respectively. 
Then, the probability of drawing two red balls is 


i ora r(r—1) 
moc (r+ b\r+b-1 
The probability of drawing two blue balls is 

’C, __b(b-1) 
oC (rtb\(rt+b-I) 
The probability of drawing one red and one blue ball is 
Orc Oe 2br 

roc (r+ b\(r+b-1) 
By hypothesis, p, = 5p, and p, = 6p,. 
r(r— 1) = 5b(b — 1) and 2br = 6b(6 — 1) 

=> r=6,b=3 


15. a, b, d. 

We have, the probability that the bomb strikes the target is p = 1/2. 
Let n be the number of bombs which should be dropped to ensure 
99% chance or better of completely destroying the target. Then, the 
probability that out of n bombs at least two bombs strike the target 
is greater than 0.99. Let X denote the number of bombs striking the 
target. Then 


P(X =n) ="C. 1 1 ="C_ i ,r=0,1,2,...,n 
2 2 2 


We should have 
P(X > 2) > 0.99 


P= 


P, = 


P, = 


= (1-P(X<2}>0.99 
=> 1-{P(X=0)+P(X=1)} 20.99 
=>. 1- {a+mz-} 2099 


l+n 


n 


= 0.001 > 


=> 2">100+100n>n2>11 


Thus, the minimum number of bombs is 11. 


16. a, b, c, d. 

We have, 
P(exactly one of A, B occurs) 
= PIAQB)VAMB)] 
= P(ANB)+P(A OB) 
= P(A) -— P(A B) + P(B)- PAN B) 
= P(A) + P(B)-2P(A 0B) 
= P(AU B)-P(AMB) 

Also, 
P(exactly one of A, B occurs) 
=[1— P(ANB)]-[1- PAV B)] 
= P(AUB)- P(A B)\= P(A)+ P(B)- 2P(AN B) 
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17. a, b,c. 
Option (d_} is true if and only if A and B are independent. 


18. a, b,c. 
P(A/B) = P(A) = 


Nl 


[AncAvB)| 
P(AUB) 
[te AN(AUB)=AN(A-B-ANB)] 
“=A-ANB-ANB=a} 


x rf A )- P(A) 


P{A/(A V B)} = 


AUB) P(AUB) 
i i 
Be ae 
PAs. 86 
2 5 10 #10 
and similarly, 
: ANB 
A’UB ) 
19. b,c. 


Let P(A) = x and P(B) = y. Since A and B are independent events, 
therefore, 
P(A 7 B) =2/15 = P(A)P(B) = 2/15 


=> (1 — P(A)) P(B) = 2/15 
=> (1 -x)y = 2/15 (1) 
and 


P(A NB) == PCA) PCB) == 
1 
3 J - )=— 
= x(1-y) r 


Sx-n=5 (2) 


Subtracting Eq. (1) from Eq. (2), we get 


1 1 
_ 1 —2 =—t+y 
He? F Rpm 80s 


Putting this value of x in Eq. (1), we get 
2 one 

eee ae ae 

30y — y — 30y? = 2/5 

30y? —29y+4=0 

(6y - 1)(Sy-4) =0 

y= t/ory=4/5 


Yu ud 


=> P(B)= 1/6 or P(B) = 4/5 
20. a, b,c. 
1 7 9 
. P(A) = —, P(B) =—~, P(B/A) = — 
a AS 2 PSs Bia) = 
P(A NB) =1-P(AUB) 
= 1—[P(A) + P(B)- P(AMB)] 


Probability 9.63 


1 7 
=1]-|++—- A 
1 aed P(A) P(B/ | 


P(AQB) 
P(B) 
_ P(A) P(BIA) 
P(B) 
1.9 
ee x —_— 
5__10 


b. P(A/B) = 


B29) 18 


“50° 7 14 28 


ec.  P(AUB) = P(A)+ P(B)- PCAOB) 
= P(A) + P(B) — P(A)P(BIA) 


Le Fd 39 
= — - — xX 
9°25) 3 10. 
+14 —9 
50 
ae 
10 


d. P(A’ UB’) =1-P(ANB) 
= ] — P(A)P(B/A) 
129 


=]--—-x— 


5 10 


21. b,c, d. 
Roots of x? + px + q = 0 will be real if p? > 4q. 
The possible selections are as follows: 


Therefore, number of favourable ways is 62 and tctal number 
of ways is 10? = 100. Hence, the required probability is 62/100 
= 31/50. 


The probability that the roots are imaginary is 1 - 31/50 = 19/50. 
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9.64 Algebra 


FRoots are equal when (p; qg) = (2, 1), (4, 4), (9, 6). The probability 
that the roots are real and equal is 3/50. Hence, probability that the 
roots are real and distinct is 3/5. 


22. a,b,c. 
Hiere total number of cases is *C, = 28. 
a. Ffavourable number of case is 13. 
For 2 — 6 choices 
For 1 — 7 choices 


b. For 6 — 5 choices 
For 7 — 6 choices 
For 8 — 7 choices 


c. For 1 > 4 choices (2, 4, 6, 8) © 
For 2 — 6 choices (3, 4, 5, 6, 7, 8) 
For 3 — 3 choices (4, 6, 8) 
For 4 > 4 choices (5, 6, 7, 8) 
For 5 — 2 choices (6, 8) 
For 6 — 2 choices (7, 8) 
For 7 — 1 choice (8) 


Alternative solution: 


a. 8, = "Cy = °C, = de 
fon 28 
b. ee. 
c 14 
Sg 8 
°C 14 
23. a, d. 


The probability that head appears r times is 


r 99-1 
mo (1 (2 
2 2 
which is maximum when r = 49 or 50. 


24. a, ¢. 
Let one probability of choosing one integer k be P(k) = A/k'. (A is one 
constant of proportionality). Then, 


Let x, be the probability of choosing the odd number. Then, 


m m 1 
= P(2k-D=A —_ 
eae 2, (2k —1)* 


Also, 


m 
<4 2 Gk 
l-x,<x, 
x,>1/2 
=> x,<1/2 


Reasoning Type @ 


l.a. P(A/B) > P(A) 
P(AMB) 
P(B) 
P(ANB) > P(B) 

P(A) 


= P(B/A) = P(B) 


YU 


2 P(A) 


2. e. Statement 1 is true as there are six equally likely possibilities of 
which only two are favourable (4 and 6).-Hence, probability that the 
obtained number is composite) is 2/6 = 1/3. 

Statement 2 is not true, as the three possibilities are not equally 
likely. 


3.¢. The required probability is 


P(A B) =1-P(AUB) | 
= 1 -[P(A) + P(B) - P(A B)] 
= 0.39 


4.a.-: P(A B) = P(A) + P(B)— P(AUB) 
. > P(A) + P(B) —1 
PIAA B)> 242-1 
5 3 
=> PAN B)2 (1) 
P(A OB) < P(A) 
= P(ANB)< : (2) 
From Egs. (1) and (2), 


4 3 
—<PA <= 
5 <PAMB) 5 (3) 
From (3), 
4 < P(A B) < 3 
15 P(B) P(B) 5P(B) 


5.a. P{AN(BOAO))} =PANBOC) =PA)PB)P(C) 
P[AN(BUO] 
=P[ANB)UANOC)] 
=P[ANB)+ANC-PIANBNANO] 
=P(AMB)+P(ANC)-PANBOC) 
= P(A)P(B) + P(A)P(C) — P(A)P(B)P(C) 
= P(A)[P(B) + P(C) — PB)P(C)] 
= P(A) (BUC) 

Therefore, A and B U C are independent events. 
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6.a. 272+1=5,n=2 


3n 
P(E = == 
(2) 4n?-1 15 5 


Asa, &, c are in A.P., so 
a+c=2b 
= a +ciseven 
Therefore, a and c are both even or both odd. So, the number of 
ways of choosing a and c is"C, + “IC =n. 
n 3n 


P(£E)=——_=— 
¢ ) antl ee 4n? =a) 


7.4. P(AUB)= P(A) + P(B)- P(A OB) 
“1 >P(A)+ P(B)- P(A B) = 3/4 
= P(A)+P(B)- 1/8 23/4 
[since minimum value of P(A M B) is 1/8) 
=> P(A) +P(B)< 1/8 + 3/4=7/8 
As the maximum value of P(A ~ B) is 3/8, we get 
1 > P(A) + P(B) - 3/8 
=> P(A)+P(B)<1+3/8=11/8 


8. b. Clearly both are correct but statement 2 is not the correct 
explanation for statement 1. 


9b.  P(AUB)=1-(AUB)=1- (AN B)=1- P(A)P(B) 
=> 09=1-0.6xP(B) 
1 
= P(B)=- 
(B) 6 
Clearly, statement 2 is not correct explanation of statement 1. 


10. c. According to statement 1, the required probability is 


n 4 n-4 8 n—-8 
1 1 
a Co pany < "CG, owe ye ae n Cy 1 3 + 
2 2 2 2 2 
Nn n n 1 i 
= ("Cy + "Cy + "Cg +--+) DS 
Now consider the binomial expansion, 
(L+x)"="C, + "Cx + "Ce? toe 
Putting x +i, where i = J-1, we get 


el + 1)" = ("Cy = "C, + "C, ae se) + i("C, _ "C, + "C, a a) 


=> v2 [co ; +isin | = ("Cy - "C, +"C,- ve) 


+ i(°C, -"C, +"C,---) 


=> "Cy — "Cy + "Cy = 2"? Spee 
Also we know that 
"Cy + "C, + "C, a Yon 
& FCCC ie eyo 4 or? cos“ 
Hence, the required probability is 


} 1 nt 
4 + nasi — 4 


Probability 9.65 


(by definition) 


11d. (4) Be celal) 


B P(B) 
= P(B)=P(AUA)OB)=P(ANB)U(ANB)) 


Hence, statement 2 is true. Now, 


P(A/B) + P(A/B)= oe a 
_ PAB) + PAB) 
7 P(B) 

P(B) | 

P(B) 


Therefore, statement | is false. 


42. a. In binomial theorem, we have proved statement 2. Now, 
there may be 0, 1, 2, 3, 4 or 5 heads in the last five throws and the 
same can be for the first 10 throws. The number of cases thus may be 
given by 


m= enon +5C,"C, + EC eG NC: +5C,°C, + sE.10G, : 
=5C,C,, + 5C\"Cy+ ACC, + 5C.C, +5C, C+ {On oe 
ee Sa BC, 


= 3003 


0 


The total number of ways (N) is 2!5 = 32768. Hence, the required 
probability is m/N = 3003/32768. 


13.c. P(A) + P(B) = 1 is true as A and B are mutually exclusive and 
exhaustive events, but statement 2 is false as it is not given that the 
events are exhaustive. 


14. b. The total number of cases, (S) = 4!. Let E be the event 
that no letter is mailed in its correct envelope. Then the favourable 
number. of cases is 


a(i-ted-s+5)=9 
1! 2! 3! «4! 


Hence, the required probability is 


9: 3 
P(E)=—=— 
e) 24 8 
Also, the probability that all the letters are placed in the correct 
envelope is 1/24. 


- Hence, the probability that all the letters are not placed in the 
correct envelope is 23/24. 


Hence, statement 2 is correct but does not explain statement 1. 


15.a. We have, 


P(AUB)=1-(AUB)=1-(ANB)=1- P(A) P(B) 
0.8 =1-0.7 x P(B) 


2 
=> P(B)== 
P(B) = 
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9.66 Algebra 


Lirnked Comprehension Type @ 


For Problems 1-3 
1.b, 2. ¢, 3. a. 


Sol. Let P(i) be the probability that exactly i students are passing 
an examination. Now given that 


P(A,) = Ai? (where A is constant) 


10x11x21 


10 10 
=> YP(A)=dAr =A = A385 =1= A =1/385 
t=] 


i=l 


Now, P(5) = 25/385 = 5/77. 


Let A represent the event that selected students have passed the 
examination. 


. P(A= ¥ P(AIA)PCA,) 


i=l 
«2 


ye i 
~ 10 385 


_ 101 
4x3850 14 


Now, 


P(A/A,)P(A,) 


P(A/A) = Fin 


~ 11x55 5 
4 
3025 


For Problems 4—6 
4. c, 5. b, 6. d. 


Sol. Let in 8 coupons S, U, R, F appears x,, x,, x,, x, times. Then x, 
+x, +X, 4+%,= 8, where x,, x,, Xy,%X,2 0. 


We have to find non-negative integral solutions of the equation. 
The total number of such solutions is °*4-'C,_, = ''C, = 165. 


If a person gets at least one free packet, then he must get each 
coupon at least once, which is equal to: number of positive integral 
solutions of the equation. The number of such solutions is *~'C, _, 
= 7C, = 35. Then, the probability that he gets exactly one free packet 
is 


(35 — 1)/165 = 102/495. 


The probability that he gets two free packets is 1/''C, = 1/165. 


For Problems 7-9 


7. d, 8. d, 9. b. 


Sol. 7. Let p, be the probability of being an answer correct from 
section 1. Then p, = 1/5. Let p, be the probability of being an answer 
correct from section 2. Then p, = 1/15. Hence, the required probabil- 
ity is 1/5 x 1/15 = 1/75. 


8. Scoring 10 marks from four questions can be done in 3 + 3 +3 
+ 1 = 10 ways so as to answer 3 questions from section 2 and 1 ques- _ 
tion from section 1 correctly. Hence the required probability is 


is Os © 1 d. 3 
Mie SAS 
9. To get 40 marks, he has to answer all questions correctly and its 


probability is (1/5)'° (1/15)!°. Hence, probability of getting a score 
less than 40 is 


10 10 10 
pele (2) gel 
5 15 715 
For Problems 10-12 
10. c., 11. d., 12.c. 


Sol. 10. x can be 2, 3, 4, 5, 6. The number of ways in which sum of 
2, 3, 4, 5, 6 can occur is given by the coefficients of x, x°, x4, x°, x® 
in 

(3x + 2x? +23) (x + 2x? + 3x) = 3x? + 8x3 + 14x17 + 825 + 3x6 
This shows that sum that occurs most often is 4. 


11. Sum that occurs for minimum times is 2 or 6. 


12. The number of ways in which different sums can occur is (3+ 
24+ 1)(1+2 +3) = 36. The probability of 4 is 14/36 = 7/18. 


For Problems 13-15 
13. c, 14. b, 15. d. 


Sol. A: She gets a success 
T: She studies 10 h: P(T) = 0.1 
S: She studies 7 h: P(S) = 0.2 
F: She studies 4 h: P(F) = 0.7 
P(A/T) = 0.8, P(A/S) = 0.6, P(A/F) = 0.4 7 
P(A) = PANT) + PANS) + PAN F) 
= P(T) P(A/T) + P(S) P(A/S) + P(F) P(A/F) 
= (0.1)(0.8) + (0.2)(0.6) + (0.7)(0.4) 


= 0.08 + 0.12 + 0.28 = 0.48 


. ba aje Oe 
P(A) 

_ (0.7) (0.4) 

~ 0.48 

= 0.28 _ 7 


0.48 12 
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P(FIA)= POA) 
P(A) 
= P(F)- P(F OA) 
0.52 
_ 0.7) - 0.28 
0.52 
042 21 
0.52 26 
For Problems 16-18 
16. b, 17. a, 18. ¢. 
P(SOT) 
Sol. P(S/T) = —— 
0 (S/T) PT) 
ose P(SOT) 
0.69 


+ P(SAT)=0.5 x 0.69 = P(S) P(T) 
Therefore, S and T are independent. 
P(S and T) = P(S)P(T) 
= 0.69 x 0.5 = 0.345 
P(S or T) = P(S) + POD) — PWS NT) 
= 0.5 + 0.69 — 0.345 
= 0.8450 
For Problems 19-21 
19. d, 20. b, 21. a. 


Sol. 19. Let E be the event that all the amoeba population dies out; 
E, be the event that after first second amoeba splits into two, 


E, be the event that after first second amoeba remains the 


same. Then, 
P(E) = P(E,)P(EIE,) + P(E,)P(E/E,) 


111 11 
=a te 

44 44 
ee 

32 


20. After 2s, exactly 4 amoeba are alive, i.e. initially amoeba 
must split into two and in 2" second again amoeba must split into 
two. Hence, the required probability is (1/2) x (1/2) x (1/2) = 1/8. 


21. In first second, mother amoeba splits into two with the prob- 


ability 1/2. 


Tn 2™ second, two amoeba split into two with probability 
(1/2) x (1/2) = 1/4. 


In 3" second, four amoeba split into two with probability 
(1/2) x (1/2) x (1/2) x (1/2) = 1/16. 


Hence, the probability that the population is maximum after 
3s is (1/2) x (1/4) x (1/16) = 1/27. 


Probability 9.67 


For Problems 22-24 


22. b, 23. b, 24. d. 
Sol. The‘number of cubes having at least one side painted is 


94+943+3+4+14 1 = 26. The number of cubes having two sides 
painted is4+441+1+1=12. 
For Problems 25-27 
25..a, 26. d, 27. b. 
Sol. 
25. For the favourable cases, the points should lie inside the con- 


centric circle of radius r/2. So the desired probability is given by 


Fig. 9.16 


2 
7 
re _— 
Area of smaller circle _ (<| i 
Area of larger circle mr 4 


26. 4 
R(O, 60) 


(0, 20)D 


> X 


oO! 4(20, 0) P(60, 0) 
Fig. 9.17 


Let A and B arrive at the place of their meeting ‘a’ minutes and 
‘b’ minutes after 5 pm. Their meeting is possible only if 
la - bi < 20 (1) 
Clearly, 0 < a < 60 and 0 <b < 60. Therefore, a and b can be 
selected as an ordered pair (a, b) from the set [0, 60] x {0, 60]. 


Alternatively, it is equivalent to select a point (a, b) from the 
square OPQR, where P is (60, 0) and R is (0, 60) in the Cartesian 
plane. Now, 


la—bl< 20> -20sa-b<20 


Therefore, points (a, b) satisfy the equation — 20 <x - y < 20. 

Hence, favourable condition is equivalent to selecting a point 
from the region bounded by y < x + 20 and y >x — 20. Therefore, 
the required probability is 


Areaof OABQCDO_ [ Ar(OPQR) —2Ar(A APB) | 
Area of square OPOR Ar(OPQR) 


60x 60-5 x 40 x 40 


2, 
60 x 60 9 
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9.68 Algebra 


27. Picking two points x and y randomly from the intervals [0, 2] 


and [O, 1] is equivalent to picking a single point (x, y) randomly from 
the rectangle 5 shown in the following figure, which has vertices at 
(0,0) (2,0), (2, 1) and (0, 1). So, we take Sas our sample space. Now, 
the condition y <x? is satisfied if and only if the point (x, y) lies in 
the shaded region. It is the portion of the rectangle lying below the 
_parabola y =x’. Therefore, the required probability is given by 


Area of the shaded region 
Area of the rectangle S 


Area of rectangle S$ = 2 x 1 = 2. Area of shaded region is 


(1,0) 


Fig. 9.18 


(2,0) 


I * 

jie Hivaetee 

0 13° 3 
Hence, required probability is 


vo w]e 


Z 
3 


For Problems 28-30 
28. a, 29. a, 30. b. 


Sol. 28. The total number of ways of painting first column when 
colours are not alternating is 2° — 2. The total number of ways when 
no column has alternating colours is (2° — 2)*/2%. 


29. The number of ways the square has equal number of red and 
black squares is “C,,. Hence, the required probability is *C,,/2%. 


30. This is possible only when the column are alternating red and 
black. Hence, the required probability is 2/2% = 1/2. 


For Problems 31-33 
31. a, 32. ¢, 33. d. 


31. PA) == 
12 1 
PRG es 

9 

PlAs) = 32 
6 61 
eae 


Hence, A, is most probable. 


1 1 1 
32. P(A,)=—, P(A,) ==, P(A) == 
(Az) 5 (As) 3 (As) 6 


P(A, VA,) = P(A,) P(A,) 
= P(A,) = P(A,) P(A,) 
6 bl 


36.203 


Hence, A, and A, are independent. 


33. Note that A, is independent with all events A, Ay Ay Ag oo 
A,,- Now, total number of ordered pairs is 23. 


(1, 1), (, 2), (1, 3),..., (1) + (, 12) 
22 
Also, A,, A, and A,, A, are independent. Hence, there are 25 
ordered pairs. 


For Problems 34-36 
34. a, 35. c, 36. ¢. 


Sol. The scores of n can be reached in the following two mutually 
exlcusive events: 


(i) by throwing a head when the score is (n — 1); 


(ii) by throwing a tail when the score is (n — 2) 


Hence, 
P,=P,_\ x ; + P,_.X ; [°. P(head) = P(tail) = 1/2] 
1 
=>. P, = 5 + P,_2) (1) 
1 1 
> fy ty Fe nt Fa-2 : 
(adding (1/2) P,_, on both sides) 
l 
= +—P 
n-2 2 n-3 
-p,+ip (2) 
2 2 1 ; 


Now, a score of 1 can be obtained by throwing a head at a single 
toss. 


And a score of 2 can be obtained by throwing either a tail at a 
single toss or a head at the first toss as well as second toss. 


Pus oe es _3 
a De ND 4 


From Eg. (2), we have 


wD 4 2\2 

=> P,=l ae 

2 

> ee ee ee 
3 3 
1 2 
> Pea | A ates 
3 2: 3 


downloaded from jeemain.guru 


2 
=> Poix< 3 < Foo 
For Problems 37-39 
37. b, 38. c, 39. a. 


Sol. 37. If a family of n children contains exactly k boys, then, by 
binomial distribution, its probability is 


k n-k 
1 I 
vex(3) (3) 


Hence, by total probability law, the probability of a family of n 
children having exactly k boys is given by 


1 k 1 n-k 
ap" "C, (3) (3) (where n > k) 


Therefore, the required probability is 


{ 
is) 
a oe 
NO] 
(rd 
a 
ss 
Cane 
= 
+ 
N 
i.) 
N |S 
oe” 
+ 
ray 
nt 
X 
Dd 
S 
RO ON 
Is 
ener f 
s 
+ 
a | 


| k p -(k+1) 
(2 

es jae 

G) ‘ ( 4 


cp’ (2 py” 


{l 


Probability 9.69 


38. Let A denote the event of a family including at least one 
boy. Then, 


k 

2a S/ p 

P(A) =—— ¥ | —— 
es ra Ped 


2B 
a ee ad (sum of infinite terms of G.P.) 


ap ; 
Se 1 
(2 — p)(l- p) a, 


39. Let B denote the event of a family including at least two or 
more boys. Then, 


; 
2 oo 
PHS Ss (2 


2—pya2\2-p 
ap? 
oo (2) 
(2- p)’(- p) 
(3) oC DY EE (Since B c A) 
A P(A) P(A) 
PS [From Eqs. (1) and (2)] 
2-p 


Matrix-Match Type & 


1. a-pb-r;coqd—p. 


"6; "Cy 2428 112. 28 


P(A)= =——= 
” ee. 220° 220°" 55 


*C,+%°C, 4456 60 3 
o 220 220 11 


P(B)= 


P(C) = P(WBB or BWB or WWB or BBB) 


8 4 3 4 8 3.8 7.4 4 3 2 
= —X— XX KX XK KX — XK — KX — KK KX 
12 11 10 12 11 10 12 11 10 12 11 10 


_96+964+224+24 440 
7 12x 110 12x10 3 


AMB=6=>A and B are mutually exclusive 


, 4 2. ii) 
PBA Cle PGB) oe 
12x110 55 
Also, 
dy sri. 74 
PCB) PIC) =x a 
NS aa i 


Hence, B and C are neither independent nor mutually exclusive. 


8x7x4 28 
12x11x10 3x55 


P(C A A) = P(WWB) 


ee 2 
P(C) Pant ee s 
3 220 3x55 


=> C and A are independent 
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9.70 Algebra 
Also, A, B, C are mutually exclusive as A and B are mutually 
exclusive. 
2.a— q,r,s;b—1r;c > p,q; d — p, q,r, s. 


a. Suppose the coin is tossed n times. The probability of getting 
head or tail is 1/2. The probability of not getting any head in n tosses 
is (1/2)”. The probability of getting at least one head is 1 — (1/2)". 
Now given that 


1-(1/2)'>0.8 


> Z <0.2 
2 
= 2°25 


Therefore, the least value of n is 3. 


b. The total number of mappings is n”. The number of one-one 
mappings is.7! Hence the probability is 


Ti ee ae 
no Bo 64 A 
Comparing, we get n = 4. 
c. Given equation is 
2x? + 2mx+m+1=0 
D=4m= 8(m + 1) >0 
n? -~2m-220 
(m-1P-320 
=> m=3,4,5,6,7, 8,9, 10 
Also, the number of ways of choosing m is 10. Therefore, the 


required probability is 4/5. 


5k=4 


d. 20P?- 13P+2<0 
= (4P-1)(5P-2)<0 


=> ae pe” 
4 5 
2 nl 
4 5 5\5 5\5 S\5 5 
=> n=2 


Hence, maximum as well as minimum value of n is 2. 
3.a—r,s; b—>p,q,r,s;c— p,q,r,s; d— p. 


a. P(success ) = 1/2; P(failure) = 1/2 


Suppose ‘n’ bombs are to dropped. Let E be the event that the 
bridge is destroyed. Then, 


P(E) = 1 ~ P(O or | success) 


n n-l 
=p (+ eri ee eras are 
bp) 2\2 Qn Qn 


1 _ont+l QF 
2 or 21 
10 20 1074+ 1) 


=> 


b. The bag contains 2 red, 3 white and 5 black balls. Hence 
P(S)=1/5; PUF) = 4/5; Let E be the even of getting a red ball. 


P(E) = P(S or FS or FFS or ...) = 

1/4V 01 

P(F)" <—;|—| <= 
wy si.(4) 

The value of n consistent is 4. 


c. Let there be x red socks and y blue socks and x > y. Then 


*C, 47°C, 1 


PRI. 7D 
or 
x(x-Dt+yy-) 1 
(xty)(xt+y-)D = 
Multiplying both sides by 2(x + y)(x + y — 1) and expanding, we 
get 
2x? — 2x + 2y?-2vaxr?+2xytv—x-y 
Rearranging, we have 
xv’ -IAxyty=axty 
=> (@-yPexty 
=> |x-yl=xty 
Now, 
x+ys17 


42 yeiT 


As x — y must be an integer, Xe) 
x-y=4 
x+y=16 
Adding both together and dividing by 2 yields x < 10. 


d. Let the number of green socks be x > 0. Let E: be the event that 
two socks drawn are of the same colour. 


P(E) = P(RR or BB or WW or GG) 


3 Zen 
a ar oe 
Cc, C, 
6 Pe x(x-l 


~ (46x45) (x+6)(0 +5) 


=> 52x? ~x+6)=x° + 11x +30 
=> 4-l6x =0 
=> x=4 
4.a-q;b—rjce—-s;d—-r. 
We have, 

PAO B)= P(A) PB) = — 


a. PURE PFO) APU RBS 


3 4 12 2 
pla ses ee 
AUB P(AUB) 3 


}. cor| B ,| = Aare) P() 
A’OB 


P(A’ 7 B’) P(A’ 7B’) 
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Al SPURT RY spas & 
d. p(4)-740" =PA)=7 


5.a-qsbopeo>nd—-q. 


Let E, denote the event that the bag contains i black and 
(12 - i) white balls (= 0, 1, 2,..., 12) and A denote the event that the 
four balls drawn are all black. Then : 


PCE) = = 051, 2,-.112) 


p(4]-orri=o123 
E. 


P cox one fori>4 
E; Cy 


a. P(A) = SP(E)P (4 


i=0 


1 1 
aa* a, le + °Cy tet 0G) 
_ ree | 

13x"c, 5 


b. Clearly , 


Aah. Neyo 14 
ol raed bea 
Ey C, 33 


c. By Bayer’s theorem, 


A 
P(E\))| = 
p(£2}- e el 


ie P(A) 
Dog ee 
as te 
a 429 
5 


b. Let B denote the probability of drawing 2 white and 2 black 
balls. Then 


p{ 2 \-oitio.toriii2 
E, 


i 


12 


: B ic 12-1 
pe Sa Oren 0 
E ‘on 


12 B 
P(B) = > P(E;) P| = 
i=0 E; 


1 1 
= {2 
13 Bc, | 


C6; MGs 4 1Cy 4 4 C; x 7G) 


x 


1 
ar eary (2(7C, °C, + °C, °C, ++ + °Cq x "Cp} 
4 


+ °C, x °C] 


Probability 9.71 


th ge) agen) 
13 495 


6.a-q;b—>p;ce-qd—s. 
a. When no box remain empty, then 
n(S)= 36 —3C,2° + 3C, = 3(243 - 64 + 1) 


= 540 


When each box contains equal number of balls, then 


! 
n(E)= St 3! =90 
2P 3! 


Therefore, the required probability is 90/540 = 1/6. 


.b. The required probability is 


cae Shela a ae 1 


3° 27 


c. Let A be the event that A is throwing sum of 9 and B be the 
event that B throws a number greater than that thrown by A. We have 
to find P(B/A) = P(ANM B)/ P(A) = P(B) (as A and B are indepen- 
dent). The probability that is throwing dice so that sum is higher than 
9 is 

P(B) = P((4, 6) or (6, 4) or (5, 5) or (6, 5) or (5, 6) or (6, 6)) 
6 1 


36 «6 


d. P(AUB) = P(A) + P(B)- P(ANB) 
= P(A) + P(B) — P(A)P(B) 
= 0.8=0.3+ P(B)—0.3 P(B) 
=> 0.5=0.7 P(B) 
=> PB)=2 
5 


= Pe ees 
7 7 


7.a—q,r;b—>1r;c— p;d—a,b,c¢,d. 

"Cr _1 

Tarai ia mk ih 
“ =r(r-l=(r+b\r+b-1) 

> 2?f-2r=Pr4+(2b-ljyr+b’?-1 

=> P-(1+2b)r+1-P=0 


=> b4+2br+r—r-1=0 


_ art y4r? -40r-7 -) 


=> b= 
2 


= —rtJ2r-r+l 


Since b is integer, possible values of r are 3 and 8. 
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*( 10 VY 3 
; ; : 
we Ee 
, {5} (—, 8 
2 2 
' 10 ) 1 
es PEO pelo AG 


=> r=10 


d. Probability of getting exactly n red balls in 2n draws is always 
equal to probability of getting exactly n black balls in 2n draws for 
any value of rand 5, hence the ratio r/b can be 10, 3, 8, 2. 


8a —rb-pec.oqgd—s. 


a. The required event will occur if last digit in all the chosen num- 
bers is 1, 3, 7 or 9. Therefore, the required probability is (4/10)”. 


b. The required probability is equal to the probability that the last 
digit is 2, 4, 6, 8 and is given by P (last digit is 1, 2,3, 4, 6, 7, 8,9) -P 
g" — 4” is 
10" 


c PI, 3,5, 7, 9) -— PC, 3, 7,9) = 


(last digit is 1,3, 7,9)= 


5 = 4" 
10" 


d. The required probability is 


(10” a 8") = (5" = 4”) 
10” 
1078" 544.4" 
10" 


P(O, 5) — P(5) = 


Integer Type 


1.(2) Total number of cases = n(S) = 6! 

Now sum the given digits is 1 +2+3+4+5+6=21, which is 
divisible by 3. : 

Now we have to form the number which is divisible by 6, then we 
have to ensure that the digit in unit place is even. 

= Favorable cases = n(A) =3 - 5! 

Hence Pays: 

6! 2 

2.(6) Total number of cases n(S) = 6° = 216 

Product is prime only when two outcomes are | and the third is 
prime i.e. 2, 3, 5. 

If it is 2, 1, 1, then the number of cases is 3. 

Similarly, 3 cases for 3, 1, 1 and 5, 1, 1 each 

Hence, favorable cases = 9. 


Hence, required probability p = + 


] 
=> —=6 
4p 
3.(7) Let the probability of the faces 1, 3, 5 or 6 be p for each 
face. 


Hence, probability of each of the faces 2 or 4 is 3p 
Now according to the question 4p + 6p = 1 

1 
— pP = 

10 


P(1) = P(3) = P(S) = P(6) = = 


'. and P(2) = P(4) = ES 


10 


= Required probability 
p = P(total of 7 with a draw of dice) 


= P(16, 61, 25, 52, 43, 34) 


10 10 10 10 10 10 
24+6+6 14 7 


100 100 50 
4.(1) There are n white balls in the turn. 


=> Probability of Mr. A to draw two balls of same color is 
°C, +. "Cy 

n+ 2c) 
64+n(n—-I]) 1 
(n+ 3)(n+2) 2 


ie 
= — (given) 
> g 


=. W-—7n+6=0 
=> n=lor6 (1) 
Also required probability for Mr. B according to the question is 
3 3 n n De tess 
+ =— (given) 
n+3n+3 n+3n+3 8 
Solving, we get n?-10n+9=0;n=10r9 (2) 
From (1) and (2),2=1 , 


5.(2). When A and B are mutually exclusive, P(A 7 B) = 0 


“ P(A UB) = P(A) + P(B) (1) 
=> 08=05+p 
=> p=03 (2) 
P(A U B) = P(A) + P(B) 
= P(A) + P(B) - P(A B) 
= P(A) + P(B) — P(A)P(B) 
=> 08=05+ q-(0.5)¢ 
=> 03=¢q/2 
=> @q=06 (3) 
=> gqlp=2 


6.(4) Let the number of green socks be x > 0. 
E: Two socks drawn are of the same color 
= P(E)=P(RRorBBorWWorGG) 


3 “C, 
a oC, | ORG, 
= 2 + ee!) asian) 
(x+6)(x+ 5) («4+ 6)(«4+ 5) 5 
=> 50?-x4+6)=x°+11x+30 
=> 4°-16x=0 
=> x=4 


7.(7) Let there be x red socks and y blue socks. Let x > y 
“Cy + °C, esa 
x+y C, 2 
x(x-)tyy-)_1 
(x+ y)(xt+ y-l 2 


Then 


=> 2°-2x4+2y-2yax+2xyt+y—-x-y. 
=> w-AUy+ye=axty 
=> (-yy=exty 
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= Ix-yl=(+y)!” 
Since x+y 17,x-y<vi7. 
As x — y must be an integer => x-y =4 
x+y=16 
Solving, we get x =7. 
8.(6) Let the two numbers are ‘a’ and ‘b’ 
According to the question a+ b = 4p and a— b = 4g where p,qe I 
= 2a=4(p+q)and 2b=4(p-q) 
=> a=2I, and b= 21, 
Hence, both a and b must be even. 
Also if (a — b) is a multiple of 4 then (a + 5) will also be a multiple 
of 4. 
Hence, n(S)=''C, 
n(A) = (0, 4), (0, 8), (2, 6), (2, 10), (4, 8), (6, 10) = 6 
6 6 
a UG S55 
9.(3) For ranked 1 and 2 players to be winners and runners up, 
respectively, they should not be paired with each other in any round 
‘ 30 14 6 2 16 
=>p= X= XxX == 
31 15 7 3 31 
10.(4) Total ways of distribution = n(S) = 4° 
Total ways of distribution so that each child get at least one game 
n(E) = 4 —4C, 35+ 4C, 2°-4C, 
= 1024-4 x 243 +6x32-4= 240 
mE) _ 240 15 
n(S) 4 64 


Required probability p = 


11.(5) P(n) = Kr? 


Given P(1) = K; P(2) = 22K; P(3) = 3°K; P(4) = 4? K; P(5) = 5°K; 
P(6) = 6K 
Total = 91 K=1 
I 


=> K=— 
91 


PQ)= ot ; P(2)= = and so on 


Let three events A, B, C are defined a as 
A:a<b 
B:a=b 
C:a>b 
By symmetry, P(A) = P(C). Also P(A) + P(B) + P(C) = 1 qd) 


6 
Since  P(B) = XIPWP 
i=1 


1416 +81+256 +625 +1296 
-| 91x91 
_ 2275 _ 25 
“9191 OL 
Now 2P(A) + P(B) = 1 


= pay=1[1-P@y=— 
2 91 


12.(5) The number of ways of drawing 7 balls (second draws) - 


= 0c : 

Foy each set of 7 balls of the second draw, 3 must be common to 
the set of 5 balls of the first draw, i.e., 2 other balls can be drawn in 
3C,, ways. , ~ 

Thus, for each set of 7 balls of the second draw, there are 7, x°C, 
ways of making the first draw so that there are 3 balls common. 


Probability 9.73 


Hence, the probability of having three balls in common is 


TCsX° Cy _ 5S 
AC, 12 
13.6) P(A/B)= oo = ae 7 - 


(Maximum value of P (A 7 B) = P(A) = 0.6) 


14.(5) Highest number in three throws 4 
= At least one of the throws must be equal to 4. 
Number of ways when three blocks are filled from {1,2,3,4} = 
number of ways when filled from {1,2,3} = 3? 
required number of ways = 4° - 3? 
4-3 37 
6 216 . 
15.(4) Let event A: Card is of heart but not king (12 cards) 
Event B : King but not heart (3 cards) . 
Event C: Heart and king (1 card) 


Probability p = 


required probability 
BG CCG +c, eee 
Pp = P(E) = > 52 52 
104 p=4 o 


Fives | 


Subjective Type 


1. To draw 2 black, 4 white and 3 red balls in order is same as 
arranging two balls at first 2 places, 4 white balls at next 4 places, (3 
to 6" place) and 3 red balls at next 3 places (7" to 9" place), i.e., BB, 
W,W,W,W,R,R,R,, which can be done in 2! x.4! x 3! ways. And total 
number of ways of arranging all 2 + 4 + 3 =9 balls is 9! Therefore 


the required probability is 


21x4tx3! 
9! 1260 


2. (i) The number of ways in which all the 6 girls sit together 
is 6! x 7! (considering all 6 girls as one person). Therefore, the 
probability of all girls sitting together is (6! x 7!)/12! = 720/12 
x 11x 10x9x 8) = (1/132). 


(ii) Starting with a boy, boys can sit in 6! ways leaving one place 
between every two boys and one at last 


These places can be occupied by girls in 6! ways. Therefore, if we 
start with a boy, number of ways of boys and girls sitting alternately 
is 6! x 6! ; 


G_G_G_G_GG 


Thus total number of ways of alternative sitting arrangements is 
6! x 6!+6! x6! =2 x6! x6! 

Therefore, the probability of making alternative sitting arrange- 
ment for 6 boys and 6 girls is 


2x61x6! _ 2x 720 | 
12! i2x11x10x9x8x7 462 


3. a. Let us define the events as follows: 


E, = First shot hits the target plane, 
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E, = Second shot hits the target plane 

E, = Third shot hits the target plane 

E, = Fourth shot hits the target plane 
Given 

P(E,) = 0.4, P(E,) = 0.3, P(E,) = 0.2, P(E,) = 0.1 
=> P(E,)=0.6, P(E,) =0.7, P(E,) =0.8, P(E,) =0.9 


Now the gun hits the plane if at least one of the four shots hit the 
plane. Therefore, 


P(at least one shot hits the plane) 

= 1 -—P (none of the shots hits the plane) 
=1-P(E,NE,NE,NE,) 

= 1-P(E,) P(E,) P(E,) P (E,) 
=1-0.6x0.7x08 x 0.9 

= | — 0.3024 = 0.6976 


4. P(A)=0.5, PAN B)<0.3 


So, 
P(A U B)= P(A) + P(B) — P(A OB) 
gives 
P(B) = P(AU B)- P(A) + P(A B) 
<14+03-0.5 


=0.8 [fe PAUB)<] 
Hence, P(B) = 0.9 is not possible. 


5. We must have one ace in n — 1 attempts and one ace in the n" 
attempt. The probability of one ace in first n — 1 attempts is 


*¢, x oe 
a C,-1 
and one ace in the n" attempt is 
2G. Ss 
[52-(n-l)] 53-n 


Hence, the required probability is 


4x 48! a INS3-m! 3 
(n —2)!(50 — 2)! 52! 53-n 


_ (n -1) (52 -—n) (51-7) 
50x49x17x13 


6. Since P(A U BU C) >0.75, therefore, 

0.75<PAUBUQS! 

0.75 < P(A) + P(B) + P(C) 
-P(AANB)-P(IBAC)-PANC)+PANBNOS1 

0.75 <0.3 + 0.4 + 0.8 — 0.08 — P(B.A C) — 0.28 + 0.09 < 1 

0.75 <1.23-P(BAC)S1 — 

0.48 < -P(B A C) <-0.23 

0.23 < (BAC) <048 


U 


Y boy sg 


7. Given that A and B are independent events. 


P (ACB) = P(A) P(B) (1) 
Also given that 
P(A B) ae (2) 
6 
and 
P(ANB)= ; (3) 
Also, 


P(A B)=1—P(AUB) 


= P(AQB)=1-P(A)-P(B)+ P(ANB) 
=> 1 _i_pray-P(ay+t 
3 : 6 


= P(A)+P(B) -3 (4) 


From Eqs. (1) and (2), we get 
1 
P(A) P(B) = 6 (5) 


Let P(A) =x and P(B) = y. Then Eqs. (4) and (5) become 


Solving, we get x = 1/2 and y = 1/3 or x = 1/3 and y = 1/2. Thus, 
P(A) = 1/2 or 1/3. 


8. Let P(A) and P(B) be the percentage of the population in a 
city who read newspapers A and B, respectively. Therefore, P(A) 
= 25/100 = 1/4, P(B) = 20/100 = 1/5 and P(A 4 B) = 8/100 = 2/25. 


Therefore, percentage of those who read A but not B is 
P(A 7 B) = P(A) - P(A NB) 
= 1/4 - 2/25 
= 17/100 = 17% 
Similarly, 
P(B OA) = P(B) — P(A B) = 3/25 = 12% 
Therefore, percentage of those who read advertisements is 


30% of P(A B) + 40% of P(BO A) +50% of P(AM B) 


30° eed Ae 40,3 50. 2 =139 = 13.9% 


x —+—x—= 
100 100 100 °25 100 25 1000 


Hence, the percentage of the population who read an advertise- 
ment is 13.9%. 


9. The total number of ways of ticking one or more alternatives 
out of 4 is *C, + 4C, + 4C, + 4C, = 15. Out of these 15 combina- 
tions, only one combination is correct. The probability of ticking the 
alternative correctly at the first trial is 1/15 that at the second trial is 
(14/15)(1/14) = 1/15 and that at the third trial is (14/15)(13/14)(1/13) 
= 1/15. 
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Thus, the probability that the candidate will get marks on the ques- 
tion if he is allowed up to three trials is 1/15 + 1/15 + 1/15+= 1/5. 


10. Let £, denote the event that the lot contains 2 defcetive articles 
and E, the event that the lot contains 3 defective articles. Suppose 
that A denotes the event that all the defective articles are found by the 
twelfth testing. we have, 


P(E,) = 0.4, P(E) = 0.6 
Now, - 
PE)) + P(E,) =0.4+0.6=1 


Therefore there can be no other possibility. Now, 


2 18 , 

pay tOes 1 
(Cy) 9 190 

(Here up to 11" draw, 1 defective and 10 non-defective articles are 
drawn and the second (i.e. last) defective article is drawn at twelfth 
draw.) 

Also, 

3 17 
Cc C 1 
puajey= fone) 1M 
(C\;) 9 128 


{Here up to 11" draw, 2 defective and 9 non-defective articles are 
drawn and the third (i.e. last) defective articles is drawn at the twelfth 
draw.] 


We have, 
P(A) = PE,) P(A/E,) + P(E,) P(AIE,) 
Shae ates le 
190 228 1990 


11. The man can be one step away from the starting point if (i) 
either he is one step ahead or (ii) one step behind the starting point. 
Now if at the end of the 11 steps, the man is one step ahead of the 
starting point, then out of 11 steps, he must have taken six forward 
steps and five backward steps. The probability of this event is 


NC. x (0.4)° x (0.6)° = 462 x (0.4)° x (0.6)° 


Again if at the end of the 11 steps, the man is one step behind the 
starting point, then out of 11 steps, he must have taken six backward 
steps and five forward steps. The probability of this event is 


NC, x (0.6)° x (0.4) = 462 x (0.6)° x (0.4) 


Since the events (i) and (ii) are mutually exclusive, therefore the 
required probability that one of these events happens is 


[462 x (0.4) x (0.6)*] + [462 x (0.6)° x (0.4)°] 
= 462 x (0.4) x (0.6)° (0.4 + 0.6) 

= 462 x (0.4 x 0.6)° 

= 462(0.24)° 


12. For the first two draws, following events may occur. 


E,: Both the balls are white 
E,: First is white and second is black 
E,: First is black and second is white 
E, 


: Both the balls are black 


Probability 9.75 


Let E represent the event that the third ball is black. Then, 


2.° 3° 3 
eras) 


The four events E,, E,, E, and E, are mutually exclusive and 
exhaustive. Using the theorem of total probability, 
P(E) = P(E,) P(EIE,) + P(E.) P(BIE,) + P(E,) P(E/E,) 
+ P(E,) P(E/E,) 


1 


2 1 1 34 = 23 
6 


3 3 3 
XL F= KS 4+ —XK—+—XT=E 

23 4 5 4 10 6 30 

13. Here the total number of coins is N + 7. Therefore, the total 
number of ways of choosing 5 coins out of N+ 7 is "* ™C,. 

Let E denote the event that the sum of the values of the coins is 
less than 1 rupee and 50 paise. Then, E’ denotes the event that the 
total values of the five coins is equal to or more than 1 rupee and 50 
paise. The number of cases favourable to E’ is 


°C; x5C, x NC, +2C, x 5C, x NCy + 7C, x °C, x NC, 
=2x5+10+10N 


= 10(N + 2) 
: 10(N +2) 
P(E‘) = MIC, 
, 10(N +2) 
> P(E)=1- P(E) = 1 wo 


14, The probability p, of winning the best of three games is equal 
to the sum of the probability of winning two games + the probability 
of wining three games, which is given by 

>C, (0.6) (0.49 + °C, (0.4) 


= 0.288 + 0.064 = 0.352 [Using binomial distribution] 


Similarly, the probability of winning the best five games is 
p, = probability of winning three games 
+ probability of winning four games 
+ probability of winning 5 games 
=5C, (0.6) (0.4) + °C, (0.6) (0.4)' +8, (0.4) 
= 0.2304 + 0.0768 + 0.01024 


= 0.31744 


ASP, > P» therefore A must choose the first offer, i.e., best of three 
games. 


15. LetA = {a,,4,, ...,,}. Let S be the sample space and E be the 
event that P 7 Q = @. The number of subsets of A is 2". Each one of 
P and Q can be selected in 2" ways. Hence, the total number of ways 
of selecting P and Q is 2" 2" = 4". 
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Now for P 7 Q = @, element of A either does not belong to any 
of sunbsets or it belongs to at most one.of them. Therefore, for each 
element, there are 3 choices, namely 

@ 4¢P,aeO 

(ii) a¢ PLa¢ Q- 

(iii) a,¢ P,a,é QO 


Therefore, the total number of ways of selecting P and Q such 


that 
POQ= gare (3)" [3 for each element of A]. 
n(E) = 3" 
Hence, 
3" (3 
P =—=] — 
one) 


16. Let G denote the event the examinee gueses, C denote the event 
the examinee copies and K the event the examinee knows. Then given 
that P(G) = 1/3, P(C) = 1/6 and P(K) = 1 - 1/3 — 1/6 = 1/2. Here, it 
has been assumed that the events G, C and K are mutually exclusive 
and totally exhaustive. If R denotes the event that the answer is right, 
then 

PCR/G) = 1/4, as out of the four choices only one is correct. P(R/C) 
= 1/8 (given). Also, P(R/K) = 1 since the probability of answering 
correctly. when one knows the answer is equal to 1. 


Now by Bayes’s theorem, the probability that he knows the’ 


answer, given that he answered correctly is given by 


P(K) P(R/K) 
P(G) P(R/G) + P(C) P(R/C) + P(K) P(R/K) 
(1/2) x1 _ 24 
~/3) (1/4) + (1/6) (1/8) + G/2)x1 29 


P(K/R) = 


‘17. Let X = defective and Y = non-defective. Then, all possible 
outcomes are {XX, XY, YX, YY}. Also, 


501 

ae X= 100. 4 

50. 50 1 

WE T6610. 4 

50). 30: 

ue 100 .4 
Here, 


= (XX) U (XY); B= (XY) U (YY); C = (KX) U (PY) 


P(A) = P(XX) + P(XY) = tons 


1 1 
P(B) = P(XY) + P(YX) =— + — 
(B) = PC ( rar 


Now, 
1 
P(A B) = P(XY) = a P(A) P(B) 
Therefore, A and B are independent events. 


P(BC)= P(YX) = : = P(B) P(C) 


Therefore, B and C are independent events. 
1 
P(C A)=P(X Y)= rn P(C) P(A) © 


Therefore, C and A are independent events. 
P(A BC) =0 (impossible events) 
# P(A) P(B) P(C) 


Therefore, A, B, C are dependent events. Thus, we can conclude 
that A, B, C are pairwise independent, but A, B, C are dependent. 


18. The given numbers are 00, 01, 02, ..., 99. There are total 100 
numbers, out of which the numbers, the product,of whose digits is 
18, are 29, 36, 63 and 92. 


Boe 
P Pon SS 
Pe ET = 35 | 
=> q=l- ss 
tee es 


From binomial distribution, 


P(E occurring 3 times) + P(E 
occurring 4 times) 


P(E occurring at least 3 times) = 


= ‘C, pq + ‘Cop! 


-+x(3) (F3)+(z) 


at OT 
(25) 
19. E, = number noted is 7 
’ E, = number noted is 8. 
H = getting head on coin 
T = getting tail on coin 
Then, by total probability theorem, 
P(E,) = P(A) P(E /A) + P(T) P(E /T) 
P(E,) = P(A) P(E JH) + P(T) P(E,T), 
where P(H) = (1/2), P(T) = (1/2) and P(E,/A) is the probability of 
getting a sum of 7 on two dice. 
Here, favourable cases are {(1, 6), (6, 1), (2, 5), (5, 2), (3, 4) (4, 3)}. 
6 1 
P(E, /H) = —=— 
alas 36 6 
Also, P(E,/T) is the probability of getting ‘7 
of 11 cards 


> numbered card out 


P(E/T) = WII. 


P(E,/F) is the probability of getting a sum of 8 on two dice. 
Here, favourable cases are {(2, 6) (6, 2) (4, 4), (5, 3), (3, 5)}. 


5 
P(EJH) = = 


The probability of getting ‘8’ numbered card out of 11 cards is 
W11. 
1 1 eh. _1+6_ AT 


1 1 
da — 
2 6 2 #11 «12 “37 132. 132 


Peat x Spt y tt [55+36]_ 91 
2°36 2° 11 2{| 396 | 792 


P(E) = 
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Now, E, and E, are mutually exclusive events, therefore 
P(E, VE,) = P(E.) + P(E) 
17 Ol 
= — + — 
132 792 
_ 102+91 
~ 792 
22 = 0.2436 
792 
20. We have 14 seats in two vans and there are 9 boys and 3 girls. 
The number of ways of arranging 12 people on 14 seats without 
restriction is 


14! 
“P= ar =7(13!) 

Now, the number of ways of choosing a van is 2. The number of 

ways of arranging girls on three adjacent seats is 2(3!). The number 

of ways of arranging 9 boys on the remaining || seats is ''P,. There- 


fore, the required number of ways is 


\jqt 
2x (2x31)xMF, =O 12 


Hence, the probability of the required events is 
12) 1 
7x13! 91 


21. a. The probability of 5, to be among the eight winners is equal 
to the probability of S, winning in the group, which is given by 1/2. 


b. If S,and S, are in the same pair-then exactly one wins. 

if S, and S, are in two separate pairs, then for exactly one of S , and 
S,, to be among the eight winners, S, wins and S, loses or S, loses and 
S, wins. 


Now the probability of S,, S, being in the same pair and one wins 
is (Probability of S,, 5, being in the same pair) x (Probability of any 
one winning in the pair). And the probability of S,, 5, being in the 
same pair is 

n(E) 
n(S) 
The number of ways 16 players are divided into 8 pairs is 


16! 


Ss) =——_ 
me) (21° x8! 


The number of ways in which 16 persons can be divided in 8 pairs 
so that S, and S, are in same pair is 


14! 


mE) = ONT xT! 


Therefore, the probability of S, and S, being in the same pair is 


14! 
(2x7! 2!K8 1 


16. 16x15. 15 
(21)8 x8! 


The probability of any one winning in the pair of 


S, 5, is P(certain event) = 1. 


Hence, the prbability tha the pair of S,, 5, being in two pairs sepa- 
rately and any one of S|, S, wins is given by the probability of S,, S, 
being in two pairs separately and S, wins, S, loses + the probability 


Probability 9.77 


of S,, S, being in two pairs separately and S, loses, S, wins. It is given 
by 


ua 
“27°45 15 


Therefore, the required probability is (1/15) + (7/15) + (8/15). 


22. The required probability is 1 — (probability of the event that 
the roots of x? + px + g = 0 are non-real). The roots of x? + px +q 
= 0 will be non-real if and only if 


p’-4q<Oorp’<4q. 


We enumerate the possible values of p and q, for which this can 
happen, in the following table. 


Number of pairs of pq 


J 452,3,.4,5 7 


8. 1,2; 3,4,5 


9 | 123,45 
10: -}. 452, 374,5,6° |) 6 


Thus, the number if possible pairs is 38. Also, the total number of 
possible pairs is 10 x 10 = 100. Therefore, the required probability is 
1— (38/100) =1— 0.38 = 0.62. 


23. Given that p is the probability that the coin shows a head, then 
1 — p will be the probability that the coin shows a tail. Now, 


a= P(A gets the 1" head in 1 try) + P (A gets the 1* head in 
2™ try) +++: 
=> a= P(H) + P(T) PT) PCT) P(A) + POT) PC) 
x P(T)P(T) PC) PCT) P(A) 
=pt+(l-p)'+(1-p) pt 
=p[l+(1-p)+(1-py +o 
P 
a oo 1 
1-(1- py’ o 
Similarly, 
B= P(B gets the 1“ head in 1" try) + P(B gets the 1“ head in Qn 
try) fee 
= P(T)P(H) + P(T) P(T) P(T) P(T) P(A) + 
=(l-p)p+(1-p)' pt. 
_ 
_ (-p) P (2) 
1-(.- p) 
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From Egg. (1) and (2), we get 

B=(1-p)a 
Also, Eqs. (1) and (2) give ene for a and f in terms of p. 
Also, 


a+$+y= 1 (exhaustive events and mutually exclusive 
events) 


=> y=l-a-ZB 


=l-a-(l-p)a 

=1-(@-p)a 

=1-(2-p)a 

Bead eer eae) 

_ 1+ ~ py’ -@p-p’) 
1-(- py’ 


Siete ++3p(1— p)- 2pt+p’ 
1-(1-p)’ 

_p-2p+p 

1-(-py 

_ P(p’ -2p+) 

1-(1- py 
_ p= py 

1-d-py 


4 PRR mB PR 
00 0 0 0 0 0 0 


Given that if P, , P, play with i <j, then P, will win. For the first 
round, P, should be paired with any one from P, to P,. It can be done 
in*+C, ways. Then P, to be the finalist, at least one player from P, to 
Ps should reach in the second round. Therefore, one pair should be 
from remaining 3 from P, to P, in*C,. Then favourable pairings in 
first round is *C, 3C,*C,. Then i in the 2“ round, we have four players. 
Favourable ways is 1. Now total possible pairings is 


°Cyx "Cz x"C,x*Cy “Cx "Cy 
4! 2! : 
Therefore, the probability is 


46°C, °C;412) 4 


sy ery ora Bee Oa GF 2c, 35 


25. Given that the probability of showing head by a coin when 
tossed is p. Therefore the orobability of coin that no two or more 
consecutive heads occur when tossed n times is given as follows. 


The probability of getting one or more or no head, i.e., probabil- 
ity of getting H or Tis P,= 1. 
Also, the probability of getting one # or number H is 
p, = P(HT) + P(TH) + PIT) 
=p(l-p)+pUi-p)P+(1-p)(—-p) 
=1 -p 
For 2 >3: 


The probability that (0) two or more consecutive heads occur 
when tossed n times is 


p,, = p(last outcome is 7) P(two or more consecutive heads 
in (n — 1) throws) + P(last outcome is H) P((n — 1)" 
throw results in a 7) P(number two or more consecutive 
heads in (n — 2)n throws) 
=(l-p)P,_,+pQ-p)P,.. 
Hence, proved. 


26. Let W, (B,) be the event that a white (a black) ball is drawn in 
the first draw and let W be the event that white ball is drawn in the 
second draw. Then, 


P(W) = P(B,) P(WIB,) + P(W,) P(WIW,) 


n m m  mtk 
+ 


mtnmtntk mtnmtnt+k 


= m(n+m+k) 
(m+n)(m+nt+k) 


ML 


m+n 


27. The total number of outcomes is 6". We can choose three num- 
bers out of 6 in °C, ways. Now these three numbers must appear at least 
once in n throws which is equivalent to number of ways of filling 3 
boxes with n different objects if no box remains empty which is done in 
3" —3C,2" + 3C, ways. Hence, favourable number of cases is °C, x (3"- 
3C,2" + °C,). Hence, the required probability is 


§C, [3" -— 3(2") +3] 
6" 
28. Let E, be the event that the coin drawn is fair and E, be the 
event that the coin drawn is biased. 
m- N-m 
P(E;) = — and P(E,) = —— 
(£)) = 5 and P(E.) = 
A is the event that on tossing the coin, the head appears first and 
then appears the tail. 
P(A) = P(E, NA) + P(E, OA) 
= P(E,) P(A/E,) + P(E,) P(A/E,) 


5 
a I. p N=m\(2)( 1 (1) 

N\2 N 3/\3 
We have to find the probability that A has happened because of E.. 


P(E, A) 
P(A) 


P(E /A)= 


a5) 
2 MAS [Using Eq. (1)] 


m/4 _ 9m 


m/4+ “c- m) ~ m+8N 


29. Let us consider the following events. 


E : event of passing I exam 
E . 


> 


event of passing Ii exam 
E,: event of passing HI exam 


Then a student can qualify in anyone of following ways. 
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1. Hie passes first and second exam. 
2. He passes first, fails in second but passes third exam. 
3. We fails in first, passes second and third exam. 
Therefore, the required probability is 
. PCE,)P(EJE,) + P(E,) PEJE,) P(EJE,) 
+ P(E,) P(EJE,) P(EJE,) 


[as an event is dependent on previous one] 


=pp+pl-p)Z+0-p) 5p 


pop PP 


3 
2 


30. Let us consider the following events: 
EB: A hits B; P(E,) = 2/3 
E,: Bhits A; P(E,) = 1/2 
E,: C hits A; P(E,) = 1/3 


E: Aishit 
P(E) = P(E, V E,) 
=1- P(E, 1 E;) 


=1-P (E,)-PE,) 


Now, _ 
P(E, NE;) 
P(E) 
[- P(E, NEN B) = PE, NE), 
ie., B hits A and A is hit = B hits A] 


P(E, © E)/E)= 


_ P(E) PEs) 
P(E) 

_ Y2x2/3 1 

rae. o 


31. Given that A and B are two independent events. C is the event 
in which exactly one of A and B occurs. Let P(A) = x, P(B) = y. 
Then, - 

P(C) = P(ANB)+ P(AMB) 


= P(A) P(B)+ P(A) P(B) {*- if A and B are indepen- 
dent so are ‘A and B’and A and B] 
= P(C)=x1-y)+y -x) (1) 
Now consider, 
P(A UB) P(A OB) = [P(A) + P(B) — P(A) P(B)) (P(A) PCB] 
=(x+y~xy)(l-x)U-y) 
=(xt+y)(l-x) d-y)-xyl-x) (-y) 
x+y) (-x) U-y) 
<x(1—x) (i -y)+ yy —x) (L-y) 
<xU—y)+ yd -x)-e (1 -y)-yU-x) +> 
+x(1—y)+yU ~~) 


[. xy €(0, 1] 


Probability 9.79 


<P(C) [Using Eq. (1)] 
Thus P(C) > P(A U B)P(A AB) is proved. 


32. Let us define the following events 
A: 4 white balls are drawn in first six draws 
B: 5 white balls are drawn in first six draws 
C: 6 white balls are drawn in first six draws 
E: exactly one white ball is drawn in next two draws (i.e. one 
white and one red) 
Then 
P(E) = P(EIA) P(A) + P(E/B) P(B) + P(E/C) P(C) 
But 
P(E/C) = 0 [as there are only 6 white balls in the bag] 
P(E) = P(E/A) P(A) + P(E/B) P(B) 
7 Wo x 2c, Ro x ‘Cc, NC x Ic, Rox 6c, 
2c BC. 26, 8. 


33. Let us define the following events 
C: person goes by car 
S: person goes by scooter 
B: person goes by bus 
T: person goes by train 
L: person reaches late 
Then, we are given in the question 


1 3 2 1 
=— =—,P =—,P =_— 
P(C) 3 POS) 5 (B) 5 (T) = 
P(LIC) == P(LIS)=4 P(LIB) = 4 P(LIT) = 2 
~ 9’ eae 9" “9 


We have to find P(C/L) [Since reaches in time = not late]. Using 
Bayes’s theorem, 
P(LIC) PCs 
P(LIC) P(C) + P(LIS) P(S) + P(LIB) + A(L/T) P(T) 


Q) 


P(CIL) = 


Now, 


\© | co 


PILIC)=1-2=2, ALIS)=1-5 = 


a 4 3 1 
P(L/B)=14—=~, P(L/T) =1-—= 
( ) 9 (L/T) 9 


9” 
Substituting these values in Eq. (1), we get 
ioe 

—x 
9 

3 4 
7 


P(C/L)= a7 


x x 
9 7 


PH Qed 
= 7 i ard 
7+24+10+8 49 7 


7 
8 $225 78s L 
+—xX x=+ 
9 9 


Objective Type 


Fill in the blanks 
1. Let E, be the event that face 1 has turned up and E, be the event 
that face 1 or 2 has turned up. By the given data, 


P(E,) = 0.1 + 0,32 = 0.42, P(E, N E,) = 0.1 
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Given that E, has happened and we have to find then the probabil- 
ity of happening of E,. Therefore, by conditional probability theo- 
rem, we have 


P(E /E,) =P 0) 


2. Given that 
P(A UB)=P(ANB) 
=> P(A)+P(B)—-P(AN B)=P(ANB) 
=> [P(A)-P(ANB)] + [P(B)- P(ANB)] =0 
But 
P(A)- P(A B)>0Oand P(B)-— P(A B)>0 
; [- P(A OB) ¥ P(A), P(B)) 
=> P(A)-P(ANB)=0 and P(B)—-P(ANB)= 
[since sum of two non-negative numbers can 
be zero only when these numbers are zeros. ] 
=  P(A)=P(B)=P(ANB) 
which is the required relationship. 


3. .Let A be the event that maximum number on the two chosen 
tickets is not more than 10, and B be the event that minimum number 
on them is 5. We have to find P(B/A). We know that 


P(BO A) 


P(B/A) = PIA) 


The total ways of selecting two tickets out of 100 is '°C,. The 
number of ways favourable to A is the number of ways of select- 
ing any 2 numbers from | to 10, ie., °C, = 45. A m B contains one 
number 5 and other greater than 5 and < 10. So, number of ways 
favourable to A 4 B is °C, = 5. Therefore, 


45 
P(A) = 795 
2 
P(BOA)= P(BO A= 
C, 
Thus, 
Chay ore ee 
P(BI A) =~ = 7 = = 
Ee 45/c, 45 9 
4. Let, 
I+3p -—2p 
P(A)= Pes pos 
(A) = 3 (B)= A (C)= 2 


A, B and C are three mutually exclusive events. 


P(A) + P(B) + P(C) <1 


= EOD gy Mes WAP Zach 
3 4 
=> 44+12p+3-3p+6-12p<12 
= pein () 


Also, 
0s P(A) S105 <1 


O<14+3p<3 
1 2 

=> --<ps- 2) 
eae ¢ 


0<P(B)<1>0< PI 


=> -3<p<l (3) 
0<P(C)<1=90s——2 <1 


ee, (4) 


i 
2 
Combining Eqs. (1), (2), (3) and (4), we get 


Le a 
a, 8 


5. First draw is from P, second draw is from Q and third draw is 
from P. There may be following cases: 


Case I: 
R-R-R 
The required probability is (6/10) x (5/11) x (6/10) = (18/110). 


Case II: 
R —-B—-R 
The required probability is (6/10) x (6/11) x (6/10) = (18/110). 


Case III: 
BoR—-R 
The required probability is (4/10) x (4/11) « (7/10) = (56/550). 


Case IV: 
B-oB—-R 
The required probability is (4/10) x (7/11) x (6/10) = (84/550). 


Therefore, the total probability is 


18 18 56 | 84 _ 90+90+56+84 
110 110 550 550 550 
eee ae 
550 55 


6. Probability of getting a sum of 5 is 4/36 = 1/9 = P(A) as favour- 
able cases are {(1, 4), (4, 1), (2, 3) (3, 2)}. Similarly, favourable cases 
of getting a sum of 7 are {(1, 6). (6, 1), (2, 5), (5, 2), (3, 4, (4, 3)}. 
The total number of such cases is 6. Therefore, the probability of get- 
ting a sum of 7 is (6/36) = (1/6). The probability of getting a sum of 
5 or 7 is (1/6) + (1/) + (5/18) (As events are mutually exclusive). 


Hence, the probability of getting neither a sum of 5 nor a sum of 
7 is 1 — (4/18) = (13/18). 


Now, we get a sum of 5 before a sum of 7 if either we get a sum of 
5, in first chance or we get neither a sum of 5 nor a sum of 7 in first 
chance and a sum of 5 in second chance and so on. Therefore, the 
required probability is 
1 13 1 «13 ve 1 


—t+—= X= 4+—=— X= XK F+-+ 00 


9°18 9 18 189 
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V9 
1 —13/18 
= yl 2 
“9° 5 
7, P(A UB)=08 
P(A UB) = P(A) + P(B) - P(A B) 


= P(A) + P(B) — P(A) P(B) 


2 
5 


[as A and B are independent events] 
=> 0.8 =0.3 + P(B)-0.3 PB) 
=> 0.5 =0.7 P(B) 
=> PB)=5S/7 


8. Sample space is {Y, Y, Y, R, R, B}, where Y stands for yellow 
colour, R for red and B for blue. 

The probability that the colour yellow, red and blue appear in the 
first, second and third tosses, respectively, is (3/6) x (2/6) x (1/6) = 
(1/36). 

9. Given that P(A = 0.3, P(B) = 0.4 and P(A M BY) = 0.5. 


BAU BO) = PEO BS) 
P(AUB‘) 
“ss P((BOA)U(BOB‘)) 
P(AUB‘) 
P(ANB) 


7 P(A) + (B°)- P(A B*) 


1— P(A‘) +1-—(B)- P(AN B*) 


7 1-0.3-0.5 

~ 1-0341-04-0.5 
02 1 

08 4 


10. Let £, be the event of getting minimum number 3, E, be the 
event of getting maximum number 7. Then, 


P(E,) = P(getting one number 3 and other 2 
from numbers 4 to 10) 
ioe; ope 
pC Wee 30 
Similarly, 


P(E,) = P(getting one number 7 and other 2 
from numbers | to 6) 


Cy 


i 
mC 8 


P(E, U E,) = P (getting one number 3, second 
number 7 and third from numbers 4 to 6) 


eG Ga Le 


we, 40 


. P(E,UE,) =P(E,) + PE) - PE, 0 E,) 


Probability 9.81 


True or false 


1. Let E be the event ‘no two S’s occur together’. A, A, I, N can 
be arranged is 4!/2! = 12 ways. 


A—A—I—N 
In the arrangement shown above there are 5 places for four S. 


Out of 5 places, 4 can be selected in °C, = 5 ways. There- 
fore, no two S’s occur together in 12 x 5 = 60 ways. Hence, the 
total number of arranging all letters of word ASSASSIN is 
8!/(4! 2!) = 840. Therefore, the required probability is (60/840) = 
(1/14). Now, 

P(A) + P(B) — P(A) P(B) = 0.2 + 0.3 - 0.2 x 0.3 
= 0.5 — 0.06 = 0.44 
#05 

Hence, the statement is false. 


2. P(A UB) = P(A) + P(B)— P(A OB) 


Multiple choice question with one correct answer 


1.d. The two events can happen simultaneously, e.g., (2, 3). 
Therefore, they are not mutually exclusive. Also, the two events are 
not dependent on each other. 


2.a. PAUB) =P(A)+P(B)-P(AMB) 
= 0.25 + 0.50-0.14 
=0.61 
= P(A U BY) =1-P(A UB) 
=1-0.61 = 0.39 
3.b. p=0.4,q=0.6 
P(X > 1) =1-P(X=0) 
= 1-3, (0.4)° (0.6)' 
= 1-0.216 = 0.784 


P(A’ 7 B’) 


P(AQB) 
P(B) 

P(A UB) 
P(B) 

eo 1-(AUB) 

P(B) 


4.c. P(A/B)= 


5.d. Since there are 15 possible cases for selecting a coupon 
and seven coupons are selected, the total number of cases of select- 
ing seven coupons is 157. It is given that the largest number on the 
selected coupon is 9. Therefore the selection is to be made from the 
coupons numbered | to 9. This can be made in 9’ ways. Out of these 
97 cases, 87 cases do not contain the number 9. Thus, the favourable 
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nurmber of cases is 9’ ~ 8’. Hence, the required probability is (97 — 8’)/ 
(157). 


6. d. Let p be the probability of one coin showing head. Then the 
probability of one coin showing tail is 1 — p. According to question, 
the coin is tossed 100 times and probability of 50 coins showing head 
is equal to the probability of 51 coins showing head. 

Using binomial probability distribution P(X = r) ="C_p" q"", we 
get 


0Cp(1 — py= MC, p (1 — py? 


1-p_ "cs,  50!50! 50 


=> _ = 
Pp ag SIM4OL SI 

=> 51-S5lp=50p 

= 


51 
101lp =51 > p= — 
e P* 01 
P(at least 7 points) = P(7 points) + P(8 points) 


['. at most 8 points can be scored] 


= 
Ss 


Now, 7 points can be scored by scoring 2 points in 3 matches and 
1 point in one match. Similarly, 8 points can be scored by scoring 2 

points in each of 4 matches. Therefore, the required probability. is 
‘C, x [P(2 points)]* P(1 point) + [P(2 points)]* = 4(0.5)° 
x 0.05 + (0.50)* 

= 0.0250 + 0.0625 = 0.0875 

8. a. The minimum face value is not less than 2 and maximum 
face value is not greater than 5 if we get any of the members 2, 3, 4, 
5, while total possible outcomes are 1, 2, 3, 4, 5 and 6. Therefore, in 


one throw of die, probability of getting any number out of 2, 3, 4 and 
5is 4/6 = 2/3. 


If the die is rolled four times, then all these events being indepen- 
dent, the required probability is (2/3)*= 16/81. 
9. b. Given that 
P(India wins) = p = 1/2 
P(India loses) = p’ = 1/2 


Out of 5 matches, India’s second win occurs at third test. Hence, 
India wins third test and simultaneously it has won one match from 
first two and lost the other. Therefore, the required probability is 


LY iy 
P(LWW) + P(WLW) = 3] (5) 


10. b. Out of 6 vertices, 3 can be chosen in °C, ways. The triangle 
will be equilateral if it is AACE or ABDF (2 ways). 


E D 


A B 
Fig. 9.19 


Therefore, the required probability is 
2 25-7 Al 


6. -20-«10 


11. a. We know that 
P(exactly one of A or B occurs) = P(A) + P(B) —- 2P(A 7 B) 
Therefore, 


P(A) + P(B) -2P(A 1 B)=p (1) 
Similarly, : 

P(B) + P(C) -2P(B NA) =p (2) 
and 

P(C) + P(A) -—2P(C NA) =p (3) 


Adding Egs. (1), (2) and (3) we get 
2[P(A) + P(B) + P(C) -P(AANB)—~P(BAC)-P(CNA)] 


; =3p 
= P(A)+ P(B)+P(C)- PAN B)-P(IBNC)-P(C OA) 
=3p/2 (4) 
_Itis also given that ; 
PANBOQ=p* (5) 


Now, 
P(at least one of A, B and C) = P(A) + P(B) + P(C)~ P(A B)- P(B 
AC)-P(CAA)+PANBONOC) 


[Using Eqs. (4) and (5)] 


12. a. We know that 7' = 7, 7? = 49, 7° = 343, 74 = 2401, 75 = 16807. 
Therefore, 7‘ (where k € Z) results in a number whose unit’s digit is 
7or9or3or1. 
Now, 7” + 7” will be divisible by 5 if unit’s place digit in the result- 
ing number is 5 or 0. Clearly, it can never be 5. But it can be 0 if we 
consider values of m and n such that the sum of unit’s place digits 


become 0. And this can be done by choosing 
MS Ne cies h (25 options each) [7 + 3 = 10] 
n=3, 7, I1,..., 99 


or 


m=2, 6, 10,..., 98 


25 opti h)(9+3=10 
n= 4, 8 12,..., vot Po Pierce al 


Therefore, the total number of selections of m, n such that 7” + 7" 
is divisible by 5 is (25 x 25 + 25 x 25) x 2 (since we can interchange 
values of m and n). ; 


Also the number of total possible selections of m and n out of 
100 is 100 x 100. Therefore, the required probability is 


2(25x 25+25x25) _ 1 
100x100 . 4 


13. d. The minimum of two numbers will be less than 4 or at least 
one of the numbers is less than 4. 


P(at least one numbers < 4) = I — P(both the numbers > 4) 
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14. a. Given that P(B) = 3/4, PA NBO C)= 1/3 
P(A BAC) = 1/3. From Venn’s diagram, we have 


Fig. 9.20 


P(BOC)=P(B)- PAN BOAC)- PANBOAC) 


3 1 1 
=> P(BOAC =-—----= 
‘ 4 3 3 
_9-4-4 

12 


15. d. If a number is to be divisible by both 2 and 3, it should be 
divisible by their L.C.M. L.C.M. of 2 and 3 is 6. The numbers are 6, 


12, 18, ..., 96. The total number is 16. Hence, the probability is 


co, 4 
mee 1155 
16. a. In single throw of a dice, probability of getting 1 is 1/6 and 
probability of not getting 1 is 5/6. 


Then, getting 1 in even number of chances is getting 1 in 2" 
chance or in 4" chance or in 6" chance and so on. Therefore, the 
required probability is 


as Oe aes ee ee 
=x it] =] xlt]S] Kotte 
6 6 \6) 6 \6) 6 


aro Me 
~ 36} ,_ 25 

36 
SP 36 
=X 
36) «Il 
es 


11 
17. b. Favourable cases are {(1, 1, 1), (2, 2, 2), ..., (6, 6, 6)}. 
The number of favourable cases is 6. The total number cases 
is 6 x 6 x 6 = 216. Therefore, the required probability is 6/216 
= 1/36. 


18.c. The probability of getting a white ball in a single draw is 
p = 12/24 = 1/2. The probability of getting a white ball 4" time in 
the 7" draw is 


P(getting 3W in 6" draws and W in 7" draw) 


Probability 9.83 


19.(a) PIA N(BU OC] = PLAN BUANO) 
=P(ANB)+ PANO) -PARBAO 
= P(A) P(B) + P(A) P(C) - P(A) P(B) P(C) 
= P(A) [P(B) + P(C) — P(BO COC) = P(A) P(BU C) 
Therefore, S, is true. 
P(A NA (BAC)) = P(A) P(B) P(C) = P(A) (BUC) 
Therefore, S, is also true. 
20. c. Let E, be the event that the Indian man is seated adjacent to 


his wife and E, be the even that each American man is seated adja- 
cent to his wife. Then, 


P(E, OE,) 

P(E}) 

Now, E, > E, is the evetn that all men are seated adjacent to their 
wives. 


P(EJE,) = 


Therefore, we can consider the 5 couples as single—single objects 
which can be arranged in a circle in 4! ways. But for each couple, 
husband and wife can interchange their places in 2! ways. 


Hence, the umber of ways when all men are seated adjacent to 
their wives is 4! x (2!)5. Also in all, 10 persons can be seated in a 
circle in 9! ways. 


A! x (219° 
9! 


Similarly, if each American man is seated adjacent to his wife, 
considering each American couple as single object and Indian woman 
and man as separate objects, there are 6 different objects which can 
be arranged in a circle in 5! ways. Also for each American couple, 
husband and wife can interchange their places in 2! ways. 


P(E, 0 E,) = 


So, the number of ways in which each American man is seated 
adjacent to his wife is 5! x (2!)'. 


_ 51x (21" 
a aaa 
Hence, 
1x (21)°)/9! 
pepe ee 


(51x (214/91 5 


21. c. We have, 


Fig. 9.21 
ENFOG=$¢ 
P(E A FIG) = P(E‘ AF* AG) 
P(G) 
_ P(G) - P(E NG) - P(GO F) 
P(G) 
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[From Venn diagram, 
E AF A1G=G-EQNG-FOG] 


_ P(G)—P(E)P(G) — P(G)P(F) 
Z P(G) 


= 1— P(E) — P(F) = P(E‘) — P(F) 

22. 

Even G = original signal is green 
E, =A receives the signal correct 
E,= B receives the signal correct 
E = Signal received by B is green 
P (Signal received by B is green ) 

= P(GE,E,) + P(GE,E,) + P(GE,E,)+ P(GE,E>) 


[:. E, F, G are pairwise 


46 
P = 
) 5x16 
4 1 
P(GIE) = 0/5~x 6 _ 20 
46/5x16 23 
23. ¢. 


Vio Ty Vy € {1,2,3,4,5,6} 
Vy Vy V, are of the form 3k, 3k + 1, 3k+2 


SC ROG KG ORB 2 


Required probability = pate 
: F A 6x6x6 216 9 
Multiple choice questions with one or more than one correct 
answer 
la, c,d. 


a. P(M) + P(N) -2 PM ON) 
= [P(M) + P(N) —- P(M 0 N)] - PMN) 
=P(MUN)-P(MQN) 
= Probability that exactly one of M and N occurs 


b. P(M) + P(N) — P(M ON) 
=P(MUN) 
= Probability that at least of M and N occurs 


Cc. P(M*) + P(N’) — 2 PME AN’) 
= 1-P(M) +1 - P(N) -2P(MUN) 
= 2 — P(M) — P(N) - 2[1 — PMU N)) 
= P(MUN) + P(MUN) - PM) - P(N) 
=P(MUN)-P(MAN) 
= Probability that exactly one of M and N occurs 


d. P(M ON) + P(M6 ON) 
= Probability that W@ occurs but N does not or probability 
that M does not occurs but N occurs 
= Probability that exactly one of M and N occurs 
Thus, (a), (c) and (d) are the correct options. 


2. c. Let A, B, C be the events that the student passes tests I, I, DI, 
respectively. Then, according to question, P(A) = p, P(B) = q, P(C) 
=1/2. 

Now the student is successful if A and B happen or A and C 
happen or A, B and C happen. 


P(ABC) + P(ACB) + P(ABC) = 5 


Nl 


1 1 + la @ 1 
= = — tows -_-= 
Pq 2 PS 9) Pay 


independent] 


> » pq ++ p-~ pq+~ pq=~ 
2 2 2 2 2 

> p+pq=l 

=> pi+qge=!l 

which holds for p = 1 and g =0. 


3. c. Given that 
P(A UB) =0.6; (ANB) =0.2 
P(A) + P(B)= 1—- P(A) +1- P(B) 
= 2 —(P(A) + P(B)) 
=2-[P(AU B)+ PAN B)] 


=2-[0.6 + 0.2] 
=2-0.8 
=1.2 
4. a,b,c. 
We know that 
P(A OB) = P(A) + P(B)- PAU B) (1) 
Also, 
PAUVUB)<1 ; 
=> -PAUB)>-1 (2) . 


P(A OB) > P(A) + P(B)-1 
Therefore, option (a) is correct. Again, 

PAU B)=0 
=> -P(AUB)<0 ; (3) 
=> P(AQB)<P(A)+ PB) (Using Eqs. (1) and (3)] 
Therefore, option (b) is also correct. . 
From Eq. (1), option (c) is correct and (d) is not correct. 

5. b, c, d. 

P(E A F) = P(E) P(F) 

Now, : 


P(E 4 F) = P(E) - P(E 0 F) = P(E) [1 - PP) 
= P(E)P(F*) 


(Using Eggs. (1) and (2)] . 


and 
P(E OF) =1-P(EU F)=1-[P(£) + P(F)- PEN F) 
= [1 — P(E)] [1 - P (F)] = P(E’) PU) 
Also, : 
P(E/F) = P(E) and P(E‘/F*) = P(E‘) 
=> P(E/F) + P(EVF) = 1 
6. a,c. 
a. For any two events A and B, 
PEN), 
P(B) 
Now we know that 
PAVUB)<1 
=> P(A)+P(B)-PANB)<1 
=> P(AMB)=P(A)+P(8)-1 
P(ANB) = P(A)+ P(B)-1 


P(A/B) = 


[as P(B) 40 .. P(B) > 0] 


P(B) PCB) 
= pays Oe 
P(B) 


Therefore, option (a) is correct. 
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b. From Venn’s diagram, we can clearly conclude that 


Fig. 9.22 


P(AUB) = P(A)—- PAB) 
Therefore, option (b) is incorrect 


c  PCAOB)=P(A)+P(B)-P(AMB) 
= 1 -— P(A) +1 -P(B)- P(A) P(B) 
f [. A and B are independent events] 
= 2—P(A)- P(B)- [1 si P(A) |[1 - P(B)| 


= 2- P(A)~ P(B)—1+ P(A) + P(B)~ P(A) P(B) 
=1-P(AMB) 


[:. if A and B are independent, 
A and B are also independent] 
Therefore, option (c) is the correct statement. 
d. For disjoint events, 

P(A UB) = P(A) + P(B) 
Therefore, option (d) is he incorrect. 


7. a,b. ; 
Let P(E) =x and P(F) = y. According to the question, 
1 
PEO F)= — 
(EO F) i 


As E and F are independent events, we have 
P(E F) = P(E) P(F) 


1 
=> =r (1) 
12 i 


Also, 
P(EOF)=P(EUF) 


=1-P(EUF) 


= 3 = 1 —[P(E) + P(F) - P(E) P(F)] 


7 
=> xty=— (2) 
- 12 


Solving Eqs. (1) and (2), we get either x = 1/3 and y = 1/4 or 
x=1/4and y= 1/3. 


Therefore, options (a) and (b) are correct. 


8.a. P(2 white and | black) = P(W, W, B, or W, B, W, or B, W, W,) 
= PW, W, Bi) + PCW, B, W,) + PB, W, W,) 
= P(W,) P(W,) P(B,) + P(W,) P(B,) P(W,) + P(B,) (W,) (W,) 


Probability 9.85 


9. a, d. 
We have, 7 
P(EIF) + P(E/F) = PEO) , PEVF) 
P(F) P(F) 
_ PEQF)+ PEO F) 
P(F) 
_ PY) _, 
~ PR) 
Therefore, option (a) holds.. Also, 
Sm. P(EAF)+P(FOE) 
P(E! PEP) a2 See eb} 
(E/F) + P(E/F) oe 
= P(E) x ] 
P(F) 


Therefore option (b) does not hold. 


Similarly, we can show that option (c) does not hold but option (d) 
holds. 


10. a. The probability that only two tests are needed is (probability 
that the first machine tested is faulty) x (probability that the second 
machine tested is faulty given the first machine tested is faulty), 
which is given by (2/4) x (1/3) = 1/6. 


11. d. Given that P(E) < P(F) and P(E A F) > 0. It does not neces- 
sarily mean that E is the subset of F. Therefore, the choices (a), (b), 
(c) do not hold in general. Hence, option (d) is the right choice here. 


12. a. The event that the fifth toss result in a head is independent of 
the event that the first four tosses result in tails. Therefore, the prob- 
ability of the required event is 1/2. 


13. b, c. 
According to the problem, 
m+ p+c-—mp-—me-~pe+ mpc = 3/4 (1) 
mp (1 —¢) + me(t - p) + pe(1 — m) = 2/5 (2) 
Also, 
mp + pe + me — 2mpc = 1/2 (3) 
From Egs. (2) and (3), 
= 2 1 
Mea 19 
mp +me+pe=2 43.27. 
5 10 10 
weneee gale 1 _15+14~-2_ 27 
10 10 20 20 


14.b. The number of ways of arranging 10 balls without any 
restriction is 10!. As for no two black balls are placed adjacently, 
first arrange 7 white balls in 7! ways. 

W-W-W-W-W-W-W 


Now white balls must be placed in three of eight gaps created in 
*C,3! ways. Hence, number of favorable ways is 8C, 3171. 


Therefore, the required probability is 
SCT 47 
10! 15 
15. ¢., d. 
P(A U BY =1-P(AUB) 
= 1-[P(A) + P(B)- P(ANB)] 
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9:36 Algebra 
= 1 — P(A) — P(B) + P(A) P(B) 2.c. Plu) =c 
= [1- P(A)] {1 - PB) ; ; 
= P(A’) P(B’) Using Bayes’s theorem, 
Also, P(w/u,,) Puy) 
P(u /w) = P(u,,/w) ———*——— 
P(AU B) = P(A) + P(B)- P(A) P(B) fi mW) — 
S¥ P(w/u;) P(u;) 
=> P(ACB) =P(A) PCB) ist 
P(A) PB . 
Pcaiay= PCAOB) PO) EO) ~ pay ox— 
P(B) PQ) - x n+l 
Also, c 1 fe 2 Bee n 
P(B/A) = P(B) : ; n+l ntl n+l 
P(A'- B') = P(A’) - PAN B’) = a ee 
= P(A’) — P(A’) P(B’) “n+l nantly n+l 
= P(A’)(i — P(B’)) 2 
= P(A’)P(B) 
3. bs. Poseye SO 
16. a, d. P(E) 
Let P(E) =e and P(F) =f ‘ 1 2 1 4 1 6 
ll x =x ieee a Sa 
P(E VU F)- P(ENF)= _n ntl n_ont+l in n+l 
25 7 4 1fn., 
= e+ f-2ef= > () LE gat simes) 
55) Sak 2 2 n 
P(EQF) = 142434045 
2 2 ; a = a (n being even) 
= (l-e-f= ~ Ton : 
25 bee 
9 n 2 
= l-e-ftef=— (2) 
frets ) coe 
From (1) and (2) _ 4 422 
12 7 ~ n+l 2 
= — ande+f=— He 
emia auee is 
Solving, we get 
4 3 3 4 
ena fezoes fas hen POS) 2 || |S 
oe a 8 1 G)e)6 216 
Comprehension : 
5.b. Given that 
1b. Plu) i= Plu) =K, j 
But pens tae eh 
EP(u) = 1 6 6 6 36 
SkelokbieloK Hence, the required probability is 1 — (11/36) = 25/36. 
> =l>kii= = 
: n(n+1) 
pane 2i 6.d. For X > 6, the probability is 
"  atat+) 358 58 \ 5\ 
By the total Beers theorem, e + a + 1-005 e 7 = (2) 
P(w) = YP(u;) P(w/u;) For X >3 
i=] , 
; ‘ 2 3 4 5 3 
- 2i ene TSF nee(Z] 
a natl) ntl 6 6 6 6 
2 er +1) (Q2n+)) Hence, the conditional probability is 
n(n +1) 6 (5/6)° _ 25 
_ antl (5/6)° 36 
~ 3n+3 


7.b. H — 1 ball form U, to U, 


+1 + 2 
Pt sie, SSE T -> 2 ball form U, to U, 


lim P(w) = lim = lim = 
ne noe 3n+3 19—343/n 3 
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E : 1 ball drawn from U, 
PCW from U,) 


1 [3 Ef oly Le ot 
=—xX}—=xll4+—X}/ =X] +5 XI) SX 
2 \5 7 ae a le ake i, OF 


aa: [ A ) _ P (W/H) x P(A) 
W)  P(WI/T).P(T) + (W/H). P(A) 


1/3 2 1 
—x1l+—=x-> 
2\2 5 2) _ 12 


23/30 23 


Assertion and reason 
1.d. We know that 
P(H, OE) - 
P(E) 
2 P(E/H,) P(H;) 
P(E) 
=> P(A/E) P(E)= P(E/H,) P(A) 


P(H JE) = 


P(E/H,) P(H;) 


PCE) = 50H, /E) 


Probability 9.87 
Now given that 


0<P(E) <1 


P(E/ HPC) — 
P(H,/E) 


=> P(E/H,) P(H,) < P(H/E) 


But if P(A, A E) = 0, then P(H/E) = P(EIH)) = 0. Then P(E/H,) 
(PH) < P(H/E) is not true. Hence, statement ] is not always true. 


Also as H,, H,, .... H, are mutually exclusive and exhaustive 
events, therefore 


¥ P(H,) =1 
i=l! 


Hence, statement 2 is true. 


2.b. For unique solution, 
ab 
c d 
where a, b, c, d € {0, 1}. 


#0 


The total number of cases is 16. Favourable number of cases is 6 
(either ad = 1, be = 0 or ad = 0, be = 1). The probability that system 
of equations has unique solution is 6/ 16 = 3/8. Since x = 0 satisfies 
both the equations, the system has at least one solution. 
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Appendix 


| Solutions to 
Concept Application Exercises 


Chapter 1 4. i 
. 2<x<5 
Exercise 1.1 1 1.1 
=> ~>-—>= 
1. (0) =0+3=3 (using fix) = x +3) 2x 5 
A3)=3?=9 (using fx) =x) a 4e( | 
f(4) =2-3(4)=-10 (using fix) = 2-32) e452 
f2)=2=4 e 
SK = 
Hence, (3) is greatest. (ii) Ee : 
2. Let f(x) =ax? + bxtc So i pee 
flO) =-4=c=~4 ae 
fl =-5 _ +¢(-.-4] 
=> a+b—-4=-5 (1) x 5 
f-)=-l (iii) x>30r3<x<0 
> a-b-4=-1 (2) 1 1 
Solving (1) and (2) we get a= | and b =-2 gee 
=> fix) =x -2x-4 \ 1 
=9-6-4=~-— => —e/0,- 
ats 1 re(0.5 
-@ Beet (iv) x<-2or-co<x<-2 
— Sx5S- 
1 1 
= xe [1,5] > bere ard 
(ii) 3<x<6 * 
=> xe (9, 36) > *¢|-5.9} 
(ii) —2<x<3 ane 
= —2<x<0or0<x<3 (vy) xe [-34Jor-3sxs4 
For —2<x<0, x’ (0, 4) (1) Now for La get defined we must have-3<x<Oor0<x<4 
and for 0 < x <3, xe [0, 9] (2) a 
From (1) and (2), x’e [0, 9] ay BES Sys ope Sis 
Here x € (—2, 3], now least value of x? is 0 which occurs when x = 0 3 x ae 
Greatest value of x? is 9 for x =3 1 1 1 
=> —€]-~,-—|U]—,0 
=> xe [0,9] x 


(iv) (—3, °) 
Here least value of x’ is 0 for x = 0 and when x goes upto infinity x 
also goes upto infinity 
=> xe (0,0) 
(v) Ce, 4] 
Here least value of x? is 0 for x = 0 and x?» © when x > —00 


5, (a) is not always true : for a = —4 and b = 3 given statement is 
not true 
(b) is not always true : for a = —3 and b = 2 given statement is not 
true 
(c) is not always true : for a =—5 and b = 3 given statement is not 


true 
Hence xe (0, e-) 
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A.2 Algebra 
6. -3<2x-1<19 => yerr3y=l-x 
=> 2<2x<20 ,_ 1-3y 
; > = 
= -—-l<x<10 qd) ytl 
2x+3 Le a 
-ls—— <3 Noweteo =. 22 So Sve 
5 : ytl ; y+l 
= —5<2x+3<15 
=> —8s2xs12 + = + 
ff 
=> -4<5x<6 : (2) 1 13 
Now from (1) and (2) common values are (—I, 6] 7 
710 ; => Hence ye (1, 1/3] 
7 2-—5x 2x 1 
y= 12. Weare given —————— >——_ 
3x-4 - 2x? +5x4+2 x4 
=> cae ss dx 1 a 
mee eed 2x +5x42 x4 
3y+5 , ; 
Hence ye R— {-5/3} , => Ct Desks Daas Sa 
did) : (2x7 +5x +2) (x +1) 


Ve —7x46 = \(x-OXx-D = ee 


>0 
Minimum value of expression 0 when x = 1 or x =6 (2x +1) (x+]) (x+2) 


Hence expression takes vales [0, ©) = (3x + 2) 
(i) (x +1) (x +2) (2x +)) 
w-x-6 — x? -x-6 — (x-3)(x+2) ee eee 
x-3 x-3 x-3 —oo -2 -1 -2/3 -1/2 eo 
o : me 2, ns 3 Rais From the sign scheme solution is x € (—2, -1) U (-2/3, -1/2) 
ence expression takes values R — 
Pe 2B—4x)(x+) “i 13. (i) ee is meaningful forx—1>Oorx21 | qd) 
(2x-5) ey 
_x4x-32 +1) - Also a <0 >x—-2<Oorx<2 (2) 
Eo) l<x<2 
x(4x —3)(x +1) as , : 
aa 0 (ii) Weds is meaningful for x- 2 20 orx 22 () 
Sc Also Jx-253 =x-259 = xsl! (2) 
+ - e — + From (1) and (2), we have 2 <x 11 
a 0 3/4. 5/2 se i eee 
= |xP-|x]-2=0 
=> xe (-,-1)U (0, 3/4) U (5/2, ~) => (| —2)(lx| + 1) =0 
9, 2#3)(4= 30-4) 5g => pl=2x=+2. 
: (x-27x° = x —2x]+3=0 
(2x+3)(3x—4)°(r—4) => |x)? — 2|x{ + 3 = O has no roots as discriminant is negative. 
GoD 20 x -—3ix,/+2=0 
=> bP -3)x)4+2 
Gy joe ie cee ye + => (x|-2)(x]- 1) =0 
3/2 0 43 2 4 => (l=1,2x=4+1,42. 


From the sign scheme we have x € (-s9, —3/2) U (0, 4/3] U [4, -) 
10. Signe of expression does not change while crossing x = 4 as 
there is |x — 4]. 


=> (xf +2)(x,+ 1) =0 


= |x| =— 1, -2 (not possible) 
+ = + = = + Thus the equation has maximum real roots. 
, -6 —5 3 4 7 15. Casel: Letx 23 
x+2y=6 


From the sign scheme we have x € (-6, —SJu [3, 4)U (4, 7] | =>3x=12>5x=4,y=1 
x-3=y 
1-x? 


x7 43 


ll. fAxj=y= 
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Case II :Letx <3 


2y=6 
ees =>-x=0orx=0, y=3 
3—x=y 
Hence, the only solutions are (0, 3) and (4, 1) 
16 2) = x-2, x22 
roils ~ 2-x, x<2 


0, x22 
4-2x, x<2 


= given expression is defined for (—-9, 2) 


=> po ai-a-= | 


17. fe) axt Vx? =x4 hl 
x+x, x20 
~ |x-x, x<0 


2x, x20 
~ 10,° x<0 


= f(x) takes values [0, ©) 


18. aie 
_ |x-l 

x+2_4, 
x—l 


=> x+2=2x-2orx+2=2-2x 
=> x=4orx=0 

Here both x = 0 and 4 satisfies the parent equation 
19% |x? -7/<9 

9<¢x-7<59 

—2 <x’< 16 

x*< 16 

xe [-4,4] 

20. We must have 5 — |2x —3| 20 
|2x —3| <5 

—5 <2x-3<5 

xe [-1, 4] 

IIx — 2} -3| <5 

~—5 <|x-2|-3<5 

—2< |x-2|<8 

Ix -2|<8 

—8<x-2<8 

—-6<x< 10 


Yu 


Y y 


YuUdy 


21. 


_ 


YUU 


22. |x + y| = |x| + |y| = x and y have same sign or at least one of x 
and y is zero. : 


= (x, y) lies in |* or 3 quadrant or any of the x -axis or y-axis 
lx + y| < |x| + |y| = x and y have opposite sign = (x, y) lies in 
2" or 4» quadrant 


|x — y| = |x| + |y| = x and - y have same sign = x and y have 
opposite sign => (x, y) lies in 2™ or 4" quadrant at least one of x and y 
is zero. 
23. [xt—x—-2| + |x + 6[ =|? — 2x 8] 
=> |x?-x-2|+ |x + 6] =|(@?-x- 2)-(x + 6) 
=> |xr?-x-2|+|-x-6|=|@?-x-2)+(Cx-6)| 
=> (-x-2)(-x-6)20 


Appendix: Solutions to Concept Application Exercises A.3 


=> (-x-2)(*+6)<0 
=> (x-2)(x+ 1+ 6) <0: 
=> xe (-~,-6) U [-1, 2] 
24. 2x-l=xifx20 
For which x = 1, 
Also 2x -—1=-xifx<0 
For which x = 1/3 which is not the solution as x < 0 
Hence the only solution is x = 1/3 
25. 2'+1>0,xeER 
*, given equation is |2*- 1|+ 2°+1=2 
j2*- 1J}=1-2* 
2*-1<0 
<1 
. x30 
26. [x2 +4x43[ex41 
=> |(x+D(x+3)=x4+1 
\(x + 1) + 3) = (x + D@ + 3), when (x + 1) + 3) 20 
orx<-30rx2-1 
Hencé given equation reduces to (x + 1)(x+3)=x+1 
=> x=-1(x=—2 is rejected asx <-—3 orx2-1) 
|e + 1) + 3)| =- + 1) + 3), when (x + 1) + 3) <0 
or-3<x<-1 
Hence given equation reduces to- (x + 1)(x+3)=x+1 
x =-4 which is rejected as -3<x<-1 
We have |x? - 1| + |x’-4| >3 
jx? — 1) 4+ 4-2] > |x? - 143-2 
(2 — 1)(4-2x”) <0 
(2 -1)?-4 >0 
xX< lorx>4 


-1l<x<lorx<-2orx>2 
Let f(x) = |x - 1] -|2x-5| 


B. f(x) C. fix) 24 


PiByuuuady 


1<x<5/2 3x-6=2x>x No such x 
=6 exists 

x—1-—(2x-5) No such x 
exists 


Hence solutions set is {— 4} 


Exercise 1.2 


1. Graphof y=x?+2 and y=3x + 4 intersect when x? + 2=3x—4 


or x? — 3x + 6 = 0 which has no real roots, hence graph never 
intersect. 


2. | When graphs y = — 14 and y=—x (° +x + 1) =0, intersect we 
have 
~4+2+x)=- l40re+24+x-14=0 
Now x = 2 satisfies the equation, then one root is x = 2. 
Dividing x3 + x? + x— 14 by x -2 we have (x - 2) (0? + 3x+7)=0 
=> x=2orv+3x+7=0 
Now x? + 3x + 7 = 0 has non-real roots. 
Hence graphs cuts in only one real point. 
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A.4_ Algebra 


3. > (r4+]))a~t+2)a-1l=-1 
; = (+08 +x-2)=-1 

=> W4+x-2@’?4+xy4+1=0 
Putting 

V+x=y, we gety—2y+1=0 
=> (y-1?=0 
=> y=l 
=> 4+x=1 
=> +x-1=0 


‘iil a pores 


—o Hence, the roots of the given equation are 


apes. Sloe: aNS... as 


nd 


aSenidbossceckosw 


eee Pot Sok aed So Sane! 


Ss een 


1 3 4 2 2 2 2 
4 Ge ttn, een aes | citek ae we 8. Let the given expression be equal to x. Then, 
| Do roast 
! ! t x 
Gis awe pha AS shee 
: ! } => x-2x-1=0 
24/444 2 
aes aa jeer ee chy, js ENE OED 2 
! es 2 2 
Fig. A-1.1 But, the given expression is positive. Therefore, x =1+ V2 is 
(i) —_ Roots of the equation f(x) = 0 occurs where the graph of y = fx) the value of the given expr ession. 
and y = 0 intersect. 9 4F+6 =O 
From the diagram points of intersection are x = — 2 and x = 1. ay (2y 
Hence sum or roots is — 1 = (5) + (2) =1 


(ii) Roots of the equation f(x) = 4 occurs where the graph of y = ftx) 


and y = 4 intersect Putting (2/3) = y, we have 


From the diagram points of intersection are x = — 3 and x = 2. yy +y-1=0 
Hence product of roots is — 6. ie 
(iii) Roots of the equation f(x) = x + 2 occurs where the graph of y > y= = > 
= f(x) and y = x + 2 intersect 
From the diagram points of intersection are x = — 2 and x = 2. 2) J5-1 
Hence difference of roots is 4. = 3 = 2 
23 ; 
+3x+2 + 
4. 2 =0 or ses Ghae) =0 is solvable over R Js 
x” -6x-7 (x-7)(x+1) | 5-1 
2(7,=13 => X= 1089/3 a 
Hence from given equation x = —2, which is the only soot of the Ce 
equation. Ws err ot ee 
2x2-7e +7 _ 32 
5. Vx-2+V4—x =2 als = 
=> 2°-7x+7=2 
Squaring we get x-2+4-x+2(x-2)(4—x) =4 => 22-7xr+5=05x=1,5/2 
=> (x-4)2-x) =1 11.The equation has no real root, because L.H.S. is always posi- 
= -G2-6+8)=1 tive while R.H.S. is zero. 
=> x-6x+9=0 12. 3x? 7x -30 + 2x? -7x-S=xt5 
=> 


(x-3Y =Oorx=3 ; ; 
= V3x°-7x-30 = 4+5)- 2x -7x-5 


6. Given equation is solvable for x € [2, 0) 
On squaring, 
Vx—2(x? -4x—-5)= 
Newsy e- 2a 3x2 — Tx —30 = 2 + 10x + 25 — 2(x + 5) 


= vx 2(x—S)(xt1) =0 x J2x?-7x-5 +2x? -7x-5 


=> x=2o0r5(x«#-1,asxe [2, 0) 
7. We have, => 10x +50=2(x +5) 2x? —7x-5 


x(x + 2) G?-1)=+1 ; 
= x(xt+2)e+ De-1)=-1 = x=—-Sory2x" —7x—-5=5 
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ee Sora = 723020 
=> x= —S5orx=6 or x=-5/2 


But x = —5 does not satisfy the original equation. 


13.We have, 


xe 7+4y3 
] 1 


7 x 7+ays 


see he) 
© IFA AILEE. 
ve fy ee) 
> xt te fsa s+ 7-43 


= ( B49) 4 =f) 


=4 
14.Let L = 5x? — 6x +8 and M =,/5x? - 6x —7 - Hence, 


L-Me=iandI?-M=15 


=> L+M=i5 
Adding, 
2L = 16 


=> = 64 

=> 5x?-6x+8=64 

=> 5x*-6x-56=0 

= (—4)(5x+14)=0 
=> x«=4,-14/5 

15.We have, 


fx? +4x-21 +x? —-x-6 = f6x? —5x-39 
=> Sie t+7D(x—3) + fe —3)(0 +2) = x — 3) (6x + 13) 


=> Jx—3G/x-7 + Jx+2 -J6x+13) =0 


= fx —3 =0orfxt7 +x +2 —f6x4+13 =0 


=> x=3orJxt7 +jx+2= 6x +13 


Now, 


Jxt7 +x+2 =J6x413 


G/xt7 +.x4+2) =6x413 


K+ T+X4+24+24(4+7)(4+2) =6x + 13 


iH 


Y 


2x +942 4(x+7)(x +2) =6x 413 


2 ft 7 +2) =4x44 

VG +7 (+2) = 2x +1) 

(x +7) (x+2)=4(x+ 1)? (squaring both sides) 
x? -+9x+ 14=40? + 2x41) 

3x°-x-10=0 

(x — 2) Gx + 5) =0 


UUuU vu dvd 
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= x=2or x=—_ 
3 


But x = —5/3 does not satisfy the given equation. Hence, the roots of 
the given equation are 2 and 3. 


16. Given equation is 3x‘ + 6x3 + x? +6x+3=0 
Dividing equation both sides by x? 


we have 3x7 +6x414 24220 


x Xx 


=> (2+) +of2+4}+1=0 
x: x 
1)’ i 

=> o{=+4} ro[x44}-s=0 
x x 


1 64/96  -34/24 


=> x+—= 
x 6 3 

=> reat, Pee ee r+te2| 
x 3 x x 


Hence equation has two real roots 
17. Letfx)=x-3x+a 
Let f(x) =0 
=> 37°-3=0 => x=41 
For three distinct roots, f(1):f(-1) < 0 
=> (1-3+a)(-1+3+a)<0 
=> (a+2)(a-2)<0 
=> -2<a<2 
18. Let fix) =(@- 18 + -— 27 + @—- 39 + @— 4) + 5B 
=> f(x) =3(x— 1)? + 3-2) + 3 —- 3)? + 3(x — 4) + 3G - 5? 
Now for f’(x) = 0 we have (x — 1)? + («- 2 + @- 3/7 + - 47 
+(x — 5)? =0, which has no real roots. 
Also coefficient of x* is 5, hence when x 9, f(x) 0 
and when x — —oe, f(x) >-00 


Hence graph of y = f(x) meets x — axis only once, hence equation f(x) 
= 0 has one real root. 


19. fix) =x° + 2x? 4+ 3x44 
=> f(xy =3x7+4x4+3 
Now f(x) = 3x? + 4x + 3 =0 has non — real roots. 
Hence graph has no turning point. 
Also when x > , f(x) > ce and when x + —9, f(x) — 0 
Hence graph of y = f(x) meets x — axis only once. 


Exercise 1.3 


1. Let f(x) = 2x7 + 3px? — 4x + p. Given, 
f(-2) = 2(-2)7 + 3(-2)?p - 4-2) + p=5 
=> 13p-8=5 
=> p=l 


2. Let f(x) = (x + 1)? + (2x + 4%. Now 
fl-2) =(-24+ I+ 4+ =0 

=> (k-4))-1=0 

=> k=5 


downloaded from jeemain.guru 
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3. Putting x =—1, we get 
-6p + 24=0 
-- p=4 


M+0-7x—-x+6 

= (x4 1) G8 - 7x +6) 

=(x+ 1) (@-1) @?+x-6) 

=(x+ 1) @— 1) @ + 3) @-2) 
The other factors are x - 1, x-2,x+3. 


4. x*+ax+1 must divide ax’ + bx + c. Now, 


axi+bxte_ (b-ata@)xt+c+a’ 


=a(x-—a)+ 


x +axtl x? t+axtl 


The remainder must be zero. Hence, 
b-at+a@=0,0+c=0 
5. J) is divisible by x - | 


=> fll) =0 
as. 1-3424480 
= a=0 

= fix) =X -3x' 42x 


Now remainder when f(x) is divided by x — 2 is (2) 
= f2)=2)P-32yY+2(2)=0 
6. fx) is divisible by x -xorx(x-1) 
= f0)=0orb=0 
Also f(1)=Oorl-l+a+b=0ora=0 
=> fixy=v-9 
= fi2)=2/-Qy=4 


Exercise 1.4 


1. Roots of the equation x? — 8x + a? - 6a = 0 are real. Therefore, 
D=0 
64 — 4(a? —- 6a) > 0 
a—-6a-16<0 . 
aeé [-2, 8] 
2. The equations ax’ + 2bx +c = 0 and bx’ - 2Vac x+b=0 
have real roots. Therefore, 
b> >ac and b? <ac 


=> b=ac 


Vdd 


3. The discriminant of the given equation is 
D=4(a+b-2cP-A4(a-by 
=4(a—c+b-cy-4a-c+e—by 
= 4[(a—c) + (b-0)P -4[(a—c)- (6-0) f 
=l6(a-c)(b-c)<0 [sv a<c<b] 
Hence, the roots of the given equation are complex. 


4. For the given equation 4ax’ + 3bx + 2c = 0, we have 
D = (3b) — 4(4a)(2c) 
= 9b? — 32ac 
= 9(-a — c)* — 32ac 
= 9a? - 14ac + 9c? 


which is always positive. Hence, the roots are real and distinct. 


5. For real root, 

(A-1)?- 64 20 and 64-4 (A +4) >0 
=> (-1)>64 and 48-41 2=0 
= A-1>8o0rd—1 <-8and 122A 
=> A>9ordA<-—Tandi<12 
Hence, the greatest value of A is 12. 


Exercise 1.5 


1. Itis given that 


ap =2 
= 3a+4_, 
at+l 
=> 3a+4=2a+2 
=> a=-2 
Also, 
2at+3 
a at+l 
Putting the value of a, we get sum of roots, 
__ 2at3 _=At3 a 
CABS ag aay 


2. Let a, B be the roots of the given equation. Then, 
a+fB=a-2 and af =-(a+ 1) Now, 
a+ BP =(at BY - 208 
=(a—2/P+2(a+t 1) 
=a’—2a+6 
=(a-1)?+5 
Clearly, a? + ? > 5. So, the minimum value of a? + £? is 5 which it 
attains ata = 1. 


1 
3. x, +x, =(1-sin 0), x,x, = —> cos’ 4 
2 
Now, 

xp t+ aS =(x, + Xa) 22x; 

= (1 -sin 60)" + cos? 6 

=2-2sin@ 

= xP +3 lng =2+2=4 


4. tan@+sec0= md (1) 
a 


tan @sec O= — (2) 
a 
Now, 


sec? 9—tan? @= 1 


= secO-tand= rs 


(GERD) eg gt OD) 
2ab 2ab 
Substituting these values in Eq. (2), we have 
(a +b*)(b*-a’) _c 
4a°b* a 


=> bt-—a*=4acb* 


=> sec@=- 
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= qt = b (b-4ac) 


5. Leta, a+ 1 be the roots of x? — bx +c =0, where ae Z. 


at (at+l=b 
ata +1)=e 


Putting in Eq. (2), 


eee 


b? —1 
=> =c 
4 
= pb —1=4c 
=> b—4Ac=1 


B 3 3 
Now, 
m 
+ p=— 
ac aakT 
2p m 
— + = 
= 3 B 12 
3 42 
5 
and af =— 
B 12 
2B ,_ 5 
oe oe Baa 
5 
> 27 
B 8 
=> B=V5/8 


Putting the value of £ in (1), 


5 [5 om 
— J—-=— >m=5v10 
ae 12 vio 
7. Since y, dare roots of x° + gx + | =0, we have 
prgytl=0>y+1=-¢gy 
and 
&+1=-¢qd 
Now, 


(1) 


(2) 


(1) 


() 


(2) 


(a-y) B-y) (a +6) B+ d= {aP—yat B)+y"} (ah + Ha 


=(1+py+7) (pdt &) 
= (py - gy) (pd — 46) [from (1) and (2)] 
=-~(p—q(p+gag-p 


8. Let a, f be the roots of the given equation ax? + bx +c = 0. 


Then, 


b 
+ Baa B= 


+ B) +0} 


Now roots of equation 2x + 8x + 2 =0 are a—1, B— 1. Their sum is 


Appendix: Solutions to Concept Application Exercises 


at+B-2= 


os 
a 
Their product is 


(a-1) (B-1)=aB-(at+f)+1 


bud 
> 
I 
1 


' (1 New equation is 2x? + 8x + 2 =0) 


A.7 


9. Let a, B be the roots of the equation x* — a(x — 1) + b = 0. Then, 


@-aat+a+b=Oandf-aft+tat+b=0 
@ —aa=f? -aB=-a-—b 
1 1 2 


2 + 2 = 
a’-aa B-aB at+b 


1 1 2 
= + + = 
-(a+b) -(a+b) a+b 
10. Let a, 8 be the roots of 375x* — 25x — 2 = 0. Then 
25.1 2 
a+ B=—=— and afp=-— 
B 375 15 p 375 
n n 
lim > S, = lim ¥(a@’ + Bp’) 
N00 Ly i a 
=(4t+@2++---o)+ B+ P+ H+--- 0) 


_ &-af+ B-of 
(1—@)(— B) 

_ a@+B-2aB 

~ 1-(a+ B)+a8 


11. (a+ fy =(a+ by 
and 
(a- BY =(a+ py —4aB 
=(a+byY- {| 
2 
= 2ab — (a? + b?) 
=-(a— by 
Now, the required equation whose roots are (a + §)? and 
(a — B)’is 
x —{(a+ py + (a—- By }x+ (a+ BY (a- fy =0 
=> x-{(a+byP—(a—b)}x-(a+ by (a-by =0 
=> x-4dabx-(a-bY=0 
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12. Let the roots be a and £. Then, 
at P=2and a + P= 98 
Now, ; 
a + B= (a+) (@—aB + &) 
=> 98=2[(a+ fy -3af] 
=> 49=(4-3af) 
=> af=-l5 : 
Thus, the equation is x° - 2x - 15 =0. 
13. Since a, f are roots of x’ + bx +10, therefore a + 6 =—b, af 
= 1. We have, 


1 b yatee fede a 
[-2-5}+(-8-2) =-(a+ B) 4+2) 
=b+b=2b 


‘and 


1 1 is 
[-a-4)(-0-2)-aps2+Spatraeind 


Thus, the equation whose roots are — a — 1/8 and —f — Va is x 
x(2b) +4 =0. 


Exercise 1.6 


1. Subtracting the given equations, we get 
(a —b)x-+c (b—a) =0 > x= Cc is the common root 
Thus, roots of x? + ax + bc = 0 are b and c and that of 
x2 + bx + ca = 0 are c and a. Also, a + b =-c. Thus, the required 
equation is 
x-(at+b)x+ab=0 
= xv+cxt+ab=0 
2. y= mx isa factor of ax’ + bxy +c 
= ax’ + bxy + cy’ will be zero when y — mx = 0 or y= mx 
=> art+bxeme+cmx=0 
or cr?t+bn+a=0 (1) 
Since my — x is a factor of a,x? + b.xy + ¢,y’, So 
ax + bxy+¢,y =0 when my —x=0 
=> amy +b.myy+cy =0 [putting x = my] 
=> am’+bmtc,=0 (2) 
Eliminating m from (1) and (2), we get © 
(bc, — ab,) (cb, — ba,) = (aa, — ce, 
3. Given equations are 
x+2x+9=0 Ch) 
and 
ac+bx+c=0 (2) 
Clearly, roots of Eq. (1) are imaginary. Since Eq. (1) and (2) have 
a common root, therefore common root must be imaginary and hence 
both the roots will be common. Therefore, Eqs. (1) and (2) are identi- 


cal. 
ies one © = asb:c = 1:2:9 
1 2 9 
4, Let a be acommon root of the given two equations. Then, 
2ae3 + be +ca+d=0 (1) 
2ac? + 3bat+ 4c =0 (2) 
Multiplying (2) with a and then subtracting (1) from it, we get 
2ba + 3ca—d=0 3) 


Now, Eas. (2) and (3) are quadratic having a common root a, so 


(-2ad — 8bc)? = (- 3bd — 12c?)(6ac — 6b’) 
=> (ad+4bcy = ; (bd + 4c*)(b — ac) 


5. Let, fx) =a,x-a) «-A) 
g(x) = a(x — B) 7) 
h(x) =a, — y) @— a) 
where = 4, 4, @, are positive. 
Let, f(x) + g(x) + A) = FO) 
= F(a)=a,a-f)(@-7) 
F(B) = a,(B-y) B-@) 
Fy) = a,(y- @) (y-B) 
=> F(a) F(f) FQ”) =-a,a,a,(a -fyYb- (vy — @), which is nega- 
tive 
Therefore, the roots of F(x) = 0 are real and distinct. 


Exercise 1.7 


1. Leta, B, y be the roots of ax? + bx +cx + d= 0. Then, 


Pe tee 
a 


of + By + yoo=— 
a 


a By =—~ 
. a 


C+ P+ P=(atBt y?— af + By t ya) 


=> P+P+P<0 

which is not possible if all a, 8, y are real. So at least one root is non- 
real, but complex roots occur in pair. Hence, given cubic equation has 
two non-real roots and one real root. 


2. Let the roots be x,, —x,, x,. Then, 
X,—-x,+x,=a 
=> x,=a 
Hence, x = a is a root of the given equation. 
@-at+ab-c=0 
> ab=c 
3. Let y= x’. Then x = Vy 
1. 2+8=0> y7+8=0 
=> y=64> y'-64=0 
Thus, the equation having roots a”, f? and 7’ is x’ - 64 = 0. 
4. Let, 
eee ny 
Since a is a root of the equation x* — px + q = 0, so 
a@—patg=0 , 


y° y 


P 
(l-yy  I-y 
=> y-py(l-y¥+q-yP=0 | 
=> (1-p-@y+(Qp+3q)y’- (pt 3gy+q=0 
Therefore, the required cubic equation is 
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(p +4— Dx - (2p + 39)x? + (p + 3g)x-g =0 3. Let 
5 0640, 00, On a bole a 
01,0 000,03 a, => y=x-14+5-x42 (x-1)(5-—x) 
Therefore, the required equation has roots —I/a —la,, -1a.. : 
_ Therefore, the required eq yay Uy See errs 
1 1 , 
i a Sela => y=442/4-(x-3) 
Hence, the required equation is : ’ Then, y? has minimum value 4 [when 4 — (x-3)?= 0} and maxi- 
3° 2 ; mum value 8 when x = 3. 
d +a ee +b=0 , 
y y ~  yel2,2v2] 
bye haya T=0 4. fle) = 64 3468+ 3742 


=> bx? +ax-1=0 


= (V6* - Jo*)? + 3" -V3"? +626 


Exercise 1.8 Hence, the range is [6, 00). 


: Ge . 5. x?—4x +6 = (x- 2) + 2, which is always positive. 
1. poder -s3-[1-3) ae Hence, domain is R. Now, 
Hy. 13 f(x)=y(x-2) +2 
— x-=— —— 
2) 4 ; 


. The least value of f(x) is J2 when x —2= 0. Hence, the range 
Now, . is [V2, ©], 


Exercise 1.9 


2 re _ [2 : ; 
= (x3) 3,713 yer . 1. f(x)= x? +ax+4 is defined for all x. Hence, 
2 oe xX +ax+42>0 for all x 
Hence, the range is [-13/4, 0). = D=a-16<0 
: => ael[-4,4] 
2. (i). Let 2 
2. Let f(x) = ax? + bx + c. Since f(x) has no real zeroes either fo> 
x? + 34x-71 Ey 0 or fix) < 0 for all x € R. Since f0) = c < 0, we get Aix) <0, Vx 
x? +2x-—7 € R. Therefore, a < 0 as the parabola y = f(x) opens downwards. 


Also, 
fd=a+b+e<0 
3. ax’+ bx + c =0 has imaginary roots. Hence, 
ax+bxt+e<0,Vxe R,ifa<0 
or axv’+bxt+c>0,Vxe R,ifa>0 


=> (1-y)+2(17~y)x+(7y—-71) =0 
For real value of x, 
b* —4ac >0 
=> y-14y+45>0 
=> ys<S5ory>9 


Hence, the range is ( — 00, 5] U [9, 00). ‘ But, given 
a+c<b 
(ii). Let, - 
xxl a-b+c<0orf-l1)<0 
eps => fwW=act+bxr+c<0OVxER 
=> f(-2)=4a-2b+ce<0 
= (l-y)'-(L+y)x+1-y=0 => 4atc<2b 
Now, if x is real, then 4. %Y,ZER 
D>0 ‘ xt+y+z=6andxyt+yz+z=7 
=> (l+yyP-40 -y)?> 
= W6-y-z2+yz+26-y~-z=7 
Bi Reet ee ee => -y+(6-7+72-ay+26-2)-7=0 
y— y => y+(z-Oyt+7+2ez-6) = 
> (-3}o-950 Now, y is real. Therefore, 
(2-6) - 4{7 + 2(z - 6)] >0 
= 55983 > 32-12¢-8<0 


12 — 144 + 96 Zine 12+./144 +96 


Hence, the range is[1/3, 3]. 6 G 
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6=2N15 64215 
3 


zs 
3 


Frrom symmetry, x and y have same range. 


5. Let, 
9s x +2x+e 

x +4x4+3c 
=> (y- 1) x? + (4y —2)x + 3ey-c =0- 
JNow, x is real. Hence, 
D=(4y-2P-4(07- 1) Bey-c) 2O0VVER 
Qy-1"%-(W-1) Bey-c)2=0,VyER 
(4-30)y?+(44+c+3c)y+1—-c20,VyER 
4 -3c > 0 and (4c — 4)’ — 4(4 — 3c) (l-c) <0 


! vy 


c< Zand 4 (c-? = (436) (1-0) $0 
4 

ser gente eGea tr eaese 
4 

Sree ond (Gaye) 


=> c< and 0<es1 


= O<scs! 
6. Let, 
_ (x-a(x-c) 
(xb) 
=> x4+(-a—c-y)xtactby=0 
Now, x is real. Hence, 
D=(atctyy’—Aac+by)2=0,VyeR 
y+ 2(a+ chy + (atc)? —4ac-4dby=0,V ye R 
y+2(at+ce-2b)yt+(a-cr20,VyeR 
D<0 
4(a+c-2by-4(a-c) <0 
(atc-2b+a-—c)(a+c-2b-a+c)<0 
(a—b)(c-b) <0 
-a—-b<Oandc-—b>Oora—b>OQandc-b<0 
a<b<corc<b<a 


2 
Xx —-xXx 


(x # b) 


YVUUULYYY 


x 


Let y= 


=> X-x=y-axy 
=> xr+x(ay-l-y=0 
Since x is real, so 
(ay- 1)? +4y>0 
=> @vy+2y(2-at+120,VyeER 
=> a>0,4(2-ay~-4a0<054-4a<0>5a€e [1,~) 
8. For the equation ax? + bx + 6 = 0, roots are not real. Hence 
be 


D<03>0-24a<0>5a> 


Also, 
fl) >0>a-b+6>0 
=> b<at+6 


b? 
=> a>max,—,b-6 
24 


9. Given, roots of ax? + bx +c = 0 are imaginary. Hence, 
b?-4ac <0 (1) 
Let us consider f(x) = a?x? + abx + ac. Here, coefficient of f(x) is a’ 


which is +ve, which makes graph concave upward. Also, 


D = (aby — 4a? (ac) = a(b? — 4ac) < 0 
Hence, 
foo >0,VxER 


Exercise 1.10 


1. Let, f(x) =x? — 2(a — 1)x + (2a + 1). Then, f(x) = 0 will have both 
roots positive, if 
(i) D>O 
= 4(a-—1)-42a+1)20 
=> a-4a>0 
=> as<Oora>4 . (1) 


(ii) sum of the roots > 0 
=> 2(a-1)>0>a4>1 —Q) 
(iii) product of roots > 0 


> Qa+1)>0=a> -5 (3) 


From (i), (ii) and (iii), we get a > 4. 
2. Roots of (a — 5)x? + 2(a— 10)x + a + 10 = 0 are opposite in sign. 


: : : +1 
Then, product of roots is negative. That is, ax <0 
a= 


=> -10<a<5 (using sign scheme method) 


3. Both the roots of x? — ax + a = 0 are greater than 2. Compare this 
equation with Ax? + Bx + C =0. Then, the required conditions are 


(i) D=a-4a2>0> ae (-~,0)U [4, ©) 
Gi) Af(2)>0 => ae (-~, 4) 


Gig ee 2 op eta 
2A 2 


Hence, no such a can be obtained. 


4. Both roots of ax? + ax + 1 = 0 are less than 1. Compare this 
equation with Ax? + Bx + C = 0. Then, the required conditions 
are 


(i) D=@-4a>0> ae (-~, 0) U[4, ~) (1) 


B or 
(ii) = Slat (which is always true as a # 0) 


a 
(iii) Af(1) > 0 


=> aQ2at+l)>0 
is A e{—- -;| U (0,6) (2) 
From (1) and (2), a € (—0, — 1/2) U[4, 2). 


5. Both roots of x7 + ax + 2 =O lies in the interval (0, 3). Compare this 
equation with Ax? + Bx + C =0. Then, the required conditions are 
@) D=at-8>05a€ (~, -2¥2]U[2V2, ©) (1) 
(ii) Af(0) > 0 and Af(3) > 0 
=> 2>0,9+3a4+2>0 


11 
eae 2 
=> ae( 3° (2) 
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(iii) 5 ee 
2A 
a 
<-—<3 
=> O 5 
=> —6<a<0 (3) 


From (1), (2) and (3), ae (-11/3, -2V2 . 


6. According to question, 1 lies between the roots, therefore, 
fi) <@ 


=> 1-—-3+a<0 


> a<2 

7. Let fQ®) =x -bx-1 (be R*) 
f(-)) = b=+ve 
fCO) =-1 =-ve 
f(i) =-b =-ve 


Clearly, one root lies in (-1, 0) and the other in (1, «). So, a (having 
the least absolute value) € (-1, 0). 
8. a<b<c<d 
p(x — a) (x-c) +A(x—b) (x -d) =0 
Let the corresponding expression be 
SOX) = ux a) (x-c) +A - bx - dd) 
Sa) =a - b) (a-d) 
fle) = Mc - b) (c-d) 
=> fla) fc)=(a-b) (a-d) (e-b) (c-a) <0 
=> fla) and fic) are of opposite signs 
Hence, root of the equation lies between a and c. Therefore, the 
roots are real for all real y and A. 


Chapter 2 
Exercise 2.1 


1. The said computation is not correct, because —2 and —3 both are 


negative andis Vab = Va Vb true when at least one of a and b is 
positive or zero. The correct computation is 


(V-2) (V-3) = (i V2) V3) =?? V6 =- V6 


Pei 4 84 it+P 41) at 
Pa@+ih+ih4+P +h i 


2. a. 


=i-]=-1-1=-2 
b. (+0)°+U-)% =(G +P +(i-P 
= (2i) + (-2i 
=(8-8)F =0 
3. We have, 
x=—5+4i 


=> («+5)=-16 
=> +4+10x+41=0 (i) 
Now, 
x49 + 35x27 - x44 
=x7(x? + 10x +41) — x(x? + 10x + 41) + 402 + 10x +41) - 160 
= 0x7-Ox+4x0-160=-160 [Using (i)] 


Appendix: Solutions to Concept Application Exercises A. 


4. Let z= ill t3 +54 4@r+) Now, 1+ 3454-5 +(2n+ Daren 
+ 1 terms of an A.P. whose sum is 

n+l 

<0 

Hence, z = i*”, Now put n= 1,2, 3,4,5,.... 


n=1,2==1,n=2,7=P si,n=3,z=i*=1ln=4 
, 


[1+ 2n+1]=(n+1)? 


zePrin=5,z=i%=1,... 
Thus, 
esac 
Z= 


i, if m is even 


5. 2-az+a-1=0 
Putting z = 1 +i in the equation, we get 
a=2+i 
=> 2-(2+i)z+1+i=0 is the equation 
= z= 1 is the other root 


6. e=(Ei) a-w-(-2) (21) = 2"! 


1+i 
a 2[(-i)7]"- b2 2(-1)"- 1/2 
Since E is to be real and positive. therefore 
n—I 


— =2A 
2 


n=4,+1 
i.e. odd of this type (but not any odd). 
7 (xt iy) (ptigne@’+y)i 
=> Gp-yq)+ ig +yp)=@ + yi 
=> xp=yp=Oandxq+yp=x'+y" 
=> a andxq+yp=x+y? 


Let x/q =y/p =A, then x = Aq, y = Ap. 
xqtypHar+y~al=V>)=1 
X=, =P 


g. (5 +128 +. f5—127) C/5 +127 + 5-127) 
(5 +121 — /5- 127) (/5 +127 + /5- 121) 
_ 5 412i+5-121+ 2954 121 [5 — 121 
7 5 +12i-5 412i 


— 10+2x13 
243 


9. Let /9 + 40i = x +iy. Then 


(x + yy =9 + 40: 

=> xr-y=9 

and 
xy = 20 

Squaring (1) and adding with 4 times the square of (2), we get 
x+y! 2’y? +4 y? = 81+ 1600 

=> @Wiyy = 1681 

=> xr+y=41 


11 


) 


(1) 


(2) 


(3) 
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A.12. Algebra 


From (1) + (3), we get 
= 25>x=45 

and , 
y= 


From Eg. (2), we can see that x and y are of same sign. 


x+ iy =(5 + 4i) or—(5 + 44) 


Exercise 2.2 
pa. SrBWA+3i) _G+H+iC4+9) 
42) (2-1 (2. +2) + i(4 1) 
_12+5i 
4+ 3i 
12451 4-3 
~ 443i 4-3i 
_ (48 +15) +i (-36 + 20) 
16-977 
_ 8 _16 
25 25 


_2-5i 144i 
1-4) 144i 


(2 + 20) + i(8 — 5) 


1-16: 
_ 22431 _ 22,3, 
i <a, 


2 862, =2, 
=> 9y-4- 10ix = 8y’ + 20i 
=> (y-4)- 10% + 2) =0 
Since complex number is zero, so 


y’—-4=Oandx+2=0 
=> x=—-2andy=+2 
Thus, 
=x+iy=—2+2i 


m ay _(_2ia-1_)’ 
+i d+a0—-i 
2 faG=Pyy 
“{ 32 


=(i+1)" 


aN 


= (2i)"”? 


Hence n = 8 is the least positive integer for which the given complex 


number is 4 positive integer. 


4 is = es @+isine ee eros fe! sin 8] 
= e°°59 [cos (sin 8) + i sin(sin 4)] 
Therefore, the real part is e** [cos (sin 4)]. 


5 zai 


= , Ls 
= | cos— + 1sin— 


— (ei?) 


=> -y+idxy)t+ x+y =0 
=> yt Vx ty? =0 


and 


2xy =0 
From (2), let x = 0. From (1), 


-y+ Jy? =0 
= -lr+lyl=0 
=> lyl=Oorl 
=> y=Oory=+l 
From (2), if y = 0, then from (1), 
+ Vx? =0 
=> bk? +lx1=0 
=> x=0 
Hence, complex numbers are 0 + 10,0 + i, 0-i. 


Exercise 2.3 


Similarly, 
Izl= yailgt= 20 
Hence, the result. 

-2 8 6(234+3) = 167 
24+3=4ior-4i 
3=-34+4ior-3-4i 
I21=1|-34+4i1=5 


1zP=5 

=> Izl=5'% 

3. Given, 
\~ it _ ib 
1l+ix 
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{1l—-ixl 
—=|a 
iti} 


=> ae a 
+x 


= a?+b=i 


— ib| 


4, We have, 
11 —ik} =2° 
(2) =2* 
Ql = Pla 
Qxl2 = 1 


WY Yu JU 


Q2=2% = 5-0 =>x=0 


Hence, the given equation has no solution. 


V+z+z _lazt2? +2z 


5. 
1—zt+z" l-z+2 
2 
= | + ——— 
z—-I1(1/z) 
Hence, 
oe eR 
Zz 
Feast 
> Zt-S=Z+=— 
z Z 
1 1 z2-Zz 
Ss @=2)==2> 555-5 
Z of cbZs 
=> (z-z(lz?-1)=0 
= |zl=1(z=7Z is not possible as z is not real) 


6. fal=lbl=lcl=r 
Again 
av+bz=-c 
= I|el=l—az—bl 
<lallz 1+ ldl lz 
=> r<rizP+rizi 
=> IzP4+izl-120 


=> I> V5=1 

: 2 

Also from az’ = —bz-—¢, 
zP-tzi-1<0 


V5 +1 


=> 0<lzl< —— 
2 


From (1) and (2), 
VE -t oy eS 4! 
2 2. 

we, (sae Bas Eh ean) 
Iz,-zZ 1 lz2-m1. 1z-% 


=> @ =AXz, %) (2 — 2) 
b = AZ, = z,) (Z = 23) 


= M2, 2) (%—%) 


(i) 


(2) 


Appendix: Solutions to.Concept Application Exercises A.13 


a b* ce 


— + + 


2, — 2 Zq — 23 23-4 
2/- — pres _ — _— 
=A (% — 2 +Z%-%+%—-%)=0 
8. Given 
? P +z, P 


IztzF = 1 


= laf tle) tanta ala? tz? 


=> By Zt % 2% =0 


zz 
= +4750 
Be 
202 
z Zz 
=> 24! /=0 
29 Z2 
a é F 
= — is purely imaginary 
22 


9 a +25 +2z, z, cos8=0 


2 
= |4 | 42/4] cose4+1=0 
<2 22 


2 
=> [2+ cos0| = - (1 —cos’ 9) =- sin’ 0 
Z2 : 


4 At 
=> + =-cos@+isin#é 
22 
z ; 
= |£Ll= (cos 6)? +sin? 6 =1 
22 
> Iz, l=1z,| 


= Iz,-0l=lz,-01 
Thus, triangle with vertices O, z,, z, is iscosceles. 


10. As given, let 


2z, _. 
—=ly 
32, 
or 
meds 
Za 2 
so that 
<a 3 3; 
Pee 5 —iy-1 {-—iy 
17%) |22__ | 242 =|—2-=1 [ Izl=tZ0 
arz} (244) jliy+i] [ita 
3) 


W. liz+ 3-4 <lizl+13—-4il 
=lzl+5 
<44+5=9 

Hence, 1z1,. = 9. 


x 


12. We have, 
V3 +i= (a+ ib) (c + id) 
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= ac-bd= 3 and ad+bc=1 


Now, 
bd 
“4 -( 4 eens 
tan” | — |+tan” |] —| = = 
= tan bd 
ac 
i{ be+ad 
= tan 
ac — bd 
= tant} 
3 
=ntt+ a neZ 
6 
13. We have, 
arg(z) + arg(Z) =arg(zz) =arg(lzI) =0 
[ |zP is a positive real number] 
14. 


arg z=— 


arg (2 - (2+ 2¥3))=" 


Fig. A-2.1 


Note that (2, 2-V3) lies on the line y = ¥3x and OAC will be an 
equilateral triangle of side 4, 


area= Px 16-48 


15. Vab= Javb is valid only when at least one of a and b is non- 
negative, but given that a < 0, so b must be positive. Hence z= b 
+ ai lies in fourth quadrant for which 


arg(b + ai) =— tar! at 
16. Here, 
22 70} ~ 1 
Zq — 2 
and 


% — 
=> 2, —%, = lz, Hz, 
> z, + iz, = (+ Lz, 
22 + 1% 
0 +i 


_ & iz) d-) 
r+r 


=51G-7) z+0-) 2%) 


=(z,+2z,+ + 4+Z) @,+z,+ 1 +Z,) 


=(Z,+2%,t 04%) (Qt% ttn) 
=|z,+z,+ ++ +z, which is real (a) 
<lzlelzl+--¢iz lar 
O0<z<nr* 

Also, z is real number. 


Exercise 2.4 


di Gta Aa - 
(cos & +i sin &) cos4at+isinda . 


Gin B +i cos By i? (cos B-isin By 


=-i(cos 4a + i sin 4a) (cos 8 —i sin By 
=-i[cos 4a + i sin 4a] [cos 58 +i sin 56} 
=~i[cos (4a + 58) + i sin(4a + 5f)) 

= sin (4a + 58) —icos (40+ 5B) 


([eetisne) 7 [ 2cos? /2)+isin @/2)c0s @/2) 


1+cos@—ising 


- 


~ [ cos@ + isin g] 


=cosnod+isinnd 


(cos & + isin @)@os B + isin B) 
(os y + isin 7) os 6 + isin 6) 
=cos(a+B—y—6) +isin(at+B-y-9) 


1 
2. x+—=2cos0 
x 


=> —2xcos+1=05x=cos Oxisind 
=> x"=cosnd+isinné 
Also, 


x 
Thus, 


1 
x" +— =2 cos n 
x 


re 
(cos + isin >) 


7 2 
| Cos +isin ~) 


a 


1 eat l a 
—=cos @ Fi sin @ > — =cosn@ Fi sin nO 
x 


| cos @/2)— isin @/2) 


| 2cos* /2)-2isin pone 
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10 10 
| 66s hisin— 
2 l-z 
= 10 10 fs < 
um 1. 8 1 
|— cos— —isin— 1 == 
10 10 Zz 
10 
_|-@-hz 
@-1) 
= (-z) 
= 7/0 
10 
te We oh 
=] cos — —isin — 
( 10 x) 
=cosa—isinz 
=-] 
4. izt =-1 
a ae Sd=iar=()" 


I 
=> z= (+i) 


mn ‘ /4 
=> Z2= | cos—+isin— 
2 2 
Hn .. 
=> z2=cos—+isin— 
8 8 


5 (1 +a9"4+ (1-3) 


, nt |. an nt .. nn 
= (2)"" cos — + isin — + cos — — isin — 
eae 4 4 4 


n n ‘ 
>. nt zt nn nn 
= 22 2cos =22 cos—— =(V2)"*? cos— 
4 4 4 
6. Let, 
z, =cosatisina,z,=cosB+isin B,z,=cosy+isiny 
z, +2, +2, = (cos a+ cos B + cos y) + i(sin a + sin f + sin 7) 
=0+ix0=0 (1) 
a. Now, 


1 ae ae 
— =(cosa+isina)'=cosa—isina 
ca 


1 
— =cosf-isin£ 


22 

1 nas 

— =cosy-isiny 

4 

<3 

lL 1 1 _ . ; 
—+—+— =(cosa+cosf+cos y)—i(sina + sin f +sin y) 
Zk 

+4) 2 & 


(2) 
=0-ix0=0 


DO ovad 2_ Bre gh soe A272, +22, +20) 
Zp ey $23 = Ep tly $23) 7 OK Ay Fa Tay 


1 
=0-245{2e444 
fy 


= 0 — 2z,2,2, * 0=0 (Using (1) and (2)] 
= (cosat+isinay + (cosf+isin BY + (cos y+isin yy =O 
= (cos 2a +i sin 2a) + (cos 28 + i sin 2) + (cos 2y + i sin 2y) 

=04+ix0 
Equating real and imaginary parts on both sides, 
cos 2a + cos 28 + cos 2y = 0 and sin 2a + sin 26 + sin 2y = 0 


Appendix: Solutions to Concept Application Exercises A.15 


b. 23+234+z3=(z, + 2) — 3z,2,(2, + 2) + 3 
= (2, — 32,2,-2,) + 25 
= 3z,2,2, 


[Using (1)] 


=> (cosatisina)+(cosf+isin f) + (cosy+isin yy 
= 3(cos a+ isin a) (cos 8 +i sin f) (cos y +7 sin y) 
=> cos3a+ isin 3a+cos 36 +i sin 3f + cos 3y +i sin 3y 
=3{cos(a+P+y)+isin(at+fPt+y)} 
Equating imaginary parts on both sides, 
sin 3a + sin 38 + sin 3y =3 sin(a+P+y) 


Exercise 2.5 
1. Complex cube roots of unity are 1, @, w. Let a = @, 8 = ow’. 
Then 
abt Bt af! =a + (w+ (a!) (0)! 
=o+a°+1=0 
2. (1+@) (1 +o’) (1 +o) (1 +o) --- up to 2n factors 
= (-w’) (-w) (1 + @) (1 + @?) +++ up to 2n factors 
=!x1x1xLupton factors = 1 
3. 
a. Here, —1/2+ (1/2) i is one of the two imaginary cube 
roots of unity. If we denote it by @, then 


'™ = @ w = (w)? w 


1 v3 +2)" 
j7 fa iy? 


c. +43) 4 — f3)! 4 21 


100 100 
-(Ees8) (Ss) 4.7100 
i i 
rs 


100 100 
7 ms | mE) in 
3 


on 100 2 ; [100 

Ss 2!00 (¢yy!90 4 7100 (gy? 100 4 2100 
= 2100( ¢y100 4 7) 4 1) 

= 2! aw + @? + 1)=0 


4 ztz'=1 
=> 2-z+1=0 
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A.16 = Algebra 


=> 2=-wor-w 


For z=-0, 
7100 4. 7-100 = (gy) !00 4 (gy)-!90 
; I 
=@+—=+@'=-1 
o 


For z=-o’, 
z!00 4 2-100 — (—c?)! 4 (—@2)-! 


1 
=o + 200 
@ 
1 
= @ +> =0° +@=-1 
o 


5, x?-1= (8+ DOO- 1) = 08+ 1 02-1) 04 4+224+ 1) 
Common roots are given by x4 + x?+1=0 
> -ltiv3 


LSS =, or w*,@ ( @=1) 


or 
X = +7, +w 

6. Operating R, > R, + R,, we get 

1-i w@+@ «@’-1 

A=|l-i -1l  @*-1 


-i -Il+@ -1 
l-i -1)— w= I. 
=l1-i -1 @*-1 [- @’ +@=-1) 
-i -i+@ -1 
=0 [' R, and R, are identical] 
Exercise 2.6 
1. 
B(zo) Oo 


AG) B(2) 
Fig. A-2.2 
Let A be the vertex with affix z,. There are two possibilities of z,z, 


can be obtained by rotating z, through 2z/n either in clockwise or in 
anticlockwise direction. Therefore, 


2 S in 
a9 = ee. e n 
PREZ 
=> m%yZe " [sl z,1 = Iz] 
2. We have, 
oe 


: 2 2 
=, 2 + 23 = <2 
2 2 2.5. 
=> WHEW 1G = 4% + Zs + %és, where z, =0 


Hence, z,, z, and the origin form an equilateral triangle. 


3. Inscribed triangle is clearly equilateral. Let the other vertex be z. 


+i2% 

=> i-z=(3-4ie 3 
1, .v3 

=> z=i-(3-4i) [-L28 


4. Let A(z,), B(z,) and C(z,) be the vertices of the triangle. 


Aa) 


Bp) C(z) 


Considering the rotation about points A, and B,, respectively, we 
get 
Bee Neat sini 


and 
ok ae 
0-z, r 
Z — Bz a 
( C 1) 2 =e 17 =-—] 
Z,(Z, — 22) 


=> W252) G2) 


222) 
> 2.57 
(z, + 2) 
Similarly, 
pe 2223 _ 22,23 
@ (2) +23) (Z, +Z;) 
5, 
Fig. A-2.4 
02 ie 6 
Z,=——ze" =cosOze 1 
2= Op 1 i (1) 
OR 26 i20 
2, =—ze’”’ =cos20ze 2 
3= op 1 (2) 
From (1), 
2} = cos’6z,7e? (3) 
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Dividing (iii) by (ii), we get 
Ze cos’ Oz, 
Za cos 20 


Hence, 
a cos’@ = z,2, cos? 6 


Exercise 2.7 
1. We have, 


iz? —Izl+l 
jous| StH 


izP-Izl4l 
areaee > (3) 


izl? — 4Izl-5 >0 
(Izl + Il (lzl-5) >0 
Izl-—S>0 

Iz > 5 


YuduuU YU 


z lies outside the circle of radius 5 and centre origin 
2. Let P, A, B represent complex numbers z, 1 + i0, -1 + i0, 
respectively. Then, 
Ic -He+lze+1l<4 
=> PA+PB<4 
Hence, P moves in such a way that the sum of its distances from 
two fixed points is always less than or equal to 4. So, Locus of P is 
~ the interior and boundary of the ellipse having foci at (1, 0) and (-1, 
0) and eccentricity 1/2. 


Zz 
3. SS 7 
3 
Zz 
=> =>lol= i 
z--i 
L | 
=> Izl=lq@ljz--i 
3 
1, 
> Ler ome [v lo@l=1] 


Hence, locus of z is perpendicular bisector of the line joining 
0 +0i and 0 + 1/3i. Hence z lies on a straight line. 
4. We have, 
log);.1z—-21 > log), 1z! 
> Iz-2I<lzl 
Hence, z lies on the right-hand side of the perpendicular bisector 
of the segment joining (0, 0) and (2, 0). So, Re(z) > I. 
5. 


Oo 
Fig. A-2.5 
2+e +222 < 8i(Z -2z) 
=> (z+Z) <8i(Z-2z) 
= 4(Rez)’< 16(1m z) 


Appendix: Solutions to Concept Application Exercises A.1 7 


= (Rez)? <4(Imz) 
=> x°<4ywherez=x+iy 
Shaded part is the required region (i.e., interior of the parabola x? 
=A4y), 
6. 


Fig. A-2.6 
Given lz — 11+ lz + 31 <8. Then z lies inside or on the ellipse whose 
foci are (1, 0) and (-3, 0) and vertices are (—5, 0) and (3, 0). Clearly, 
the minimum and maximum values of Iz — 4! are | and 9, respec- 
tively, representing the distances PA and PA’. Thus, | <Iz- 41 <9. 


Exercise 2.8 

1. As ais the fifth non-real root of unity, therefore 
at+B+@?+a+1=0 

# is the fourth non-real root of unity. 
B+P+B+1=0 

Now, 
(l+a)(1+o)(1+a4)(1+A) 1+) (1+f) 
=(ltat@?+@P) lta) 1+ft+P+h) (1+) 


> 2 Ses oes +isin 22 ere n=0,1,2,3,4,5 
2i 6 6 
> x= 24os| ) asin "wher n=0, 1, 2,3,4,5 


For n = 4 and 5 we have positive real part. Hence the required 
product is 


a )- 2c) -ne 


i 1 . 1 
Bode ep Zs ~ I 


where Z,, Z,, ..-. Z,, are the roots of the equation z!—1=0 other than 
1. Let, 


L4zt ote +2 = (Z—-2,) (2-2) + CL - Zs) 
=> log(l+z+2+--- +2") = logl(z—z,) (Z@-z,) + (1-z,)] 
Differentiating both sides w.r.t. z and putting z = 1, 


2 49 
14+2z4+3z° +--+ +50z _ I + | thee u 
Z- 250 


Lt ztztet2” oie ee ae 
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50x51 1 1 1 
= + Ries 
2x51 AZ-1 zw] 


4. We have already proved that 
(1-a,) (l-a,) -- “(l-a, pan 


‘n-! 


=> |l-alll—al---lIL-a_l=n 


n=l rh 
=> [2sin sin? +cos? =n 
pel n n n 


T]2sin =n 


r= 


> Hl 


t 


2" 1 
5 t= (e+ 1)" 
= Izls=l(z+1)l 
=> Idr=lIz+1" 
=> lIzd=iz+ 1) 
= lz-de=lz-C)l 


Hence, distance of z from 0 and —1 is equal. So, z lies on the per- 
pendicular bisector of 0 and -! or on the line x = —1/2. Hence the 
roots are collinear. 


Chapter 3 


Exercise 3.1 
1. at+(p-l)d=qanda+(q-I)d=p 
= (p-gd=q-p>d=-l 
T.=at+(r—-I)d=a+(p-l)d+(r—p)d 
=q-(r-p)=pt+q-r 


2. We have, 


tt td eve) 
fae dig ee ee) 


and 


1 1 dtve-1 vx 
t-JVx  l-x  l-x 7 1-x 
Therefore the given numbers are in A.P. with common difference 


JVxi(l-x)- 


3. 57,=8T7, 


=> 5(a+4d) = 8(a + 7d) 
=> 3at+36d=0 

> a+12d=0 

=> 7,,=0 


4. S =nP+ nn Yo 


= 5l2P +(n-1)Q] 
Comparing with 

ee (2a +(n-1)d] 
=> d=Q 


5. The given sequence is an A.P. in which first term a = 20 and 
common difference d= —3/4. Let the m term of the given A.P. be the 
first negative term. Then, 


a,<0 
=> at(n-ld<0 
=> 20+(n-1)x(-3/4)<0 
83 3n 
—-—<0 
= 4 4 
=> 83-3n<0 
=> 3n>83 
2 
=> > 27— 
ae 
=> n=28 


Thus, 28" term of the given sequence is the first negative term. 
6. We have, 
(x+ 1) +44) 4-- +(x +28) = 155 
L.H.S. has 10 terms in A.P. with common difference 3. 


> > [(x + 1) + (x + 28)] = 155 


=> x=1 
7. Let A and D be the first term and common difference, respectively, 
of the given A.P. Then, 
a=p"tem=>a=A+(p-1)D (1) 
b=q"term => b=A+(qg-1)D (2) 


Subtracting (2) from (1), we get 


a—b 
p-q 
Adding (1) and (2), we get 
a+b=2A+(pt+q-2)D 
=> a+b=2A+~tq-lD-D 
=> (a+b)+D=2A+(p+q-1)D 


D= 


—b 

=> (a+b)+ —— =2A+@+q-UD (3) 
P-q 

Now, sum of p + q terms is 


+ 
G2 PT 2A+(p+4q- DDI 


yg 


: pefasne t= 
2 p-4q 


[Using (3)] 


[Using (3)] 
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8. Let abe the first term and d be the common difference of the given 
A.P. Then, sum of 7 terms is 


S= 5l2a+ (nd (1) 
Sum. of 2 terms, 
2n ‘ 
S, = Sum of 2 terms = 3 +(2n-—1)d] (2) 


Sumof 3” terms, 


= 


Now, 


S,-S.= F120 Qn =1)d)— 22a +(n—Dal 

= 5(2l2a + 2n—Id}-(2a+(n—Nd}] 

= 5(2a+(3n~Dd] 

3(S,-S)= “(24+ Gn-Ddl=5, [Using (3)] 


9.Let a be the first term and d the common difference of 


the given A.P. Then, the sums of m and n terms are given by 


S.= ms [2a + (m ~ Id] 


and 

S= 5 (2a+(n-Dd] 
Given. 

Succ ie 

S, wv 

mn 

‘9 (AGF (n= 1d) We 
= => 

3 l2a+(n-Na] z 
=% 2a+(m—l)d_m 


2a+(n-Nd n 

Replacing m by 2m — 1 and n by 2n - 1, we have 
2at+(2m—-\-1)d _2m-1 
2a+(2n-1-l)d  2n-1 

at(m—!)d_ 2m-1 


TF) ane es In A 
: T,, _2m-1 
oP ae 


10. Series 17, 21, 25, ..., 417 has common difference 4. Series 
16, 21, 26, ..., 466 has common difference 5. Hence the series with 
common terms has common difference equal to the L.C.M. of 4 and 5 
which is 20. The first common term is 21. Hence the series is 21, 41, 61, 
..., 401 which has 20 terms. 


11. a + 3k= a’ + (atk)? + (a+ 2k)? (1) 
(where & is the common difference of A.P.) 


= 5 +3(2a-1)k+3a@~a=0 (2) 


= “(2a+ Gn—Dd] (3) 


Appendix: Solutions to Concept Application Exercises 


= 92a-1)P-203a-a)20 (+. kis real) 
= 24a?+16a-9<0 


=> at V0 4 ¢1,N10 
3 12 3. 12 


=> a=-1,0 (-aeD 
From (1), when a= 0, 
5k —-3k=0 
= k=0,3/5 [Not possible from (i)] 
When a=-1, 
5h? -9k+4=0 


=> k=1, : =>k=1 (since kis an integer) 


a=-1,b=0,c=l1,d=2 
=> atb+c+d=2 


12. Given, 
S,, ad 38, 


=> 120+ (2n 1d] =3 520 +(n-1)d] 


= 4a+(4n-2)d= 6a + (3n-3)d 
=> 2a=(n+)d 
Now, 


[20+ Gn ~1)d] 


S,/S, 


3n in 


5 [2a +(n-1d] 


3[(n+1)d +(3n-1d] 
[(n+ 1d +(n-Da] 


_ 3[4nd] _ 
7 [2nd | _ 


A.19 


(1) 


13. Let the four numbers in an A.P. be a — 3d,a-d,a+d,a+3d. 


Sum of the terms is 
4a=20>a=5 
Sum of their squares is 
4a° + 20d? = 120 
=> 20d? =120-4x25=20 
=> d=lord=tl 
Hence, the numbers are 2, 4, 6, 8 or 8, 6, 4, 2. 
14. Here, 
4a=28>a=7 
Also, 
(a-—3d)(a+d) 8 
(a—d)(a+3d) 15 
=> 15[a’ - 3d? — 2ad] = 8[a? — 3d? + 2ad] 
=> 7(a@ -3d*) = 46ad 
=> 7(49-3d7)=46x7xd 
=> 49-3d?=46d 
=> 
=> 
> 


3d? + 46d-— 49 =0 
(d- 1) Gd+ 49) =0 
d=1 
Therefore, the required numbers are 4, 6, 8, 10. 
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-A.20. ~—- Algebra 
15. => l+r=5 
Se See ee. - => r=4 
c-a b-c a-b c-a antl 
3. S= 3 
(a+b-2c)_ (c+b—2a) au 4" 
b-c a-b . Putting 7 = 1, 2, we get 
- 9 39 
(a—b) (a+ b- 2c) =(b-c) (b+¢- 2a) (1) T,=5S,= = ie 
Above is true by given condition as shown below by (2). We are 27 
‘ S=3-— =P.4+T. 
given by 9 756 Fae 
(c-a)’-(b—cP =(a- bY -(c-a)’ = PSS 27, 
=> (c-atb-—c)(c-a-bteo) 5 
27 9 
27 =(a—b+c-a)(a-b-cta) > T= 3 ——— }-]| 3-— 
= 5 (b-a)(Qc—a—b) =(c-b) (2a—b-c) 256 16 
=> (b-c)(b+c-2a)=(a—b) (a+ b- 2c) (2) Be eee 
Now according to question 2 + 38 + 20” = 200 © 256 
=> n=8 U7 
= a,b,careinAP. ; > oly 050 ss 
; ; ; ; T 39 256x39 | 16 
16. Sum of n arithmetic means inserted is (n/2) (2 +38) = 20n. 16 
17. Since a, b,c, d, e, fare six A.M.’s between 2 and 12, therefore, 4 S= 6666 Se 
= n digits 
atbt+ctdt+etf= Stat f)=S2+12)=42 6 46x10'4+6x 102 4+---+6x 10"! 
(10" -1) 
18. 4,X,,X,,...)%,» 6 are in A.P. Hence, =6x i0-1 
b=T_,=at(n+l1)d 
2 a 
bra_, = 5 (10 -1) 
n+] ae 
=> x=7,,=atrd Similarly, 
r(b—a) 8 
= —— = —(10" - 
Oia S, mal 0” -1) 
an-rt+l)+rb ‘ Aig 8. oo Bp 
= aoe (1) => Sp+5,=5 0") +5(10 -1) 
Put a =x and b = 2y and then again put a= 2x and b=y and equate 4 
the results as the two means are equal. Then = 9 (0 -1) [10"—1 +2] 
x(n-—rtl)+2yr _ 2x(n-r+l)t+ yr 4 
n+] n+i SG [107-1] 
=> x(n-r+1l)=yr Also, 
u 
-2— 4444.--4 =444x1044x 10? 4---+4x 10"! 
y na-rtl 2n digits 
(10*" -1) 
: oy ee es 
Exercise 3.2 10-1 
1. Given, Hence proved. 
r= 22 =ynt4 5. (xt yt (PC tryt y+ +xry tay +y’) +> n terms 
x 
1 
i 2 
and = [(x+ yx y)t (0? tayt+y (x-y) ++ terms] 
Pearce yee oe 
= In+24=52 a = [22 -y*?) +2 - y*?) +--+ terms] 
=> n=4 - 
2. Si, =5(t,+4ttt-° +7) = : (x? +.° +---n terms) —(y? + y’ +--+ terms)] 
n x—y 
adn 1 sale) 7 
E a(1 r ee ( ) = 1 f@"-D yo"-) 
a Ley; x-y| x-l y-l 
(222 4 10, 28 
—+—+—+--- up ton terms 
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ans" $301 
= 253" 


_ (Qn+1)x3"-1 
2(3") 
7. Here, 
a=ar+ar 
=> P+r-1=0 
-l+j1+4 
> r= 
-1+V5__V5~-1 
2 


2 


No 


[- r> 0] 


8. Let b=ar, c= ar? and d=ar’. Then, 
I ye 27 
a+b a(l+r) 
I 1 


b+e . ar(lt+r) 


BS ert 
e+d ars(itr’) 


Clearly, (@+ By, (B+ cy! and (ce? + @)' are in G.P. with common 


ratio 1/r*. 
9, sa Vraltrt Ptr + toc 
n=0 
= 1 
~ |-=r 
1 s-l 
= ral--=— 
s s 
So ] 1 s° 
=> r= = 7 
py l-r ; So) 25-1 
s: 
10. Given that 
J 1 
T,=AR"'= — and T= ARTS ra, 
i At 


1 
=> ArRmree = oma 
mn 


Appendix: Solutions to Concept Application Exercises A.21 


mtn 


1 


= AR? en 


min 


2 mn 


11. b=ar,c=ar 


= 1 rae 7 1 " 1 
e-P BP” @-dr ar 

“ae 
er(a —ar) 

1 


12. The given product is 


iss : 
(aa) o*3et™ = GY 


where 


Hence, given product is (2°) = 2° = 64. 


13. Let A be the first term and R the common ratio of the given G-P. 
Then, ye 


a=p" term 
=> a=AR" 
=> loga=logA+(p—1)logR (1) 
Similarly, 

log b=logA+(q-!) logR (2) 
and 

logc =logA+(r—I)logR (3) 
Now, 


(q-r)logat+(r-p) log b + (p—q) loge 
=(q-r) {log A + (p- 1) log R} + (r—p) (hog A 
+(g-1) log R} + (@-4) {flog A + (r — 1)log R} 
(Using (1), (2) and (3)] 


= log A{(qq-r)+(r-p)+@- D3 
+logR {((p—-1) x (q-N + @-VD(r-p)+(r-) O-D} 
=log A x 0 + log R{p(qg-r)+q(r—-p)+r- 
q-n-(r-p)-@-D} 
=logAx0+logRx0=0 


14. (a+ b? +02) p-2(abt+ be+ cd) pt(b+e+d)s0 
=> (ap — b)? + (bp - cP + (cp-dy S90 (1) 
Since a, b, c, d and p are real, the inequality (1) is possible only 
when each of the factors is zero, 1.€., 
ap~b=0, bp-c=0,cp-d=0 
b 


=> Peart 


& 
b 
=> a,b,c,darenGP. 
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A.22 Adlgebra 
15. Let three terms in G.P. be a/r, a, ar. Given that the product is 3. By the given conditions, we have 
125. 2ypHx+z (1) 
& ees by? = ax x cz 2) 
Also, b = 2acl(a +c) (3) 
poe rx1¢1 ee 4+rx +}: 175 It is clear from the question that we have to eliminate b and y. 
r r Substituting for y and b from (1) and (3) in (2), we get 
> asGtepeDe BEE NOHO pie 
2 (at+cy 4 
=> 2rtrt+1)=7r (xt2)% “Gabor 
=> 2r?-5r+2=0 => = 
= (r-2)Q2r-1)=0 Foe ue 
° = EZ +2xz _a@ +c° +2ac 
=> r=2, 3 ; : XZ ac 
x Zz ac 
Hence, the numbers are 10, 5, 5/2 or 5/2, 5, 10. => er ra 
16. ant +b Jab = a'b'? by given condition xz ae 
a" +b" => -+t==-4+- 


= git 4 plat al? b!2 + bt pl qi 
4, Let l/la=A, I/b=A+D, Vlc=A+2D, l/d=A +4 3D. Then, 


sae b+o" Ja a? - d? = A? — (A + 3DY = — 3D (2A + 3D) and 
= gin (Ja—Vb)=b""'?(Va - Vb) b?-c?=-D(2A+ 3D) 
= git2 = pee = = — =3 
The above is possible only when ae 
n+1/2=0 — ; 5. We have, 
= 1 a- a- a 
> ne-5 X= 5 = 54 =) (say) 
px ay 
32 a-x a-y __a-z 
ry i = FE Sv = 
Exercise 3.3 > PH ay Te 
1. Let the H.P. be 


; , i i Now, p, g, r are in A.P. Therefore, 


a avd ated atad 


a-x a-y a-Z ; 
ca apc are in A.P. 


Ax’ Ay” Az 
Then, 
1 2 1 12 => Be Be eed iP: 
—=— and ara x y z 
a 5 at+d 13 
a a a ; 
5 7 = —-1,—-1,——1 areinAP. 
=> a=—andd= ‘ y z 
2 12 
aaa . 
Now, 7" term of the H.P. is . = Pra are in A.P. 
1 £2 ld 
at(n-ld 47-17n => -—-,-,— areinAP. 
x yz 
So, the n" term is largest when 47 — 1717 has the positive least value. => x,y,zareinHP. 
Clearly, 12/(47 — 17n) is least for n = 2. Hence, 2™ term is the largest 
term. 6. Here, 
2. a, b,c in G.P. D4 J y= J ,zZ= } 
= b=ar,c=ar l-a 1-b l-c 
l 1 1 f Since a, b, c are in A.P., so 
=> Th pa pee are in A.P. l-a,1-b,1-careinAP. 
cats 2 = 1 ie 1 er =>: — 7 are in H.P. 
ar’ -1l) a(l-r) ar(l-r) ar(l—r) i a 
= -2r=(r+1y = x,y,zareinH. P. 
= P+4r+1=0 (1) 7 x,l,zareinAP.>2=x+z q) 
Also * x2, zare in GP. 4=xz 


¢+4b+a=a(r +4r+1)=0 [Using (1)] 
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2xz 


X+Z 
Therefore, x, 4, z are in H.-P. 
8. Here, 
a+ b=a,+4,=a,+a, =: =a,+4,,, 
ab = 8, X By, = 8 * By = = 8 X Sat 
2ab 
atb 


sur. of given series 


=> and h= 


w(at+b) _ 2n 
ab h 


9. Let @ be the first term and d be the common difference of the 
given A.P. Then, as given the (m + 1)", (n+ 1)" and (7 + 1)" terms are 
in G.P. So, 

at md,a+nd,a+rdareinG.P. 


=> (a+ ndy=(a+ ma) (a+ rd) 
=> a(2n-m-—r)=dmr—-n’) 
d 2n-(m+r 
¢ es) a) 
a mr—n 
Next, 2, 1, r are in H.P. Hence, 
ies 2mr (2) 


mt+r 


From (1) and (2), 


a mr-n 


a+ Beata 
=> at+fp= ier iabee 


=> = , 
a (c/a) 
—b b’ -2ac 
=> Fo tp 2 
a C 
=> —be=ab?-2ac 
=> 2a’c= ab’ + be? 
2a bc 
=> S=-+H- 
b cea 
=> Oe eee, 
abe 
=> caaee are in H.P. 
c cb 
Exercise 3.4 


1. Let A be the A.M. and G be the G.M. of a and b. Then the numbers 
aand b are roots of the equation x” — 2Ax + G? = 0, i.e., 
x-4Gx+G=0 [A =2G] 


Appendix: Solutions to Concept Application Exercises A.23 


nye 4G +16G? - 4G’ 


2 


+ 
x= S206 _ox Ja 


Hence, a:b = (2 + J3):(2 - V3) 


2. Leta, b (a> b) be the two numbers. Given, 
a+b 


=2ora+b=4 (1) 


and 


V(a+ Db =2 
=> (a+1jb=4 
=> b-5b+4=0 
=> b=1.4 
But b #4, therefore, b = 1, and hence a = 3. 
Hence, harmonic mean, 

_ 2x3xl_ 3 


3+1 2 
3. H=21/5,3A+G’=36 
=> 34+AH=36 
=> A=5 
=> at+b=10 
Also, from H = 2ab/(a + b) = 21/5, ab = 21, we have 


a+b =(a+ by —2ab = 100-42 = 58 


[Using (1)] 


Exercise 3.5 
1 en an a ee 
2 6 18 54 


Avie 


I 
of 
2-4 
3 
Bo 
Be 
er) 
4 
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A24 Algebra 


7 15 
=> ==. 
16 
P28 5 
2 Say lot tas gat oo qd) 
1 ie 23h Le 
=> Figg a ke ee (2) 
Subtracting (2) from (1), 
1 Pr 8 16 24 32 
lee ia Ga ak ae (3) 
Let 
8 16 24 32 
S ~+—+ + +++ 00 (4) 


iam 2 + tt” 93 


1. 8 16 24 
Fan gels pegs @ ge 0) 


1. 8 8 8 8 
=azt+at 


2 =a tpt get aT 
8 
2 
ii 
2 
=4 
=> S$ =8 
Hence, from (3), 
Mies saci 
a 9 
= S=17 
a $=3+G+d 1+ G42) +o > 4S 
a. Lye@yi eaed eee Q) 
boat 4 4 


Subtracting (2) from (1), we have 


3 1 1 
2s=3+(—+@Q—+ 
4 de rad 


4d 
9 
=d=2 


> 


\© | 00 


4. 124324524 = L(2n- IP 
=> (4 —-4n +1) 


= 4Y7? -4in+n 


nant YQn+)) 2 4n(n+1) 4, 


=4 
6 2 
2n(nt+12nt+i 
= MEE DENS anit 1) +n 
= Fan? iy n(2n—1)(2n +1) 
3 3 
5. We have, 


Lkk+1) _ k+1 
k 2 2 


T4243 4-48)= 
Thus, 


Sa L2434 4b 4 2 
= O 2 +21=115 


6. En? = 330+ En 
EUR Cie A a 
6 


n(n+1)| 2n+1 
———. -1] =330 
nae: | 3 | 


as a(ntl) (2n — 2) = 330 
2 3 

= n(n+1)(n-1)=990 

=>n=10. 


7 [2 122 + 132 He 202 = (12 +224 PH +207) - (2 $2? 
$324 + + 10°) 


_ 2002141) _ 100 DAD) 
> 6 6 


210 
= — (82-11 
5 ( ) 


= 35x71 = 2485 
8. FSPaeay tear 


n(n + 1)(2n + 1) 
a 6 
== (2n? + 3n +1) 
6 


= 2n? +3n? +n 
6 


Se, 
=2 [230° + 3 ao y-| 


1 n(n+1)] n(n+1)(2n +1) n(n +1) 
| 5 | + 6 + | 


iH} 


2 


2 2 2 


n(nt 1) (2n +1) ! n (n+ | 
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Appendix: Solutions to Concept Application Exercises A.25 


1 Subtracting (2) from (1), 
= oxy n(n +t) [n(n 1+ (2n+1)+ 1] O=1+ [14243444 +--+ (n— 1) terms] —T, 
—1) 
+ir, =. 2) | 
= ay) ) [n* +3n+ 2| =o OSL 2 a 
12 
n(n—l) 
Forn = 22 => T=i+ 5 
p= A [22? +66 +2] => Ty,= 1226 (which is the first term in S,.) 
_ 29%23 [552] Therefore, iy of the terms is 
12 | Sg=F (2% 1226 + (50-1) x I} 
== 22 x 23 x 46 pane , eds jad as 
; = 23276 oe ) 
9 S=2+5+10+174+ 264-46, (1) fe ) 
S= 245410417 4-40, 41, (2) = 
Subtracting (2) from (1), 120 Tar? -YN=—-)r(ert), 
=> O =(24+3+54+749+--n terms) —, zh 1. ! 
> £, =24+B45+749+--(n—1) terms) T,  (r-Dr(r+)) 
| : Z r+1-(r-l) 
Se Se ene) a ~ 20r-Dr(r +1) 
=2+(n—1)3+n—-2) JA bs yD 
‘=24+nr-1 2\r(r-l) r(r+l) 
SB] 7 i Po, 1 
H ~ rr) r(r-l 
> SS, = DE he ( ) r¢ ) 
r=il 
a = -—(V(r)-V(r-]) 
=Yr+y 2 
i | y + = -+H(n)-VCM) 
> a nae a 
qe Ee a. aT” 2 
6 
"(n? +3n47 ee eee 
= 78 ‘ ee ~ Inin+l) 2 
10. S=14+44+134+404 121+---4+¢, (1) 
S SAP te aa eget oe (2) 4 ay 
Subtracting (2) from (1), 
O =14+34+9+274+81+---n terms —f¢, - | 1 
=> ¢, =1+3+9+4274+81+---nterms i 2 =| 
aE 1 
os 13. T+) = — 
— 3. MW) = OF @r+ Dar +3) 
- 4/3" -1 -~(2r—- 
ak s. => 1,= ys 27! _ 2r+3-(2r-1) 
Sete peak A(2r —1)(2r + 1)(2r +3) 
1 
=F (G+P 4 +3")~n) 1 1 _ 1 
Ah eo), | ~ 4) (2r-DQ2r+l) (2r+1)(2r+3) 
a 7 | 1 7 1 | 
-4 13 — 7] 4| (2r+1(2r+3) (2r-1)(2r +1) 
11. From symmetry, we observe that S,, has 50 terms. First terms = livin -V(r-1)) 
of S,, S,, S,, S,, --. are 1, 2, 4, 7, .... Let 7, be the first term of n'" set. 4 
Then, Therefore, the sum of 7 terms is 
S=7T,+T,+7T,+-°4+T7, FT) Ly oie 
= = r=-— _ 
So Ses 24a Alle 4h EP (l) Se 2 ga 


or : i 1 1 
S=14+24447+--4+7 47 (2) - A ESTeTES) :| 


n-1 Hn 
‘ 
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A.26 Algebra 


oN = ee 
~ 413 (Qn+1)(2n+3) 


_ 1fl 1 
= lim mA 
in 5 st | 


=> 36S=3 


AIR +243) DEK TK +2) 
7 8 8 
_ kk +k +2) ‘ 
~ 2 
i 2 
i kk +2) 


= k+2-k 
~ k(k + I(k +2) 


Sl = ey py a et 
(Hn) — KO) = Fn +2) 


15. r* term of the given series is 


Ta=ri-x)(l — 2x) (1 —3x) +: (l= (r- 1)x) 
1+1 


= (1-2) (1-22) (1-32) + =F) 
= l{a=x)\=2x)+-d-r=1) 
x 


~(1—x)(1-2x) + (l-r- 1) - rx} 
f= Did =Od 222) ero) 
x 
—(1=-x)(1-2x) Ud -rx)] 
Putting r= 1, 2, ..., 7 and then adding, we get 


T+ T,+-04T,= di -a-d 2x) (1-na)] 
x 


Hence, 


ST, =t-a-x)0-20) +d -n)] 
x 


r=l 


Chapter 4 
Exercise 4.1 
1.-- AM.>G™M. 


lla a a a;  @, 
oe, 4 2 OB pt 
N\Q, @& 4% a, 4 


Adding, we get 
1 1 1 1 1 


1 
abe (be) TGA Tab) 


3. Since a > b, therefore (a — b) is positive. Now, 


n n 
a" —-b ss 2 
Oe Ha"! + ba" 24 Batt + ab + ab"? +b" 


a-b 
Also, we have 
A.M. >G.M. 


q’ + ba"? +b’a" 3 Bade pe 


n 
>(a"" ba'"~* bat 3. bl!) 
- -2 2 one -| 
a" +ba"? + bate +b" 
=> 
n 
3 (qht ttt tee) pit2etaee tr i ylin 


m(n-1) Ne 


a al bal + Bat te $b! >n| (ab) 


(n-1) 


2 
= at +ba +b arte +b" | > n{ (ab) | 
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4. A.M. > H.M. 


j 1 1 1 1 1 
Se. Ge ts eG 
= of bs 2 € 5 ~~ and & 4> : 
2 a+b 2 bt+e 2 cta 
Adding, we get 


1 1 1 2 2 2 
—+—+-> + + 
a b c atb bte ate 


5. Using A.M. >G.M., we have 
= 2afpsin x+c0s x 
Now we know that 
sin x +cos x >-V2 
as. Sine sgt aoa? 


Hence the minimum value of 2*"* + 2°°* is 


No 
Sl- 


6. We have, 
A.M. >G.M. 


> 5 (a’ +x")> ya x? 


=> a@+x > 2ax 
Similarly, 

b? + y > 2by 
and 

+2 >2cz 
Adding these three results, we get 
(a2 +27) 4+ (BP +y) + (C+ 2) > 2ax + 2by + 2cz 
(a? +b? +2) + (x? + y? + 2°) > 2(ax + by + cz) 
(1 + 1) > 2(ax + by + cz) 
2 > 2(ax + by + cz) 
ax + by+cz<1 


[ee ty4+2aV?+b+C= 1) 


Uuyudy 


7. Puta=ytzb=z7+x,c=x+y, sothatxr+y+z=1. 


Asx=1l-ay=1-),z=1 
it follows that x, y, z>0. Now, 


cand0<a<1.0<b<1,0<c<] 


ab c _[GtadG+HE+y)] a) 

l-al-bl-c xyz 
Again, 

A.M. >G.M. 
= Yet > Jy. 2 Vex 
Multiplying, we get 

+2) (z+ +y 
[oyta +x) (x wis 6) 


(xyz) 
From (1) and (2), we get 


a b c 
—_ —— > 
l-al-bl-c™ 


Appendix: Solutions to Concept Application Exercises A.27 


8. In AABC, 
tan A + tan B+tan C=tanA tan BtanC 


Also, 


meee 3 tan A tan B tan C 
{-- A.M. >G.M.] 
tan A tan B tan C> 3ftan A tan B tanC. 


tan? A tan? B tan? C > 27 


U 


[cubing both sides] 
tan A tan B tan C> 34/5 


oe 


tan A + tan B + tan C>3y3 
9. In AABC, we know that 


A,B. Col 
sin — sin — sin — <— 
2 2 8 
Now, 
A.M. >G.M. 
A B Cc 
cosec — + cosec — + cosec — 
= 2 2 2 
3 
) B C 1/3 
=| cosec — cosec — cosec — 
2 2 2 
Fi B C 173 
cosec — + cosec — + cosec — 1 
= 2 ; 2 2 > 


A. B.C 
sin — sin — sin — 
2 2 2 


A B Cc 
cosec 3 + cosec — + cosec — 


=n 2 > (8)! 
3 
A Cc 
=>  cosec — + cosec — + cosec — 26 
2 2 
+ 
10. faa, <A” ( G.M.<A.M,) 
+ 
a, a, <1 
a, ~| ag a, 
Ay, -\4y, SS 
2 


Adding, we get 


VG a +./a, 4, wteee ES) (a4, +a,+--:4,) 


since in all these inequalities in R.HLS. a,, a,, 
1 times each. 


.-+, @, all occur n— 


11. We have, 
a’—b'=(a—b) (a! +a bt+a sb ++ +b") 
ee a el 
Now, we have 
A.M > G.M. 


aol n-2 n-l 
= Be ST 2a 2 
n 


I/n 
> [3x3 x3") (2x2? x2") | 
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u- 
=> 3 >2"+n6 ? 
3" 
Qn + n6r-b/2 7 


12. Let z= xy. Then, 


4A 4 1 
Z=(ay)t= cape POY) 


‘Therefore, z is maximum when z* is maximum. Now, 
Otr+by=c> - 


Hence, (a2x") (b?y") will be maximum if both the factors are equal. 


Therefore, 
6 
Cc 
ax) = b’yt = — 
a y 2 


‘Therefore, maximum value of z* is 


repel ee 
(ab)? \ 2 }\ 2 


: : o iG 
Hence, maximum value of z is toa! 


2ab 


4 4 4 4 
13. a+b'+c : atbt+c 
3 3 
_fatb+ce)\fatbt+e : 
z} 3 
Now, 


atbt+ec atb+t+e : 
eae) =(-5**| > abe 


at +bt+c4 ([seeee) 
> abc 
3 3 


=> ab+b'+ci>abc(atb+c) 


14. A.M. of (1/2)" powers < (1/2)" power of A.M. 


1 1 


4 ae a 
(C2 +(C)? #2 HC)? (4 Prem ea oa ij 


n n 


nA 


Ba Beenie (es) 
n 


= JO + JO +--+ G< 
n 


Hence, 


VC, +-/C2 tent IC, < [ m2" -1| 


15. We know that A.M. of m'* power > m™ power of A.M. 


Go nuol (Ga uan] 


, here m= 2 


2 2 2 
> [a+2] +(o+4) >terms(2+4)| (1) 
a b 2 a b 


Died 
a b 


Hence, from (1), 
2 2 
gee pauppe stGsaye™ 
a b 2 2 
1 


[atat--atimes]+[b +b +--b times] > [at oh 
atb 


16. 
a+b 


Bt gehanines + © goceosntines 
a a b b 


2 2 ath atb 
a+b > aa bp? > at+b 
a+b 2 

2 2 a+b a+b 
a+b pags at+b 
at+b 2 


17. Consider p quantities each equal to a and q quantities each equal 
to b. We know that 


A.M. >G.M. 
(ata+---to p terms) +(b+b+-- tog terms) 
prq 


1 


>[(ax ax + top factors\(b x b -- tog factors)] on 
ash: 
=> ap + bP. (arp) Prd 
pt+@q 


ptq 
[22% 5 (ab) 
ptq 
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18. We know that 


weighted A.M. > weighed G.M. 


q-r r—p P-4 pen 
nn px tqx +x > Rees (xP cry’ ptqtr 
ptqtr 


q-r r-p P-4q 
Xx + qx +rx 
=> px _ te T™ _ sy) 
ptqtr 


> px +x P+ re 4iopt+qtr 


In case either p = g =r or x =1, inequality becomes equality. 


19. Using weighted A.M., G.M. inequality, we have 


1 


cat ab + be > (a’ b" c’) atbeec 


atb+c 
= catab+t+bc2z(a‘ b* c’) 


Similarly, 


i 


ba+cb+ac Fabae 
OE > (ab ctyatere => ba+ cb + ac 2 (a’ bc") 
b+cta ° 


Pan eo 


dae VES a “He') a+ 5 aa + bb + cc 2 (a’ bc’) 
at+b+c 


Adding together, we get 
(atbt+clatb+czabret abhct+abic 
=> 1 > a’ b®c fe a’ bec - abc? 
20. Let, 
A = xyz 


‘ 2 2 2 3 2 4 
=> Ar=xy'e=2?x 33x 44 =) (=| G (1) 


Therefore, A is maximum when A? is maximum. Now, 
eeyeelal 


x? y? 2 
= 2 +3 +4 =1 
2 3 4 
2/23/24 : 
oa 5 E [E is maximum when all the factors are 


2 


ety +2 il 
4 2+3+4 9 


[Ie ety42= 1] 


Hence from (1), maximum value of A? is 


2 f) 4 2 3 4 10 
1 \ 1 2°x3 x4 2 
vxsne(5) (5) (5) roe 
9 9 9 9 3 


Hence, maximum value of x?y3z* is 25 x 3-1”. 


Appendix: Solutions to Concept Application Exercises A.29 
Chapter 5 


Exercise 5.1 


1. Since the man can go in 4 ways and come back in 3 ways, the 
total number of ways is 4 x 3 = 12. ; 


2. Since a card can be sent by any of the three servants, so 
the number of ways of sending: the invitation card to the first 
friend is 3. Similarly, invitation cards can be sent to each of the 
six friends in 3 ways. Hence, total number of ways is3x3x 3 
x3x3x3=3° 


3. Since each question can be answered in 4 ways, the total number 
of ways of answering 5 questions is4x4x4x4x4= 4. 

4. First and second prizes in mathematics can be given in 
(30 x 29) ways. 


First and second prizes in physics can be given in (30 x 29) 
ways. 


First prize chemistry can be given in 30 ways. 
First prize english can be given in 30 ways. 


Hence, the number of ways to give prizes in all the four subjects 
is (30 x 29) x (30 x 29) x 30 x 30. 


5. LetA,,A,A,, A,, A, be five persons. 


(i) A, can-leave the cabin at any of the seven floors. So, A, can 
leave the cabin in 7 ways. Similarly, each of A,, A,, A,, A, can eave 


_ the cabin in 7 ways. Thus, the total number of ways in ‘which each of 


the five persons can leave the cabin at any of the seven floors is 7 x 
TXTRIRTET: , 


(ii) A, can leave the cabin at any of the seven floors. So, A, can 
leave the cabin in 7 ways. Now, A, can leave the cabin at any of the 
remaining 6 floors. So, A, can leave the cabin in 6 ways. Similarly, 
A,, A,, A, can leave the cabin in 5, 4 and 3 ways, respectively. Thus, 
the total number of ways in which each of the five persons can leave 
the cabin at different floors is 7X6x5xX4x3= 2520. 


6. Wehave qg’?— 4p 20. 
If p = 1, then q? > 4 is satisfied by q = 2, 3,4 
If p = 2, then q? 2 8 is satisfied by q = 3, 4 
If p = 3, then q > 16 is true for g =4 
Hence, there are seven equations having real roots. 


7. A determinant of order 2 is of the form 


_|a b 
“lo d 


It is equal to ad — be. 
Now, A#0 if ad =1, bc =0, ad =0, bc = l. 


But ad = 1, bc = Oif a=d=1 and one of B, c is zero. 
Therefore, ad = 1, bc = 0 in the following three cases: 


1 oi yh o 
o 1 joy hl 


downloaded from jeemain.guru 


A.30O Algebra 
Similarly, ad = 0, bc = 1 in the following three cases: 
Ou ih vol 

1 O]’ fl Oo} ji oO 


Therefore, total number of determinants is 6. 


8. When x—y>5, we have following cases: 


Value of x - (Value of y ‘Number of cases 


0,1,2,3,4 
ae ae 


Similarly, we have 15 cases for x — y < ~5. Thus, there are 30 
pairs. 


9. a. lim| 1 
x~0 


ee a el el 
a * — ,inab 
=ab=6 


The total number of possible ways in which a, b can take values 
is 6 X 6 = 36. The total possible ways are (1, 6), 6, 1), (2, 3), (3, 2). 
‘The total number of possible ways is 4. 


b. f(x) = 3x? +2ax+9 
y = fix) is increasing. 


=> f'(x)2 0, V x and for f(x) = 0 should not form an interval 


= (2ar-4x3xb<0>a-3b<0 


This is true for exactly 16 ordered pairs (a, b), 1 < a, b < 6, 


namely 


C1, 1), C, 2), Ch, 3), 4), C1, 5), C1, 6), Q, 2), (2, 3), (2, 4), (2, 
5), (2, 6), (3, 3), (3, 4), (3, 6), (4, 6) 


Now, from product rule, the number of ways is number of ways b 
is selected X number of ways c is selected, which is given by 16 x 6 
= 96. 


10. First square can be selected in 64 ways. Second square can be 
selected in 65 — 15 = 49 ways. 


But when first square, say c3 is selected, sometimes g5 is selected 
as second square. 


Similarly, when first square, say g5 is selected, sometimes C3 is 
selected as second square. The total number of ways is 64 x 49/2 = 
1568 


Exercise 5.2 


1. (2n)! _ 1x2x3x4x---x(2n-2)x(2n—-1)2n 


n! n! 


{1x3x---x(2n-1l)}{2x4x---x(2n)} 
n! 


: {Ix3x---x(2n—1)}2” {1x2x-+-x(n-ln} 
nl 


{Ix3x5X7x-+-:x(2n-1)}2”" nv! 
n! 


{kx 3x5x7x-- 


x (2n — 1)}2" 


2. We have, 
[P+ 2!4+3!+---+n!=14+24+64+244+5!4+6!+---4n! 
=33+5!+6!+---+n 
This sum always ends with 3 or the digit in the unit’s place of the 
sum is 3. Now, we know that square of any integer never ends with 
3. Then the given sum cannot be a perfect square. 


3. Let p be divisible by k and r be any natural number between 1 
and k. If p + ris divided by k, we obtain r as the remainder. Now, 
nmt=1x2x3x4x---x(n-I1)n 
Therefore, 7! is divisible by every natural number between 2 and n. So, 
n! + 1, when divided by any natural number between 2 and n, leaves 
1 as the remainder. Hence, m! + | is not divisible by any natural 
number between 2 and n. 
4. Let, 


N=1!4+2!4+3!+4!4+5!+6!4+---+n1! 


N  1!42!43!44145!4 --+n! 
—* —_—_—= 


15 15 


. U+2testeat S!+6!+---+n! 
7 15 15 


+ integer (as 5!, 6!, ... are divisible by 15) 


Hence, remainder is 3. 
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5. 80 = 2'* 5 
To fiaad the exponent of 80 in 200!, we find the exponent of 2.and 


_ | 200 200 200 200 200 
5. Exponent of 2 is ar + oF + as + oe a 


200 200 
He Tor 
= 100+ 50+ 254+ 12+6+3+1 


= 197 
Exponent of 5 is 


20). |] 200 |= 4048+41=49 
5 5s 5° 


Now, exponent of 16 in 200! is [197/4] = 49. Hence, coefficient of 


80 is 49. 
Exercise 5.3 
yl —})! 
1. ies od +r ba’ cee = (n 1)! (n 1)! 
(n-\-r)! (nr)! 


= eer eee 
(n—-I-r)! n-r 


_o@eD!. (=) 
~ (n-1-r)'\n-r 
— mt 
7 (n—r)! : 


2. n! 3)! 
(n—5)! n! 


=> (n-3) (n—4) =20=n=-1,8 


= 20 


But —1 is not acceptable. 
3. a. Given, 


2p PoP = 11:52 


r+l 


22! 20! 
= “Otani agen, ~ 1? 
22! ag—r)! Il 
=> x = 
(21-r)! 20! 52 
22x21x20 i 
=> pear? 


(21-r)Q0-r)d9- a 52 
(21-r) (20-r) (19-r)=2x 21 x52 
(21-r)(20-nN (19 -N=2x3xK7x4x 13 


(21-—r) 20-—r) (19-r)=12x 13 x 14 


Juda 


r=7 


Appendix: Solutions to Concept Application Exercises A.31 


b. PMP, = 30800:1 


561(51-r)! 
= =30800 
(50—r)!54! 
=> 56x55 x (5i —r) = 30800 
=> r=4l 


4. The number of 1-digit numbers is 4P,. The number of 2-digit 
numbers is “P,. The number of 3-digit numbers is *P,. The number 
of 4-digit numbers is *P Hence, the required number is *P, + ‘P, 

+4P, +P. 

5. Extreme left place can be filled in°6 ways, the middle place 
can be filled in 6 ways and the extreme right place in only 3 
ways. Since number to be formed is odd, so the required number 
is6x6x3= 108. 

6. Given set of numbers is {1, 2, ... 11} in which 5 are even and six 
are odd, which signifies that in the given product, it is not possible 
to arrange but only to subtract the even-numbers from odd numbers. 
There must be at least one factor involving subtraction of an odd 
number form another odd number. So at least one of the factors is 
even. Hence, product is always even. 


7, Five boys can sit in 5! ways; in this case, there are 6 vacant 
places where the girls can sit in °P, ways. Therefore, the required 
number of ways is °P, x 5! 


8. G, Gp G3 Gy G; CBy, Bo, By, Ba, Bs 


Since five boys are always together, the group of five boys is 
considered as one object. 


Now, the number of arrangements of five girls and the group of 
boys is 6! 


Again, the number of arrangements of five boys within the group is 5! 


Therefore, the total number of arrangements is 6! x 5! 


9. The word ‘MOBILE’ has three even places and three odd 
places. It has 3 consonants and 3 vowels. In three odd places, we 
have to fix up 3 consonants, which can be done in *P, ways. 


Now, in the remaining three places, we have to fix up the 
remaining three, which can be done in *P, ways. 


Hence, the total number of ways is gf ae x *P, = 36. 


10. (i) When repetition is not allowed. 
There are 6 digits 0, 1, 2, 3, 4,5 and we can use any number of 


digits. 


(40)5=5 
(4#0)5x5=25 
¢ 


#0)5x5x4=100 
(#0)5x5x4x3=300 
(#0)5x5x4x3x2=600 


(#0)5xX5xX4x3x2x1 
| = 600 


1630 


Number of digits 


downloaded from jeemain.guru 


A.32 Algebra 


For numbers greater than 3000, number of digits is greater than 4. 
All the 6- and 5-digit numbers are greater than 3000. 
Now for 4-digit numbers > 3000: 


bs LL 


x | 


Can be filled with 
3 or4or5 


Fig. A-5.2 


Hence, number greater than 3000 having 4 digits 4 is 3 x °P, 


= 180 
Total numbers >3000 is 180 + 600 + 600 = 1380. 


(ii) When repetition is allowed. 


It is equivalent to permutation of 6 objects (digits) when any 

object is repeated any number of time, which is equal to 6°. 

But this includes one number. 0. Hence, total numbers are 
6°— 1 = 46655. 


Now, number of 5-digit numbers is 5 x 6 X 6X 6x6 = 6480. 


And, number of 6-digit numbers is 5 x 6 X 6 X 6 X 6 X 6 = 38880. 


Again, 4-digit numbers are to be greater than 3000. 


Each place can be 
filled in 6 ways 


Can be filled with 
30r4or5 


Fig. A-5.3 
Hence, total number of 4-digit numbers is 3 x 6 x 6 x 6 
= 648 
But these 648 numbers have 3000 as a number which 
should be excluded. So, the number of 4-digit numbers 
> 3000 is 648 — 1 = 647. Therefore, total numbers >3000 are 647 
+ 6480 + 38880 = 46007. 


Exercise 5.4 


1. We have, 
meiC -2P = 57:16 


ia © 57 
=> n-2 =a 

"2p 16 

(n+2)! (n—6)! _ 57 
= gi(n—6)! (n—2)! 16 


37 
=> (nt+2)(ntDnM-D= ie x 8! 


19x3 
= ; XBX7X6xX5X4xX3x2x1 
] 


=> (n-lIn(n+1)(4+2)= 18 x 19 x 20x 21 


=> n-1=18 


=>n=19 


2. Maximum value of °C, is °C, and maximum value of BC is 
°5C\ ,. Hence, the required ratio is CPC, = 143/4025. 


3. Itis to be noted here that, when two persons shake hands, it is 
counted as one handshake, not two. So, this is a problem on combina- 
tions. 

The total number of hahdshakes is same as the number of ways 
of selecting 2 persons among 12 persons is ?C, = 12!/(10! x 2!) 
= 66. 


4. Number of cards exchanged is 2 (number of ways 2 students 
can be selected who will exchange cards), which is given by 2 °C, 
5. Let there be r white and (15 — PF) black balls. 


Then, total number of permutations of these balls is 15!/r! 
ds -—ni= SC _since r white balls are alike and (15 — r) black balls 
are alike. 


Therefore, the number of arrangement is °C\ which is maximum, 
when r= (15—1)/2 or (15 + 1) /2, ie. r=7 or 8. 


6. We have 10 men and 7 women and a committee of 6 containing 
at least 3 men and 2 women is to be formed. 


Men (10) Women (1) Number of 
selections 


eo 


WC. C2 = 4410 


8610 = 


Now. fet us couside: thc case when 2 particular women are 
always there in the same committee. We have to make a selection of - 
4 from 10 men and 5 women. In this case, to comply with the initial 
condition of at least 3 men and at least 2 women, we have the follow- 
ing cases: 


Men (10) 


Number of | 
selections_ 


Women (5) 


Hence, the number of committees when two particular 
women are never together is 8610 ~ 810 = 7800. 


7. Now, any two months can be chosen in "°C, ways. The six 
birthdays can fall in these two months in 2° ways. Out of these 2° 
ways there are two ways when all the six birthdays fall in one month. 
So, the required number of ways is °C, x (2° — 2). 

8. Since x, <x, <X,<4%,<-x, and x, = 30, therefore, x,, x, < 30, 

i.e., x, and x, should come from tickets numbered from 1 to 29 
and this may happen in °C, ways. Remaining ways, i.e., x,, x, > 30, 
should come from 20 tickets numbered from 31 to 50 in °C, ways. 
So, total number of ways is °C, °C,. 
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9. a, Frour hotels can be chosen out of five hotels in °C, ways and 
the four visitors can stay in one set of four hotels in 4! ways (one 
visitor in one hotel). | 


Therefore, the total number of ways of accommodating the visi- 
tors is 5C, x 4! =5 x 24 = 120. 


b. AsA and B stay at the same hotel, let us consider the two as a 
single units (A, B). Now, we require three hotels for C, D and (A, B), 
which can be chosen and distributed in °C, x 3! = 10 x 6 = 60 ways. 


10. The total number of units to be covered is 3+7+11=21.A 
person can choose 3 units in ?'C, ways: A person can choose 7 units 
in °C, ways. The rest 11 units can be chosen in 1 way. 


Therefore, the total number of ways is *'C, x °C, x 1. 
11. Let the particular side on which 3 particular sailors can work 


be named A; and another side B on which 2 particular sailors can 
work. Thus, we are left with 3 sailors only. 


The number of ways of selection of one sailor for side A is ?C, =3 
and then we are left with 2 sailors for other sides. Now, on each side 
4 sailors can be arranged in 4! ways. Hence, total number of arrange- 
ments is 3 * 4! x 41=3 x 24 x 24= 1728. 


12. The selection scheme is as follows: 
re oti en I a I ein Ii 


Group B oy 


No. of ways of 
selections 


*C, °C, °C, 
= 1200 


*C, °C, °C, 
= 900 


*C, °C, C, 
= 600 


Total number of different selections is 1200 + 900 + 600 = 2700. 


Exercise 5.5 


1. The number of selection of two ladies to sit together is *C,. 

Let the two seats occupied by these two (selected) ladies be num- 
bered as | and 2 and remaining seats by 3, 4, 5 and 6. The 3™ lady 
cannot occupy seat number 3 and 6, so there are only two choices 
(viz., numbers 4 and 5) left with the 3 lady who can make selection 
of seats in °C, ways. 

Now, the two selected ladies (in seat numbers | and 2) can be 
permuted (i.e., change their seats) in 2! ways and 3 gentlemen can be 
permuted on remaining 3 seats in 3! ways. 

Hence, by product rule, total number of ways is *C, x ?C, x 2! x 
31= 

2. Since total number of members is 15, but one is to be left because 
of circular condition, therefore, remaining members are 14 but three 
special members constitute a member. Therefore, required number 
of arrangements are 12! x 2, because, chairman remains between the 
two specified persons and the person can sit in two ways. 


3. 6 men can dine at a round table in 5! ways. 
Now, there are 6 vacant spaces between any two men. 


Appendix: Solutions to Concept Application Exercises A.33 


These can be occupied by 5 women in ®P, i.e., 6! ways. 
Therefore, the total number of ways is 6! x 5!. 
4. Eight different beads can be arranged in circular form in (8 — 1)! 
= 7! ways. Since there is no distinction between the clockwise and 
anticlockwise arrangement, the required number of arrangements is 


7/2 = 2520. 


5. If four particular flowers are always together, flowers can be 
strung in (4!/2)/4! = 288 ways. 


Exercise 5.6 


1. The required number of ways is: (10+ 1)(9+1)@+1)—-1= 
11 x 10x 8—1=879 


2. Let the number of candidates be n. Therefore, m — 2. are to be 
elected and so one can vote up to 2 — 2. Hence, the number of ways 
in which one can vote is 


"CC +°C, + +"C_, = 56 (given) 
=> 27-('C,+"C_, +"C) = 56 
=> 2"-n=58 


=> 2"=584+n 
which is satisfied by n = 6 only. 


3. For each historical monument there are two possibilities, either 
he visits or does not visit. 


The number of ways in which he can visit 5 historical monuments is 
2°. Similarly, he can visit 6 gardens in 2° ways. 
To visit at least one of seven shopping malls, it could be in 2? —1 
ways. 
Therefore, the total number of ways he can visit the city is 2° x 2° 
x (27— 1) up and is incomplete. 
4. We have 
720 = 2*x 3?x 5) 
Now, number of divisors of 720 is equivalent to selection of zero 
or more integer from (2, 2, 2, 2), (3, 3), (5). 
The number of ways of selection is 5 x 3 x 2 = 30. This also 
includes ‘1’ and ‘720’. 
Now, in even divisor factor 2 should be there. Then from set of 
2, we must have non-empty selection. Hence, the number of even 
divisors is 4 x 3 X 2 = 24. Also, the number of divisors of 720 can be 
seen as number of different terms in the expansion of 
(2 + 9! + 22 + 23 + 2") «(3° + 3! + 3?)x (5° + 5') 
which also gives sum of divisors. | 
Hence, sum of divisors iS 
(2° +2! +2? +2? + 2%) X(3° + 3! + 3°)x (5° +5) 


_ Pel et yo! 


= = 2418 
2-1 3-1 5-1 


5. 3P 6” 2 j” = Q" Sprint Ty" 

Therefore, the required number of proper divisors is equal to the 
number of selections of any number of 3’s and 7’s [°." for odd divisors 2 
must not be selected] and is given by(p +mt+n+1)(n+1)—1. 

6. 7056 = 23.37.77 
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45 ei 


No. of ways of resolving into 2 factors = =23 


Exercise 5.7 
1. First divide 22 books into 5 groups of the size 5,5,4,4,4. 


The number of ways is 
22! 
3!21(5 1? (4!) 
Now, number of ways of distribution of these groups among 5 stu- 
dents is 5! Then total number of ways of distribution is 
22! 22! 
———_— l= cI 
312151)" (4!) 3121514!) 


2. The number of ways 16 constables can be divided into 8 batches 
is (16)1/81(21)*. 

Now, the first batch may be assigned to patrol any of the 8 villages, 
the second one can then be assigned to any one of the remaining seven 
villages and so on. 

Hence, the number of ways of assigning 8 batches to patrol 8 
villages is 


16)! pen _ (6)! 
sian (218 


3. The number of selections of 4 prizes to the particular boy is 
0C.,. From the remaining 6 prizes, each prize can be given to any of 
the ‘four students. Therefore, the number of ways is 4°. 


Therefore, the total number of ways is "°C, x 4° = 210 x 4096 = 


- 860160. 
4. This is equivalent to divide 3n different objects into 3 equal 
size group. Hence, number of ways is 3n!/[(n!)°3!J. 


5. First, give Rs. 3 to each of four persons. Now for remaining 
4 rupees we have, 
xty+z+w=4 () 
where x, y, Z, Ww are number of rupees gained by person 1, 2, 3, 4, . 
respectively. 
We have to find number of non-negative solutions of Eq. (1), 
which is **47'C,_, =7C, = 35. 


6. Let xy, Xp X, be the number of white balls, red balls and blue 
balls being 7 selected. We must have 
XytXptX, = 10 


The ssialted number of ways is equal to the number of non- 
negative integral solutions of x, +X, +X, = = 10, which is 


3+10- Ci = HPC, = RC... 7 


7, Leta=2pt+1,b=2q¢+1,c=2rt1,d=2s + | where p,q, 
r, § are non-negative integers. Therefore, 


2p+1+2q+14+2r+1+25+1=20 


=> ptqtr+s=8 


no. of divisore = (4+ 1)(2+1)(2+1)=5x3x3=— 


Therefore, the required number is equal to the number of non- 
negative integral solutions of p+ q+r+s= 8, which is given by 
sH4-I1C, S"C= 165. : 


8. We have to select 4 professors for Roorkee and 6 professors for 
outside. Again, 2 professors prefer Roorkee and 3 outside, so we are 
left with 5 professors. 


The number of ways in which two more professors for Roorkee can 
be selected is °C, = 10. 


And remaining 3 professors are left for outside. Now, 6 profes- 
sors outside Roorkee can be allotted to 3 centres in 61/(2!2!2131) x 3 
ways. 


Now, 4 professors for 2 centres in Roorkee can be allotted in 4!/ 
(2!2!2!) x 2 ways. Hence, the total number of ways 1S 


6! 4! 
aC STITTE 
= 5400 
9. Number of ways in which two numbers can be selected from 
100 integers is 'C,,. 


Let us find the number of ways by selecting two numbers, if their 
difference is more than 10. 


Let the two integers selected be P and Q. 


f Q 


x y z 
Fig. A-5.3 
Here, x, y, z are number of integers before P, between P and Q 
and after Q. Therefore, x+y +z = 98. 
Also, we have to find solutions for x, z 2 0 and y 2 10. 
x+y, +z = 88, where y,20 
Then, number of solutions of above equations is 81C, | = CS. 


Hence, the number of ways where two different natural numbers 
can be selected, which differ by almost 10 is '°C, — °C,. 
Exercise 5.8 
+ x'68 
+ x'4)8 


1. Required number = Coefficient of Pin Ot +284 °° 
= Coefficient of «°° in x11 +x+--° 


is \8 
= Coefficient of x" in I-x 
1-x 


= Coefficient of x" in (1 —x)~* 


= "C\, 


2. Let w be a non-negative integer such that 3x + y+z7+w= 30 


Let a=x-1,b=y 1,c=Z 1,d=w. Then 


3a+4b+c+d=25, where a, b,c,d20 (1) 
Clearly, OS a8. If a=k, then 
b+c+d=25—-3k (2) 
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The nunaber of non-negative integral solutions of Eq. (2) 1s 


are LT an 94-25 - 3K — 27-%, = 27-3k 
oy C, = Cg Cos C, 


(27-3k)(26—3k) 
2 


= (3k? — 53k + 234) 
2 


Therefore, the required number is 


8 
3 
; 2 


(3k? — 53k + 234) 
k=0 ‘ 


ae gS MONT a5 822 are 
2 e 2 


= 1215 


3. Any mumber between | and 100000 must be less than seven 
digits. Therefore, it must be in the form of @,, ,, 4,,@,,@,,a,, where 
Ay, Ay, Ay, By, Ags Ae E {0, 1, 2, ..., 9}. According to question, 

a,+4,+4,+a,+a,+a,= 18 (1) 
where O Sa, $9,i=1, 2, 3,...,9 
Required number = Coefficient of x'* in (1 +x +2? + --- +x°)8 


10 \6 
= Coefficientofx!in | LF 
‘\ l-x 


= Coefficient of x!8 in [(1 — x!)* (i — x) -9] 
= Coefficient of x'* in [(1 — °C, x!) (1- x) ~9] 
{ignoring terms having powers of 
x greater than, 18] 
= ida CFR 6x erate. 
= AG. _ 6x BC. 


4. Number of integral solutions 
= Coefficient of x in (x +2? +23 4+ x44 2°)? 4+ x4 --- 
+ x!8) x! + xP $x! + + X"') 
x(—x°) x!?(1-x’) x td—x!3) 
(1-x) (l-x) (l—-x) 
= Coefficient of x? in (1 — x°) (1 — x’) (1 — x?) (1 -xy° 
= Coefficient of x! in (1 — x5 — x? +x”) (1 -— x) 
=4C,7°C,-1C.+1 


= Coefficient of x”* in 


Chapter 6 
Exercise 6.1 


1. In the expansion of (x — I/x)°, the general term is 


rl 
rH x 


T = ‘c.at"(-1] = sf ei Cly xo -27 


For the term independent of x, 
6-2r=0>r=3 ; 
Thus, the required coefficient is (1)? x °C, = -20. 


Appendix: Solutions to Concept Application Exercises A.35 


a 


r+] 


12~r 
2. T = “el ) (bxy = °C (a)? (by xe? 


x 


Adjust 2r — 12 =-10 > r=1. Then, the coefficient of x" is VC, 
(a)!! (by! = 12a"'b. 


r+l 


3. T= 3C (A+ (] = 15, x07 


=> 60-7r=4 . 

=> r=8 

Then, the required term is 9". 
4. T,="C,=1 


T, ="C, ax = 6x ; q) 
T, ="C, (axy = 16x? (2) 
From (2), 
na=6 (3) 
From (3), _ ; : 
-1 
und 3 =16 (4) 
2 
Eliminating a from (3) and (4), 
_ = 4 =>n=9 
2n 9 ss 
From (3), 
— a=2/3 


5. Coefficient of x? is ene, and coefficient of x? is & C,. But 
+4) — (pti oon ae | : 
(+9 c = ACCC EIC) 

6. T,=T,,,="C, ab? 


341 


! 
ny =56 


"C, =56 > ———_= 
a. 3!(n -3)! 


=> n(n-1)(n-2)=56x6 


= nn-1)(@-2)=8x7x6 
=> n=8 
, 1 n c,(2” y° (378 ’ 
‘ BO on a NS FAAS! 
6 n Gx, (272) (3°) 
=> 6 =64x 6" = 634 
n 
—-4=-] 
ee 
=> n=9d 
8. Given, 
"CO wa =< ae 2 
But, 
“Cae= i ciees ae Oren 
= i Oe C4 
— ee et 


9. The (+ 1)" term is °C (2P""(I/xy = "Cx, 


For the coefficient of x”, 
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1 L 5 
4n-3r=p>re= eae —p) MG EC rte S ie ®)=2® 


Therefore, the coefficient of x? is 1 \ 1 
+ + 
n! 2'(n-—2)! 4!(n-4)! 


ay ae 6. 
ae 3G - »)}: E -3(4n -»)} 
(2n)! 


Tia hiss. ee , 7., There are 60 terms in the expansion of (1 + x). Sum of the 
[d(en-p) Ra +o) last 30 coefficients is 


= —["c, + "C, +"C,+--]= ” 


n! 


Sa PC + PC ee + PC, + PC, 
10. T.,, the (r + 1)" term in the expansion of (5" + 2)! is 


=> SHC, + °C, to t OC + PC, (Using "C_="C_] 
T= 10C. (5¥6)100-r¢918)r é a 
es ‘ . : ae : : Adding the above two expansions, we get 
Ass 5 and 2 are relatively prime, 7, will be rational if (100 — r)/6 ; 
and 7/8 are both integers, i.e., 100 — r is a multiple of 6 and r is a 2S = Cl + °C, + + °C, = 2% 
multiple of 8. 


=> S=2% 
As 0 <r< 100, multiples of 8 up to 100 and corresponding values 7 
of 1 00 —r are given by 8. yr ic 4 ant vom 3 = ‘ega S a as 6 Pare e aly 
r=0, 8, 16, 24, ..., 88, 96 J=0 
100 —r = 100, 92, 84, 76, ..., 12, 4 
Out of 100 — r values, multiples of 6 are 84, 60, 36 and 12. 


Hence, there are just four rational terms. Therefore, the number of 
irrational terms is 101 —4 = 97. 


4n+1 Ant] Stee 4n+1 
* ( C;, + Cot + + C,) 


— (4ntl 4n+l sats 4n+l 4n+] 
= (MCC a OC, IC, 


= Qan + 4nt1C 
Exercise 6.2 Exercise 6.3 
1. Let 1. Since the 7" and 8" terms are equal, 
‘ : n 67, 7 
(L+x-3P)'8 =a +axtaxr+-- C,x = Cx : 
Putting x = 1 on both sides, we get 3S 2 oa 
(1+1-3)/'@=a, +a, +a, +> "C, n-6 


Hence, sum of the coefficients is (-1)*!% =-1. 


Cae eee 
2. Sum of the coefficients in the expansion of (x ~ 2y + 3z)” is = & ms | =a 
(1 —2+3)=2" (putting x =y=z=1) 
2"=128 >n=7 


“ : aug " Cc. 
Therefore, the greatest coefficient in the expansion of (1 + x)’ is ’C, Bea Ta a Cox 
or 7C,, because both are equal to 35. ,nortl 
3. (L+x-2x)’=ltaxtax?t+--+a,x? wee 
Putting x = | and x = ~ | and adding the results =r(n+1—n) 


64=2A(l+a,+a,+--) 


a4,+a,+ato-+a,=31 


4. {¥ 72] -(+3] 
x x 


=(n+1)r-r? 
Sum =(n+1) ¥r-}r? 
] i 


Gat n(n 1) n(n+l) n+l) 


2 6 
Hence the middle term is i 
+ 
LY, PMS Dag none iy 
fy = Ly = cor] =", 6 
=r! 
2 * n(n + 1)(n +2) 
Qn)! aan eel 
~ (nly 
3. Let"C,,,”"C,,"C,, be in GP. 
5. We have, r Pre 
"C ac oo 
50 om Bes ral 
(l+x)®= > Gxt oT OMT 8 
r=0 


r 


Therefore, sum of the coefficients of odd powers of x is > oan eel er 


r r+ 
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Appendix: Solutions to Concept Application Exercises A.37 


=> (Pe a-rtar(n-r x AXS 
= p—ritrtn—-r+il=nr-r ~~ @? (n—2)(n-3) 
=> n+ 1=0 Also, 
son die Sa x? 4x5 
This is r10t possible. * 36 @? (n—2)(n-3) 
Hence not in G.P. 
LHS. =R.HS. 

(ii) Let 7C._,,"C,,C,,, be in HP. 

: 1 i : Sey 6 Exercise 6.4 

C,. Cc, Coa 2nt2 2 2 

; : 1. 32"? 8n-9 = 3? (37)"—8n-9 
at = = tg . = 9(1 + 8)"-8n-9 
t = i = 9[1+°C, 8+"C, 8 +--+ 8"]-8n-9 
=> 2a = 64n + OC, B+ "C, B +--+ 8") 
r-i r+ 
= 64[n+9 {'C,+"C, 84°48" 
n-r+\ rti a My : i 

> 2= - + aed = 64 K (where K is an integer) 
=> wn-na(n-MP+(n-NtP4+r ; Hence, 3?"*? — 8n — 9 is divisible by 64. 
=> Wwn-2=n-InrtrP+n—-rt+rtr 2. 49" + 16n-1=(1-8)"+ 16-1 

2 a era 
=> n2+4 j 4nr+n=0 (1) = PC, —*C,8 + C8 + *C,,8") + 162-1 
=> (n — 2r) +n=0 =(1- 16n + "C8? - een + C, 87") + l6n-1 


This is not possible as both ( — 2r)’ and n are positive. 


Hence not in H.P. = (C8? — ++ + *C,,8") 


= 64K 


4. We know that 
Hence, 49" + 16n —1 divisible by 64. 


Lem Maa 
Tr x 3. 27 = 31% 
T, =4, T,= 6, T,=¢, T=d 319 = (4-1)! 


Putting 7 = 3, 4, 5 in the above, we get NIC Ald 4 NIC Ais 4 HC AUT 9G Ale 4... + (-1) 
0 1 2 3 


Ts t= e fs 2 1 Hg 
T, es a (1) => 38 =4k-1 
120 = 
T, _n-3 ac ; => 3% =12k-3 
T, 4 x - = 12(k-1) +9 
T, _n-4a_ d Therefore, the required remainder is 9. 
T, 5 x ¢ (3) 4. 1499" =14(100-1)" 
— n 2, 1 n n24 oe, 4 
We have to prove = 1+ ["C, 100"—"C, 100™" + C, 100"? + Cl 
[nis odd] 
b? -ac _ Sa = 100 jC, 100"! —"C, 100"7+---+"C,,] 
c-bd 3c = 100 x integer, whose unit’s place is different from 
or zero ("nis odd) 
ba Hence, the number of zeros at the end of the sum 99" + 1 is 2. 
c_b _ 5a 
cd 3¢ 5. (23)!4 = (529)’ 
pe oe = (530 - 1)’ . 
Now, ='C, (530)' — 7C (530)° + ++ —7C, (530¥ + 7C, 530-1 
Besa. gece ee =7C, (530) —7C, (530)°+ + 3710-1 
cob (n-3)a (n—-2)a 
cd == (n—3)a _(n-4)a = 100m + 3709 
b 7 4x 5x Therefore, the last two digits are 09. 
x 4x5 4n—-8—3n+9 6. Given expression is 


a? (n—3)(n—4) Sn-15—4n +16 2[1 °C, (3 V2x)°4°C, GY2x)4°C, BV22)* +°C, (3V2x)*] 
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‘Therefore, the number of non-zero terms is 5. 2. We have, 
7. (x ~ ay’ — (x — a)" = 2["C x"'a + "Cx a + "Cx a? ++] Py FC NC a ti Cy 
o (/2 + - 2 -»§ = : [c+ x)" +(1-ay" | 

= °C, (2)°(y' + °C, /2y' ()’ + $C; (2)! PUD eee We 
MC tC tC, Fo OC = Z [2*”] 


4n, 4n dn, exe 4n 
cand #"C,—"C, +"C, = + °C, 


«> (V2 +1)°— (V2 -1)° =2 [6 x 4V24+20x2 V2 +6V2] 
= 2[24V2 + 40V2 + 6V2] = 1402 


1 
8. Weh : . = 51d +)e+0-)") 
2 e have, 
1 |(i+vaxar YY (1-Vax41Y mM, : 
lax +] 2 2 1 lag + 51 rereeng a S| = 2am sla +i)" + -i)"| 
1 Now, 
= ——(2["C V4x414+"C, W441 +--7} 14+/)”"+(1-)” 
ers tees ; 
tn 4n 
| ne (3 mk .. 
= sc +"C,(l4x 41) +"C,(V4x41)* ++] = [v2 [co ar | + 2 [cost - nin 
Since R.H.S. of the given expression contains x°, so this expression = 2” (cos n+ isin n7) + 27" (cos nz — i sin nz) 
should go up to (V4x +1)" and hencen = 11 or 12. = 2" cos n = 2™\(-1)" 
oo : : : 
9. Let (V3 + 1)" =1+ f, where / is the integral and f the fractional Be IPE Cae aos JL janst (-1)" 
part. 2 
os 0 <f<1 . => MC FCF HC, = 2024 (1) 22! 
Also, let f" = (3 — 1)". Now, Exercise 6.6 
Fefef =O) vir e(3 1 ae 
i . 3? 49 
= (4+ 2,3)" + (4 - 23)" 3 
= 2"((2 + V3)" + (2-V3)"] Tay _n-r+12x_Sl-r 2 
= Ql (2” + mC. Qn-2 (v3)? an -] T, r 3 F 15 
or Asx = 1/5, 
I+f+f" = even integer (1) ” “ >1 = 102-2r215r 
=> f+ isan integer . 
if 4 = 102217r 
0<f<1 <ff< 
f<land0<f'<1 rey 
O<f+f<2 
Hence, the 7" and 6" terms are the greatest. 
Thus, f+/” is an integer between 0 and 2. 6 
T = 3° %¢ 2 
S+f=l 6ei = 6] 15 
Hence from (1), we conclude that J+ /+/” is an integer next ry 
above (V3 + 1)?” and it contains 2”*! as a factor. and T,,, = 3” *o 5] 
Exercise 6.5 Aig dhe *Co 2 
ie Pea ee 
1. We have, 
Cy C+ C,-Co4 = 2" cos . (1) es 
We also know that 
ee 
Cit, +C,+ Ct. =2"! ' (2) er as Ca 


MAGE M1) andi), We nave 2. In the expansion of (1 +x)’, 


1 nn = —rtl 
C.+C,+C,+---)=5] 2” cos—+2"" rH. RTT 
( ot yt egt ) i 4 T : x 
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Appendix: Solutions to Concept Application Exercises A.39 


Here, 72 = 8, x= 4/3. 4 r(rt+1(2rt+l) 
Piao Pons. rat = O(2r +1) " 
i a — : 
Te 0 it = BU tD"C, 
re f] r=) 
6 —4r23r t 
7 Sul ¥ (r+ dn" 'C, 4 
=> 3627r. 6,2 
1 . je ee 
sag sesso = =n ((r-1) +2)" 'C,_, 
7 6 r=l1 
Hence r=5, so T,,,, i.e., the 6" term is the greatest. I 2 
= ae) (gas Chae” om 
' 5 = r- 
Po a ae _4),472 Lc 
5: 7 gt Bl y cy ve C, 1) 
ee) Re 
= = An 
6 3 = —n(n—1)-2"7-?7 +—.2"7! 
6 ¢ ) 3 
4y 2 
= se(5) = =n(n +3)2"~ 
3. If is even, the greatest coefficient is "C,,,. Therefore, the - 
greatest term is "C_,, x". 2: Sep 
r=0 
AG x2 > MC and MC xt > sO cea ‘ 
= ar"'C. p q’" 
nee +1 Ma py 
=> 2 v>stand —2-x<1 4 7 
n Ay = nd [(r-)+ "Cp 
2 2 r=0 
; r = nye -D C+ Ce ge 
i a 44 720 
=> x> 2 and x < 2 ‘ n-2 n-l roar 
Raa n = nV [(n-'P7C,, + °C 1p" @ 
2 2 r=0 
2 - 2n 2—1 . n-2 C. 7 r-2 NT A : n=l CG r-l oar 
sigs sip AO a ceil pry Dy ap a Pd ae ee 
n n 
= pn(n—-1)(p+q)"* +np(pt q)" 
4, In the expansion of (2x + 5)!°, the middle term is T,. = p'n(n— 1) +np 
Consider the expansion of (1 + 2x/5)'°. Now, = p’n? + np(1 —p) 
Ts) 4 and (2 <1 = pin + pq 
B 6 
l+x 1+2x 
: | ge1-"C +"C, er 
NOSES 1 and [POSTE ct , lee + my 
5 5 
a + 
- yy "C a ~ 
= + nx 
> ay >1 and |-|<1 ‘ 
25 a A ae oe "C rx 
2-30) Pp 
25 e=0 (l+nx)" (l4+nx) 
= —<Ixl<3 
y “on.” 'C . 
+x 5 ——=(-1)’ 
) 2 (+nxy" 


n 1 
= Zrc(- 
> re(3-E (23 fees reas 
1 n or a a 1 r= 
' =141— ar bx Cc. -~ 
l+nx l+nx l+nx 
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A.40 = Algebra : 


The general term of the series is 


"C,, =e SCs h 4) 1 2 
aT erg rh erer=0,1,2,... 
S= 1 i Of Saal ae ik Oe es, 
n+] : 
7 Phe 
~ ntl 


14 
‘ ts 
5. C,+2C,4+3C,+--+14C,= Yr °C 


r+1 
r=l 


¢ 


= Yir+-1 PGi 


14 
=D (Ot Ee" Ca 
r=l 


14 
= Yas“c, -"¢,,.) 


r=l 


= 15(2" a 1) = (2 < NE, a PC) 


=13x 2441] 


6. Given polynomial is 7 + 1 degree polynomial. 


(x + °C) +3"C) @457C,) + [et (Qn t+ 1) "C]=x™! 


Fax" +e +a 
Then, 
a, : 
= 36 =-"C, —3"C, SC, — + = (n+ 1)’'C, 
0 


=> a, ="C, + 3°C, + SC, + (Qn + LC, 
=} 'C,2r+1) = 2) r'C,+¥."C 
r=0 r=0 r=0 


=23 ro 4 3c, 
r=0 r=0 


=2n 2"! 4.2" = (n+ 1)2" 


20 20 20 
Cr BGy PC, 


7. ax Or 
2 3 4 
20 0c “20 21¢ } 20 
= "(| = —rtl_yyr aa 2lc ~| r+l 
ea ; 08 ) re ra) 


eT ag ate as) 


1 ; Ed 
= FLO -.7C + Beare o) 21 on 


1 21 Eee 
ale 1] a 


8. We have, 
1 10 10°, 10° , 102" 
— — "C+ oy ae 0 Opt 0 i 
81" 81’ 81" “ gi" ° 81" 


1 2 2 2 2 2 ? 
= = 1"C,-"C,10' +"C, 10° -"C, 10° + + +°C,,10°"] 


gl" 
Z 1 7 lop" = (-9)*" = gr" 24 
8 }’ 8 \’ 8 1” 
Exercise 6.8 


Lo SMra-nc,? = Yr "C,.-/"C,, 
r=0 r=0 J 


n-l n~1 
= Dy a C,-1 n Cyr 
r=0 
n 
2 n-1 n-1 
St > Cy Chapt 
r=0 


=n’ x coefficient of x" in (1 +.x)"! (1 +x)" 


= n2 x aime CO = rn suns OF 


2n 2n 
2. Yon Cy = Yen ma Oo sO 
r=0 720 


2n 


= yy Gs a Ot 


r=0 
= Coefficient of x” in (1 — x)" (1 +x)” 


= Coefficient of x?" is (1 — x?) 


= (-1)" "C,, 


3. i Oa Oa Oranel Gree Ora OR ae 
=," —7C, IC, + CPC 
= Coefficient of x" in ["C,(1 +x)’-"C,U. +x)" 
4°C(1 + xy? + -- +{-1)"C, (1 + x)?")] 


= Coefficient of x” in (1 +x)" ["C,—"C, (1 +x) +"C,(1 + x) 
=, eae (-1)" "C,, al + x)"] 


= Coefficient of x” in (1 +x)" [1 -G_+x)]" 


= Coefficient of x” in (1 + x)” (—x)” 
=(-1y 
4, L.H.S. = "Ce on 12, "C, a ON + "Cy es On tA. 


= Coefficient of x" in ["C(1 + x" - "C, (lL + xP"? 
+ °C + xpr4—---] 


= Coefficient of x” in [(1 + x)? — 1]” 


= Coefficient of x” in (2x + x)" 
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= Coefficient of x” in x"(2 + x)” 
= 2” 
= RHS. 


5 5 | , °c 


p=l\ m=p 


= VC, °C, +°C,., 


p=l 


= > [coefficient of x? in {"C, (1 +x)? 


a} 
Uj 


nag Oe (+xyp+ 


= >’ [coefficient of x? in {"C,+"C, (1 +x) +"C, (1 +x) + 
+"C (1 +x)"}] 


p=l 


+C,,(L+x)P#"C, (L +x)? + 


= (coefficient of x? in {1 + (1 +x)}"] 
p=! 


= [coefficient of x? in (2+ x)"] | 


C9") 

PC, 20 ee HC, 

= "C, Qn + "C, Qr-1 + "C, Qr-2 eee aC. he 
=(1+2)"-2" 

= 3" faa 2" 


Alternative solution: 


x 


+h a n 
PC + $"C, "C,) 


+°C (1 +x)"}] 


"Cy 2" 


m! 


m=p 


3 
(Sas 


Slee} 
Pp 


p=l ms pel 


=] 


(n- maim (m—p)!p 


1 
m= (a mi (m- p)!p we 


(n— p)! 


* a ae me + (n= m)!(m — p)! 


$o{S-e.) 


= "C2" -< ON poeee 
= (2+ 1)"-"C,2" 
= 3" —2" 


Also, 


ti a . 3" 7 3" 
tim—> aC. “| lim ia, 


an. 2° 


| 


Appendix: Solutions to Concept Application Exercises A.41 
Exercise 6.9 
1. We have, 
mim-l) , 
(l+x)"= ES Sage oe 5 
Given that the third term is —1/8x’, hence 
m(m-1) x al 2 
2: 8 
=> 4m’-—4m=-l 
1 
> (Q2m—-l)P=0>m=7 
: 1 3 
2 (217) =(6 +)” = {1 + +] 
6S ar Pe ee ee Goh 
3x216 3x3x2\216 
1/2 -1/2 -W/2 -1/2 
 ETET OT 
a a a a 
Be 
lee) 
=|1 + 
2)\a 2.1 a 
ele) 
ea a 
+)14+]-= —|+ == 
a 2.1 a 
=2 4 oe + 
4a° 
Hence, the coefficient of x? is 3/4a’. 
4. Given expression is 
(ltx4+?4+--P=[(l-xy' 
=(1-x)? 
=142x 43x? + 4x34 +--+ nx"! 
+(74+ Ix" te: 


Therefore, the coefficient of x" is” + 1. 


5, Given that Ix] > 1. 


So, the given expression can be written as 


e ae a ae 
x | 1+— =X | oe toes cer ee ieee ease 
x ee ae a 
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A42 Algebra 
6. Since 1 + 2x + 3x? + 4x34 -:- co=(1 —x)y’, therefore, we have 
(1 + 2x + 3x7 + 4x3 + --- oo)! = [1 —x)?7]” 
=(1 -xy' 
=Ltxtxr te tx" +--+ 00 


Therefore, the coefficient of x” is 1. 
7,  Wehave, 


This will be the first negative term when 
Do oye He 
2 2 
Hence, r= 5. 
Chapter 7 


Exercise 7.1 


1. Since the determinant is symmetrical it is simple to expand by 
Sarrus rule. Hence, 


tanA 1 I 
=> 1 tanB 1 =tanAtanBtanC+1+1-tanA 
1 1 tanc 


: —tan B-tan C 
= 2 [as in a triangle tan A + tan B + tan C= tan A tan B tan C) 


2 Expanding by Sarrus rule, 


1 eit eltl4 
ets 1 2273) fg pia y pitald y, gritht 4. grin 
eitl4 e223 1 


X e723 y¢ gilt _ (gritty, ginld 4 C77 y¢ git 4 g-i2al3 x gidnld) 
=l]+ efsW4 4 go i3al4 _ ad +14 1) 
=—2 + 2cos (32/4) 


S292 


3. Expanding along the first row, we get 
A=(x-ay(x + b)\(x-—c) + (x- bx + alxt+c) 
= 2x(x? + ac — ab — bc) 
Now 
A=0 givesx=0 
or 
x= b(at+c)—ac 


If b(a + c) > ac, we have three roots 0, + ./{b(a+c)—ac}, but if 
b(a +c) <ac, the only real root is x = 0. 


a py , 
4. |B ¥ a = (a+ B+ 7)((a- BY +(B-7yY +(y-a)1=0 
y @ £B 


Sincea #8 #y 


at+B+y=0 

a+ B-y=—2y 
Bty-a=-2a 
y+a-f=—28 


Let y=-2x=9 x= > 


Therefore, the required equation is 


ee 


a +39? —y+d=0 
or 
ay — 2by + 4cy — 8d =0 
or 
ax? — 2bx* + 4cx — 8d =0 
Exercise 7.2 
1. 


a. Operating C,- IC, — mC,, we get the value of the determinant 
is 0.- 

b. Operating C, > C+ C, + C,, we get the value of the determinant 
is 0. 
logz 
c. A= jlog2+logx log2+logy log2+logz 


logx log y 


log3+logx log3+logy log3+logz 
Operating R, > R,—R, and R, > R,-R,, we get 


logx logy logz 
A =yJlog2 log2 log2 
log3 log3 log3 


=0 ( R, and R, are same) 


d. Using C, +> C,-C,—4C,, we have 


0 (a’-a*y 1 
0 (bY -b°yY =0 
0 (c-ctyY 1 


e. Applying C, > C,—C,, we get 
sin?(4 2) sin?(x+ 5) sin(2x + 57)sin(27) 
sin Ae sin ee 2cos eee” sin(z) |}=0 
2 2 2 
; 3x : 5x Sa \. 
sin} x ——— sin} x —— 2cos| x —-—— |sin(—7) 
2 2 Pa 


[-. all elements of C, are zero] 
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b+c a-b a 
2 AW =|ce+ta b-c 
a+b c-a ec 


b+c -b a 
=latc -c b [Applying C, -C, - C,] 


atb -a c¢ 


c —-b a 

=ja -c b [Applying C, > C, + C,] 
b-ae 
c ab 


=|a b cy [Interchanging C, and C,] 


boca 


=3abc-a3-b'-cC3 


a by ce 

3. Let A = |\(a+l)? (b+) (c+1’ 
(a-l? (b-1" (c-1)?}. 

a b? oad 

= 4 a b c 
(a-1P (b-1_ (=I 


[Applying R,>R,-R,; then 
take 4 common from R,] 
ar ¢ 
=4a bc] [R,>R,-R,+2R] 
fy ded 


1 i 1 


=-4a b oc 
ab ¢ 
= —4(a — b)(b- c)(c -— a) 
Hence k = —4. 
1 1 1 
4. A=| a b c 


be+a? actbh? abt+c’ 


Now, 
1 1 ool a b c 
a b cl= ~— a’ bc? | [Multiplying C,, C,, C, by 
be ac ab abc abc abe a, b, c, respectively] 
a boc 
wile sp? an? 


Appendix: Solutions to Concept Application Exercises A.43 


1 1 1 
=la boc 
ape 
1 i 1 
=> A=2la b cl=2(a-—b\(b-c\(ce-a) 
2 ee 
‘1 l+p Il+ptq 


5. LetA=/|2 3+2p 1+3p+2q 
3 6+3p 1+6p+3q¢ 


Applying C, > C, - pC, and C, > C,—qC,, we get 


1 I+p 
3 14+3p 
1+6p) 


> 
I 
wn — 


—_ 


1 
=|2 3 1 
3-624 


[Applying C, — C, - pC,] 


00 1 
=/1 2 1 
25 1 


[Applying C,—> C,-C,, C, > €,-C] 


[Expanding along R,] 


6. Operating C, > C, - bC,, C, > C, + aC,, we get 
| Lea? +B? 0 2b 
A= 0 


bd+a?+b?) -all+a? +b?) l-a’ —b? 


lt+a? +b? 2a 


=(l+@+bYx 10 1 2a 
b -a l-a@-v’ 


R, — R,— 5R, + aR, gives 

1 0 —2b 
Az=(l+@+b7"x {0 1 2a 

0 0 1l+a*+b? 


=(at a+b’) [Expanding along C,] 


3a -at+b -a+ec 

7. LetA=|-b+a 3b —b+e 
-cta -ctb 3c 

Applying C, + C,+ C,+C,, we get 

at+b+c -a+b -at+e 

A= |lat+tbt+e 3b —b+ec 
jatbt+e —ct+b 3c 
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A.44 = Algebra 


1 -at+b -at+e 
=(at+tb+o)|l 3b -bte 
tT -c#b 3c 
[Applying C, > C+ C,+C] 


1 -a+b -ate 
=(atb+c)|(0 2b+a -bt+a 
0 -cta 2c+a 

[Applying R, — R,—-R,, Rk, > R,-R] 


2b+a —bt+a 


=(a+b+c) . 
-—cta 2cta 


[Expanding along C,] 


=(at+tb+c) {2Qb+a) (2c +a) -(-b +a) (-c +a)} 
=(at+b+c) ((4bc + 2ab + 2ca + a’) — (bc - ab ~— ac + a’)} 
=(at+b+c) (3be + 3ab + 3ca) 
=3(a+b+c)(ab+be+ca) 


8. Let a be the first term and d be the common difference of cor- 
responding A.P. Then, 


l/x Wy Wz 
Az=xyz| p 2q 3r 
1 1 1 


at(p-ld at+(2g-l)d at+(3r—Nd 
= xyz P 2q 3r 
1 i. 's 1 
Applying R,— R,-aR,, R, > R,-R, and then taking d common 
from R,, we get 
(p-1) (q-)) Gr-) 
(p-1) (2qg-1) Gr-1)=0 


A = xyzd 
| 1 1 1 


9, The given determinant can be written as the sum of two deter- 


minants 

x ab, a,b; ab, ab, a,b, 

0 x +ayb, a,b, |+\dyb, x2 + ab, apb, 

0 a,b, X; +4303) ja, azb, xX; +.a3b; 
Expanding the first determinant along C,, we get 

Xp +Qzb, | and, 

. x = x,[(%, + 4,b,)(,+ a,b,) — a,b,a,b,] 
¢ azb, X3 + a;b; po Ae Aas nets 


=x, (xx, + X,0,0, + X,d,D, + a,b,a,b, - a,b,a,b,) 


= XXX, + X4,4 b 


3-2 + x,x,0,), 


2 


In the second determinant, taking b, common from C,, and then 
applying C, > C, - 6,C, and C, > C,— b,C,, we obtain 


ay 
a 0 Q 
bla, x 0} =4,b,x,x, 


a, 0 X% 


Therefore the given determinant is 


XXXy+ XX0,D, + XX,4, b, + a,b.x,X, 


322 ae 3 3 
ab, a,b, . a,b 
= XXX; j+—bh 422 4 3S 
x, Xo X3 


10. Sorta 4 2b Pee ge Vtayx ZIAD _ on 1 


2-1 
B2x F-12434 He tH AD a gry 
D4 x 5 = 41 t+ 5 4524-4 5 Y = ~ 5 1 
gro! gro! gic! 
xD =| a B- y|=0 
gr-! gro 57! 
11. Applying C, > C,+ C,+C,, we get 
atb+c-x c b 
A =latb+c-x b-x a 


at+b+c~-x a c-Xx 


Applying R, > R, —R,, R, > R,— Ry we get 


0 c-b+x b-a 
A=(at+tb+c—-x)]0 b-a-x a-c+x 

1 a C-xXx 
=(atbt+c—x{(et+c-b\xta—c) +(x +a-b\(b-a)} 
=(atb+c—x{? + x(a—b) + (c— by(a—c) +x(b-a) 

—(a- by} 

=(atb+c—-x\(+ac—c—ab+be-a@ -b’ -2ab) 
=(at+b+c-x) (PC -@-b’-c+ab+ be + ca) 


=(a+bre-0[2-F (ab! 46-0) +1094) 


Since A =0, 0 
x=atbt+c,+ 5(@-bY +(b-e +(e~a)") 


12. Applying R, > R, — R,, we get 


x-2 3(x-2) -(x-2) 
A=| 2 —3x x-3 
-3 2x x+2 


=(x-2)]0 -3(r+2) x-1] [Applying R,- R,- 2R,, 
0 2x+9 x-l R,— R, + 3R,] 
= (x — 2){-(3x + 6-1) - @- D(2x+9)} 
= (x — 2)(x~ 1)(5x + 15) 
A=0 gives x = 2, 1,-3 
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13. Since A,B,C,, A,B,C,, A,B,C, are divisible by k, we have m,, 
m,, M, eZ such that 


100A, + 10B,+C, =m,k 
100A, + 10B, + C, =m k 
100A,+10B,+C, = mk 
Now, 
A B CG 
A= |A, B, C, 
A, B C; 
A, B, 100A, +10B, +C, 
=|A, B, 100A, +10B,+C, [(C, > C,+ 10C, + 100C,] 
A; B, 100A;+10B,+C; 
A, Bm, 
={A, B, m, = kA* 
A; B, m, 


As elements of A* are integers, A* is an integer. Let A* = p. Then 
we get A = kp, i.e. A is divisible by k. 
Exercise 7.3 
1. Consider the product 


l 1 oO | 1 1 0 
at+B y+6 Oxlyt+d at+Bp 0 
ap ys Of | op oO 


2 at+B+yt+6 76 + aoB 
=ja+Bt+y+6 a+ By +6) ap(y + 5) + yo(a + B) 
ap + yd apy +6) + yo(a + B) 2aByd 


=A 


Hence A = 0 {being the product of two determinants, each equal to 0] 


a+hetce be+catab be+cat+ab 


2. be+catab a tb? +c? bet+catab 


be+catab be+cat+ab a+b? 


a b clla be 
=|b c a\jb c a 
c¢ a bile a 


which is always non-negative. 


(b+x)le+x) (ct+x)atx) (atx)\(b+x) 
3. (b+yMet+y) (ctyaty) (aty)bry) 
(b+zle+z) (c+zMatz) (a+z\b+z) 


bet (b+o)x tx? act(ato)xt+x ab+(atb)x+x° 


zlbe+(btoy+y’ act(atoy+ty ab+(atb)y+y 


bet(b+oztz act(atozt2 ab+(atb)z+2 


Appendix: Solutions to Concept Application Exercises A.45 


be bte 1|[i x x 


=l|lac atc 1 
ab a+b Vit z 2 


=(b-—c)(c— aya — by ~ (z— X)(x— Y) 


3 atb+c e+bh+e 


4. atbtc a+ht+c? att+bt+c! 


athe? C+pP+e +b te 


14141 atbte @tb+e 


=| atbte @+bh? +c? a+bi tc! 


et+hytc e+pP+e O+Pte 


la Bb cla be 
=[(a—b)(b-o(c —a)][(a + b + cla — bb - cc —a)] 
=(a—b)(b—cY(c-av(at+b+c) 


Exercise 7.4 


1. f'() = A(R/, Ry R,) + A(R, Ry, R,) + ACR, Ry, Ry) 
A(R, Ry, Ry) = O and A(R,, R,’, R,) = 0, as in both all the ele- 
ments in R, are zero. Hence, 


£0) = A(R, Ry Ry) 20 
cos(x+x7) sin(x tx?) -cos(x + x’) 


sin(x — x’) 


4x cos(2x") 2 


= |sin(x—x7) cos(x- x) 


2c0s2x 0 


Hence, f’(0) = 2. 
2. Let a(x)= a,x? + a,x + 4, g(x) = bw + bx + b,and A(x) = cx 
FON EC Then, 
f'(X) = 2a,x + a, B(x) = 2b,x + b, and h’(x) = 2¢,x + ¢, 
fo) = 2a, B(x) = 2b, h"(@) = 2c, 


f’"() = g(x) a h(x) =0 


In order to prove that @(x) is constant polynomial, it is sufficient to 
show that ¢x) = 0 for all x. Now, 


flix) glx) hx) 
OO =1 fx) a(x) FO) 
f(x) g(x) (a) 
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A.46 Algebra 


f(x) g(x) A) OL F(R) gt) A(x) 
=> PO=lf'(x) ee) A&I +FDO 8’) hh’) 
FUCA) OF) oh”) . 


f(x) gx) A(x) 
+| f(x) g(x) h(x) 
F(x) g(x) h’’’(x) 


f(x) g(x) A(X) 
=> P(x)=0+0+ | f(x) g(x) h(x) 
0 0 0 
=> ¢()=0+0+0=0forallx 
=> (x) =constant for all 


Hence, $(x) is a constant polynomial. 


3. By partial fractions, we have 


4H f(a) as f(b) 
(x-aya-—b\a-c) (b-a\(x—b)(b-c) 
fc) 
(c—ay(c—b)(x-c) 
=> gx)= : 


(a~ b)(b- cc — a) 


| ») fore =) , foYa-c) , Ob = 
(x—a) (x—b) (x-c) 


1a f(ayx-a) la a 
=> gax=|l b flb)\Kx-b)={l bb’ 
lc fle)\Kx-c)} He @¢ 


1 a -f(ayx—ay7 | laa@ 


a =| b —f(b\x-by2}+]1 bb? 
x 
lc —f(cax-cy? lee 


1 a —flay\x- ay? a@al 
=|1 b —f(b\«x-by7|+| 6? b 1 
1 ¢ —-f(eyx- c)? Coc i 


Exercise 7.5 


1 2x43y4+1=0,3x+y-2=05x=1,y=-l 
If the equations are consistent, then 
a(ly+2-l-b=O05a-b=2 


2. Given system x — cy — bz=0, cx—y +.az=0, bx + ay-z=0. 
If the system has non-trivial solution, then 


1 -c -b 
c -l a}s=0 
boa -l 


= 1|-abc-abec—-b’-—-a@-c’=0 
> @+b?+C+2abc=1 


3. Since the equations are consistant, therefore, 
D=0 


(a+l” (at+2y -(a+3) 
=|(a+l) (a+2) -(a+3)/=9 
1 1 =i 


(a+lp (at+2Y (a+3¥ 
=|(atl) (at+2) (a+3)|=0 
1 1 1 


=> [(a+]l-(@t+2)(at2)-(@+3)[(@t+ 3)-@t 1) 
[a+ l+a+2+a+3]=0 
=> a=-2 


4. Here we use Cramer’s rule to solve this system. 


a bee 


Az=|la@ b? ¢? 


=abc|a boc 
ape 
= abc(a — b) (b-c) (c-a) 


Since A # 0 > a unique solution, therefore, if a, b, c are distinct 
and non-zero, then the system has a unique solution. Now, 


d bic 

A.=|d’ b? c*|=dbe(d—b)(b-c)(c - d) 
Bde es 

A, _ d(d—byc-d) 


x 


A a(a—b)(e —a) 


By symmetry, we have 


A, _ d(a—d)(d-c) 


arom b(a~b)(b—-c) 


x 
_ A. _ d(b-dyd-a) 
A c(b—c)(c—a) 


If only two of a, b, c are equal, then A = 0 but A,, A, A. are not 
all zero so. system has no solution, but if a= b =c or any of a, b,c is 
zero, A=A =A = A. = 0 so the system has infinite solutions. 


Chapter 8 


Exercise 8.1 


1. Given, 


X-Y= 3 3 0 
B..3.° 2 


Multiplying both sides by 2, we have 


3 -3 0 
4x-2Y=2 
3 3 2 
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4x —2Y= 6 -6 0 
6 6 4 


Also given, 


4 1 5 
X+2Y= 
-1 4 -4 


Adding Eqs. (1) and’(2), we have 


_[6+4 -6+1 0+5 
~ 16-1 6+4 4-4 


x oto 3 yLaf2 -1 1 
~ 5/5 10 OF 5/1 2 =O 


Putting the value of X in Eq. (2), we have 


=i 
2 igpstee 2 
1 0 ae ee 


Now, A =A%A =(A)"A=P3A=A 


3. We have, 
AB =1, 
bP 2 x) de S26 zy 1 0 0 
=> 10 1 OF,0 1 Of=/0 1 0 
00 1110 0 1 0 0 1 


() 


(2) 


Appendix: Solutions to Concept Application Exercises A.47 


10 x+y] f1 0 0 
= 10 1 Oo J=/o 1 0 
OG: “i 001 


1 Of; 1 0 l 0 
4 A= ; = 
1/2 14{1/2 1 2(/2) 1 
1 oyf 1 0 1 0 
A=AA= = 
21/2) 1j)\l/2 1 3(1/2) 1 


Continuing in this way, we get 


e 1 0) (1 0 
~ (1000/2) 1} (50 1 


5. We have: 
cos@ —-sin@ F cos@ sin@ 
A=] . >A =| | 
sin@ cos@ —sin@ cos@ 
Now, 
AT+A=], 


cos@ sin@ , cos@ —sin@ a: 1 0 
-sin@ cos@ sin@ cos@| {0 1 


2 cos @ 0 bs 1 0 
0 2cos@| {0 1 


=> 2cosd=1 

1 
=> cosd= — 
2 


u 
> BOSS C08 


> O= Inn =, neZ 


ae Wr 


(al + BAY = oP + PA? + 2aBA 
(- af and BA are commutative) 


= of + 8 (-1) + 208A 
=(@—f)1+2aBA 


wel 01 
ae P| +208) ° i 


: ao -B 2aB 4) 
208 a&—-B 


Given (al + BA)" = A’. Hence, 


wp af \-[2 | 
op o? —p’| L-1 0 


=> &@-fP =Oand 2af=1 
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A.48— Algebra 
; a 1 
ie., a=+f, af =— 
2 
1 1 1 
=> +P =— or P= —,-= 
2 2 
] i 
> =t—= ,+—= 
a 2 2 
" 1 i 
gs —— ,i 
2° 2 


7. A—3x3,B—>3x2,C33x1 
AB — 3 x 2 => (AB)’ =2 x 3 => (AB)'C is defined 
CT-+1x3,=>CTCH1x1 
Hence C’C(AB)' is not defined. Now, CTAB is also defined. 
A’ 3x3, BB’ >2x3 


ATA > 3x3 
BB’ 3x3 


A’ ABB’ > 3x3 
A’ ABB'C is defined 


8. We have A? = AA = 


0 0° 1 
=|P 4 r 
pr ptqr qtr’ 


Oo 


0 1 0 1 
AM=A?-A=| p q r |x!0 0 
Pqre 


pr ptaqr qtr 


P q r 
=| pr p+ar qtr 
pqtr’p pr+q?t+qr pt2qr+r 


(1) 


and 
pl+qA+rA 


fo) 0 1 
L]+7] p q r 
Lpr p+qr qtr 


1 0 0 0 
=pi0 1 
00 1 P@qdr 


Oo 
+ 
Q 
Oo 
ore 
Oo 


f 0 ¢g o] [0 oO r 


2 


q|+ qr r 


qr 


pr 
[pr 


nN 


oy Oo 
MS OS 
+ 
jon) 
fo) 


pr+gqr’ gqrtr 


| p+0+0 0+q+0 0+0+r 
pt+0O+qr 


[9+ pq+ pr. q@?tpr+qr pt2qr+r 


=| 0+0+pr O+gtr 


(2) 


Thus, from Eqs. (1) and (2), we get 


A? =pl+qA+rA? 


9, (A+BYP=A?+B? 
= AB=BA 
I -lJla 1 a Ijf}l -l 
> —+ 
2 -1|[/b -1} |b -1]}/2 -1 
a-b 2 a+2 -a-1 
> = 
be | be | 
=> a-b=a+2 
2=-a-1 
2a—-b=bh-2 
3=-b+1 
=> b=-2anda=-3 
Exercise 8.2 
1. We have, 
3.2 3 3 4 2 
A=/4 5 3/5A7=12 5 4 
245 3 3 5 
3 2 3] [3 4 2 
A+AT™=14 5 3]4/2 4|= 
2 4 5) |3 3 
and 
3 2 
A-AT=|4 5 = 4|/= 
2 3 5 
Let, 
; [3 3 5/2 
P= S(Ata’)= 3 5 7/2 
5f2>°7/2--S 
and 
; Poe =P 
Q= S(A~Al)= PP <0. 12 
[-1/2 1/2 0 


Thus, P is symmetric and Q is skew-symmetric. Also, 


[3 -3 $72 
PeOe|/ 9. 95. Fale 
[5/2 7/2 5 
[3 2 3 
=|4 5 3|=A 
[24 5 


0 
1 
-1/2 


—l 
0 


2 


1/2 
2 
0 
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Appendix: Solutions to Concept Application Exercises A.49 
. Thus, we have expressed A as the sum of a symmetric and a skew- 3. We have, 
symmetric matrix. ; 5x 0 0 1.00 
2. Let A be a symmetric matrix and n €N. Then, AB=/| 0 1 0/=/0 1 0 
A” =AAA ... A up ton times O) 2 Ok oe 
=> (A”)"=(AAA.....A up ton times)" = xal5 
— A-! 
= (A%=(ATATAT...ATuptontimes) [By reversal law] 4. BAB=A 
=> ABAB=I 
=> Ana A n= An “ AT=A 
¢ (A’) [ ] => (AB) <1 
Hence, A” is also a symmetric matrix. 
: Now, 
3. A and B are two orthogonal matrices. Hence, 4 cosa” ~sina@|}cos2f  sin2B 
ATA =AAT =I and BB’ = B'B =] “| sina cosa sin2B -—cos2B 
AB will be orthogonal if _ cos(a+2B)  sin(a +28) 
“| sin(@+2B) -cos(a +28) 
(A B)"(AB) = (BA’) (AB) 
— BT(ATA)B and 
= BT IB (AB) = ps +2B)  sin(a+2B) 
= BB sin(a+2B) -cos(a+2B) 
=] 
cos(a@+2B8)  sin(a+2B) 
Similarly, we can show that (BA)’ (BA) = I. Therefore, BA is also m sin(@ +28) —cos(a +28) 
orthogonal. , 
4. aul 1-13 el. 3 _ |cos”(@ + 2B) + sin?(a + 2B) 0 . 
2) 241-0) <A. 2 2-A 0 cos”(@+ 28) +sin?(a+ 2B) 
Since A — AJ is singular, so 
det(A —AD =0 “Wetce 
=> 2—A-2+2?-6=0 “debs A 
=> -34-4=0 = 
=> A=4,-1 
BA‘ B= A" 
Exercise 8.3 => A‘B=BA'= (AB)! =AB 
1. Since A(adj A) = |Al/, hence => At=A (1) 
10 0 1 0 cosa —sina@||cosa@ —sina 
=IAl => A=], . 
0 10 0 1 sin@ cosa ||sina cosa 
cos2a@ —~sin2a 
[Al 0 \lu3 
= sin2a cos2a@ 
0 IAI 
and 
“. IAL = 10, ie., det A = 10 guns cos4a@ —sin4da 
sin4a  cos4a 
2. We have, 
IAl = cos? 6+ sin? @= 1 Hence, from Eq, (1), 
and cos4a@ -sin4da _}cosa —sina 
cos@sin@ sinda cos4a sina cosa 
adj A= ind 
Shen, Sa = 4a=2n+0 


Sy et adjA _|cos@ sin@ 
~ |A] | sin@ cose 


which is multiplicative inverse of A. 
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A.50 = Algebra 


5, [mn order to use elementary row operation we may write Chapter 9 


AIA ; 
Exercise 9.1 

= Ape ik 1. Required probability is 1 — P(all letters in right envelope) 
=1-I1/m! 


(As there are total number of n! ways in which letters can take 
1 2 1 0 F 

> = i A (Applying R, — R, - 2R,) envelopes and just one way in which they have corresponding enve- 

lopes.) 
i 2. Total number of ways is 36. Favourable cases are d, 4), Q, 
1 2 | : 1 3), 3, 2), (4; 1), C1, 5), (2, 4), G, 3), 4, 2), (5, 1). Total number of 
= = 1 |4 (Applying R, > — ray favourable cases is 9. 

Hence, the required probability is 9/36 = 1/4. 

[ 7 ; 3. If both integers are even, then product is even. If both integers 


1 
10 5 . ; are odd, then product is odd. If one integer is odd and other is even, 
= 0 1| 2 -1 A (Applying R, > R, — 2R,) then product is even. Therefore, the required probability is 2/3. 
aie 


4. The total number of ways in which 2 integers can be chosen 
from the given 20 integers is °C, 

The sum of the selected numbers is odd if exactly one of them 
is given and only one is odd. Therefore, the favourable number of 
2 outcomes is "°C, x '°C,. 

5 Therefore, the required probability is 
-l 
5) 


Thus, 


es 10 C _ 10 
20 Cc; 19 
5. The required probability is 


6. Given that CB = D. Now, 3 7 4 
C,+'C,+°C; _14+35+4 40 _ 10 


AX=B NG. ~14x13x2 14x26 91 
= CAX=CB=D 6. The total number of ways is n = 6°. A total of 12 in 5 throw can 
be obtained in following two ways: 
=- - | 
=» X=(CAY'D (i) one blank and four 3’s can be obtained in °C, =5 ways. 


(ii) three 2’s and two 3’s can be obtained in °C, = 10 ways. 


Now, 
Hence, the required probability is 15/6° = 5/2592. 


1 
1472 2 3)=|7 7 13 7. Total number of ways of arranging 11 letters is (11)! The 
1]/1 -1 3 43 8 number of selection of 4 letters to be placed between R and F from 
remaining 9 is °C,. These four letters can be permuted in 4! ways. 
and __ Now permutation of R and E can be interchanged in 2! ways. 
W7 ; (ReeoeE)eceee=6! 


4 letters 5 letters 


(ays UP ee Fig. A-9.1 
Hence, the number of favourable ways is °C, x 6! x 2! 
Therefore, the required probability is 
11! 
a ae °C, 612! 
10 1]. 8. Total number of numbers formed by the digits 1, 2, 3, 4, 5 with- 
0 -11/13)=]-1 out repetition is 5! = 120. Now we know that a number is divisible 
by 4 if the number placed at its last two digits is divisible by 4. So 
that last two digits can be 12, 24, 32 or 52, ie., they can be filled in 4 
__ ways. There are 3! = 6 ways of filling the other three places. 


Therefore, the favourable number of ways is 4 x 6 = 24. 


= (CA)'D= 


= X=/-1 Hence, the required probability is 
1 - Favourable no. of cases 24 1 
Exhaustive no. of cases 120 5 
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9. In an 8-floor house, there are 7 floors above the ground floor. 
Each person can leave the cabin at any of the seven floors, Le., 
each person can leave the cabin in 7 ways. Thus, total number of 
ways into which 5 persons can leave the cabin is 7°. Now number of 
the ways of leaving the cabin by 5 person each at different floor is 
'P.. 


Hence, the required probability is "PIP. 


10. Let each of the two friends have n daughters. Then probability 
that all the tickets go to the daughters of A is 


"Cy . n-2 1 
2"C,  4(2n-1) 20 
> n=3 


11. The number of ways of selecting 4 socks from 24 socks is 
n(s) =*C,. 
The number of ways of selecting 4 socks from different pairs is 
nB)= PC, x 24 : 
12 C,x 94 
24 
4 
Hence, the probability of getting at least One pair is 
RC. x24 
24 G 


> P(b= 


1 


12. Total number of ways is 7! Favourable number of ways is 
7!-— 2 (6!). Hence, the probability is 


7!—2(6!) 
7! 


aS ae) 
in! | 


13. Five tickets out of 50 can be drawn in °C, ways. Since X, <x, 
S*; <4, < x, and x, = 30, therefore, xX); X, < 30, ie., x, and x, should 
come from tickets numbered 1 and 29 and this may happen in *C, 
ways. Remaining ways, Le, x, x; > 30, should come from 20 tickets 
numbered 31 to 50 in °C, ways.So, favourable number of cases is 
*C, "C,. Hence, required probability is 


14. We have to find the probability that out of 26 cards drawn at 
‘andom from the pack of cards, 13 will be red and 13 black. The 
otal number of different ways to draw 26 cards from 52 is Cs. 
Che favourable ways are those in which there will be 13 cards drawn 
tom 26 red cards and 13 from 26 black cards. 13 red cards may be 
lrawn in °C), different ways and 13 black cards also in °C, dif- 
erent ways. Therefore, total number of favourable ways is equal to 
C,, °°C,,. And consequently the required probability is 


(26)! (26)! 
(29 asi 
(52)! 
(52 | 
{(26)!}* 
~ £(13)4}* (52)! 


Appendix: Solutions to Concept Application Exercises A.51 


Exercise 9,2 


1. P(C) = p; P(A) = 2p; P(B) = 2p 
Sp=1=>p=1/5 
P(B or C)= P(B) + P(C) = 24 13 
5 5. 5 


2. P(A) =1- P(A) => P(A) = 1 — P(A) = 1 — 2/3 = 1/3 
P(A UB) = P(A) + P(B)- P(A B) 
= 3/4 = 1/3 + p(B)~ 1/4 = PB) = 2/3 


PAN B)=p(A)-P(AnB)= b1L 1 


3 4 12 
(A° B) = P(B)- P(A B) = 2-15 
B . "3 AB 
3. We have, 
PAAB)=t 
3 
~ = I 
=> BABS 
> 1-PAUB)= = ‘ 


= PAUVUB)= 2 


3 
= P(A) + P(B)~ PAB) = = 
L.2 
=> PGR age 
7 

> ar) 


which is greater than 1. Hence, the statement is wrong. 


5. We have, 
1 — P(A’ NB’) = 06, P(A B) = 0.3, 
Hence, 
P(A’ U B’) = P(A’) + P(B’) — P(A’ A B’) 
= 1-PANB)=P(A’+ P(B’) - 0.4 
= P(A’) + P(B) =0.74+04=11 


6. Consider the following events: 
A: A student is passed in Mathematics 
B: A student is passed in Statistics 


Then, 
70 55 30 
P(A) = —~, PB)=——, PAN By= 28 
125 © 125°" ¢ = 95 


Required probability is 
P(AM B)P(AX B) = P(A) + P(B)-2P(An B) 
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A5S2 Algebra 


=——+ 
125 125 125 125 25 


7, Here, 
10 5 
P(R) —— = 0.1, P(F) = — = 0.05 
(R) 100 ) 100 


| PUFA R) = == 0.03 
100 


‘Therefore, the required probability is 
P(R) + PCF) — 2P(F A R) = 0.1 + 0.05 — 2(0.03) 


= 0.09 
Exercise 9.3 
. 2 1 
1. P(A) = 3 and P(B) = > 
3 1 
P(A) P(B) = —x-=— 
wee 22 6 
2 1 
P(AN B)= Pier # P(A) P(B) 


Hence, A and B are dependent. 


2. Probability of first card to be a king, P(A) = 4/52 and probability 
of second to be a king, P(B) = 3/51. Hence, required probability is 
P(AQB)= M4 eich de 
: 52 51 221 
3. The probability that the coin shows the head, P(A) = 1/2. The 
probability that the dice shows 6, P(B) = 1/6. Hence, required prob- 
ability is 
P(A A B) = P(A) P(B) 


4. Here P(A) = 0.4 and P(A) = 0.6. Probability that A does not 
happen at all is (0.6). Thus, required probability is 1 - (0.6) = 
0.784. 


5. According to question, 


6 n-6 8 n-8 
, i 1 1 1 
oer pa as ="C,)— a 
GG) (2) G) 
I n 1 n 
> "Cjl— a oe 
(a) "4l3) 


=> a Oe "C,="C 


u-8 
=> 6=n-8orn=14 


6. Let p be the chance of cutting a spade and gq the chance of not 
cutting a spade from the pack of 52 cards. Then, 
p= 13/52 = 1/4 and g = 1 - 1/4 = 3/4 


Now A will win a prize if he cuts spade at 1%, 4", 7", 10" turns, etc. 


Note that A will get a second chance if A, B, C all fail to cut spade 
once and then A cuts a spade at the 4" turn. 


Similarly, he will cut a spade at the 7" turn when each of A, B, C 


fail to cut spade twice, etc. 


Hence A’s chance of winning the prize is 
P 
1- gq 


p+g@prgpt+gpt- = 


1/4 
3 

1- @/4) 
16 
37 
Similarly B’s chance is 

gp +qip+qpt+- =qp+ ap + Fp) = 12/37 

C’s chance is 1 — (16/37) — (12/37) = 9/37. 


7. (i) Without replacement 
P{six balls drawn follow the pattern WBWBWB} 
ce: ee re ae 
= —xX=xX=xK=xK-xX- ES 
6 5 4 3 2 1 20 
P{six balls drawn follow the pattern BWBWBW) 
3. 3,2 2, 4 
==xXx=x-x-XxX—*x 
6 5 4.3 2 20 
Hence, the probability that the colours of the balls are alternate 
is the probability that either the pattern WBWBWB or BWBWBW 
is obtained, which is given by 1/20 + 1/20 = 1/10 (this is without 


replacement). 


(ii) With replacement: 
Here, the probability of getting the pattern WBWBWB is 


3) : (4) mi 
6 2 64 
1 | 


| 
P{colours of the balls are alternate } = 64 + 64.32 


8. Let A and B be two given events. The odds against A are 5:2, 
therefore P(A) = 2/7. The odds in favour of B are 6:5, therefore P(B) 
= 6/1t. The required probability is 


1— P(A) P(B) 


Il 

=, 

| 
' oe 

= 
spy 
5 ee 
ya 

aa 

| 
=loa 
a 


9. Let A denote the event that a sum of 5 occurs, B the event that a 
sum of 7 occurs and C the event that neither a sum of 5 nor a sum of 
7 occurs. We have, : 

4 1 26 «13 


1 6 
P(A) = —=—, P(B)=— =— and P(C)= 
36 (9 ®) 36 «6 — 36 «18 


Thus, 
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Me ash [sum of an infinite G.P.] 


“1-138 5 


10. Let £, be the events that man will be selected and E, the events 
that woman will be selected. Then, 


PE)= 5, paves: 


3 
4 

2 
P(E,) = =,80 P(E), = = z 


Clearly E, and E, are independent events. So, 


PE 0B) = PE) x P(E) = 2x5 => 


11. Requifed probability = P(WBWB) + P(BWBW) 


5 3.4 2 3.5.2 4 1 1 
= =X >xX—xX=+—=xX—x=x —+—==— 
8 7 6 5 8 7 6 5 14 14 7 
7 > 7 8 
12 P = —..P(K)=1-—=— 
© 15 - 15 15 
7 3 
P =m -. P(A) =1-—-=— 
: ou 10 #) 10 10 
Hence, required probability is 
PR H) = P(K) P(H a aed 
KB) = PUR) PD) = 15% 19 = 759 ~ 25 


13. Probability for an incorrect digit is p. Hence, probability for a 
correct digit is | — p. Hence, probability for 8 correct digit is (1 —p)*. 
Hence required probability is 1 — (1 ~ p)*. 


14, Let W denote the event of Greene a white ball at any draw and 
B that for a black ball. Then 


and P(B) = ue 
at+b 


a 
nays at+b 


P(A wins the game) = P(W or BBW or BBBBW or ...) 
= P(W) + P(BBW) + P(BBBBW) + -- 
= P(W) + P(B) P(B) P(W) + P(B) P(B) P(B) P(B) P(W) + +: 
= P(W) + P(W) P(BY + P(W) P(B)* + 
PW) _ aat+b) _ atb 


~ 1=P(BY a? +2ab a+2b 
Also, 
P(B wins the game) = 1 os Seto 
a+2b a+2b 
According to the given condition, 
Sa, Er ey ee er 
a+2b at+2b 


Appendix: Solutions to Concept Application Exercises A.53 
15. Required probability is 
P(A, 0 Ay 0A) + P(A, 0 Ay 0 Ag) = P(A,)P(Ap) PCAs) 


; + P(A,)P(Az)P(A3) 


16. Since 4 has appeared on the first, so we are required 4 or 5 or 6 
on second dice, hence, required probability is 3/6 = 1/2. 


41 
17. P(E)= —=— 
(E) i, 


[: favourable cases are THH, HTH, HHT, HHH | 


4 1 

Pi =—-=_— 

(F) ea 
[:. favourable cases are HTH, HHT, HTT, HHH\ 


PENI == 


_ PEOF) _3/8_3 
pen: P(F) 1/2 4 


18. Given that p = 1/6, g = 5/6. Therefore, required probability is 


4 3 
P(0) + PCL) + P(2) = 4C, (2) +*C, 3} - 


= eles = 0.984 
432 


19. Let p be the probability that a student selected at random is a 
swimmer, which is given by 1 — 1/5 = 4/5. The number of students 
selected is 5. Probability that exactly 4 students are swimmers is 


4 4 
4 1 4 
5C pig =5| — bo) es 
_ B G (5) 
20. Given that 


P(A) = 0.5, P(A OB) <0.3 
So 


P(A U B) = P(A) + P(B) - PAB) 


=> P(B)=P(AUB)-P(A)+PANB)<1+03-0.5 =0.8 
[. PAU B)< 1] 


Hence, P(B) = 0.9 is not possible. 
Exercise 9.4 


1. Let A be the event to get 7 or 8 from a pair of unbiased dice. 
Then, 
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A54 Algebra 
A= {(, 6), (2, 5), (3, 4), (4, 3), 6G, 2), (6, D, @, 6), (3, 5), 
(4, 4), (S, 3), (6, 2)} (1) 
«. P(A) = 11/36 
Let B be the event to get 7 or 8 from 11 cards, numbered 2, 3, ..., 
12. Then, 
P(B) = 2/11 
Let H and T denote the head and tail. Then, 
P(A) = P(T) = 1/2 


AJIso A, H are independent and likewise B and T are also inde- 
pendent. Hence, required probability is 


P(H WA) + P(T.O B) = P(A) P(A) + P(T) P(B) 
1 11 1.2 = «193 

= x +—xX = 
2°36 2 11 792 


2. Let C be the event of the selected number being composite and 
E be the event of there being no remainder. 


n(C) 15 3 = 2 

Pi qT _—_—_—— Se TE = 

©) nS) 25 pO 5 
4 - | 

P(E = =e 

(EIC) ri ae 0 

P(E) = P(C) P(EIC) + P(C) P(E/C) - 
EIN a 


1 
= =x—+=x—= 


+ =0.2 
5 15 5 10 25 25 § 


3. LetA,and A, be the events that the specific home is left unlocked, 
and is left locked, respectively. Then P(A,) = 0.4, P(A,) = 0.6. 
Let ‘A’ be the event that the real estate man get into the specific 
home. Then 
: 
P(A/A,) = 1, P(A/A,) = ae es 
“~ "CC, 8 
=> P(A) = P(A,) P(A/A,) + P(A,) P(A/A,) 


= (0.4) (1) + (0.6) (3/8) = a. + Le =; 


4. Let A, be the event that missing card is spade and A, be event 
that missing card is non-spade. Then, 


P(A, =~ . P(A) = > 
4 4 


Let ‘A’ be the event that 2 spade cards are drawn from the remain- 
ing cards. Then, 


13 13 
pheele <2 and (4)- <2 
A, “Cy A, Cc, 


= P(A) = P(A) (4) + P(A)  <.| 
A A 


| 2 


_ 1 a ae) RG 
51 51 
4°C, 4°C, 
—— (?C,+3 x BC} 
51 2 2 2 
4x Cy 


Now, 


1 ®¢, 


4 16; 


1 


Foren ae +3*x C3] 
2 


il 
50 - 
5. Let M be the event that man is chosen and E be the event that 


chosen one is employed. From the concept of reduced sample space, 
we immediately get 


Pine oe 
600 30 
Also, 
pny 0-2 
900 3 
460 23 
P(E A M) = —=— 
¢ a 900° 45 
23/45 = 23 
= P(E/M) = ——=— 
ee 2/3 30 


6. Let A,, B,, C, denote the events of selecting the coins A, B and C 
respectively and E be the event of obtaining 2 heads and one tail in 3 
tossings. We have to find P(A,/E). Given that Probability of getting 
head with the coins A, B, and C are 1/2, 2/3 and 1/3, respectively. 


Clearly selection of any of the coins has probability 1/3. Now, the 
probability of obtaining 2 heads and one tail if the coin A has been 
selected already is 


P(EIA,) =3C, (1/2) (1/2) = 3/8 
P(EIA,) =?C, (2/3) (1/3) = 4/9 
P(EIA,) = 8C, (1/3 (2/3) = 2/9 


Using Bayes’s theorem, 


P(A,) P(E/A)) 


P(A, /E)= 
i/E) [ P(A,) P(E/A\) + P(A,) P(E/ Az) P(Ay) P(E/A3) | 
= [$x |/]ixde dds dx2 
x x—4 x x 
3 8//|3 8 3 9 3 9 
= 9/25 


7. A and B will agree in a certain statement if both speak truth or 
both tell a lie. We define following events 


-E, =A and B both speak truth = P(E)) = xy 
E, =A and B both tell a lie > P(E,) = (1 -x) (1 ~y) 


E=A and B agree in a certain statement 
Clearly, P(E/E,) = 1 and P(E/E,) = 1. 
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Appendix: Solutions to Concept Application Exercises A.55 


Using Bayes’s theorem, the required probability is Similarly, 
3 4 
BE Ryo CRE) P(EIA,) = BED to , P(EIA,) = zenied 
P(E,)P(E/E,) + P(E,)P(E/E,) , 10 Cc, 5 
5 
a xy] P(EIA,) = me =1 
xyl+(1-xl-y)l C, 


Hence, the required probability is 


= xy 
a ar yt2xy 
: P(A,)P(E/A 
: P(A,J/E) = os 
8. Let A, (i = 1, 2, 3, 4) be the event that the urn contains 2, 3, 4 or > P(A, )P(E/A;) 
5 white balls and F the event that two white balls are drawn. Since isl 
the four events A,, A,, A,, A, are equally likely, therefore P(A.) = 1/4, 
i=1, 2,3, 4. Now, the probability that the urn contains 2 white balls , a wal 
and both have been drawn is oe ae eee 
l ( 1 3 3 2 
—| —+—+-—+1 
2C3- 1 4\10 10 5 


P(E/A,) = —2=— 
ara °C, 10 
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